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Quantum ion-acoustic waves
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The one-dimensional two-species quantum hydrodynamic model is considered in the limit of small
mass ratio of the charge carriers. Closure is obtained by adopting an equation of state pertaining to
a zero-temperature Fermi gas for the electrons and by disregarding pressure effects for the ions. By
an appropriate rescaling of the variables, a nondimensional parakhet®oportional to quantum
diffraction effects, is identified. The system is then shown to support linear waves, which in the limit
of smallH resemble the classical ion-acoustic waves. In the weakly nonlinear limit, the quantum
plasma is shown to support waves described by a deformed Korteweg—de Vries equation which
depends in a nontrivial way on the quantum paramidtein the fully nonlinear regime, the system

also admits traveling waves which can exhibit periodic patterns. The quasineutral limit of the system
is also discussed. @003 American Institute of Physic§DOI: 10.1063/1.1609446

I. INTRODUCTION take into account. The advantages of the QHD model over
kinetic descriptions such as the Wigner—Poisson syssem
Quantum transport models have received great attentiofts numerical efficiency?*6the direct use of the macroscopic
in recent years mainly due to their relevance for describingzariables of interest such as momentum and energy, and the
quantum effects in plasmas and in microelectronic devicessasy way the boundary conditions are implemented. The
For quantum plasmadsrecent applications include quantum Wigner—Poisson kinetic model, for instance, is a numerically
plasma echoesthe expansion of a quantum electron gas intoexpensive integrodifferential system for which the definition
vacuum® quantum plasma instabiliti€s;® the self- of the boundary conditions is a subtle matteFhe weakness
consistent dynamics of Fermi gaseand quantum Penrose of the QHD model, of course, rests in its inability to take into
diagram< For microelectronics, the ongoing miniaturization account kinetic effects like Landau damping, driven by reso-
process makes classical transport mod@s., the drift-  nant wave—particle interaction. Despite the overall simplifi-
diffusion mode) unable to capture the main physics of a cation, the QHD model can be used, for instance, to describe
variety of systems such as the resonant tunneling diode amésonant tunneling diodé$®°and, in a modified formula-
ultra-integrated devices. This motivates the development dfion, ultrasmall high electron mobility transistdi®in addi-
quantum transport models for charged particle systems. tion, quantum transport models similar to the QHD model
Specifically, in this work we focus on the quantum hy- have been used in superfluidityiand superconductivitf as
drodynamic (QHD) model for plasmas in semi- well as in the study of metal clusters and nanoparticles,
conductors;'°~*The QHD model consists of a set of equa- where they are generally referred to as time-dependent
tions describing the transport of charge, momentum, and erFhomas—Fermi(TDTF) models?® Finally, hydrodynamic
ergy in a charged particle system interacting through a selfformulations have been employed since the early days of
consistent electrostatic potential. The QHD model isduantum mechanic¥.
constructed in terms of macroscopic variables only, namely, The present work is concerned with two-species quan-
the density and velocity fields, the stress tensor and the eleédm plasmas described by the QHD model. Often two-
trostatic potential. Mathematically, the QHD model general-SPecies plasmas are composed of lighter parti@kstrons
izes the fluid model for plasmas, thanks to the inclusion of 2and more massive particlgfons). This motivates the ap-
quantum correction term, the so-called Bohm potential. Thigroximationme/m;~0, wherem, andm; are the masses of
extra term can appropriately describe negative differentiaglectrons and ions, respectively. For classical plasmas, this
resistance in resonant tunneling diod®Megative differen- @pproximation gives rise to the ion-acoustic mode, whose
tial resistance is based on resonant tunneling, a quantunj€@kly nonlinear properties are described by the

driven phenomena which classical transport models canndtorteweg—de VriesKdV) equation. The KdV equation is
obtained from a singular expansion in powers of a small

parameter proportional to the field amplitideClassical
nonlinear ion-acoustic waves are obtained as traveling-wave
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waves is provided by the two species QHD model. It is the gy, e € 9 1 Jpe
purpose of this work to analyze this system, following the 75~ =T Ty T i v
steps carried out in the case of classical ion-acoustic waves.

The relevance of quantum effects for plasmas and semicon- K2 9 (92\/n—e/(9x2

ductor devices justifies this approach. tom? ax ) (4)
The paper is organized as follows. In Sec. Il, we present N Ne

the QHD model fo.r a two species qne—dmen_smqal system of au au e 9 2 o [P \/n—i/axz)

charged particles in the electrostatic approximation. Pressure  — +y,—=— — —+ — — , (5)

effects are neglected for the more massive ions, whereas the 9t 28 m; dx  2my ox Jni

electrons are described by an equation of state appropriate
for a zero-temperature Fermi gas. Specifically, our model ‘?_Z:E(ne_ni)_ (6)
should be relevant when the following ordering on the tem-  JX® &g

peratures is safisfied: Here, ng,U.,m.,—€ (resp. n;,u;,m;,e) are the electron

Tei<Ti<Te<Tge. (1)  (resp. ion density field, velocity field, mass, and charge,
while eq and# are the dielectric and scaled Planck’s con-

Only the electron Fermi temperature is included in our o : . :
. stants. We are considering a one-dimensional system in the
model, while the other three temperature effects are ne-

electrostatic approximation with potentiab. Finally, p.
glected. : ; .
. . . . =pe(ne) is obtained from an equation of state for the elec-
Introducing a suitable rescaling of dependent and inde- "€ . N )
. . o ._tronic fluid. For simplicity, pressure effects are disregarded
pendent variables, we derive a system of partial differentia] or i0NS
equations _dependlng on two parametgrs or_lly, narkeand Common choices fop, are the isobaric .= const),
me/m; . H is a measure of quantum diffraction effects. Tak-. . . Y
: o . : ., isothermal p.,~ng), and isentropic ffo~nZl, y=const
ing the limitm,/m;~0, we obtain a reduced model in which +1) laws. For definiteness, we assume that the electrons
electron inertia is negligible. This reduced model is the mainObe the 'e uation of state ' ertaining to a one-dimensional
concern of the remaining part of this paper. Linear waves forzeroy-tem ecr]ature Fermi égg 9
the reduced model are shown to be described by a dispersion P gas,
relation which, in the limit of smalH, reduces to the dis- mev 2,
persion relation for classical ion-acoustic wau@gth the Pe= 32 ng. 7
ion-acoustic velocity replaced by a quantum ion-acoustic ve- 0
locity). In Sec. Ill, we go beyond the linear limit by employ- Here, n, is the equilibrium density both for electrons and
ing the same singular expansion used for weakly nonlineajons, andv, is the electronic Fermi velocity, connected to
classical ion-acoustic wavé3These weakly nonlinear quan- the Fermi temperaturée, by mev|2:e/2= kg Tre, Wherekg is
tum ion-acoustic waves are described by a deformeghe Boltzmann's constant. The choice of E@) is not an
Korteweg—de Vries equation, whose properties are considessential ingredient in what follows, and other equations of
ered in detail. In Sec. IV, the fully nonlinear case is analyzedstate could well be employed. However, Eg).is relevant to
considering traveling-wave solutions. These solutions satisfyhe physics of ordinary metals, metal clusters and nanopar-
a system of ordinary differential equations not soluble inticles, for which the electron Fermi temperature is generally
closed form. However, analysis of the characteristic expomuch higher than room temperature.
n_ents of_ the resulting_ dynamical system indicates the POS-  Notice that the model2)—(7) includes two different
s!ble e>_<|stence of periodic patter_ns confm_ned by nume_rlcahuamum effects{1) quantum diffraction and2) quantum
simulations. In Sec. V, we consider quasineutral solutionsstatistics. Quantum diffraction is taken into account by the
and show that the ions obey a nonlinear Sdiiger equa-  terms proportional td:2 in Egs.(4) and(5). These contribu-
tion, with quantum effects appearing at leading order in thajons may be interpreted alternatively as guantum pressure
mass ratio. Section VI is devoted to the conclusions. terms or as quantum Bohm potentials. In other applications
in semiconductor physics, the Bohm potential is responsible
for tunneling and differential resistance effeti§lhe quan-
Il. REDUCED MODEL AND LINEAR WAVES tum statistics is included in the model via the equation of
. . state[Eq. (7)], which takes into account the fermionic char-
We consider a two-species quantum plasma system
) TR dcter of the electrons.
composed of electrons and ions. In this situation, the one- . . -
. . : - The QHD model is anacroscopianodel, describing the
dimensional QHD model consists of the continuity and mo-, . ) S .
. . behavior of macroscopic quantities like density and current.
mentum balance equations for both electrons and ion A d .
or the derivation of the QHD model from ricroscopic

coupled to the Poisson’s equation for the self-consistent po- . : . ; . )
point of view, one can consider a pair of Wigner equations,

tential, satisfied by the one-particle Wigner functions for electrons
dNg  d(NgUg) B and ions, coupled to the Poisson’s equation. The Wigner
ot IX =0, 2 function plays the same role, in quantum kinetic theory, as
the role played by the classical distribution function in clas-

ﬂ aniu;) 3) sical kinetic theory. In this context, the Wigner equation is

at ax the quantum analog of the Vlasov equation describing colli-
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sionless classical plasmas. To proceed from kinetic to fluid  The ion motion also includes in principle a Bohm poten-
models, a sensible approach is that of taking moments of thal term. However, in the following, we shall give an argu-
Wigner equation for the two species quantum pladrea;  ment for neglecting quantum diffraction effects for ions, in
actly in the same way as in gas dynamics or classical plasmaew of their large mass.
physics. Taking the zeroth and first order moments only, we  The electron dynamics can be simplified by using gen-
obtain the QHD model with the Bohm potential and a pres-eral thermodynamics arguments, since the electrons reach
sure term as shown in Eq&)—(5). Second order moments equilibrium faster than the ions due to their smaller mass. In
take into account heat transport, which we disregard hererder to show this, let us introduce the following rescaling:
after postulating the equations of state for the electron and
ion pressures. These pressure terms provide closure of the
transport equations, and are dictated by the statistical prop- 1 =n_/n,, n=n,/n,, (12)
erties of the charge carriers. For a pure quantum-mechanical o
state, the pressure terms are zero: this is in agreement with u,=u./cs, U=U;/Cs, P=ed/(2kgTre).
our understanding of “pressure” as a result of velocity dis- . .

. . . Here, w,e and w,; are the corresponding electron and ion
persion around the mean velocity of the fluid. The pressure, ‘} P
terms chosen hefé&q. (7) for the electrons and zero pressure plasma frequencies,
for the iong are obtained by neglecting the ion Fermi tem- nye?\ 2 nge?\ 2
perature and assuming a zero-temperature Fermi distribution “’pe:( Wpi= ( mi80> '
for the electrons, in the spirit of the ordering shown in Eq.
(1). For the electrons, consider the pressure function

X=wyx/Cs, t1=wpt,

Moo (12
whereaq is the equilibrium density. Alsag, is a quantum
ion-acoustic velocity, obtained by replacing the usual elec-
tron temperatur@, by 2T, in the expression for the clas-

Pe=Me ffevzdv—neuﬁ), (8)  sical ion-acoustic velocity,
B ZKBTFe 1/2
where f.=fq(x,v,t) is the one-particle electron Wigner Cs= m; : (13

function, as in Eq.(13) of Ref. 7. Defining a one- . _ . L o "
dimensional local zero-temperature Fermi distribution for the! Nis definition will be justified later in this work. In addition,

equilibrium Wigner function] f,=nu(x,t)/(2veu(x,t)) for we introduce the nondimensional quantum parameter,
|[v—ug(X,t)|<vpe(X,t);fe=0 otherwisé, we obtain fwpe

v :—ZKBTFe' 14

MeNe(X, X, . .

Pe= ce UFe ©) Note thatH? is proportional to the ¢ parameter of the elec-
3 tron gas, which is the Wigner—Seitz radius in units of the

) ) Bohr radiusyr ¢ takes on values in the range 2—6 for metallic
Here, we allow for a local(nonconstant Fermi velocity  gjectrons.

vee(X,t). Quantum statistics prevent the collapse of all elec- Using the new variables and dropping bars to simplify
trons in a state with velocityg(x,t). This is manifested in @ he notation. we obtain from Eq&) and (5)

nonzero Fermi velocity. In a one-dimensional plasma, the

Fermi velocity is linearly dependent on the equilibrium den-  Me(dUe |~ dUe| %—n INe
sity, vge= 7% Ng/(2mM,). Assuming this linear relation to be m; \ at € ox ax  °ox
valid also for near equilibrium situations, we obtain
H2 9 (&2\/n—9/(9x2) 15
v 2 X n ’
Vre(X,1) = %ne(x,t). (10) Ve

° U 9b meH? o (az\/n—i/axz) s

Substituting this last result in E¢Q), we get the equation of at -l ax ax o mp 2 9x N

state(7). Notice that the steps in the derivation of this equa-

tion of state are all dependent on dimensionality. attain equilibrium almost immediately. Hence, neglecting the

n conclu_5|on, the equation of state for eI_ect_ror?s Wa3eft-hand side of Eq(15) due tom./m;<1, integrating once
found assuming a local zero-temperature Fermi d|str|but|onand considering(for instance the boundary conditions
e

a choice dictated by the spin 1/2 statistics for these particles. g .

. . =1, ¢=0 at infinity, we obtain
The Bohm potential, on the other hand, does exist even for a ¢ niinity, W !
pure quantum-mechanical state, and has nothing to do with 1 né H2 42
the statistical properties of the system. The Bohm potential ¢=— 2 + PN _2\/n—e 17

- ) 24/n, X

accounts for such typical quantum effects as tunneling. In a
broad sense, we refer to these particularities arising from thi general an arbitrary irrelevant gauge function of time can
wave-like nature of the charge carriers as “quantum diffracbe added to the right-hand side (£7), but we will not
tion effects.” For more details on the mathematical deriva-consider this possibility since it does not affect the electric

tion of the QHD model, we refer to Refs. 7 and 10-14.  field. Equation(17) gives the electrostatic potential in terms

The small electron inertia forces the electron fluid to
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of the electron density and its derivatives. If quantum diffrac-
tion effects are negligible{ =0), the charge density can be
obtained from the potential through an algebraic equation.
This is very much like in the classical case, where the elec-
tron dynamics is often simplified by assuming an exponential
law between the electron density and the poter(iadltz-
mann factoy. Here, however, even fatl =0 there will be no
exponential law, since the electron equilibrium is given by a
Fermi—Dirac distribution and not by a Maxwell-Boltzmann 0 2 4 6 8 10
one. It should be noted that the lintit— 0 does not repre- k
sent the classical approximatidgn—0, sinceH~1/4A. The  FIG. 1. Normalized dispersion relation for the quantum ion-acoustic mode
limit H—0 may be approached in high density regimes andvith H=0 (solid line), H=1.5 (dashed ling andH =23 (dotted ling.
just indicates that quantum diffraction effects are disre-
garded, although quantum statistical effe@Eermi—Dirac
statisticg are still taken into account in the choice of the
equation of state, Ed7).

In the ion momentum balance equatitt6), the quan-

For small wave numbers this gives=k, or, reintroducing
the original physical variables, a wave propagating at the
guantum ion-acoustic velocitys as given in the definition

:T Ejrlrtf_ractlont')[ern_] mazj/ also be dllslcregar(:]edfduerrfgm;] q (13). Equation(23) describes the quantum counterpart of the
- This may be viewed as a result from the fact that the de,,sqicq jon-acoustic mode, with a new expression for the

Broglie wavelength s inversely prqportlonal T‘O mass. Theacoustic velocity and a correction from quantum diffraction
larger the de Broglie wavelength in comparison with the

) . . effects. Accordingly, we call this new solution tlggantum
typical dimensions of the system, the larger are the quantumy, acoustic modelLike in the case of the classical ion-

d|ﬁreL1Jct_|on ‘terf]“fects. ing(11 d di ding t acoustic waves, this mode describes oscillations of both elec-
sing the rescalind11) and discarding terms propor- trons and ions at low frequency. At the opposite limit of

tlogal to me/tmi n Edq.P(1.6), th? 1on c?nser\éatmn of charge small wavelengths, Eq(23) gives oscillations at the ion
and momentum and FoISson's equations become plasma frequencyw,;. (Notice, however, that the QHD

ani  a(n;u;) model does not apply for small wavelengfhsFigure 1
rr w0 (18)  shows the dispersion relation obtained from Ef3) for

three different values of the parametdr Notice that the
au; au; Py asymptotic valuew=1 is reached faster the larger are the
St Ui T T o (199 quantum diffraction effects.

In the following, we investigate the basic properties of

P the nonlinear solutions for the reduced modEn)—(20).
o2~ Ne i (20

Equations(18)—(20), together with Eq(17), provide a re-
duced model of four equations with four unknown quantities,
n;, Ui, ng, andg¢. This reduced model is the basic system to The reduced model of Eq$17)—(20) is the quantum
be examined in the following. The only remaining free pa-counterpart of the classical reduced model in which the elec-
rameter isH, which measures the effects of quantum diffrac-tron dynamics is simplified by assuming that the electronic
tion. Physically,H is essentially the ratio between the elec-fluid is at thermodynamic equilibrium. For the classical
tron plasmon energy and the electron Fermi energy. model one can find coherent structutsslitons. It is there-
After solving the reduced system of equations, the elecfore relevant to investigate the existence of such coherent
tron fluid velocity field may be obtained from the electron structures in the guantum case. We proceed as closely as

Ill. WEAKLY NONLINEAR SOLUTIONS

continuity equation, possible the derivation of weakly nonlinear classical waves
for an electron—ion plasma using singular perturbation
Me 9 thod<® Introduce the followi i d th
—2 4 —(Nelp) =0, (21)  methods? Introduce the following expansion aroun e
at - Ix equilibrium:
supplemented by appropriate boundary conditions. _ ' 2
The reduced mode(17)—(20) supports linear waves M=1ten+engt-, (24
around the homogeneous equilibrium, U= e Ui+ €Ut (25)
ne=n;=1, u;=0, =0. 22)
o ' ¢ ( Ne=1+€eNg+ € Ngyt- -, (26)
For normalized wave frequenay and wave numbek, the
dispersion relation for these linear waves is where € is a small nonzero parameter proportional to the
) o amplitude of the perturbation. In passing, notice that from
wle k“(1+Hk/4) 23 Eq. (17) the above expansion implies the following expan-
1+k?(1+H%k?/4) sion for ¢:
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way, as the coefficient of the last term in E6) is
H-dependent. For example, the basic feature of the KdV
equation is the balance between dispersion and nonlinearity
effects, with as ultimate result the appearance of soliton so-
lutions. This basic property of the KdV equation is destroyed
in the dKdV equation in the fine tuning cast=2. In this

In addition, we use the following rescaling of space and timegjyation, the loss of a dispersive term eventually yields the

3862 Phys. Plasmas, Vol. 10, No. 10, October 2003
H2 (92nel € 2 4o
¢ el™ T4 T o2 2| 't e2
H2[ %Ny Ny 1 dng\?
TS Net 2 — 2 T 5 e (27)
2 X X 2\ ox
variables:
E=e¥(x—1), =€t

pansion(24)—(26) and the corresponding expansi@y) for
the potential, we transform the ion continuity equati{d8s),

the ion momentum balance equatigh9), and Poisson’s
equation(20) into a set of three equations in the form of a

power series ire. The resulting system can be written as

g ang 9 ,
ﬂ_‘é(uil_nil)"'f W+{9_g(_ni2+ui2+niluil) =0(e9),
(29
d AUy Ui, duj;  H? é°ng
a—g(nerUqu Tr  ag TUiTgE T 7 e
19 , 2
+§(9_§(ne1+2ne2) =0(€%), (30)
9°Ngy )
Ni1—Nept € ni2_n92+07_§2 =0(€9). (31)

These equations are to be satisfied to all orders. iffhe

zeroth order terms plus the hypothesis tligtandn;; vanish

as¢é—0 gives
Ner=Nj1=Uj1=U(§,7), (32

defining a new functiorJ (¢,7). Equation(32) shows that
the mode is quasineutral up to first order.

Taking into account Eq32) and the first order terms in

Egs.(29)—(31), there follows

U d 5

=7 a—g(—niz+uiz+U )=0, (33
U 4 U2 H? 9°U 0 a4
o7 T gg| Uizt et 7 )= (34)
J*U

a_gzznez_niz- (35

Eliminating ne,, nj,, andu;, from (33)—(35), we obtain a

formation of a shock, as in the case of a one-dimensional
force-free ideal and neutral classical fluid.
For H+# 2, soliton solutions still exist, but with a differ-

brevity, we limit ourselves to the one-soliton solution,

_3c c (é—cr7)
U(f,r)—jsecﬁ E(J.THWQ , (37)

propagating at phase velocity Some comments about the
solution(37) are in order. First, notice that forsOH <2 the
velocity ¢ must be positive. On the other hand, fée>2, ¢
ought to be negative, otherwise the soliton soluti@T)
would be destroyed. Although quantum effects have no in-
fluence on the absolute amplitude of the soliton, fér
smaller or greater than 2 the soliton exhibits compression or
expansion. To see this quantitatively, deffhas the distance

at whichU equals half its maximum absolute amplitude,

|U(|é—cr|=5s)|=3]c|/4. (39

The characteristic distansds a measure of the spreading of
the soliton. Solving from Eq(37), we obtain

1—H?/4\ 12
S= 1.25( ) .

c (39

For H<2 (and ¢>0), quantum effects compress the
soliton, as is apparent from E@9). For H=2 the soliton
collapses, which is in accordance with the nonexistence of
the dispersive term in the dKdV equation in this fine tuning
case. In the fully quantum cadé>2 (c<0), the soliton
starts spreading again &kincreases. The ultimate effect of
quantum diffraction is the complete smearing out of the soli-
ton. Also notice that in the cadé<<2 we have bright soli-
tons U>0) propagating with a phase velocitg>0,
whereas in the fully quantum casél$2) we have dark
solitons (U< 0) propagating with a negative phase velocity.

Finally, we remark that for simplicity we have consid-
ered only one-soliton solutions for the dKdV equation.
Multi-soliton solutions may be easily constructed.

guantum deformation for the Korteweg—de Vries equation, IV. ARBITRARY AMPLITUDE SOLUTIONS

U U 1 H?\ 93U
=0. (36)

E+2Ua—§+§ 1—T (9—53

In this section, we investigate the stationary solutions for
the system(17)—(20) by assuming all quantities to depend

Quantum diffraction is responsible for the term proportionalonly on the similarity variable,

to H2. We call Eq.(36) the deformed Kortewegde Vries
equation(dKdV).

=x—Mt, (40)

Notice that the coefficients of the Korteweg—de VriesWhere M is a dimensionless constant. For these traveling-
equation can be arbitrarily fixed through a rescaling of theVave solutions, Eq918)—(19) give the first integrals

form ¢—aé, ~—br, U—cU, wherea, b, andc are appro-

J=n;(u;—M), (41)

priate constants. However, for a fixed choice of units, chang-

ing H may affect the nature of the solutions in a fundamental

E= H(u—M)%+¢. (42)
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Eliminating the ion velocity yields
]

= 43
V2(E-¢)Y? “

n;

which expresses the ion density in terms of the electrostati

potential. Defining
Ne=A? (44)

and using Eqgs(17), (20), and(43), we obtain the system

d?A A .
d—é,zzm(—l-FA —2(}5), (45)
d?¢ I
dg* V2(E- )12 (49

The formal limit H=0 is singular in the sense that in this
case Eq.45) becomes an algebraic equation #r(ng) in
terms of ¢.

The systen(45)—(46) is a pair of second order ordinary

Quantum ion-acoustic waves 3863

can be obtained by linearization around the spatially homo-
geneous solutions of Eq$45)—(46). These equilibria are
found by setting the right-hand sides of E¢45)—(46) to
zero together with takindA/d{=d¢/d{=0. There are two
gossible homogeneous solutions,

Ag=[E+ 3 =([E+3°= 3™, (52

$o=3[E— 3 =([E+ 31*- 39", (53

which we refer to as high and low density equilibfjalus
and minus sign iN52)—(53), respectively. Both equilibria

can exist if and only if
E+1/2=1J|. (54)

Otherwise the homogeneous solutions become complex.
The linear stability regimes can be assessed by assuming

A=Ayt a, ¢=d¢y+p (55)

and retaining only terms up to first order i and 8. By
doing this we obtain the following linear system, for low

differential equations describing the stationary modes of thelensity regimes,

guantum plasma, depending on the paramelets, andH.

The structure and nonlinearity feature of this equation, how-
ever, prevent any hope for exact solution. Despite this, it is
possible to construct an exact conservation law by applying

the following reasoning. Let us introduce theomplex
change of variables,

A=iA, ¢=¢/H, (={IH. (47)

In these variables, the systeidb)—(46) takes on the Hamil-
tonian form,

d?A oW  d?¢ 9w
—_—==, —==——, (48
dg? oA dZ? ad
in terms of the pseudopotentidl=W(A, ¢) given by
AZ AP _ S
W=7—F+\/§|J|(E—H¢)1’Z+HA2¢. (49)

The last term in Eq(49) is the only term responsible for the
coupling in Egs.(45)—(46). If that term were missing, we
would have a pair of noninteracting nonlinear oscillators.
From the Hamiltonian formulatior{48) there follows
immediately the energy-like first integral,
—\ 2 —\ 2
dA| 1(d¢ -
—| +=-| =] +tW(A¢),
d¢ 2( d§>

1

I = E (50)

d?a 27, _

Frciaita (2A3a—B), (56)
dZ_BZZA Q_L (57)
dg? T 2v2(E— ) ¥

We have used expressiori§2)—(53) whenever useful for
notation. Notice thaE — ¢,>0 wheneveld+# 0 according to
Egs. (563 and (54). Hence, for definiteness we consider the
caseJ#0 so that there is no singularity on the right-hand
side of Eq.(57). In accordance with Eqg52) and (54), a
nonzero ionic current also implies that the low density
solution will have necessarilfy+ 0.

The linear stability properties of Eq&6)—(57) are de-
termined by assuming solutions of the formy
= agexpkl), B= Boexpk:l), for constantyy, By, andk.
Nontrivial solutions are obtained for characteristic eigenval-
uesk. given by

1

k§=§g[p2—ai([p2+a]2—4p2>1’2], (58)

where we have introduced the following parameters:

2A5 Al

- 0= ————— .
2V2(E— ¢o)*?

o (59
Equation(58) shows the existence of four characteristic

p=

which, expressed in terms of the original variables, gives th&€igenvalues for the linearized motion around both homoge-

exact constant of motion,
H2[dA 2+ 1/de)\?

2 \dg) "2\de)

+v2|J[(E- ¢) 2~ A% (51

Unfortunately, the level surfaces bfare never convex, a

G

|=— 7+6

neous equilibria. There is a large range of possible equilib-
rium configurations according to the various parameters en-
tering the expression fok.. We restrict ourselves to
consider purely oscillatory motion, which amounts to the de-
termination of the conditions for neutral stability. For neutral
stability, by definition all characteristic eigenvalues are
purely imaginary, which imposek?<0, with the casek,

fact that prevents its use as a Lyapunov function for the=0 corresponding to marginal stability.

stability analysis of the critical points of the system. How-

Let us first study the limit of small quantum diffraction

ever, some further insight about the stability of the systeneffects in Eq.(58). For H<1, one obtains
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FIG. 2. Numerical solution of Eq$45)—(46) with H=7, J=1.22, andE FIG. 3. N cal soluti ¢ EagAS—(4 th H 1o dE
=0.744. :72. . Numerical solution of Eq¥45)—(46) wit =3,J=12, an
k2. =4AgH 2= A5+ O(H?), (60)  that the amplituded and the potentiatp were slightly per-
_ turbed from the equilibrium(62) at /=0, i.e.,A(0)=1+§
2 _a_ 2 2
Ke-=(1=0)Ag "+ O(H). (61) and ¢(0)= 6, where §=0.05. Figure 3 shows the oscilla-

This shows that no oscillatory solutions can exist in the limittions far from the equilibriun62); in this caseA(0)=2 and
H—0, as at least one of the eigenmodte one with posi- ¢(0)=20. The singular character of E¢47) at ¢=E is
tive sign possesses a real characteristic eigenvalue. Notic#panifest in Fig. 4 which shows how explodes to infinity
however, that foH strictly equal to zero, one can reduce Eq. when ¢—E. This results from the fact that in this limit, in
(56) to a purely algebraic equation and substituting the resulview of Eq. (42), the ion fluid will move at the wave phase
into Eq.(57). By doing so, only thé._ eigenvalue survives, velocity (ui—M) an effect that will cause the electrons to
which does vyield oscillatory solutions whern>1. In sum- accumulate in the wave peakfln all the simulations,
mary, the singular casé =0 does support purely oscillatory (dA/d{)(0)=(d¢/d{)(0)=0.]

solutions, but these are destroyed for small, but finite, quan-

tum diffraction effects.

We do not analyze Ed58) in its full generality, restrict- 1.25
ing ourselves to the basic homogeneous equilibrium 1.2
Ap=1, ¢o=0. (62) A 1.15
. . 1.1
According to Egs(52)—(53) and (59), this corresponds to 105
E=J%2, o=1/3%2 p=2MH. (63) 1
The condition for purely oscillatory solution@.e., k2<0) 0.95
: : i 0 20 40 60 80
yields the inequalities, ¢
1<|J|<H/2, (64)
which require thatH>2, in agreement with the previous 0.6
result that no stable solutions exist for smidll 0.4
The oscillations seem to be related to a kind of quantum )
recurrence, also arising in other quantum plasma phenomena ¢ 0.2 /\ /\/\/\/\/\
like quantum echo@sand quantum two-stream instabiliti&s. oA A
Notice that here a space—time recurrence is observed, since -0.2 \/ \/
the similarity variablel=x—Mt involves both space and
time coordinates. Numerical integration of the fully nonlin- Y 20 40 60 80

ear system(45)—(46) confirms the existence of such oscilla- 5

tory motions. Examples of this behavior are given in Figs. 2k, 4. Numerical solution of Eqg45)—(46) with H=7, J=1.23, andE
and 3. In Fig. 2, the simulation was initialized by assuming=0.756.
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V. QUASINEUTRAL SOLUTIONS Given the huge amount of theoretical and experimental

The model used so far to study the propagation of quan\_/vork carried out in recent years on Bose—Einstein conden-
sates and ultracold Fermi gases, it would be highly interest-

tum ion-acoustic waves is given by Eq$8)—(20), together >~ _ . .
g y Edi8-(20), tog ing if ions in metal clusters and nanoparticles could, in cer-

with Eq. (17). This system can be further simplified by as-t ; . imic the behavi f h low-t ¢
sumingquasineutrality i.e., by neglecting the left-hand side ;g]mrzggnee:' mimic the behavior of such low-temperature

of Poisson’s equatior{20), which immediately yieldsn;
=ne. This is accurate when the potential is a slowly varying

function of position, i.e., for small wave numbeks<1 (in VI. CONCLUSION

our dimensionless unitsOne can therefore write; instead In this work we have investigated the role of quantum
of ne in Eq. (17); substitution into the ion momentum con- diffraction in two-species plasmas in which the inertia of one
servation equatiol9) yields of the species is negligible. The starting point is the QHD
_ . ' 2 2 a2 model for transport in charged particle systems. For closure,
%Jruiﬁ:_niﬁjL ii(@) (65)  We postulate a pressureless ion fluid and an electron fluid
ot IX ox 2 dx Jn; obeying the equation of state for a zero-temperature one-

Notice that in Eq.(65) quantum effectéproportional toH?) dlmep5|onal Fermi gas. After a convenient rescaling and ne-

appear to zeroth order in the mass ratio, whereas they a;g— ) .
peared to first order in EQ16). obtained the reduced model of E¢%7)—(20). This reduced

Equation(65), together with the ion continuity equation model has proven to be a valuable and sufficiently simple
(18), form a clo;;ed system describing the propagation O]tool for the examination of linear, weakly nonlinear and fully

guasineutral ion-acoustic waves. Linearizing around the sp _onI|Snear V\llaves.f t ¢ i iain h
tially homogeneous equilibrium, as performed in Sec. Il, everal new features of pure guantum origin have ap-

yields the dispersion relationy?=k2(1+H2k2/4), which peared. For the linear waves, we have found a dispersion
should be compared to E@3) ’ relation that resembles the classical ion-acoustic dispersion

The important feature of this quasineutral regime is that €/2tion wherH— 0. The parameteii is a measure of quan-

the ion dynamics has a quantum character, even though, pEIm diffraction effects, and is proportional to the ratio be-
cause of their large mass, they should behave in acompleteR'/Veen the plasmon en_ergﬁwpe and t_he Fermi energy
classical manner. The reason is that, because of quasineutr%l]BTFe' l_=or vv_eakly nonlinear waves, smgglar perturb_anon
ity, the ions are instantaneously driven by the electronst eory gives rise t_o a deformed_KdV equation depending on
which of course do behave quantum-mechanically. This is ak" Now three regimes are pOSSIble.. Fror2, we Qbserve a
interesting phenomenon: a species that is classical when antum compression Of the F:Iassmal one-soliton solution.
its own (the iong, may behave as a quantum fluid when F_or H:_Z’ thg quantum. diffraction exactly matches the clas-
immersed in a bath of particles with quantum propertthe sical d|sp§r5|on te'rm in the KdV equation. Henpe, for
electrong. Notice that quantum effects are relevant for wave:2 there is no soliton at all, but only free streaming, even-

numbers satisfyindHk=1. Combining this inequality with tally producing a shock wave. Finally, .fM>2 qqantum
the condition of validity of the quasineutral modiek 1 effects smear out the classical one-soliton solution. In the

yields thatH must be large in order to observe significantfu"y nonlinear case, we obtain traveling-wave solutions sat-

quantum effects. This condition can be satisfied in meta|Sfylng the dynamical SySt?MS)._.(%)‘ This dynamical sys-
clusters and nanoparticlég tem presents strong nonlinearities and does not seem to be

Finally, the above effect can be made even more appals_oluble in closed form, though it does admit an exact first

ent by rewriting Eqs.(18) and (65) as a single nonlinear integral as shown in Sec. IV. The linear stability analysis of

Schralinger equation for the pseudo-wave-function: its fixed points shows the possible existence of periodic re-
’ gimes for a restricted range of parameters. Numerical simu-

Wi(x,t) = vni(x,t) exp(iS;(x,t)/H), (66) lations confirm the predictions of linear stability analysis.
Finally, we have considered the special case where the
ion—electron plasma is quasineutral. In this regime, valid for
long wavelengths, the ion dynamics can be described by a set
IV, H? ¥ 1 4 of two hydrodynamic equations that contain quantum effects
7__7W+§|\P‘| ¥ 67 1o zeroth order in the electron-to-ion mass ratio. Alterna-

From this equation, it is obvious that the ions behave atively, the model can be cast in the form of a nonlinear
q ! . . 4 %Chr"cdinger equation, thus making explicit the presence of
quantum particles in an effective potential of the fgnin|”.

. e uantum effects on the ion dynamics. These models closel
Notice that a model very similar to E@67) has been 9 y y

. . resemble those used for the description of ultracold neutral
used to describe the dynamics of a degenerate gas of neutr‘,ﬁl(s)m gases P

Fermi atoms, possibly trapped in an external poteffi@his
equation can also despnbe 'the beha\{lor Qf a Bose_EmSte'RCKNOWLEDGMENTS

condensate in one dimensiéhfor which it replaces the
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with S; defined implicitly according tai, = dS; /dx.” The re-
sulting equation for; is

iH
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