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Abstract. Using only the Boson canonical commutation relations and the
Riemann-Lebesgue integral we construct a simple theory of stochastic
integrals and differentials with respect to the basic field operator processes.
This leads to a noncommutative Ito product formula, a realisation of the
classical Poisson process in Fock space which gives a noncommutative central
limit theorem, the construction of solutions of certain noncommutative
stochastic differential equations, and finally to the integration of certain
irreversible equations of motion governed by semigroups of completely
positive maps. The classical Ito product formula for stochastic differentials
with respect to Brownian motion and the Poisson process is a special case.

1. Introduction

We construct a quantum mechanical generalisation of the Ito-Doob theory of
mean-square stochastic integration and an associated Ito product formula in
which Brownian motion is replaced by the pair of operator processes (A4 (1) : t=0),
(A;(t) :t20), where A (t)=a( fx0,4), and A‘;(t)zaT(gX[oyt]) are annihilation and
creation operators in the Boson Fock space I'(h) over h=L?[0, c0)®fF, f being a
Hilbert space with inner product {-,- >;, and the Poisson process is replaced by
what we call a gauge process (Ag(t):t=0), where 7 is a locally bounded self
adjoint operator valued map from [0, o) to B(f) and A,(t) is the differential
second quantisation of I1&II(t). This leads to a stochastic calculus which is
in some respects simpler and more natural than the classical theory, which is
contained as a special case.
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The germ of our method is the identity

Cp(h), () =exp Og Ch(s), '(s) )ds

for the exponential vectors or coherent states corresponding to h, b’ ), together
with the eigenrelation

A(Op(h) = {T ). h<s>>fds} (k).

which has the differential form

dA gp(h) = (@), ho)drw(h) .

This together with the adjoint relationship between a and o and the field
commutation relations enables us to express the matrix elements between
exponential vectors of integrals against dA,, d4,, dAZ as integrals against dt
(Theorem 4.1). For simple integrands the Ito product formula is then a conse-
quence of ordinary differential calculus and elementary formulae for matrix
elements between exponential vectors of products of the A ,(¢), Al(e), and Ay(0)
(Theorem 4.3). The same theorem then provides estimates permitting the exten-
sion of the integral to locally square integrable processes with a corresponding
extension of the product formula.

Specialising to the case {=C, f=¢g=II=1 and denoting the basic processes in
this case by A(t), A'(t), and A(t), we are able to realise the Poisson process with
intensity / as a commuting self-adjoint operator valued process in the Fock space
admitting the differential representation

dP,=dA+)/1(dA+dAT) +ldt .

The classical formula (dP;)*> =dP,, and a noncommutative central limit theorem
for the Poisson process are immediate corollaries. The gauge process A(t) may be
interpreted as the Poisson process of zero intensity.

We exploit the stochastic calculus developed here by constructing processes
(U(t):t=0) which may be regarded as stochastically autonomous quantum
evolutions in that they satisfy stochastic differential equations of the form

dU=U(LdA+LydA+LydA' + Lydry,  U©0)=I,

characterised by a quadruple of infinitesimal generators generalising the conven-
tional Hamiltonian. When these arc bounded operators, we find necessary and
sufficient conditions on them for the process to be unitary (Theorem 7.1). Each
such unitary process generates in a natural way a uniformly continuous semigroup
of completely positive maps, indicating that the formalism developed here permits
the integration of irreversible equations of motion described by such semigroups,
as studied by Lindblad [107 and by Gorini et al. [4]. We emphasise that we do not
find a group dilation of such semigroups; the unitary operators U(?) do not satisfy
the group law U(s)U(t)=U(s+1).

Heuristic and partial accounts of the theory now presented rigorously were
given in [6, 7]. The recent paper [ 3] provides what is, in effect, the Fermion analog
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of classical Brownian motion regarded as a subtheory of the Boson quantum
Brownian motion used here, insofar as the basic process used is the combination
A+ A" of the Fermion annihilation and creation processes 4 and A". Much of the
theory developed here transforms to Fermions with 4 and 4" treated independ-
ently [2].

We use the following notations and conventions. Hilbert space inner products
are linear on the right. ©(T') denotes the domain of the operator T, which is said to
be on D(T). The Hilbert space adjoint of T'is denoted T*. Operators T and T on
D(T) and D(TT) are mutually adjoint if for all e D(T) and @ e D(TY), (T, @>
=, TTp). The algebraic tensor product of vector spaces & and $ is denoted by
K®YH;if they are Hilbert spaces, R® $H denotes the Hilbert space completion. If T
is an operator on D then the operator on DR $H whose action on proudct vectors is
u@p—Tu®y is called the ampliation of T to D®H. x5 denotes the indicator

t

function of a set § taking value 1 on S and 0 on its complement. | f denotes the

Riemann-Lebesgue integral of f over the interval [s, ]. B(h) denotess the *-algebra
of bounded operators on the Hilbert space b.

2. The Weyl Representation

Let b be a Hilbert space and let I'(h) be the boson Fock space over b. For each f e,
let p(f) be the corresponding exponential vector

w(H=( 1) R . Bf ),

so that y(0) is the Fock vacuum v,

Let %(1)) denote the group of unitary operators on ) with the strong topology
and let 4 = ® %(h) be the semidirect product of the “translation group” [y with the
“rotation group” #(b), that is the Euclidean group of h. For each (f, U)e g we
define the unitary operator W(f, U) by its action on exponential vectors

W(f, Uyp(g)=exp(—1/21 f 1> = £, Ug»)p(Ug +f) (2.1)
for geb. Then for f,geb, U, Veu®),
W(f, UYW(g, Vy=exp(—ilm<{f, Ugo)W(f+ Ug, UV). (2.2)

Thus W is a projective unitary representation of % with multiplier

a((f, U), (g, V) =exp(—iIm{f,Ug)),

which we call the Weyl representation of .

We require the infinitesimal form of the Weyl representation. For feband T
e B(h), define operators a(f), a'(f), and A(T) on the dense domain € of finite linear
combinations of exponential vectors in I'(h) by

d
a( @) ={frow(g), da(Nwg)= ZWlg+e)

e=0

d .
HTyp(e)= ()

&

e=0
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Since the exponential vectors are linearly independent these are well defined.
Moreover for arbitrary f,g,hel and Te B(Y),

p(f), a(Ryp(g)y = <h, g (), w(9))
(), a"hyp(g)> = L <p(f), w(9) (23)
() AT(9)> =< T <w(), w(g)) »

showing in particular that a(h) and a'(h) are mutually adjoint on &, as are A(T) and
AT#*). Furthermore for arbitrary e, f,g,heb and S, Te B(b),

Caleyp(f), athyp(g)) =< f.e) <{h, g> <p(f), w(g))
Cal(@w(f), a' (y(g)y ={{f,hy {e,g>+ e, o} (), w(g))
CAUSP(f), MTw(g)> ={{S, gy + {SF. g0 S, Tgo 3w ) wlg)y

Cathyp (1), AT = Lo <12 g o). wle))- o9
Lal (), MTyp(g)) = {<h, > <f Ty + <hy Tydy <p(f), w(9)) 5
Cal(eyp(f), alhyp(9)> = <h, g e, 9> (), w(9)) -
We also define mutually adjoint operators ¢*?? and ¢ on & by
EDp(g)=e"Pyp(g). e Pplg)=1p(g+).
Then as an operator on €, W(f, U) admits the factorisation
W(f, Uy=e 2P D0, U)e U9 2.5)

3. Operator-valued Processes

Let f be a Hilbert space. We denote by b, D), and §’ the Hilbert spaces L0, co),
L#0,1], and L¥(t, o) of square-integrable measurable vector-valued functions
taking values in f, and by $, 9,, and &’ their respective Fock spaces. Corresponding
to the natural decomposition §h =1, @}, we make the identification H=9H,®H in
which for each exponential vector p(f), f € h, () =yw(f)®y(f*), where f, and f*
are the components of /'in [, and b respectively. We denote by €, and €' the dense
subspaces of §, and $* spanned by the exponential vectors.

The operator-valued processes which concern us live in the tensor product
H=K®$ of H with a Hilbert space K called the initial space. We write §,= R®$,
so that H=H,89".

The following proposition is a straightforward generalisation of the well
known fact that the exponential vectors are linearly independent.

Proposition 3.1. Let u,v, ... be nonzero elements of R, and let f,g, ... be distinct
elements of Hy. Then the vectors u@yw(f), v&w(g), ... are lincarly independent in 9.

Let SCh be a real linear manifold closed under all the projections fi—f,, t=0
and such that S+ iS is dense. We call such S an admissible subspace and denote by
© and €, the dense subspaces of § and §, spanned by the exponential vectors p(f)
and (f;), respectively, with feS. Let D be a lincar manifold in &, and let
o (u, f)—a(u, ) be a map from Dx S to § which is linear in u for each fixed f € S.



Quantum Ito’s Formula 305

Then it follows from Proposition 3.1 that there is a unique operator in § with
domain D& (which is dense if D is dense in ]) mapping each u®p(f), f&S to

o, f)-

Definition 3.1. Let SCh be an admissible subspace and D a linear manifold in &.
Let F = (F(f): t > 0) be a family of operators in § such that for arbitrary ¢ >0, F(¢) is
the ampliation to DR S,®$' of an operator in H, with domain DR S,. Then F is
called an adapted process based on (D, S).

A family F =(F(t):t=0) of bounded operators on $ determines an adapted
process based on (D, S) by restricting the domain of each F(7) to DR S,® H' if and
onlyif each F(t) belongs to the von Neumann algebra B($,)®1. Such a process will
be said to be bounded and to be unitary if each of the original operators is unitary.

The adapted processes based on (D, S) form a complex vector space which we
denote by A(D, S).

Definition 3.3. An element Fe (D, S) is said to be simple if there exists an
increasing sequence t,,n=0, 1, ... with £,=0 and t,— co such that
n

o0
F= Z FnX[t,.,an)a

n=0

where F,=F(t,), to be continuous if for each ue® and feS the map
t— F(Hu®p(f) is strongly continuous from [0, o0) to $, and to be locally square
integrable if each such map is strongly measurable and satisfies

t

FIF(u®p(f)|*ds < oo for all t>0.

°  We denote by Uy(D,S), A(D,S), and L*(D,S) the subspaces of (D, S) of
simple, continuous and locally square integrable processes. Clearly

A(D, S)CLAD, S). (3.1)

We thank P. L. Muthuramalingam for assistance in the proof of the following
proposition.

Proposition 3.2. Let F e L*(D,S). T hen there exists a sequence F”,n=1,2,... of
simple processes such for each t>0, ue®, and fe 8,

“i“i [(F(s) = FO()u@p(f) | 2ds=0.

Proof. Denote by ¢, the probability density ¢,(t) =nyo. 1 (f), and set

t

F,(0u®wy(f) =£ Pu(t—3) (Fu@w(fNds=n | / F(syu®@wp(f)ds,

t—1
where we set F(s)=0 for s<0. Then F, is a continuous process and
2

I(F ()= FOu@p()II*=

Iqms) (F(t—5)— FO)u@p(f)ds

< T [(F(t—s5)— FOu®@o(f)|p,(s)ds

Ssup{||(F(t—5)—F())u®yp(f)|*:0=s=1/n},
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where we use the fact that ¢, is a probability density and the Hilbert space Jensen’s
inequality. Hence for arbitrary T >0,

T T
gH(Fn(t)—F(t))u®w(f){l2dt§o<su<pl/ (f)H(F(Z—S)—F(f))u®w(f)l|2dt-
By Lebesgue’s theorem for vector-valued functions we conclude that

T
lim (f) [(FW(6) = F(e)u@p(f)*dt=0. (3.2)

Now define F™ by FO()=F,m2 " if m2 "<t<(m+1)2"", m=0,1,.... Then
F®eA(D,S). Fix t in the interval [m2 ™", (m+1)27"). Since ¢, (m2 " —s)=0 for
s>m2 " we have

IE™(®) = F()u@w()]?

£ @u(m27"—3) (F()u@p(f))ds — (f) Pt —3) (F()u®y(f))ds

2

2

i (a2 ™" —5) — 0t — ) (Fu@p(f)ds
< (5 lwn(mT"—S)—(/)n(t—S)lzdS) (5 I!F(S)u®w(f)!|2d8>

T
s (J HF(S)u®w(f)|12ds> n?2"
0
for all t€[0, T]. Together with (3.2) this implies that

lim | [(FO(0)— FQu®p(f)|di=0. O

noQ

4, Stochastic Integrals and Ito’s Formula

Let f and g be elements of the space LT[0, co) of locally bounded measurable
vector-valued functions from [0, c0) into f, and let I7 be an clement of the space
L34°°[0, 00) of Iocally bounded measurable functions from [0, oo) into the Banach
space B(f). Then foreach t 20, f, = fy10,sand g, =gy, € b, and I1,= [Ty, , may be
regarded as an element of B() acting pointwise on Iy, We may thus construct the
operators

A=alf), AD=d'(g), Ax®)=M1L).

We identify these operators with their ampliations in = R®$H; they then form
adapted processes based on (K,0) called the annihilation, creation, and gauge
processes, of strengths f, g, and II, respectively. They form the integrators with
respect to which we shall develop stochastic integrals.

Proposition 4.1. 4, Az;, and Ay are continuous, hence locally square integrable.
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Proof. Using the first three of relations (2.4} it is easily seen that

lu®@wp(m)|?*,

2

1AL — A DB 2= |] < f P, b dr

(Al — AYNu@p(h)||? = { T g hD>edr] + ug(r)n?dr} lu@p(h)|?,

(A8 — Au(Nu@p(I)||* = {} ()it dr + (t H()h(r), h(r)>fdr> }

Nu@pm|?,
for arbitrary t>s20, ue &, and hel, from which the continuity is clear. [

Definition 4.1. Let E, F, G, H e Uy (D, ), so that we may write

E= Z EnX[tn,t,.+1)7 F= Z FnX[t,,,th)»
n=0 n=0
" . 4.1)
G=2 Gttty H=2 Hilpi,, )
n=0 n=0
where 0=t,<t, <t,< ... <t,— . The family of operators M =(M(¢):t=0),
with domain D® S defined by "
M(0)=0;
M) =M(t,) + E(Apg(t) — Ap(t) + F (A0 — Ayt,)

for t,<t=<t,.,, is called the stochastic integral of (E,F,G, H) with respect to
Ay, Ag, A, and Lebesgue measure, and denoted by

1
M(1)=| (EdAy+FdA, +Gd A} + HdS). 4.3)
0

Clearly M e (D, S) and depends linearly on (E, F, G, H).

Theorem 4.1. Let E, F, G, H e Wy(D, S), and let M be their stochastic integral. Then
Jfor arbitrary ue K, ech, ve®, hel, and t =0,

{u®y(e), M(v®yp(h)) =£ {u®(e), {<e(s), H(5)h(s)E(s) + {1 (), B(s))(F (s)

+{e(s), g()NG(s) + H(s) v @p(h) yds . (44)
Proof. Assume that E, F, G, H are given by (4.1) and M(t) by (4.2). Noting first that

(4.4) holds when t=0, we prove it for t (¢, t, ] by induction on n. By (4.2) we
have for such ¢

u@p(e), M@ w(h)) = (u@p(e), M(z,)p@p(h))
+ {u®p(e), E(An(t) = An(t,)v@w(h))
+{u®p(e), F (A (1) — A (t,))o@p(h))
+<u®p(e), G (A1) — ALt ) ®@p(h)>
+<u®p(e), H,(t— 1, v@w(h)) . (4.5)
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Using the decomposition 53:53"@53“, we note that, in the second term on the
right of (4.4) E, is the ampliation of an operator in §, , whereas A,(t) — Ap(t,) is the
ampliation of the operator A(ITy, ,), which we regard as an operator in H™.
Factorising the vectors u®u(e) and vuh) as u®ule, )Qw(e™) and
v@(h, )®y(h™), and applying the third identity of (2.3), we write this term as

[ cwsyp(e), <ets), M) B0@ () ds

— [ Cu@p(e), <e(s), ()M EE0@p(h)ds.

since E(s)= E(t,) for t,<s <. Similar arguments using the remaining identities of
(2.3) enable us to equate the third and fourth terms on the right of (4.4) to

i u@yle), (f(9), s F(s)u@w(h)>ds,

T Cu@p(e), <e(s). (5 G @p(h)>ds.

t
respectively. Writing the final term as | <u®uy(e), H(s)v®@y(h)>ds, and using the

tn
inductive hypothesis to write (u®wp(e), M(t,)v&p(h)) in the form (4.4) completes
the proof. [

Theorem 42. Let E,F,G,He WD, S), and let M be their stochastic integral. Let
0<s<t, ped, ceb, heS, and veD. Then
(P, (M)~ M@ ()
~J Co@E) [<e). IO E
SOV HONFO)+ ), 903 G) + HOW@p(hddr. (@6)

Proof. If ¢ is of form u®y(dy) with ue &, del) the theorem follows from
Theorem 4.1 in which we replace e by dy;o g+ €%, ) and subtract from (4.4) the
corresponding identity with ¢ replaced by s. But vectors of this form are totalin $..
Hence a limiting argument gives the general case. [

The next theorem is crucial. It is essentially Ito’s formula for simple integrands.
We shall use it to derive estimates permitting the extension of stochastic
integration to locally square integrable processes. The theorem, together with its
two predecessors, remains true for such processes as we shall see.

Theorem 4.3. Let

14
M(t)={ (EdAy+ FdA,;+GdAl+ HdS),
0

t
M) =] (EdAp +FdA,.+GdA,+ H'ds),
0
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where E,F, G, He Wy(D,8), E,F', G, H e Ny(D", ). Then forallueD, e, h
eS, WeS’, and t=0,

M@ (), MO @)
- 5 {MSu@h), L), TSR ES)

+ S, KX () + Chl(s), g (9N G (s) + H'($) Ju' ®p(h))
+ LK (5), T($)A($) p<E(s) -+ < (), h(5))4F (s)
+<CH(5), 9(8)1G(s) + H(s) Ju®p(h), M'(s)uw' @w(h'))
+ IS E(s)u@p(h) +9(5) @ G(s)u®@p(h) ,
(SN G)QE (S Ry (N + g ()RG (SW@ph) hgsids.  (4.7)

Proof. Assume E, F, G, H and similarly E’, F’, G’, H' given by (4.1). Equation (4.7)
holds for t =0; we prove inductively that it holds for t € (¢,, ¢,4 ;] For such ¢ from
4.2)
MOuyp(h), M'()w @y(h))
=(M(t,) + E(Ag(t) = Ap(t,) + Fo(A (1) — A (1,))
M'(t,) + E(Ap(6) — A (t)) + F (A () — Ay (2,))
+G(A (1) — AL (t,)) + H (1 — t, ) @p(h)) .

Set §= 55,n®$:1’". M), M(t),E,,F,. G, H,E,F, G, and H, are ampliations of
operators in 9, , on the other hand Ap(t)— Ap(t,), A (1)—A(t,), A;(t)—AL(tn),
Ag ()= A (L), Ap()—Ap(t,), and AL()—A}(t,) are the ampliations of
Al X(:n,z])a a(fX(tn,t])a aw(gX(tn,t]): AT /X(z,,,z])y a(f /X(tn,t])a and aT(g/X(:,.,t]): respectively
regarded as operators in the space H. Factorising the vectors u®w(h) and

W'y as u@p(h, )@w(h') and w'@p(h; )®p(h™), and using the identities (2.3)
and (2.4), we obtain

U@ (), MO @y}
- <{M<r,,>+E,,§‘ (), TI(s)peds + Fy T <F(), h(s)>eds

+6{ ), g<s>>fds+H,,<t—r,,)}u@w(fo,

{M'(r,» + I, | 0. T+ <9 W0
£, <h), g'(s>>fds+H;,<t~tn>}u'®w(hf>>
] <), OO ds En@p(h). E ©p(h)

+ ja KH(9)h(s), §'(5)>1ds<CEu@yp(h), G ®w(h))



310 R. L. Hudson and K. R. Parthasarathy
+§ Lg(s), IT(s)h'() )y ds< Gu@p(h), Ef @yp(h))
tn

+ f <9(5), ¢'(8)>:ds G u®yp(h), G’ @p(h)) . (4.8)

We now differentiate with respect to t. The derivative of the first term on the right
of (4.8) is the sum of two terms obtained by differentiating separately the two sides
of the inner product. These differentiations result in vectors of form ¢'® @(h™),
@' ®ph™), ¢,9’€9,,. On the opposite side of the inner product we bring the
coefficients E,, F,, G, or E,, F,, G/, inSIde the 1ntegra1s as E(s), F(s), G(s) or E'(s),

F'(s), G'(s), and replace H, or H, by fH(s)ds or fH (s)ds. We may now use

Theorem 4.2, in which sis taken to bet,, to equate the derivative of the first term on
the right of (4.8) to the sum of the first two terms of the integrand on the right of
(4.7). A similar argument shows that the derivative of the remaining terms on the
right of (4.8) is equal to the remaining term in the integrand of (4.7). By the
inductive hypothesis we may assume that (4.7) holds when t=t¢,, and so the
theorem follows from the fundamental theorem of calculus. (7

Corollary 1. Suppose that S consists of locally bounded functions, so that

A(T)= sup max{|Ch(s), LI(s)h(s)>r. IS (5): M)l

_S_

[<R(S), g(8)4ls ITT(HR()E, lg()IIF}
is finite for each T>0. Then for T>0 and 0Lt< T,
[ M(u@p(h)|> < 60(T)? i ¢ PUESu@pm)|* + I F(s)u@wph)|?
+GEu@p) > + | H(s)u@p(h)|*}ds . (4.9)
Proof. Setting (E', F', G, H)=(E,F, G, H), W' =u, and h'=h in the theorem gives
[IM(@©u@ypHh)|? =£ {2 Re{M(s)u@p(h), [<h(s), II(s)h(s) ) E(s)

+ LS (8), M) (s) + <h(s), g($):G(s) + H(s) Ju®@p(h))
+ (SR E(S)u@p(h) +g(s) @ G()u@p(h)|*1ds.  (4.10)
Using the inequalities for Hilbert space vectors &,1,&,,&,, ..., &,

ACEmI=NER+Inl?, N +E+ o FEIPSaE N+ G,
we find that the integrand in (4.10) is bounded above by

IM($)u@ph) [+ 6a(T)* (| E(Su@yp(h)|1* + [ F(su@w(h)|*
+HGu@ph) |* + [ H(u@yph) [},

and hence, differentiating, that

d
s IM(s)u@w(h) | < |M()u@p(m)|* + 6 TY*{ | E(S)u@p(h)|* + | F(su@p(h)|®

+HG(u@ph) | + | H(slu@p(h)*} .
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Multiplying by the integrating factor e ~* and integrating over the interval [0, ¢ ] we
obtain (4.9). U

Corollary 2. Under the hypothesis of Corollary 1, for 0Ss<t<T,

M) = M()u@pm)||* = 60<(T)2)t" ¢ {IEMu@ypt)|? + [ Fru@p(h)|?

FGuRpM? +IIHFu@ph)|*3dr. (4.11)
In particular M is continuous and thus M e L*(D, S).
Proof. Replace E, F, G, H in Corollary 1 by Exs w0y Fis, 0000 OXis, oy Hlis, o) -

We are now ready to extend the stochastic integral to integrands in L*(D, S),
under the assumption that S consists of locally bounded functions. Let E, F, G, H
e L*(D, S). By Proposition 3.2 there exist E™, F™, G™, H™ n=1,2,...in (D, S)
such that for all ue®, heS§, and t>0,

liirl(fz {IE®S) — E™()u@pW[* + [(F(s)— F(s)u@w(h) |*

+G(s) = GM()u@ph) 1> + [(H(s) — H()u@p(W)|*}ds =0 .
Now let M™, n=1,2, ... be the stochastic integrals

1
M®(t)= £ (EMdAy+ F™dA,+G"d AL+ H™ds) .

Applying Corollary 1 to the differences M™—M™, we see that the sequence
MPOu®p(h) converges in § for each t=0, ue®, and he S, and that the limit
does not depend on the choice of (E®, F™, G™_ H™), The limit is clearly linear in u,
and thus defines an operator with domain D® &, which can be extended uniquely
as the ampliation to DRE,®H’ of an operator in H, with domain DR S, We
denote the extended operator by M(¢). Then M =(M(?):t=0) is an adapted
process we define to be the stochastic integral,

t
M(t)=[(EdAp+FdA,+ GdA} + Hds) .
[0}

It is clear that M depends linearly on (E, F, G, H).

Theorem 4.4. Provided that S,S" consist of locally bounded functions,
Theorems 4.1-4.3 and Corollaries 1 and 2 remain true for locally square integrable
integrands.

Proof. The inequalities (4.9) and (4.11) follow from the definition of M and from
continuity of the norm. From (4.11) it follows that for each ue® and heS,
t—M(t)u®p(h) is strongly continuous and hence bounded on finite intervals. We
may thus pass to the limit of simple approximations in (4.7), as well as (4.4) and
4.6, O

We use the differential notation

AM = Ed A+ FdA,+ GdA! + Hdt (4.12)
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to describe the situation that M is a process in L*(D, S) (where S consists of locally
bounded functions) such that for all =0,

T
M(t)—M(0)= [ (EdAy+FdA,+GdA} + Hds),
4]

where E, F,G, He L*(D,S).

To avoid difficulties with existence of adjoints and products we now consider
bounded processes. For a fixed admissible subspace S consisting of locally
bounded functions, we denote by €(S) the set of all processes M eU(RK,S)
satisfying (4.10) for some E, F, G, He U (K, S), and some f, g e L '°°[0, c0) and
I € L§3°°T0, c0) such that for all £>0,

sup max {|[M(s)[, [E@)], [FS)I, G, 1Hs)][} <0

O0=s=t

Theorem (7.1) below shows that €(S) is by no means empty. We denote by IR(S)
the linear span of €(S). We can now state Ito’s formula.

Theorem 4.5. 9(S) is an algebra, in which multiplication is given by
AdMM)=MdM’' +(@dM)M’'+dMdM’, (4.13)
for M, M’ e Q(S), where for M satisfying (4.12), (dM)M" is given by
(dM)M'=EM'd A+ FM'dA,+ GM'd AL+ HM dt

that is, the basic differentials dAy, dA;, dAZ, and dt commute with the adapted
process M', and dMdM’ is evaluated by combining this with extension by bilinearity
of the multiplication rules

| dAy  dA, dAS, dt
dAg \dAgy 0 dAl, 0
dA, | dAL., 0 {f@),g()>dt 0 (4.14)
a4h | 0 0 0 0
dt 0 0 0 0

Proof. We may assume without loss of generality that M(0)=M'(0)=0, since
multiplication by constant processes follows the rules stated. We note in view of

4.12), . .
dM'=E"dA,;+ G'dA,+ FdA}+ H'dr .

Replacing M by M in (4.7) we find that, for u,u’ e K, h, W' €S and >0,
u@p(h), MOM (D' @p(h')y = (M Ou@w(h), M'(O)w' @p(h))

=£ (MY (Su@yp(h), [<h(s), T (N (Y E ()

+{f(5)s W ()2 (5) + h(s), g'(s)>:G (s) + H'(s) Ju' @w(h))
+ CER(9), I ()h(8) >ET(5) + {g(5), ()G (s)

+ <H(S), fONFT(9) + H(9)Ju@p(h), M () @u(h))

+ T ($h(H®E () u@p(h) +f ()@ E(s)u®@p(h),
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IS E (S @p() +4/(5) @ G ()i ()3} ds
:i Cu@ph). {<h(s), TTSH MM E )

+{SS), KOWM(S)F(s) + Ch(s), 9(5)) M (s)G'(5) + M(s)H'(s)

+ <h(s), ()R ($) ) E(s)M'(5) + Chls), g(5)1G(5)M(s)

+S6), KD F ()M (5) + H(s)M(s)

+ <(s), T (R () E(S)E'(5) + Ch(s), T(5)A(5) ), E(s)G ()

+ LI (s) f(5), WOWF(SE (8)+ LS (5), g () F(S)G'(5)} ' @p(I) s .

Comparing this expression with (4.4) we obtain the theorem. [J

5. Reduction to the Ito-Integral for Brownian Motion

In this section we take f=R=C, and write A(t)=A4 (1), A= ATf(t), where
f(t)=1. The Fock space H = =I'(L*[0, 0)) is identified by means of the duality
transformation with L*(Q,w), where w is Wiener measure on the canonical
Brownian path space. We identify each random variable & on Q with the operator
of multiplication by ¢; then

AN+ A (=), (5.1)

where w(r) is the evaluation of the Brownian path o at time t. We take as
admissible subspace S the set of bounded purely imaginary functions in L*[0, c0),
and write Ay =W(C, S), L2=L*T, S). As an element of L*(Q, w),

w(h) () =exp (Of hdw—1{ h2d5> , (52)
0 0

where | hdw denotes the Wiener integral.
0
1t is well known [11] that if « is a nonanticipating Brownian functional for
which, for every =0,

f Efo(s, - )*}ds< oo, (5.3)
0

then there exists a sequence of simple nonanticipating Brownian functionals
a™ n=1,2,... such that for all t=0

lim { (o5, - ) — (s, -))]ds = 0 (5.4)

Proposition 5.1. Let o be a nonanticipating Brownian functional satisfying (5.2).
Then the multiplication operator valued process o= (a(t, ):t=0)e L*.

Proof. Let o, n=1,2,... be simple nonanticipating Brownian functionals
satisfying (5.4). Then as operator valued processes the o™ e U,. Moreover for
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arbitrary hel and t>0, using (5.2) we have

t

§ o, - ) —o™(s, - Yw(h) | *ds

0

[ |(a(s, 0) — (s, ) exp <T hdo—1 | hZ) * w(do)ds
=CXp ( -3 Ojo h2> f ]E(O((S’ ’ )_ a(n)(s’ ’ ))2d5-—> 0, (55)
0 0 "

since | hdw is purely imaginary and exp< -3 h2> is sure. Hence ae L?. [
0 [

Now let ¢ and f§ be nonanticipating Brownian functionals satisfying the
condition (5.3), and let

mlt, @) :JE als, w)da(s)+ j B(s, wyds,

0 0

where the first term is the usuval Ito-Doob mean-square integral of «. Then we can
write

t
m(t, - )=1 (a(s, - )dA +afs, - )dAT+ B(s, - )ds) .
¢
For simple « this follows from (5.1); for general « it follows from Proposition 5.5.
Suppose that o and B are bounded. By Corollary 2 to Theorem 4.3, me L?, and

since « and f are bounded, am and fm e L? also. We derive the classical Ito formula
dm?* =2mdm+o*dt as follows:

Theorem 5.1. Let o and  be bounded real-valued nonanticipating Brownian
functionals, and let

mlt, a)):icxder iﬁds. (5.6)
Then
m(t, w)* = (ft) 2modw + i Qmp +a?)ds .
Proof. In Theorem 4.3, with §'=S8, D'=D=C, I=II'=0, f'=¢g'=f=g=1,

u=u'=1, take E=E'=0, F()=G()=F({)=G()=ut,-), HO)=H'({)=p(t,-).
Then, since h, h" are imaginary valued, the left side of (4.7) is

]E[m(t, w)? exp{f (—h+h)do—11 (h2+h’2)}] (5.7
0 0
while the right side is seen to be

E [f {2a(s, w)m(s, w)da(s) + (2B(s, w)m(s, w) +a*(s, w))ds}

exp {T (—h+M)do—1 | (2 + h’z)}] . (5.8)
0 0
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Equating (5.7) to (5.8) and cancelling the sure factor exp { 3 [ +h’2)},

Q- 8

E [{m(t, w)*— j [2a(s, w)m(s, w)dw(s)+ (25(s, w)m(s, w)
+0(s, w))ds] exp Ofo h”dco} =0,

where h”= —h+}’. Since the functionals exp | h"dw are total, (5.6) holds. [
0

6. The Poisson Process in Fock Space

In this section we take K = so that § = §. Let IT be a self adjoint valued element
of Ly '°°[0, 0), let f'e Ly*'°°[0, o0) and consider the unitary process

Wy () =W(f. "),

where W(f, U) is defined by (2.1). In view of (2.5) W,  is the product V, V, V3V, of
the processes defined by

Vit =e” 2174 lEp(n)

. 1

Va(Op(h) =eOp(h) =p(h+£,)

V3(Oyp(h) =W (0, ™ yp(h) =p(e™h)

V4(t)1p(h) — ¢~ Aexp(- lH)f(t)/lp(h) — g Kexp(— ill)f)nhz>w(h) .

We consider W, pand V,j=1,2, 3,4 as processes based on (€, S), where S consists
of all locally bounded clements of ). From Theorem 4.1 we have

avy=Vi(=3l f©IP)de,
AV, =V,dA4},
dVy= Vsd/l(exp(in)ﬂ) s
dVy=V,dAexp—imy
Since W, p(t) is the product of these processes on &, from use of (4.14),
AW, p=W; (dA gy —dA,- o+ d AT — 3| £ ()| 3dE) . (6.1)
In particular W, pis the solution of a “stochastic differential equation” and W,
e &(S).
Now let {=C, I1(t) =a(t), f(t)=}/1(e*”—1) and
t
V(t)=exp (i [ Isin oc(s)ds) W, (1), (6.2)
0

where o is a locally bounded function and />0 is a constant. Then

Vi(tyw(h)=exp <i (e~ 1)+)/I(e" — 1)!1}) ple™h+)/I(e™—1).  (6.3)
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Proposition 6.2. Let o, be real-valued locally bounded Lebesgue measurable
functions on [0, ) and let h, W' € L*[0, ). Then

ay V(t) is unitary for all t=0,

b) V.(OVy(&) =V, 4(0),

o) {p(h), V{Ow(h')) =exp {J @~ 1) h+)/1) (' + W)} Cph), ()
(6.4)

in particular
{p(0), ¥ (t)p(0)) =exp {li (e~ 1)} , (6.5)

d) {V(0)p(0), we L2110, o0)} is total in 9, for all t=0.

Proof. a) and b) follow from (6.2) and (2.2) and c) follows from (6.3). To prove d) note
that for arbitrary real numbers 6, &, a5, ..., oy, and disjoint Borel sets S, S5, ..., Sy,
the linear span of the V(t)y,(0) contains the vector

N
P <W ; (e — I)XSjm[O,t]> >

obtained by taking o =0 Z a;ys, Hence, forn=90,1,2, ..., the closure of the linear

span contains the Vector

d

whose expansion in n-particle components is of form
(5% . L E/rlf® ... ®0,0,..),

N
where f= 3 a;1,0,4 Since such vectors are total in $,=I'(L*[0, r]), the result
j=1

follows.
We recognise the vacuum expectation functional (6.5) as the characteristic

functional
t T
Eexp (if cde,) =exp <lf (™ — I)>
) 0

of the classical stochastic integral of o against the Poisson process of intensity [ [9].
We compare this with the identity

{p(0), exp(A(D) — Af(t))w(0)>—eXp(—%5)f2> =Eexp <i£de>,

where X is standard Brownian motion. Using Proposition 6.1d) and the unique-
ness of the GNS construction we obtain the following analog of the duality
transformation for Brownian motion.
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Theorem 6.1. There exists a unique Hilbert space isomorphism D, from the Fock
space I'(L*[0, o0)) to L*(w,), where y, is the probability measure for the Poisson
process X, of intensity I, satisfying the conditions

2) Dy(0)=1 t

b) D,V,()D; ! is multiplication by exp(if OCdX,) for each real-valued locally
bounded measurable function o on [0, c0). * ©

Furthermore for arbitrary t 20 the image of I'(L*[0, t)) under D, is the subspace
of L*(w)) of elements measurable with respect to the a-algebra generated by X (s),
SEL.

We may thus construct an operator-valued realisation of the Poisson process
of intensity /, corresponding to the realisation A(f) + 4'(¢) of Brownian motion, by
defining g

o) =—i—V (6.6)

dS =0
where the suffix ¢ denotes the constant function of value ¢. The family of self adjoint
operators (I1)(t) : t = 0) is clearly commutative in the sense that the one parameter
groups of which they are the infinitesimal generators commute; equivalently their
spectral projectors commute. Under conjugation by the isomorphism D, the IT,(z)

are simultaneously diagonalised, transforming into the operators of multiplication
by the X,(2).

Theorem 6.2. I1, satisfies
M0)=0, dil,=dA+)/I(dA+dA")+1dt,
where A=Ay, A=A, A'=AY, with I=f=1.

Proof. The theorem is a consequence of Theorem 4.1, together with the identity,
which follows from (6.6) and (6.4),

(), (k') =JZ Cp(h). (R () + )/ 1(H(s)+ () + Bp(W)ds . T

As immediate corollaries we obtain, using (4.14), the well-known formula for
the Poisson process (dI1;)* =dII,, and, rearranging the integrated form of the
Theorem as

7Y =)= A() + AT () + 17124, (6.7)

a form of the well known central limit theorem for Poisson processes of increasing
intensities that 1~ *2(J1(t) — It) approaches Brownian motion, in which the gauge
process A measures the error in the Brownian approximation. Note that no two of
the processes in {(6.7) commute.

Using (4.14) it is easily seen that

dl, 1,1 =()/1=)/m) (@dA—dA),
so that

(11, 11,]=(/1—|/m)(A—AT).
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In particular the Poisson processes of different intensities do not commute with
each other and may not be simultancously diagonalised; for I&m, D,=D,,.

We end this section by noting that, by generalising these methods, a Fock space
realisation of an arbitrary classical stochastic process with independent incre-
ments can be obtained whose differential is expressible in terms of appropriate
creation, annihilation and gauge processes using (4.12). Details will be published
elsewhere.

7. Stochastic Evolutions

In this section, for simplicity, I = €, but K is arbitrary. For the three basic processes
A, A, AT defined by
AD=Ay1), A)=A,0), A=Ay
with II(t)=f(t)=1, (4.14) becomes
\ dA dA dAT dt
dA|dA 0 d4a" 0
dA | d4A 0 dt 0 (7.1)
dA"| 0 0 0 0
dt | 0 0 0 0

Let L;, j=1,2,3,4 be operators in the initial space & with common invariant
domain D; we regard them also as operatorsin $ with domain D® H. Our aim is to
construct an operator-valued process U satisfying

UQ©)=1, dU=U(L,dA+L,dA+ LydA"+L,dt) (1.2)

and to find conditions on L;, j=1,2, 3,4 ensuring unitarity of U.
We construct such stochastic evolutions by iteration. We take the admissible
subspace S to consist of all locally bounded functions in L*[0, o).

Proposition 7.1. There exist processes U,, n=0, 1,2, ..., satisfying
t
Ugh=1, UO=I+[U,_(LdA+L,dA+L;dA*+L,ds). (7.3)
0

Furthermore for arbitrary ue®, he S, T>0 and 0Lt T,
(U= U,—y(0)u@ph)|> <™ M) B(TY  max
pei o

I
St inZ4

le“‘LjnuHZ,
(7.4)
where ﬁ(T)=24Tmax<1, sup ;h(s)r*).
0<s<T

Proof. U, is clearly in L*(D, S). Suppose that U, _, € L*(D, S), so that for allu e ®
and he S,

t

FIU,— () u@p(h)|2ds< oo .

0
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Since D is invariant under the L;

I Z U, - 1(S)L)u®w(h)l|2dS—f Z U, () (L) @p(h)]|*ds < oo,

0j=1

hence U, is well defined and by Corollary 2 to Theorem 4.3 U, e L*(D, S).
To prove (7.4) we write

(U0~ Uy ()u®p(h)
=T (U, 1()— Uy 5(0) (Lid A+ Lyd A+ LydA' + Lodshu@u(h),

and apply Corollary 1 to Theorem 4.3 to obtain
(U0 = U, ()u@ph)*
t 4
<6u(TY? e 3 (U, ()~ U, 2(s)Lu®@p(h)|*ds
0

i=1

for all te[0, T, where a(T)= sup max(|h(s)|?, |h(s)|, 1). From this,
0<s<T

<240(T)%e tje_s max (U, ()= U,—o(sNLu®@w(h)|*ds

1<j=<4
from which (7.4) follows by induction. [
Forn=0,1,2,...,and ue®, let

M, (wy=max{||L;, ... Lyul :1=jy, ... J,=4}
and

n=0

D= {ueb 3 0"(n!)"1*M (u) < oo for all Q>0}

D, is easily seen to be invariant under each L;, 1 £j<4. Using (7.5), for ue D,, and
arbitrary he S and T >0,

[eel

> sup (U= U, (()u@p(h)]| <3+ 141 Z ()" 2RI T PM (u) < o0,
n=10=1=T n=1
showing that U, (t)u®(h) converges in § uniformly in each finite interval [0, T7.
The limit is clearly linear in u and so defines an operator in § with domain D,® .
Being the strong limit on this domain of ampliations of operators in §, with
domains DS, U(r) extends to the ampliation of an operator in $, with domain
D®G, to DRSS, Q%Y. Thus extended, the U(t) form an adapted process U.
Using the uniformity of the convergence together with the estimate (7.4), we may
take strong limits on D,®S on both sides of (7.3) to conclude that U satisfies
(7.2) and belongs to A(Dy, S). In particular U e L*(D,, S).

Suppose VelL*(D,,S) is another process satisfying (7.2). Then
U(0)—V(0)=0 and by the argument employed in proving (7.4), we have

U@ =V©Ou@pmr)|* e M (n) ™ BT (M, (u)>
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for all te[0, T]. Letting n— o0 on the right side we conclude that U(¢) and V(1)
agree on D,®S. Thus the solution of (7.2) is unique as a process in L*(D,, S).

We now assume that the operators L; are bounded with domain & so that
D, =K also. We investigate when the process U is unitary. If this is the case then,

using (7.1) and .

dU'=LIUdA+ LiUTdA+ LYUTdAT - Li U'dt
together with the unitary condition U'U =1, we have
0=d(U'U)=(dU"U +U'dU +dU"dU
=(LYdA+LidA+ LYdA"+ Lidt) + (L, dA+ LydA+ Lyd A" + L,dt)
+(LIL dA+ L LydA" + LY L, dA + L1 L. dr)
=(LY+L,+LiL)dA+ (L, + L5+ LiL)dA+(Ly+ LY + Li Ly)d A’

+(Ly+ LY+ LiLy)dt .
In view of Theorem 4.1 we may equate coefficients of the differentials to zero,
obtaining L+L,+LiL, =0, (7.5)
L,+Li+LiL; =0, (7.6)
L+ L +LIL, =0, (1.7)
L+ Li+LiL;=0. (7.8)

Similarly, from UU" =1 we obtain
0=d(UU")=U(L,+ L +L,L)U'dA +terms in dA, dA', and dt,
and hence, multiplying on the left by U' and on the right by U,
L,+L{+L,Lt=0. (7.9)

Setting W=1I+ L, (7.5) and (7.9) imply that Wis unitary. We set L=L,, then (7.7)
implies that L, = — WL and (7.8) that L, =iH —1LL', where H is a bounded self
adjoint operator. Thus for unitarity of U it is necessary that

(Lys Ly, Lo, L)y=(W—I, L, —WL"iH~1LL"), (7.10)
where W, L, H € B(R), Wis unitary and H is self adjoint. Remarkably this condition
is also sufficient.

Theorem 7.1. If the condition (7.10) holds, then the unique solution of (7.2) in
WK, S) is a unitary process. In particular U € €(S).

Proof. From (7.4), for ue K, heS, T>0,and 0=t T,

[U@Ou@p®h)| < lu®@ph)] + E I(UL)—U, 1Ou@ph)| <mr ,lull,
net 7.11
where ( )

myy=e” 2100 s ()22, A=max(| L], liH —3LLI, |W~11).

n=0
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It follows from (7.11) that for fixed h, ' € S, there exist operators K(¢), t=0in B(R)
for which, for arbitrary u,ve R,
{u, K(t)oy =<U@Ou@yph), Uv@p(Hh)) . (7.12)

Moreover the map t—K(t) is locally bounded. From Theorem 4.3 we find that
K(-) satisfies the differential equation

31_1; =h(Dh'(t) (W KW—K)+h(t) (L'K — W'KWL") + h(t) (KL— LW'KW)

+G[K, H]—iKLL+LWKWL—1LLK),

dK
which is of form P ZL()K, where Z(f) : B(R)—B(8) is a bounded linear map.

Since K(t) = {yp(h), w(h')) I satisfies this equation with the correct initial value, we
conclude that K(¢) is indeed of this form. But then it follows from (7.12) that U(¢) is
isometric, and in particular bounded. Hence we can use (7.1) as in the proof of the
necessity of (7.10) to conclude that d(UU")=0. Hence UU'=UO)U'(0)=I and
the proof is complete. [

8. Stochastic Dilations of Completely Positive Semigroups
and Non-Commutative Feynman-Kac Formulae

Let U be the unitary process generated by bounded operators W, L, H € B() with
W unitary and H self adjoint in accordance with Theorem 7.1. We define families of
operators (7;:t=0) on & and (7, :t=0) on B(K) by

T=EyU®), ZX)=EUOXU®™ "), XeB), &.1)
where the vacuum conditional expectation map IE, : B(9)—B(8) is defined by
Cu, Eo(T)o) =<u®@y(0), Jo@w(0)), u,vef JeB(K).

Theorem 8.1. a) (T,:t=0) is a uniformly continuous contraction semigroup on K
with infinitesimal generator

d
—T| =iH-iLL"
dt t=0

b) (7,:t20)is a uniformly continuous semigroup of completely positive maps on
B(R) whose infinitesimal generator & is given by

P(X)=i[H,X]-L{LL'X —2LXL'+ XLL", XeB(R). (8.2)
Proof. a) T, is clearly a contraction. By Theorem 4.1 with h=h"=0, M=U—1,

G (= D> = § Cu®p(0), U(s) (i —SLL Y @p(0)>ds
0
=f {u, T(iH 3 LN Yds

for arbitrary u,u’ € K, from which it follows that T,=expt(iH —3LL").
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b) For X € B(R]) write X(t)=U(OXU(t)"", t=0, so that T(X)=IEX()).
Then by (7.1),
dX =(WXW'—XydA+[L, X1dA—W[L', X]dA'

+{i[H, X -3LL'X —2L XL+ XLLMdr .
Using Theorem 4.1 with h=h"=0 we obtain, for u, ' e K,

Cu, (T X) =X ') =£ Cu, T(L (X' >ds

from which .7, =¢'?. 7, is completely positive being the composition of a unitary
conjugation with a conditional expectation. [J

We compare the generator (8.2) with the general form [10]
LX) =i[H, X]-3 X (LLIX 2L, XL+ XL,L),
J
H,L;e BR),Y L,Li< o0 (8.3)
j

of infinitesimal generator of a uniformly continuous completely positive semi-
group on B(R). Provided that there are only finitely many L; a stochastic dilation
the semigroup generated by (8.3) can be constructed as follows; take fi(t)=e;, e;
being the j element of the natural basis of E=C", A4,(t)=A, (1), A}(t)zA}J(t).
Then the equation

u)=1, dUzU(Z{LjdA—L}dAT}qL(iH—%ZLij-)dt)
j j

has a unique solution in (K, S), where S is all bounded elements of I, which is a
unitary process for which the maps 7, given by (8.1) form a completely positive
semigroup of which (8.3)is the generator. The case of infinitely many L; can also be
treated by an extension of the stochastic calculus developed here [8].

The gauge generator W—1I does not appear in the form (8.2); thus these
dilations are nonunique.

We consider perturbations of the semigroups (T;) and (7;). Let V be fixed in
B(). Then there exists a unique map t— C(t) from [0, o0) into B(9) satisfying

%f_ =—-CUQVU@W™', C0)=1, (8.4)

where differentiation is in the uniform sense; furthermore C(r) has a bounded
inverse for all =0 and
—~1

dt
Define operators U(t)= C(H)U(t), t=0. Then U e Mi(S) and satisfies
dU=U(LdA—L'dA" + (iH —iLL'—V)dt) .

Repetition of the proof of Theorem 8.1a) shows that T,=IE,(U(t)), t =0, defines a
one parameter semigroup of bounded operators on & of which the infinitesimal

=U@OVU@) 1CL. (8.5)
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generator is iH —3LL'—V. Thus

exp(tiH —iLL'—V))=E(C(HU({)). (8.6)
When the operators V(t)=U()VU(t)"! commute, C(t) can be expressed as
exp<- i V(s)ds | and (8.6) takes the form of a Feynman-Kac formula as in [5].

Similarly, the formula J (X)) =E,[U®OXU®™ 1] defines a uniformly con-
tinuous semigroup on B(R) with infinitesimal generator ¥, where £ (X)=£(X)
—[V,X]. Thus

exp{t(.£ —adV)} (X)=E,(COUMXUE®) 1C) D), (8.7)

where ad V(X) =[V, X]. Equation (8.7) is a Feynman-Kac formula in the sense of
[1].

There exist examples where (7.2) admits a unitary solution for which analogs of
Theorem 8.1 and (8.6) and (8.7) hold in which L, H, and V are unbounded
operators. We defer discussion to a later article.
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