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We investigate the dynamical spin polarization of a massless electron probing an electron plasma in
locally thermal equilibrium via the Moller scattering from the quantum kinetic theory. We derive an axial
kinetic equation delineating the dynamical spin evolution in the presence of the collision term with
quantum corrections up to OðℏÞ and the leading-logarithmic order in coupling by using the hard-thermal-
loop approximation, from which we extract the spin-polarization rate induced by the spacetime gradients
of the medium. When the electron probe approaches local equilibrium, we further simplify the collision
term into a relaxation-time expression. Our kinetic equation may be implemented in the future numerical
simulations for dynamical spin polarization.
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I. INTRODUCTION

In off-central heavy ion collisions, a large global angular
momentum is produced, which may result in the spin
polarization of the quark gluon plasma (QGP) from spin-
orbit coupling and yield the spin polarization or spin
alignment of emitted hadrons [1–4]. Such phenomena have
been observed in recent STAR and ALICE experiments
[5–8]. Based on the modified Cooper-Frye formula for spin
polarization dictated by thermal vorticity in global equi-
librium [9,10], the global spin polarization of Λ (and Λ̄)
hyperons at intermediate energies can be described by
many transport models [11–16]. See also Ref. [17] for the
nonequilibrium kinetic-theory approach and Ref. [18] with
the inclusion of corrections in local equilibrium. There have
been further measurements for the spin polarization of Λ
hyperons in collisions at low energies [19,20] and related
studies in theory [21–24]. Moreover, there are also theo-
retical studies attempting to explain the spin alignment of
vector mesons [25–29] and the proposal for modifications
on the yields of hadrons with different spin due to
vorticity [30].
However, the theoretical description with the global

equilibrium assumption of local spin polarization in the

longitudinal direction does not match the experimental result
measured in Au-Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV by
STAR [6]. The models based on hydrodynamics and trans-
port theories predict an opposite trend of the longitudinal
spin polarization as a function of the azimuthal angle
[31,32]. The contradiction is also known as the “sign
problem” for local spin polarization. It is realized that the
spin polarization in global equilibrium may not resolve the
problem and further corrections beyond global equilibrium
should be considered. There have been several studies to
address this issue [33–44]. In particular, the so-called
thermal shear correction in local equilibrium, obtained from
the linear response theory [45,46], statistical field theory
[47], and chiral kinetic theory (CKT) for massless fermions
[48], could yield substantial contribution to the longitudinal
spin polarization. The inclusion of this shear correction may
successfully describe the experimental measurement with
certain approximations as shown by hydrodynamic simu-
lations [40,41]. Nonetheless, the numerical results could be
sensitive to the chosen parameters and adopted approxima-
tions [42–44,49]. The shear corrections have also been
studied in the helicity polarization [50], which could provide
a baseline for the local polarization led by vorticity and a
probe for the initial axial chemical potential [51,52].
Furthermore, when considering the local-equilibrium con-
dition, the dissipative corrections pertinent to interaction
should also be involved. More discussions and details can be
found in recent reviews [53–58].
Nowadays there are two primary approaches to

explore dynamical spin polarization and the dissipative
effects. One is the spin hydrodynamics based on the
conservation laws [57,59–83] (see also Ref. [84] for a
review). One can construct spin hydrodynamics using the
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entropy principle [59–63], the effective Lagrangian theory
[64,65], the kinetic-theory approach [66–69,84–86], and
quantum field theory [70–72,83]. In general, the spin
hydrodynamics is a macroscopic effective theory including
spin effects and the conservation of angular momentum as
an extension of standard relativistic hydrodynamics. The
other is quantum kinetic theory (QKT) as a microscopic
spin transport theory in connection to underlying quantum
field theories [87–98] (see Refs. [56,99,100] for recent
reviews). The QKT is an extension of the CKT for massless
fermions [101–119]. It can be consistently derived from the
covariant Keldysh formalism and Wigner-function method
from quantum field theory.
To understand the dynamical spin polarization in QKT, it

is inevitable that we incorporate the quantum corrections
on collisions. In recent years, there have been intensive
studies along this direction [83,89,91,93–95,120–125].
Nevertheless, most of studies consider effective models
rather than the gauge theory for simplicity. In
Refs. [83,91,120], only part of the collision term giving
rise to spin relaxation is computed in weakly coupled
quantum chromodynamics (QCD). As a toy model for
studying dynamical spin polarization in the QGP,1 our work
here is to investigate the quantum-electrodynamics (QED)-
type interaction by considering 2-2 scattering process for
massless fermions in the absence of on-shell photons. In
our theoretical setup, we emit a probe electron to interact
with an electron plasma in thermal equilibrium and study
the spin polarization of the probe. We calculate collision
kernels of QKT up to the leading-logarithmic order in
electric coupling e and to OðℏÞ as the leading-order
quantum correction using the hard-thermal-loop (HTL)
approximation following the procedure in Ref. [91].
Such quantum corrections result in the spin-polarization
rate pertinent to the gradient terms of the medium in local
equilibrium, which includes thermal vorticity, shear
strength, and the gradient of the ratio of a chemical
potential to temperature. When the probe electron is close
to local equilibrium, we further derive a simplified collision
term using the relaxation-time approximation (RTA) with
the (inverse) relaxation times in operator form.2 A similar
study of massive fermions in the Nambu–Jona-Lasinio
(NJL) model has been reported in Ref. [95], whereas
only the result with a medium in global equilibrium is
considered.

This paper is organized as follows: In Sec. II, we briefly
review the Wigner-function approach and derivation of
the master equations giving rise to the QKT based on the
Keldysh formalism for the massless fermions with the
power-counting scheme in [91]. In Sec. III, we introduce
the general setup for our QKT of an electron probe
interacting with the medium and expatiate how we handle
the collision term. In Sec. IV, we compute the collision
kernel up to the leading-logarithmic order by using the
HTL approximation and assuming the medium is in local
equilibrium. From the collision term with quantum cor-
rections, the spin-polarization rate is found. A brief
summary and discussions are presented. In Sec. V, we
further derive the simplified kinetic equation assuming the
electron probe is near local equilibrium by using the RTA
and extract the interaction-dependent relaxation times in
operator form. We finally conclude our results and make an
outlook in Sec. VI. Some critical steps in derivations are
presented in Appendices.
We adopt the Minkowski spacetime metric, gμν ¼ gμν ¼

diagðþ1;−1;−1;−1Þ, and the Dirac matrices γμ in the
Weyl basis. We introduce σμ ¼ ð1; σÞ and σ̄μ ¼ ð1;−σÞ
with σi the Pauli matrices and γ5 ¼ iγ0γ1γ2γ3. The Levi-
Civita symbol is chosen as ϵ0123 ¼ −ϵ0123 ¼ þ1. We
denote AðμνÞ ¼ Aμν þ Aνμ and A½μν� ¼ Aμν − Aνμ. We have
also used the notation for the projector Δμν ¼ gμν − uμuν

and ΘμνðpÞ ¼ gμν − uμuν þ p̂μ
⊥p̂ν⊥ with uμ being the fluid

velocity, pμ
⊥ ≡ Δμνpν and p̂μ

⊥ ≡ pμ
⊥=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−p⊥ · p⊥
p

.

II. QUANTUM KINETIC THEORY
FOR MASSLESS FERMIONS

We start from the standard QED Lagrangian for massless
fermions in the Weyl basis,

L ¼ ψ†
Lσ̄

μiℏDμψL þ ψ†
Rσ

μiℏDμψR; ð1Þ

where Dμ ¼ ∂μ þ iqeAμ=ℏ and the left- and right-handed
fermions are disentangled. We will set q ¼ −1 for electrons
in the following context. Taking the ensemble average, we
define the lessor and greater two-point Green function for
Weyl fermions,

S<L=Rðx; yÞ ¼ hUðy; xÞψ†
L=RðyÞψL=RðxÞi;

S>L=Rðx; yÞ ¼ hUðy; xÞψL=RðxÞψ†
L=RðyÞi; ð2Þ

where Uðx; yÞ ¼ exp ð− iqe
ℏ

R
x
y dz · AðzÞÞ represents the

gauge link to maintain the gauge invariance. We then
introduce the Wigner transformation

S≶L=Rðp;XÞ ¼
Z

d4Y
ð2πℏÞ4 e

i
ℏp·YS≶L=R

�
X þ Y

2
; X −

Y
2

�
; ð3Þ

1In principle, the ultimate goal is to study the strange quark
probing QGP composed of massless quarks and gluons in
equilibrium. Nevertheless, there have not been sufficient under-
standing for the quantum corrections of polarized gluons even in
thermal equilibrium (see Refs. [121,122,126,127] for some recent
studies for polarized photons and QKT). Technically, it is also
more involved to work with QKT for massive fermions.

2There has been a similar approach for studying chiral
effects of neutrino transport by CKT in core-collapse super-
novae [128,129].
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where X ¼ xþy
2

and Y ¼ x − y. We will then focus on the
right-handed fermions and the formalism for left-handed
fermions can be analogously derived. Based on the Dyson-
Schwinger equation and Dirac equation, one can derive the
Kadanoff-Baym equations up to OðℏÞ, which includes the
leading-order quantum correction [100,109,130],

σμ
�
pμ þ

1

2
iℏΔμ

�
S<R ¼ iℏ

2
ðΣ<

RS
>
R − Σ>

RS
<
RÞ; ð4Þ

�
pμ −

1

2
iℏΔμ

�
S<Rσ

μ ¼ −
iℏ
2
ðS>RΣ<

R − S<RΣ>
RÞ; ð5Þ

where Δμ ¼ ∂Xμ þ eFμν∂
ν
p, and Σ<

R and Σ>
R denote the

lesser and greater self-energies for right-handed fermions.3

Here we have dropped the one-particle potential and real
parts of retarded self-energy and Wigner function since
they do not directly affect the collisional effect of our
interest [109]. Also, we will hereafter neglect background
electromagnetic fields by taking Fμν ¼ 0.
It is convenient for the follow-up computations by

parametrizing S≶R ¼ σ̄μS≶μ and Σ≶
R ¼ σμΣ≶

Lμ. Note that the
decomposition of self-energies is different from the decom-
position of the Wigner function and hence we denote Σ≶μ

L
here. Perturbatively solving Eq. (4) up toOðℏÞ, one obtains
the solution of Wigner functions,

S≶;μR ðp; xÞ ¼ 2πsgnðn · pÞδðp2Þ½pμf≶Rðp; xÞ
þ ℏSμνðnÞð∂νf≶Rðp; xÞ − CR;ν½f≶R�Þ�; ð6Þ

where SμνðnÞ ¼ ϵμνρσpρnσ=ð2n · pÞ corresponds to the spin

tensor depending on a timelike frame vector nμ with n2 ¼ 1

and CR;ν½f≶R� ¼ Σ≶
L;νf

≷
R − Σ≷

L;νf
≶
R. Here nμ originates from

the choice of a spin basis and does not affect the physical
quantities. Also, f≶Rðp; xÞ denote the lesser/greater distri-
bution functions for right-handed fermions, which follow
the relation f<Rðp; xÞ þ f>Rðp; xÞ ¼ 1. The sign of energy
sgnðn · pÞ is involved to incorporate both the particle and
antiparticle, while we will omit the part for antiparticles
in the later computations. The dynamics of f<Rðp; xÞ is
dictated by the kinetic equation,

∂ · S<R ¼ Σ<
L · S>R − Σ>

L · S<R: ð7Þ

Similarly, we can derive the Winger function and kinetic
equation for left-handed fermions,

S≶;μL ðp; xÞ ¼ 2πsgnðn · pÞδðp2Þ½pμf≶Lðp; xÞ
− ℏSμνðnÞð∂νf≶Lðp; xÞ − CL;ν½f≶L�Þ� ð8Þ

and

∂ · S<L ¼ Σ<
R · S>L − Σ>

R · S<L : ð9Þ

In a physical system when both right- and left-handed
fermions coexist, it would be more convenient to rewrite
Eqs. (6)–(9) in terms of the axial-vector basis. That is,
we may construct the Wigner functions in Eq. (2) with
massless Dirac fermions ψ ¼ ðψL;ψRÞT such that4

S≶ ¼ V≶;μγμ þA≶;μγ5γμ: ð10Þ

The vector and axial-vector components are now related to
S≶L=R by the relation

S<R;μ ¼ V<
μ þA<

μ ; S<L;μ ¼ V<
μ −A<

μ : ð11Þ

A similar expression is also applied to self-energies,

Σ≶ ¼ Σ≶;μ
V γμ þ Σ≶;μ

A γ5γμ; ð12Þ

where

Σ<
R;μ ¼ Σ<

V;μ þ Σ<
A;μ; Σ<

L;μ ¼ Σ<
V;μ − Σ<

A;μ: ð13Þ

Accordingly, Eqs. (6) and (9) can be rewritten as

V≶;μðpÞ ¼ 2πsgnðn · pÞδðp2Þ½f≶VðpÞ
þ ℏSðnÞ;μνð∂νf≶A − Σ≶

V;νf
≷
A þ Σ≷

V;νf
≶
A

þ Σ≶
A;νf

≷
V − Σ≷

A;νf
≶
VÞ�; ð14Þ

and

A≶;μðpÞ ¼ 2πsgnðn · pÞδðp2Þ½pμf≶AðpÞ
þ ℏSðnÞ;μνð∂νf≶V − Σ≶

V;νf
≷
V þ Σ≷

V;νðpÞf≶V
þ Σ≶

A;νf
≷
A − Σ≷

A;νf
≶
AÞ�; ð15Þ

where we introduce the vector-charge distribution function
f≶V ¼ ðf≶R þ f≶LÞ=2 and the axial-charge distribution func-
tion f≶A ¼ ðf≶R − f≶LÞ=2, which now follow the relations,
f<A þ f>A ¼ 0 and f<V þ f>V ¼ 1. For convenience, we may
sometimes denote χ<V=A ¼ χV=A where χ can be distribution

3Roughly speaking, Σ<
R and Σ>

R are proportional to the
emission and absorption rates of the medium that contribute to
the gain and loss of the probe, respectively. In the 2 to 2
scattering, as will be elaborated later, Σ<

R is proportional to the
distribution functions of one outgoing particle and two incoming
particles and vice versa for Σ>

R.

4Other components in the basis of Clifford algebra vanish in
the massless case.
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functions, Wigner functions, or self energies if not speci-
fied. On the other hand, Eqs. (7) and (9) become

∂ ·V<¼CV≡Σ<
V ·V

>−Σ>
V ·V

<−Σ<
A ·A

>þΣ>
A ·A

<; ð16Þ

and

∂ ·A<¼CA≡Σ<
V ·A

>−Σ>
V ·A

<−Σ<
A ·V

>þΣ>
A ·V

<: ð17Þ

Following the power-counting scheme in Ref. [91], we
may assume the chirality imbalance comes from quantum
corrections and hence approximate Vμ ∼Oðℏ0Þ and
Aμ ∼Oðℏ1Þ, which imply fV ∼Oðℏ0Þ and fA ∼Oðℏ1Þ.
Similar power counting should also be applied to the self-
energies, Σμ

V ∼Oðℏ0Þ, Σμ
A ∼Oðℏ1Þ. We will only keep the

terms up to the leading order of quantum corrections of
OðℏÞ in our following discussions. Given the formalism,
our main task now is to derive the self-energies ΣV=A in the
2 to 2 scattering process.

III. THEORETICAL SETUP FOR
AN ELECTRON PROBE

Considering a hard-probe electron with 4-momentum p
emitted into an electron plasma in equilibrium, we focus
only on the t channel in the 2 to 2 scattering process,

e−ðpÞ þ e−eqðkÞ ↔ e−ðp0Þ þ e−eqðk0Þ; ð18Þ

which leads to the leading-logarithmic contribution to the
collision term. Since the probe electron and the scattered
electron in the medium are treated as nonidentical particles,
we may neglect the u-channel scattering considered in
Refs. [48,109]. In principle, the Compton scattering should
also yield a comparable contribution in the case for
massless fermions. For simplicity, we assume the absence
of thermalized photons in the plasma and ignore the related
scattering processes. The positrons are also excluded.
We now compute the self-energies shown in Fig. 1,

−Σ≶ðpÞ ¼ e2
Z
p0;k0;k

γμS≶ðp0Þγν
−igμα

ðp − p0Þ2
−igνβ

ðp − p0Þ2
× e2Tr½γαS≶eqðk0ÞγβS≷eqðkÞ�
× ð2πÞ4δð4Þðpþ k − p0 − k0Þ; ð19Þ

where we have introduced

Z
p
≡
Z

d4p
ð2πÞ4 : ð20Þ

The Wigner functions in the trace in (19) are taken as an in-
equilibrium case because we mainly discuss the scattering
between the probe and thermalized electrons in a medium.

We will discuss an alternative case in Sec. IV C. Instead of
using the resummed propagators of photons, we introduce
the momentum cutoff for the free propagators to obtain
leading-logarithmic results [91,120,131]. Like the initial
state, the final state of the hard probe with momentum p0 is
not necessarily in equilibrium.
The fermionic self-energies can be written in terms of

photonic self-energies Π≶
αβ,

Σ≶
V;μðpÞ¼e2

Z
p0
½V≶;ρðp0ÞG̃≶

ðμρÞðqÞ−V≶
μ ðp0ÞG̃≶;α

α ðqÞ�; ð21Þ

Σ≶
A;μðpÞ ¼ −e2

Z
p0
½A≶;ρðp0ÞG̃≶

ðμρÞðqÞ −A≶
μ ðp0Þ

× G̃≶;α
α ðqÞ þ iϵμραβV≶;ρðp0ÞG̃≶;αβðqÞ�: ð22Þ

where we have defined

qμ ≡ pμ − p0μ; ð23Þ

and introduced the photonic two-point Green function G̃≶
αβ

in one loop,

1

2
G̃≶;ðμνÞ ¼ GμαðqÞ

Π≶
ðαβÞðqÞ
2

Gβν;†ðqÞ; ð24Þ

1

2
G̃≶;½μν� ¼ GμαðqÞ

Π≶
½αβ�ðqÞ
2

Gβν;†ðqÞ: ð25Þ

Here, GμνðqÞ denotes the free photon propagator in the
Feynman gauge,

GμνðqÞ ¼ −igμν

q2
: ð26Þ

The symmetric and antisymmetric components of photonic
self-energies, Π≶

αβ can be expressed in terms of Wigner
functions as

FIG. 1. The t channel of the 2 to 2 scattering process, where the
Roman indices denote the momenta of electrons and the greek
indices represent the polarization of intermediate photons.
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1

2
Π≶

ðαβÞðqÞ ¼ 4e2
Z
k0;k

½V≶
ðα;eqðk0ÞV≷

β;eqÞðkÞ − gαβV
≶
eqðk0Þ · V≷

eqðkÞ�ð2πÞ4δð4Þðpþ k − p0 − k0Þ; ð27Þ

1

2
Π≶

½αβ�ðqÞ ¼ 4ie2
Z
k;k0

ϵαβδρ½V≶;ρ
eq ðk0ÞA≷;δ

eq ðkÞ þA≶;ρ
eq ðk0ÞV≷;δ

eq ðkÞ�ð2πÞ4δð4Þðpþ k − p0 − k0Þ; ð28Þ

and we accordingly acquire the vector and axial self-energies for electrons,

Σ≶;μ
V ðpÞ ¼ 8e4

Z
p0;k0;k

1

ðp − p0Þ4 ½V
≷
eqðkÞ · V≶ðp0ÞV≶;μ

eq ðk0Þ þ V≷;μ
eq ðkÞV≶

eqðk0Þ · V≶ðp0Þ�;

× ð2πÞ4δð4Þðpþ k − p0 − k0Þ ð29Þ

Σ≶;μ
A ðpÞ ¼ 8e4

Z
p0;k0;k

1

ðp − p0Þ4 ð2πÞ
4δð4Þðpþ k − p0 − k0Þ½V≶ðp0Þ ·A≷

eqðkÞV≶;μ
eq ðk0Þ þA≶;μ

eq ðk0ÞV≷
eqðkÞ · V≶ðp0Þ

−A≷;μ
eq ðkÞV≶

eqðk0Þ · V≶ðp0Þ −A≶
eqðk0Þ · V≶ðp0ÞV≷;μ

eq ðkÞ − V≷
eqðkÞ ·A≶ðp0ÞV≶;μ

eq ðk0Þ − V≷;μ
eq ðkÞV≶

eqðk0Þ ·A≶ðp0Þ�;
ð30Þ

where we have only kept the results up to OðℏÞ.

IV. COLLISION KERNELS IN HARD-THERMAL-
LOOP APPROXIMATION

A. General discussion on the collision kernel
in the local and global equilibrium

To compute the self-energies, we need to express the V≷
α

and A≷
α in terms of the distribution functions. To avoid the

confusion, we will denote the distribution functions of the
medium asN V=Aðx; pÞ to distinguish them from fV=Aðx; pÞ
as the distribution functions of the probe. Following the
findings in Refs. [48,107], the distribution function for
chiral fermions in the local equilibrium is given by

N <
R=L;leqðx;pÞ¼

�
exp

�
βu ·p−βμR=L�

ℏ
2
ΩμνS

μν
ðuÞ

�
þ1

�
−1
;

ð31Þ

where βðxÞ ¼ TðxÞ−1 is the inverse of temperature,
uμ ¼ uμðxÞ is the fluid velocity, μR=LðxÞ are the chemical
potentials for right-/left-handed fermions,

Ωμν ¼
∂μðβuνÞ − ∂νðβuμÞ

2
; ð32Þ

and is called the thermal vorticity tensor. Here the frame
vector nμ is chosen to be the fluid velocity uμ. We also
introduce the chemical potentials for the vector and axial
charges,

μV ¼
μRþμL

2
≃μR=L∼Oð1Þ; μA¼

μR−μL
2

∼OðℏÞ: ð33Þ

Therefore, the vector and axial distribution functions in
local equilibrium read

N <
V;leqðx; pÞ ¼ ½exp ðβu · p − βμVÞ þ 1�−1; ð34Þ

N <
A;leqðx; pÞ ¼ −

ℏ
2
N <

V;leqðx; pÞN >
V;leqðx; pÞΩμνS

μν
ðuÞ; ð35Þ

where we have kept the results up to OðℏÞ. Now, from
Eqs. (6) and (11), the vector and axial-vector components
of Wigner functions become

V≶;μ
leq ðpÞ ¼ 2πδðp2ÞpμN ≶

V;leqðx; pÞ; ð36Þ

and

A<;μ
leq ðx; pÞ ¼ 2πℏδðp2ÞN <

V;leqðx; pÞN >
V;leqðx; pÞ

�
SμνðuÞ½∂νðβμVÞ − pαξαν� þ

1

4
ϵμρανpρΩαν

�
ð37Þ

with A>;μ
leq ðx; pÞ ¼ −A<;μ

leq ðx; pÞ, where we have introduced the thermal shear tensor

ξαν ¼
∂αðβuνÞ þ ∂νðβuαÞ

2
: ð38Þ
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Equipped with the above results, we are able to calculate Eqs. (27) and (28), which take the form,

1

2
Π≶

ðαβÞðqÞ ¼ 4e2
Z

d4k
ð2πÞ2 δ½ðqþ kÞ2�δðk2ÞN ≶

V;leqðqþ kÞN ≷
V;leqðkÞð2kαkβ þ qαkβ þ qβkα − gαβq · kÞ; ð39Þ

1

2
Π≶

½αβ�ðqÞ ¼ �4ℏie2
Z

d4k
ð2πÞ2 ϵαβδρδ½ðqþ kÞ2�δðk2ÞN ≶

V;leqðqþ kÞN ≷
V;leqðkÞIδρΠ ; ð40Þ

where

IδρΠ ¼ ∂νðβμVÞ½ðqδ þ kδÞN ≶
V;leqðkÞSρνðuÞðkÞ þ kδN ≷

V;leqðkþ qÞSρνðuÞðqþ kÞ�
− ξγν½kδðqγ þ kγÞN ≷

V;leqðkþ qÞSρνðuÞðqþ kÞ þ kγðqδ þ kδÞN ≶
V;leqðkÞSρνðuÞðkÞ�

þ 1

2
Ω̃ρξ½ðqδkξ þ kδkξÞN ≶

V;leqðkÞ þ ðqξkδ þ kδkξÞN ≷
V;leqðkþ qÞ�; ð41Þ

and we have also introduced

Ω̃ργ ¼
1

2
ϵργλσΩλσ: ð42Þ

The fermionic self-energies are thus given by

Σ≶
V;μðpÞ ¼ ð2πÞ38e4

Z
p0;k

1

q4
δ½ðqþ kÞ2�δðk2Þδðp0;2Þf≶Vðp0ÞN ≶

V;leqðqþ kÞN ≷
V;leqðkÞð2kμp0 · kþ qμp0 · kþ kμp0 · qÞ; ð43Þ

Σ≶
A;μðpÞ ¼ −ð2πÞ34e4

Z
p0;k

1

q4
δ½ðqþ kÞ2�δðk2Þδðp0;2ÞN ≶

V;leqðqþ kÞN ≷
V;leqðkÞ½2f≶Aðp0Þð2kμp · kþ qμp · kþ kμp · qÞ

þ 2ℏSðuÞ;ρνðp0Þ∂νf≶Vðp0Þð2kμkρ þ qμkρ þ qρkμÞ � 2ℏðgμδp0
ρ − gμρp0

δÞf≶Vðp0ÞIδρΠ �; ð44Þ

which yield the collision kernel in Eq. (16),

CV ½fV �≡ Σ<
V;μðpÞV>;μðpÞ − Σ>

V;μðpÞV<;μðpÞ þOðℏ2Þ

¼ 8e4δðp2Þ
Z

d4q
ð2πÞ2

Z
d4k
ð2πÞ2

1

q4
δ½ðp − qÞ2�δ½ðqþ kÞ2�δðk2Þ

× ½2ðk · pÞ2 − 2ðk · pÞq · kþ 2ðp · qÞk · p − ðp · kÞq2 − ðp · qÞðq · kÞ�
× ½f>V ðpÞf<V ðp − qÞN <

V;leqðkþ qÞN >
V;leqðkÞ − f<V ðpÞf>V ðp − qÞN <

V;leqð−k − qÞN >
V;leqð−kÞ� þOðℏ2Þ; ð45Þ

and another one in Eq. (17),

CA½fV; fA� ¼ Σ<
A;μðpÞV>;μðpÞ − Σ>

A;μðpÞV<;μðpÞ − ðΣ<
V;μA

>;μ − Σ>
V;μA

<;μÞ

¼ −8e4δðp2Þ
Z

d4q
ð2πÞ2

Z
d4k
ð2πÞ2

1

q4
δ½ðp − qÞ2�δ½ðqþ kÞ2�δðk2Þ

×

�
A 1f<A ðp − qÞ −A 2f<A ðpÞ þ ℏ½Bα

1∂αf
<
V ðp − qÞ −Bα

2∂αf
<
V ðpÞ�

þ ℏ

�
−∂νðβμVÞC ν þ ξγνD

γν −
1

2
Ω̃ρξE ρξ

��
þOðℏ2Þ; ð46Þ

where the explicit expressions of A i;Bα
i ;C

ν;Dγν;E ρξ are presented in Appendix A.
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As a sanity check for our results, we will show the
detailed balance such that the collision kernels vanish when
fV=A ¼ fV=A;leq ¼ N <

V=A;leq. For convenience, one may
change the integration variables k → −k in CV . It is easy
to check

CV ½fV;leq� ¼ Σ<
V;μ;leqðpÞV>;μ

leq ðpÞ − Σ>
V;μ;leqðpÞV<;μ

leq ðpÞ ¼ 0:

ð47Þ

For the axial collision kernel, it is found

CA½fV;leq; fA;leq�

¼ −ð2πÞ48ℏe4δðp2Þ
Z
q;k

δ½ðp − qÞ2�δ½ðqþ kÞ2�δðk2Þ 1

q4

× f>V;leqðkÞf>V;leqðpÞf<V;leqðp − qÞf<V;leqðkþ qÞ
× f∂αðβμVÞIαT þ ξγαI

γα
shearg þOðℏ2Þ; ð48Þ

where

IαT ¼ SμαðuÞðp − qÞIC1;μ − SμαðuÞðkÞIC2;μ
− SμαðuÞðqþ kÞIC3;μ − SμαðuÞðpÞIC4;μ

Iγαshear ¼ −SμαðuÞðp − qÞðpγ − qγÞIC1;μ þ SμαðuÞðkÞkγIC2;μ
þ SμαðuÞðqþ kÞðqγ þ kγÞIC3;μ þ SμαðuÞðpÞpγIC4;μ;

ð49Þ

and

IC1;μ ¼ 2p · kkμ þ p · qkμ þ p · kqμ;

IC2;μ ¼ qμðp · qþ p · kÞ − pμðq2 þ q · kÞ;
IC3;μ ¼ p · kqμ − pμq · k;

IC4;μ ¼ ð2p · k − 2q · kþ p · q − q2Þkμ þ ðp · k − q · kÞqμ:
ð50Þ

In Ref. [48], the authors have used the symmetry argument
to prove that the axial collision kernel vanishes.
Alternatively, since IαT , I

γα
shear, and fV;leq should not contain

the gradient terms as the higher-order corrections in ℏ, we
can prove that integrating over the momenta q, k leads to

SμαðuÞðp̄ÞICi;μ → SμαðuÞðpÞðciuμ þ c̄ipμÞ ¼ 0; ð51Þ

where i ¼ 1, 2, 3, 4, p̄ is an arbitrary momentum, and ci; c̄i
are just unimportant factors. Consequently, it is found

CA½fV;leq; fA;leq� ¼ 0: ð52Þ

Before ending this subsection, we would like to com-
ment on the condition in global equilibrium. As mentioned
above, in local equilibrium, the fluid velocity uμ,

temperature T, and chemical potentials μV;A are functions
of the spacetime. Differently, the global equilibrium means
all the thermodynamic variables are constant and fluid
velocity satisfies the Killing condition. Since we have
already proved the collision kernels vanish in local equi-
librium, it is obvious that the collision kernel is zero in
global equilibrium. Notably, as shown above and in
Ref. [48], the vanishing collision kernel for the QKT of
massless fermions in local equilibrium is reached after
integrating over the momenta of scattered particles, while
the integrand in global equilibrium vanishes even without
the integration.

B. HTL approximation and the spin-polarization rate

Following Ref. [91], we further adopt the HTL approxi-
mation to analyze the collision kernels. As a common
strategy, we assume

eT ≪ qμ ≪ T; kμ; k0;μ; pμ; ð53Þ

and we are mainly interested in acquiring the leading-
logarithmic result ∼e4 ln e−1. That is, we will conduct the
jqj expansion up to the terms contributing to logarithmic
divergence of the collision term in the following calcu-
lations. For simplicity, we further assume that βμV is
negligible but ∂μðβμVÞ is finite, i.e., we will ignore βμV
in the distribution functions when performing the integral
while keeping ∂μðβμVÞ. After lengthy yet straightforward
calculations, we eventually obtain the collision kernel in the
HTL approximation. We only summarize the main steps
here. More details can be found in Appendix C. For
simplicity, we assume that the fluid cell is in its own local
rest frame, i.e., uμ ≃ ð1;uÞ with juj ≪ 1.
The symmetric photonic self-energies are given by

Eq. (C9),

Π<
ðαβÞðqÞ¼Π>

ðαβÞð−qÞ

¼ e2

πjqj
�
a2t1;αβþ

jqj2q̂2
4β

ΘαβðqÞ
�
þOðjqj2Þ; ð54Þ

where the explicit forms of a2 and tαβ1 are shown in
Eq. (C9). The antisymmetric part can be written into
different components,

Π<
½αβ�ðqÞ ¼ −Π>

½αβ�ð−qÞ ¼ Π<;ðξÞ
½αβ� ðqÞ þ Π<;ðβμÞ

½αβ� ðqÞ
þ Π<;ðωÞ

½αβ� ðqÞ þ Π<;ðDβÞ
½αβ� ðqÞ þOðjqjÞ; ð55Þ

where the upper labels, ξ; βμ;ω; Dβ denote the contribu-
tions proportional to thermal shear tensor ξμν, ∂μðβμVÞ, the
kinetic vorticity ωμ ¼ ϵμναβuν∂αuβ=2, and Dβ≡ ðu · ∂Þβ.
The expressions for each term are given by Eqs. (C22),
(C24), (C25), and (C26). Although we adopt the Feynman
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gauge through this paper, as an indirect check, the photonic two-point Green function in the Coulomb gauge Gμν
coulðkÞ ¼

i½ΘμνðkÞ þ k̂2uμuν�=k2 reads

1

2
G̃<;ðμνÞðqÞ ¼ πe2T3

12jqjq4
�
ΘμνðqÞq̂2 þ 1

2
q̂4uμuν

��
1 −

βq̂0jqj
2

�
þ e2Tjqj

72πq4

�
ΘμνðqÞ q̂

2

2
þ q̂4uμuν

�
q̂20ð3þ π2Þ

þ e2Tjqj
8πq4

�
ΘμνðqÞ q̂

2

2
− q̂4uμuν

�
þOðjqj−2Þ; ð56Þ

where the first line agrees with the bookkeeping result [132] and the remaining terms are higher-order corrections.
From Eq. (22), we can compute the fermionic self-energies in the HTL approximation,

δðp2ÞΣ<
V;μðpÞ ¼ δðp2Þ e4

ð2πÞ3
Z

T

mD

djqj
Z

1

−1
dz0

Z þ∞

−∞
dq0

1

2jpj
1

jqj3ðq̂20 − 1Þ2

× δ

�
q0 − jqjz0 þ 1 − z0;2

2

jqj2
jpj

��
1þ z0

jqj
jpj þ

3z0;2 − 1

2

jqj2
jpj2

�

× ½IΣ1;μf<V ðjpjÞ − IΣ
∂;μα∂

α
p⊥f

<
V ðjpjÞ þ IΣ

∂;μαβ∂
α
p⊥∂

β
p⊥f

<
V ðjpjÞ þOðjqj3Þ�; ð57Þ

where the expressions of IΣV1;μ; I
Σ
∂;μα; I

Σ
∂;μαβ are shown in Eq. (C18) and

z0 ≡ coshp; qi ¼ −p̂⊥;μq̂
μ
⊥ ¼ −p̂μq̂

μ
⊥: ð58Þ

Here we introduce the thermal mass mD ∼ eT as an infrared cutoff for jqj in order to extract the leading-logarithmic result.
Then, we integrate over q0 and z0 and obtain the expression for δðp2ÞΣ≶

V;μ,

δðp2ÞΣ≶
V;μðpÞ ¼ −

π2e4

48π3β2
δðp2Þp̂⊥;μ ln

T
mD

���
2

βjpj2 þ
π2 − 6

6π2
β � 1

jpj
�
� ðp̂⊥ · ∂p⊥Þ

�
f≶VðjpjÞ

þ
�
−
1

β
ð∂p⊥ · ∂p⊥Þ �

βjpj � 2

2βjpj ΘαμðpÞ∂αp⊥ þ 1

2β
p̂⊥;ðαΘβÞμðpÞ∂αp⊥∂

β
p⊥

�
f≶VðjpjÞ

�
þ δðp2ÞΣ≶

div;μðpÞ; ð59Þ

where

δðp2ÞΣ≶
div;μðpÞ ¼ −

e4

8πβ3
δðp2Þp̂⊥;μ

Z
T

mD

djqj
jqj3 f

≶
VðjpjÞ−

π2e4

48π3β3
p̂μδðp2Þ

Z
T

mD

djqj
jqj3

Z
1

−1

dz0

ðz0;2 − 1Þ
�
½2þ jqj2a4ðz0; jpjÞ�f≶VðjpjÞ

þ
�
�jqj2

jpj ðβjpj � 1Þz0;2ðp̂⊥ · ∂p⊥Þ þ jqj2z0;2ðp̂⊥ · ∂p⊥Þ2þ
jqj2
2

ΘαβðpÞðz0;2 − 1Þ∂αp⊥∂
β
p⊥

�
f≶VðjpjÞ þOðjqj3Þ

�
;

ð60Þ

and a4ðz0; jpjÞ ¼ 3z0;2 1
jpj2 � 1

2jpj β þ 1
6π2

β2z0;2ð3þ π2Þ. We note that the Σ≶
div;μðpÞ are highly divergent in both collinear and

infrared regimes, say, the terms ∼
Rþ1
−1 dz0ðz0;2 − 1Þ−1 corresponding to the former and ∼

R
T
mD

djqjjqj−3 ∼m−2
D ∼ ðeTÞ−2

corresponding to the latter. Here, we keep these divergent terms in the expression of Σ≶
V;μ. They will be exactly canceled in

the collision kernel.
Recalling Eq. (17), we find that in the collision kernel CA, the axial self-energies Σ≶

A;μ are always combined with the

vector component of Wigner functions as V≷;μΣ≶
A;μ. To avoid the unnecessary complexity, we compute the δðp2Þp · Σ≶

A

instead of the axial self-energy Σ≶
Aμ. After a detailed calculation shown in Appendix C 2, we eventually obtain
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pμδðp2ÞΣ≶
A;μðpÞ½fA; fV � ¼∓ e4

16π3
δðp2Þjpj

Z
T

mD

djqj 1

jqj3 f
<
A ðpÞ

2π2

β3

∓ e4

16π3jpj δðp
2Þ ln T

mD

�
jpj2f<A ðpÞ

�
2π2

3β3jpj2 �
π2

3β2jpj þ
π2 − 6

18β

�

−
π2

3β3
jpj2½ð∂p⊥ · ∂p⊥Þ∓ βðp̂⊥ · ∂p⊥Þ�f<A ðpÞ þ ℏjpjH3;α∂

α
p⊥f

≶
VðpÞ

∓ ℏ
π2

12β2
jpjϵρανβp̂⊥;νuβ∂p⊥;ρ∂αf

<
V ðpÞ þ ℏ

π2

6β3
ϵρανβp̂⊥;ρuβ∂p⊥;ν∂αf

<
V ðpÞ

∓ ℏ
12þ π2

36β2
jpjf≶VðpÞϵκνξλuκp̂⊥;ξΩλν − ℏ

π2

12β3
jpjϵρανβp̂⊥;νuβp̂⊥;ðγgλÞρ∂λp⊥∂

γ
p⊥∂αf

<
V ðpÞ

�
; ð61Þ

where

H3;α ¼
2ϵκξλν

β3

�
π2

72
gαξuλξγνðp̂γ

⊥p̂κ þ 3uγp̂⊥;κÞ þ
β ln 2
4

uλgακp̂ξ∂νðβμVÞ þ
π2

48
ΩλνðΔακp̂⊥;ξ þ uξðp̂⊥;αp̂⊥;κ − gακÞÞ

�
: ð62Þ

Finally, we get the vector collision kernel,

CV ½fV � ¼
e4δðp2Þ
24β2

ln
T
mD

�
2f<V ðpÞf>V ðpÞ þ jpjFðpÞp̂⊥;α∂

α
p⊥f

<
V ðpÞ − jpj 1

β
ð∂p⊥ · ∂p⊥Þf<V ðpÞ

�
þOðℏ2Þ; ð63Þ

where

FðpÞ≡ f>V ðpÞ − f<V ðpÞ ¼ 1 − 2fVðpÞ: ð64Þ

When combining p · Σ≶
AðpÞ to compute the axial collision kernel CA, the collinear divergence and quadratic divergence

from the soft-photon exchange in Σ<
A;μðpÞV>;μðpÞ − Σ>

A;μðpÞV<;μðpÞ in CA and those in Σ<
V;μA

>;μ − Σ>
V;μA

<;μ are
exactly canceled. At last, we obtain an axial collision kernel with only the logarithmic divergence regularized by the
thermal mass as

CA½fV; fA� ¼ −
e4δðp2Þ
8π2jpj ln

T
mD

�
2π2

3β2
jpjFðpÞf<A ðpÞ þ

π2

3β2
jpj2FðpÞ½ðp̂⊥ · ∂p⊥Þ −

1

β
ð∂p⊥ · ∂p⊥Þ�f<A ðpÞ

−
2π2

3β2
jpj2f<A ðpÞðp̂⊥ · ∂p⊥Þf<V ðpÞ þ ℏFðpÞjpjH3;α∂

α
p⊥f

<
V ðpÞ − ℏ

π2

12β2
FðpÞjpjϵρανβp̂⊥;νuβ∂p⊥;ρ∂αf

<
V ðpÞ

þ ℏ
π2

6β3
ϵρανβp̂⊥;ρuβ∂p⊥;ν∂αf

<
V ðpÞ þ ℏ

π2

6β2
ϵμξλκpλuκ∂ξf<V ðpÞ∂p⊥;μf

<
V ðpÞ

− ℏ
π2

12β3
jpjϵρανβp̂⊥;νuβp̂⊥;ðγgλÞρp̂⊥;λ∂

λ
p⊥∂

γ
p⊥∂αf

<
V ðpÞ

�
þOðℏ2Þ: ð65Þ

Note that some of the leading-logarithmic contributions from the lesser and greater parts of the self-energies also cancel
each other and do not affect CA. Here many terms above in Eq. (65) could contribute to dynamical spin polarization. For
simplicity, we may consider the scenario when there exists no initial axial charge and the spacetime gradient on fV is
negligible, the spin-polarization rate here is then mostly governed by theH3;α term in CA, which could be approximated as5

ΓAðpÞ ¼ ∂0fAðpÞ ≈
ℏe4 ln e
16π3jpj FðpÞH3;α∂

α
p⊥fVðpÞ: ð66Þ

The polarization rate ΓAðpÞ is of importance to understand the angular-momentum transfer from spin-orbital interaction in
the QKT. We will present more discussion on it in Sec. IV C.

5We also neglect the spatial inhomogeneity of fA.
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Now, we turn to the local-equilibrium limit. After
inputting the equilibrium distribution functions fV;leq into
Eq. (63), one immediately finds

CV ½fV;leq� ¼ 0: ð67Þ
On the other hand, by using the Schouten identity,

ϵμαρσpν þ ϵαρσνpμ þ ϵρσνμpα þ ϵσνμαpρ þ ϵνμαρpσ ¼ 0;

ð68Þ
and with the help of ∂p⊥;αp̂⊥;ρ → ∂p⊥;ip̂⊥;j ¼
ð−δij þ p̂⊥;ip̂⊥;jÞ=jpj; ði; jÞ ¼ 1, 2, 3, we also obtain

CA½fV;leq; fA;leq� ¼ 0; ð69Þ
which is just up to our expectations. Although the collision
kernels vanish due to the symmetry, in general, as shown in
Sec. IVA, we emphasize that it is highly nontrivial to check
it with the QED interactions in the HTL approximation.

C. A brief summary and discussions

In the previous section, we have computed the collision
kernel in the HTL approximation and obtain theCV ,CA in a
local-equilibrium medium. First, we summarize the QKT
with the collision kernel (16), (17) in HTL approximation.
The vector and axial parts of QKT read6

ðp · ∂Þf<V ðx; pÞ ¼ CHTLV ½fV � þOðℏ2Þ; ð70Þ
ðp ·∂Þf<A ðx;pÞþℏ∂μS

μν
ðuÞ∂νf

<
V ðx;pÞ¼CHTLA ½fV;fA�þOðℏ2Þ;

ð71Þ
where CHTLV;A is related to the CV;A in Eqs. (63) and (65) by

CV;A ¼ 2πδðp2ÞCHTLV;A ; ð72Þ
and the particles are on shell.
Given the collision kernels from the HTL approximation,

we may estimate how fast the dynamical spin polarization
of a probe compared to its thermalization when traversing a
thermal medium in local equilibrium is. From Eq. (63), we
may similarly estimate the interaction rate for fV as

ΓVðpÞ ¼ ∂0fVðpÞ ≈
e4 ln eT2

jpj ð73Þ

by further treating the rest terms in the bracket on the right-
hand side of Eq. (63) as an Oð1Þ quantity and omitting the
overall numerical prefactor. On the other hand, approxi-
mating FðpÞjpj∂αp⊥fVðpÞ=ð8π2Þ ∼Oð1Þ in Eq. (66) in the
same fashion, we may estimate

ΓAðpÞ ≈
ℏe4 ln e
jpj2 H3;α; ð74Þ

and hence obtain the ratio

ΓAðpÞ
ΓVðpÞ

≈
ℏH3;α

T2jpj ∼O
�

∂

jpj
�
; ð75Þ

where ∂ represents the gradient scale of the thermal medium.
This result implies that the dynamical spin polarization for a
probe could be much slower than its thermalization (for the
vector distribution function) in certain cases, which is con-
sistent with the finding from the NJL model [95]. However,
such a conclusion is based on the simplification in Eq. (66)
and the omission of Compton scattering. In practice, large
spacetime gradients on fVðpÞ that have been neglected could
be present for an out-of-equilibrium probe even though the
correction should be still within the valid regime for ℏ
expansion. The precise ratio will also depend on the initial
condition for practical simulations of the full collision terms
from Eqs. (63) and (65).
For the future numerical simulations, we further simplify

the QKT with collisions. One of the most important topics
of spin polarization is to obtain the dynamical spin
evolution equations near local equilibrium. It corresponds
to taking the f<V in Eqs. (70) and (71) to be at local
equilibrium. As shown in the previous section,
CHTLV ½fV;leq� ¼ 0. The evolution of f<V in Eq. (70) reduces
to an ordinary Boltzmann equation near local equilibrium.
On the other hand, Eq. (71) becomes

ðp · ∂Þf<A ðx; pÞ þ ℏ∂μS
μν
ðuÞ∂νf

<
V;leqðx; pÞ

¼ CHTLA ½fV;leq; fA� þOðℏ2Þ; ð76Þ
where

CHTL
A ½fV;leq; fA� ¼ −

e4

16π3
π2

3β2
ln

T
mD

�
2ðf>V;leqðpÞ − f<V;leqðpÞÞ þ 2jpjβf<V;leqðpÞf>V;leqðpÞ

þ jpj
�
ðf>V;leqðpÞ − f<V;leqðpÞÞp̂⊥ · ∂p⊥ −

1

β
ð∂p⊥ · ∂p⊥Þ

��
f<A ðpÞ

þ ℏ
e4

16π3jpj
π2

3β3
ln

T
mD

SανðuÞΩανf<V;leqðpÞf>V;leqðpÞ þOðℏ2Þ; ð77Þ

6In principle, the axial kinetic equation incorporates an extra term proportional toℏ∂μðSμνðuÞCV;ν½fV �Þ, where CV;ν½fV �≡ Σ<
V;νf

>
V − Σ>

V;νf
<
V .

However, since Σ≶
V;ν ∝ pν; uν up to Oðℏ0Þ in the effective power counting we adopt, it turns out that ℏSμνðuÞCV;ν½fV � ¼ 0.
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which delineates the dynamical evolution for the spin.
More precisely, the amplitude of the spin polarization is
dynamically changed by fA, while the direction is still
fixed by the momentum for massless fermions here besides
the nondynamical part coming from the side-jump term
in A<μ.
In the previous section, we have assumed that both the

vector and axial distribution functions for the medium are at

local equilibrium. As an alternative scenario, we may
consider the case when vector distribution functions for
the medium are at local equilibrium, while the axial oneN A

is not. We find there is an extra term, δΣ≶
A;μ½N A; fV �,

contributing to axial self-energies pμδðp2ÞΣ≶
A;μ½N A;fA;fV �,

where we omit their N V;leq dependence for brevity. It turns
out that

pμδðp2ÞΣ≶
A;μ½N A; fA; fV � ¼ pμðp2ÞΣ≶

A;μ½fA; fV � þ pμδðp2ÞδΣ≶
A;μ½N <

A ; fV �; ð78Þ

pμδðp2ÞδΣ≶
A;μ½N A; fV � ¼

e4

8π3
δðp2Þf≶VðpÞ

Z
dq0

Z
T

mD

1

jqj djqj
Z

1

−1
dz0dz

Z
jkjdjkjdk0

× δ

�
q0 − jqjz0 þ 1 − z0;2

2

jqj2
jpj

�
δ

�
z −

q2 þ 2q0k0
2jqjjkj

�
δðk0 − jkjÞ

× ð1þ p̂⊥ · k̂⊥Þ
1

z0;2 − 1
N <

A ðkÞ½N >
V;leqðkÞ −N <

V;leqðkÞ�; ð79Þ

where pμδðp2ÞΣ≶
A;μ½fV; fA� is given by Eq. (61). Inserting

the above axial self-energies into the collision kernel CA, we
find that the extra term δΣ<

A;μ½N A; fV � does not modify the
CHTLA in Eq. (71). In this case, the axial kinetic equation (76)
holds. However, such a property may be subject to the HTL
approximation.

V. NEAR-EQUILIBRIUM PROBE AND
RELAXATION-TIME APPROXIMATION

In this section, we implement the relaxation-time
approach to simplify the collision kernel for dynamical
spin polarization of an electron probe approaching local
equilibrium. Following the standard RTA by linearizing the
collision term with respect to the fluctuation of fV and fA
near local equilibrium, Eqs. (70) and (71) can be para-
metrized as

ðp̂ · ∂Þf<V ¼ −τ̂−1V;1δfV; ð80Þ

ðp̂ · ∂Þf<A þ ℏjpj−1∂μSμνðuÞ∂νf<V ¼ −τ̂−1A δfA − τ̂−1V;2δfV: ð81Þ

Here, the τ̂−1V;1; τ̂
−1
A ; τ̂−1V;2 are the (inverse) relaxation-time

operators and we introduce small deviations of the probe
distribution functions from local equilibrium,

fVðx; pÞ ¼ fV;leqðx; pÞ þ δfVðx; pÞ;
fAðx; pÞ ¼ fA;leqðx; pÞ þ δfAðx; pÞ: ð82Þ

We also consider the gradient expansion and ℏ expansion
here. Then, Eq. (80) and Eq. (81) reduce to

δfV ¼ −τ̂V;1ðp̂ · ∂Þf<V;leqðx; pÞ; ð83Þ

δfA ¼ −τ̂Aðp̂ · ∂Þf<A;leqðx; pÞ − ℏτ̂Ajpj−1∂μSμνðuÞ∂νf<V;leqðx; pÞ − τ̂Aτ̂
−1
V;2δfV; ð84Þ

up to Oð∂Þ for δfV and Oð∂2Þ for δfA, respectively.
From the collision kernels in Eqs. (70) and (71), we conduct the calculation and derive the explicit expression for the

relaxation-time operators,

τ̂−1V;1 ¼ −τ̂−1A

¼ −
e4

48πβ2jpj ln
T
mD

�
2½f>V;leqðpÞ − f<V;leqðpÞ� þ 2jpjβf<V;leqðpÞf>V;leqðpÞ

þ jpj½f>V;leqðpÞ − f<V;leqðpÞ�ðp̂⊥ · ∂p⊥Þ − jpj 1
β
ð∂p⊥ · ∂p⊥Þ

�
; ð85Þ

τ̂−1V;2 ¼
e4ℏ

48πβ2jpj ln
T
mD

½ΩμνS
μν
ðuÞâ5 þ SμνðuÞâ6 þ ξγνâ

γν
7 þ ∂νðβμVÞâν8 þ Ωλνâλν9 �; ð86Þ
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where the operators â5; â6; â
γν
7 ; â

ν
8; â

λν
9 are shown in

Eqs. (B1), (B2), (B3), (B4), and (B5). Note τ̂−1V;2 ∼OðℏÞ
and τ̂−1A ∼ τ̂−1V;1 ∼Oð1Þ.
In the standard RTA, one assume that these relaxation

times are functions of p instead of operators and immedi-
ately get the δfV;A [48,133]. By inserting the δfV;A into the
modified Cooper-Frye formula [9,134], we can get the
additional contributions to the polarization pseudovector
from interactions. However, as shown in Eqs. (85) and (86),
the space and momentum derivatives are involved in the
realistic relaxation times obtained from the field theory.
Solving δfV;A analytically becomes rather challenging,
which requires further studies in the future.

VI. CONCLUSIONS AND OUTLOOK

In this paper, we have investigated the collision kernels
of QKT for a massless electron probing an local-equilib-
rium medium with QED-type interaction up to the leading-
logarithmic order in the HTL approximation. The collision
kernel for the axial kinetic equation delineating dynamical
spin polarization is obtained in Eq. (65), from which we
further extract the spin-polarization rate shown in Eq. (66).
It turns out that the dynamical spin polarization of the probe
is slower than its thermalization. Such an axial kinetic
equation, denoted by Eq. (71), can be utilized for future
simulations. Moreover, a simplified form for the electron
probe approaching local equilibrium is further derived from
the RTA, shown in Eq. (81), where the relaxation times in
operator form are found. This kinetic equation will be
useful for solving near-equilibrium corrections pertinent to
interactions on the spin-polarization spectrum.
Our estimation of the spin-polarization rate for the

massless fermions in a gauge theory complements that
for massive fermions with contact interaction found in

Ref. [95]. In general, the dynamical spin polarization is
relatively slow, due to the suppression by the ratio of
spacetime gradients to particle energy, compared to ther-
malization in the probe limit. It is hence desired to estimate
the quantitative impact from nonequilibrium corrections
upon the spin polarization. Even for a toy model, we have
found the collision term could be rather complicated in the
gauge theory. It infers great challenges to construct the
practical collision term in QGP for the QKT, which is also
implied by the complication of the spin-relaxation term in
weakly coupled QGP [91,120]. For phenomenological
purpose, it could be enlightening to further employ our
model to solve for near-local-equilibrium corrections, with
suitable generalization to the massive case as Ref. [42], and
implement the hydrodynamic simulations to estimate the
quantitative modifications on the local spin polarization.
On the theoretical side, there also exists a puzzle that only
the global-equilibrium solution of axial-vector Wigner
functions is found from detailed balance of the QKT for
massive fermions [89,123], while the local-equilibrium
corrections have been recently derived from other
approaches in Refs. [46,47] for fermions with arbitrary
mass. Some technical details in our study may also help
with resolving this puzzle for the QKT with massive
fermions, which is imperative to overcome in order to
rigorously study nonequilibrium effects on spin polariza-
tion of massive fermions beyond the local-equilibrium
contributions.
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APPENDIX A: EXPRESSION FOR THE COEFFICIENTS IN EQ. (46)

The coefficients A i;Bα
i ;C

ν;Dγν;E ρξ in Eq. (46) are

A 1 ¼ ½p · kð2k · p − 2k · qþ 2p · q − q2Þ − ðq · kÞp · q�
× ðf>V ðpÞN <

V;leqðkþ qÞN >
V;leqðkÞ þ f<V ðpÞN >

V;leqðkþ qÞN <
V;leqðkÞÞ; ðA1Þ

A 2 ¼ ½p · kð2k · p − 2k · qþ 2p · q − q2Þ − ðq · kÞp · q�
× ðf<V ðp − qÞN <

V;leqðkþ qÞN >
V;leqðkÞ þ f>V ðp − qÞN >

V;leqðkþ qÞN <
V;leqðkÞÞ; ðA2Þ

Bα
1 ¼ SðuÞ;ραðp − qÞð2p · kkρ þ p · qkρ þ p · kqρÞ

× ½f>V ðpÞN <
V;leqðkþ qÞN >

V;leqðkÞ þN >
V;leqðkþ qÞN <

V;leqðkÞf<V ðpÞ�; ðA3Þ

Bα
2 ¼ SðuÞ;μαðpÞ½ð2p · k − 2q · kþ p · q − q2Þkμ þ ðp · k − q · kÞqμ�

× ½f>V ðp − qÞN >
V;leqðkþ qÞN <

V;leqðkÞ þ f<V ðp − qÞN <
V;leqðkþ qÞN >

V;leqðkÞ�; ðA4Þ
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C ν ¼ ðqρðp · qþ p · kÞ − pρðq2 þ q · kÞÞSρνðuÞðkÞN <
V;leqðkÞN >

V;leqðkÞ
× ½N <

V;leqðkþ qÞf>V ðpÞf<V ðp − qÞ þN >
V;leqðkþ qÞf<V ðpÞf>V ðp − qÞ�

þ ðp · kqρ − pρq · kÞSρνðuÞðqþ kÞN <
V;leqðkþ qÞN >

V;leqðqþ kÞ
× ½N <

V;leqðkÞf<V ðpÞf>V ðp − qÞ þN >
V;leqðkÞf>V ðpÞf<V ðp − qÞ�; ðA5Þ

Dγν ¼ ðqρðp · qþ p · kÞ − pρðq2 þ q · kÞÞSρνðuÞðkÞkγN <
V;leqðkÞN >

V;leqðkÞ
× ½N <

V;leqðkþ qÞf>V ðpÞf<V ðp − qÞ þN >
V;leqðkþ qÞf<V ðpÞf>V ðp − qÞ�

þ ðp · kqρ − pρq · kÞSρνðuÞðqþ kÞðqγ þ kγÞN <
V;leqðkþ qÞN >

V;leqðqþ kÞ
× ½N <

V;leqðkÞf<V ðpÞf>V ðp − qÞ þN >
V;leqðkÞf>V ðpÞf<V ðp − qÞ�; ðA6Þ

E ρξ ¼ ðqρkξp · k − pρkξq · kþ qρkξp · q − pρkξq2ÞN <
V;leqðkÞN >

V;leqðkÞ
× ½N <

V;leqðkþ qÞf>V ðpÞf<V ðp − qÞ þN >
V;leqðkþ qÞf<V ðpÞf>V ðp − qÞ�

þ ðqρkξp · k − pρkξq · k − pρqξq · kÞN <
V;leqðkþ qÞN >

V;leqðqþ kÞ
× ½N <

V;leqðkÞf<V ðpÞf>V ðp − qÞ þN >
V;leqðkÞf>V ðpÞf<V ðp − qÞ�: ðA7Þ

APPENDIX B: EXPRESSION FOR THE COEFFICIENTS IN EQ. (86)

Here, we list the operators in Eq. (86),

â5 ¼ −βjpjf<V;leqðpÞf>V;leqðpÞ½f>V;leqðpÞ − f<V;leqðpÞ� þ 4f<V;leqðpÞf>V;leqðpÞ þ jpjf<V;leqðpÞf>V;leqðpÞðp̂⊥ · ∂p⊥Þ; ðB1Þ

â6¼−
1

2
½f>V;leqðpÞ−f<V;leqðpÞ�∂p⊥;μ∂ν−

1

2β
p̂⊥;ðγgλÞμ∂λp⊥∂

γ
p⊥∂νþ

1

βjpj∂p⊥;ν∂μþ½∂νðβμVÞ−pγ
∂νðβuγÞ�f<V;leqðpÞf>V;leqðpÞ∂p⊥;μ;

ðB2Þ

âγν7 ¼ −
1

4β
½f>V;leqðpÞ − f<V;leqðpÞ�ϵκνξλuλ

�
−
1

3
p̂γ
⊥gαξp̂κ þ uγp̂⊥;ξgακ

�
∂
α
p⊥ ; ðB3Þ

âν8 ¼
3 ln 2
2π2

½f>V;leqðpÞ − f<V;leqðpÞ�ϵκνξλgακuλp̂ξ∂
α
p⊥ ; ðB4Þ

âλν9 ¼ 1

8β
½f>V;leqðpÞ − f<V;leqðpÞ�ϵκνξλðgακp̂⊥;ξ − uαuκp̂⊥;ξ − gακuξ þ uξp̂⊥;αp̂⊥;κÞ∂αp⊥ : ðB5Þ

APPENDIX C: FERMIONIC SELF ENERGIES IN LOCAL EQUILIBRIUM

In this part we will compute the fermionic self-energies in the local-equilibrium medium.

1. Vector self-energies

Inserting the expression of V≶;μ
leq ðpÞ from Eq. (36) into Eq. (27), we get

1

2
Π<

ðαβÞðqÞ ¼ 4e2
Z

d4k
ð2πÞ2 δ½ðqþ kÞ2�δðk2ÞN <

V;leqðkþ qÞN >
V;leqðkÞð2kαkβ þ qαkβ þ qβkα − gαβq · kÞ; ðC1Þ

where we define q ¼ p − p0 and the distribution function fV is at the equilibrium because the fermions are in the medium.
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Before applying the HTL approximation, we first sim-
plify the δ functions in Eq. (C2). For simplicity, we focus
on the particles, whose energy is positive, and neglect the
negative-energy modes. We write the δ functions as

δ½ðqþ kÞ2� ¼ 1

2jqjjkj δ
�
z −

q2 þ 2q0k0
2jqjjkj

�
;

δðk2Þ ¼ 1

2jkj δðk0 − jkjÞ; ðC2Þ

where we have defined that

z≡ coshq; ki ¼ coshq̂⊥; k̂⊥i ¼ −q̂⊥ · k̂⊥: ðC3Þ
Also, we decompose the momentum as

kα ¼ ðu · kÞuα þ Δαβkβ ≃ k0uα þ k⊥;α; k⊥;α ≡ Δαβkβ:

ðC4Þ

Here, we simplify the fluid velocity as uα ≃ ð1; uÞ and
juj ≪ 1. We emphasize that the gradient of velocity
∂iuj; ði; j ¼ 1; 2; 3Þ is finite and the chemical potential in
the integral is neglected, while its gradient is kept, to get an
analytic result.
In the following calculations, we also need to project the

momentum to the direction of q̂⊥. Since we need to take the
momentum integration at the end, e.g., in Eq. (C1), we can
drop the last term in the above decomposition due to the
rotational symmetry with respect to the polar axis,

kα → k0uα þ zjkjq̂⊥;α;

kαkβ → k20uαuβ þ k0jkjzðuαq̂⊥;β þ q̂⊥;αuβÞ

þ z2jkj2q̂⊥;αq̂⊥;β þ
1

2
jkj2ΘαβðqÞðz2 − 1Þ: ðC5Þ

Inserting Eq. (C2) into Eq. (C1) and applying the
decomposition (C5) yield

1

2
Π<

ðαβÞðqÞ ¼
e2

ð2πÞ2jqj
Z

djkjdϕN <
V;leqðkÞN >

V;leqðkÞ
�
1 − βq0N >

V;leqðkÞ−
1

2
β2q20N

>
V;leqðkÞ½N <

V;leqðkÞ −N >
V;leqðkÞ�

�

×

�
2jkj2½uαuβ þ a1uðαq̂⊥;βÞ þ a21q̂⊥;αq̂⊥;β þ

1

2
ΘαβðqÞða21 − 1Þ� − jkjgαβðuρq0 þ q⊥;ρÞðuρ þ a1q̂

ρ
⊥Þ

þ jkjqðαðuβÞ þ a1q̂⊥;βÞÞ þOðjqj3Þ
�
; ðC6Þ

where a1 ¼ ðq2 þ 2q0jkjÞ=ð2jqjjkÞ and we expand N <
V;eqðkþ qÞ in the limit jqj ≪ jkj,

N <
V;leqðkþ qÞ ¼ N <

V;leqðkÞ − βq0N <
V;leqðkÞN >

V;leqðkÞ −
β2q20
2

N >
V;leqðkÞN <

V;leqðkÞðN <
V;leqðkÞ −N >

V;leqðkÞÞ þOðjqj3Þ: ðC7Þ

Here, since we are only interested in the result up to the leading-log logarithmic order e4 ln e, the expansion of Π<
αβðqÞ up to

Oðjqj2Þ is sufficient.
Integrating over the jkj and the angle ϕ from 0 to 2π, we obtain

1

2
Π<

ðαβÞðqÞ ¼
e2

2πjqj
�
a2t1;αβ þ

jqj2q̂2
4β

ΘαβðqÞ
�
þOðjqj2Þ; ðC8Þ

where

a2 ¼
12π2 − 6π2βq̂0jqj þ β2q̂20jqj2ð−6þ π2Þ

36β3
þ jqj2q̂2

4β
;

t1;αβ ¼ q̂0uðαq̂⊥;βÞ þ
1

2
ð3q̂20 − 1Þq̂⊥;αq̂⊥;β þ

1

2
ðq̂20 − 1Þgαβ þ

1

2
ð3 − q̂20Þuαuβ: ðC9Þ

By using the relation

1

2
Π>

ðαβÞðqÞ ¼
1

2
Π<

ðαβÞð−qÞ; ðC10Þ

it is straightforward to get the connection between the one-loop photon propagator G̃<;ðμνÞðqÞ and G̃>;ðμνÞð−qÞ,

1

2
G̃<;ðμνÞðqÞ ¼ GμαðqÞ

Π<
ðαβÞðqÞ
2

Gβν;†ðqÞ ¼ 1

2
G̃>;ðμνÞð−qÞ: ðC11Þ
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From Eq. (22), we can compute the self-energy for fermions,

δðp2ÞΣ<
V;μðpÞ ¼

e4

ð2πÞ4 δðp
2Þ
Z

T

mD

jqj2djqj
Z

1

−1
dz0

Z
2π

0

dϕ0
Z þ∞

−∞
dq0

δ½ðp − qÞ2�f<V ðp − qÞ
jqj5ðq̂20 − 1Þ2

×

�
2a2jpj

�
2q̂0 − 3z0q̂20 þ z0

2
q̂⊥;μ þ p̂μ

q̂20 − 1

2
þ 3 − q̂20 − 2z0q̂0

2
uμ

�
− jpj jqj

2q̂2

2β
ðuμ þ z0q̂⊥;μÞ þOðjqj3Þ

�
;

ðC12Þ

where we have used
R
d4p0fðp0Þ ¼ R

d4qfðp − qÞ, and

q̂ρt1;ρσ ¼ 0:

Here, we have introduced

z0 ≡ coshp; qi ¼ −p̂⊥;μq̂
μ
⊥ ¼ −p̂μq̂

μ
⊥: ðC13Þ

Again, we have limited the particle with momentum p to the positive-energy particle, say, p0 ¼ jpj > 0.
Similar to Eqs. (C2) and (C7), we apply the on-shell condition and get

δ½ðp − qÞ2� ≃ 1

2jpj δ
�
q0 − jqjz0 þ 1 − z0;2

2

jqj2
jpj

��
1þ z0

jqj
jpj þ

3z0;2 − 1

2

jqj2
jpj2

�
þOðjqj3Þ; ðC14Þ

and expand f<V ðp − qÞ with q,

f<V ðp − qÞ ¼ f<V ðjpjÞ − jqjq̂α⊥∂p⊥;αf
<
V ðjpjÞ þ

jqj2q̂α⊥q̂β⊥
2

∂p⊥;α∂p⊥;βf
<
V ðjpjÞ þOðjqj3Þ; ðC15Þ

where we assume that jq0j; jqj ≪ jpj and keep the expansion up toOðjqj2Þ. Again, we decompose the qμ and drop the terms
which will vanish after integrating over momentum,

q̂⊥;α → z0p̂⊥;α;

q̂⊥;αq̂⊥;β → z0;2p̂⊥;αp̂⊥;β þ
ΘαβðpÞ

2
ðz0;2 − 1Þ;

q̂⊥;αq̂⊥;βq̂⊥;γ → z0;3p̂⊥;αp̂⊥;βp̂⊥;γ −
z0ð1 − z0;2Þ

2
× ðp̂⊥;αΘβγðpÞ þ p̂⊥;βΘγαðpÞ þ p̂⊥;γΘαβðpÞÞ: ðC16Þ

Then, Eq. (C12) becomes

δðp2ÞΣ<
V;μðpÞ ¼ δðp2Þ e4

ð2πÞ3
Z

T

mD

djqj
Z

1

−1
dz0

Z þ∞

−∞
dq0

1

2jpj
1

jqj3ðq̂20 − 1Þ2

× δ

�
q0 − jqjz0 þ 1 − z0;2

2

jqj2
jpj

��
1þ z0

jqj
jpj þ

3z0;2 − 1

2

jqj2
jpj2

�

× ½IΣ1;μf<V ðjpjÞ − IΣ
∂;μα∂

α
p⊥f

<
V ðjpjÞ þ IΣ

∂;μαβ∂
α
p⊥∂

β
p⊥f

<
V ðjpjÞ þOðjqj3Þ�; ðC17Þ

where
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IΣV1;μ ¼ 2a3jpj
�
2q̂0z0 − 3z0;2q̂20 þ z0;2 þ q̂20 − 1

2
p̂⊥;μ þ ð1 − z0q̂0Þuμ

�
−

1

2β
jpjjqj2ðq̂20 − 1Þðuμ þ z0;2p̂⊥;μÞ;

IΣ
∂;μα ¼

jpjjqj
3β3

ð2π2 − π2βq̂0jqjÞ
�
2q̂0 − 3z0q̂20 þ z0

2

�
z0;2p̂⊥;αp̂⊥;μ þ

1

2
ðz0;2 − 1ÞΘαμðpÞ

�

þ 1

2
ðq̂20 − 1Þz0p̂μp̂⊥;α þ

1

2
ð3 − q̂20 − 2z0q̂0Þz0uμp̂⊥;α

�
;

IΣ
∂;μαβ ¼ jpjjqj2 π2

3β3
×

�
1

2
ðq̂20 − 1Þp̂μ½z0;2p̂⊥;αp̂⊥;β þ

ΘαβðpÞ
2

ðz0;2 − 1Þ�

þ 1

2
ð2q̂0 − 3z0q̂20 þ z0Þ

�
z0;3p̂⊥;αp̂⊥;βp̂⊥;μ −

z0ð1 − z0;2Þ
2

p̂⊥;ðαΘβμÞðpÞ
�

þ 1

2
ð3 − q̂20 − 2z0q̂0Þuμ

�
z0;2p̂⊥;αp̂⊥;β þ

ΘαβðpÞ
2

ðz0;2 − 1Þ
��

; ðC18Þ

with

a3 ¼
12π2 − 6π2βq̂0jqj þ β2q̂20jqj2ð3þ π2Þ

36β3
−
jqj2
4β

and p̂⊥;ðαΘβμÞðpÞ ¼ p̂⊥;αΘβμðpÞ þ p̂⊥;βΘμαðpÞ þ p̂⊥;μΘαβðpÞ.

2. Axial self-energies

Next, we compute the axial self-energy. By using the same method as in Appendix C 1, inserting Eqs. (36), and (37) into
Eq. (28) yields

1

2
Π<

½αβ�ðqÞ ¼ −
1

2
Π>

½αβ�ð−qÞ

¼ 4ℏie2ϵαβδρ

Z
d4k
ð2πÞ2 δ½ðqþ kÞ2�δðk2ÞN <

V;leqðqþ kÞN >
V;leqðkÞ

×

�
ðqδ þ kδÞN <

V;leqðkÞSρνðnÞðkÞ½∂νðβμVÞ − kγξγν� þ kδN >
V;leqðqþ kÞSρνðnÞðqþ kÞ½∂νðβμVÞ − ðqγ þ kγÞξγν�

þ 1

4
ϵρξλνΩλν½ðqδkξ þ kδkξÞN <

V;leqðkÞ þ ðkδqξ þ kδkξÞN >
V;leqðqþ kÞ�

�
: ðC19Þ

In the HTL approximation, we consider mainly the leading-logarithmic results and we only need to keep the photon
antisymmetric self-energies up to Oðjqj0Þ.
With the help of

ϵδγλσΩλσ ¼ 2βðuγωδ − uδωγÞ þ ϵδγλσuλDβσ;

ϵρσβγω
βγ ¼ 2ðuσωρ − uρωσÞ − 2ϵρσβγuγðu · ∂Þuβ; ðC20Þ

we decompose 1
2
Π<

½αβ�ðqÞ as

1

2
Π<

½αβ�ðqÞ ¼
1

2
Π<;ðξÞ

½αβ� ðqÞ þ
1

2
Π<;ðβμÞ

½αβ� ðqÞ þ 1

2
Π<;ðωÞ

½αβ� ðqÞ þ 1

2
Π<;ðDβÞ

½αβ� ðqÞ þOðjqjÞ: ðC21Þ

The first term is given by

1

2
Π<;ðξÞ

½αβ� ðqÞ ¼
ℏie2

2πjqj ϵαβδρϵ
ρνξλ uλ

2
ξγν

�
a5H

γδ
1;ξ þ

1

4β2
jqjHγδ

2;ξ

�
; ðC22Þ
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where

a5 ¼ −
π2

6β3
þ 3þ π2 − 9 ln 2

18β2
jqjq̂0 þ

1

4β2
q̂0jqj;

Hγδ
1;ξ ¼ q̂0uγuδq̂⊥;ξ þ q̂20q̂⊥;ξuðδq̂

γÞ
⊥ þ q̂2

2
uðδΘγÞ

ξ þ q̂30q̂
γ
⊥q̂δ⊥q̂⊥;ξ þ

q̂2q̂0
2

ðq̂ðγ⊥ΘδÞ
ξ þ q̂⊥;ξΘγδÞ;

Hγδ
2;ξ ¼

�
q̂30 −

q̂20 þ 3

2

�
uγuδq̂⊥;ξ þ

1

2
ð−q̂0 þ 3q̂30Þq̂⊥;ξu½δq̂

γ�
⊥ − 2q̂0q̂⊥;ξuδq̂

γ
⊥

þ 1

2
ð1 − 3q̂20Þq̂γ⊥q̂δ⊥q̂⊥;ξ þ

q̂2

2
ð−q̂γ⊥δδξ − q̂0uγδδξ − q̂⊥;ξgγδÞ: ðC23Þ

The term related to the gradient of βμV reads

1

2
Π<;ðβμÞ

½αβ� ðqÞ ¼ ℏie2

2πjqj ϵαβδρϵ
ρνξλ uλ

2
∂νðβμVÞ

�
þ 1

8β
jqj

�
ð2q̂20 þ 1Þq̂δq̂⊥;ξ þ q̂2q̂0q̂⊥;ξq̂δ⊥ þ 3

2
q̂2q̂0Θδ

ξ

�

þ
�
q̂0uδq̂⊥;ξ þ q̂20q̂⊥;ξq̂δ⊥ þ q̂20 − 1

2
Θδ

ξ

��
ln 2
β2

−
2þ ln 2

3β
q̂0jqj �

1

8β
jqjq̂0

��
: ðC24Þ

The last terms in 1
2
Π<

½αβ�ðqÞ are

1

2
Π<;ðωÞ

½αβ� ðqÞ ¼ −
ℏie2

4πjqj ϵαβδρβ
��

q̂0q̂
ρ
⊥ωδ þ q̂20 þ 1

2
uρωδ −

3q̂20 − 1

2
uδq̂ρ⊥ω · q̂⊥

��
π2

6β3
− jqjq̂0

π2 þ 3

18β2

�
þ jqjq̂ρ⊥ωδ q̂

2
0 − 1

4β2

�
;

ðC25Þ

1

2
Π<;ðDβÞ

½αβ� ðqÞ¼−
ℏie2

8πjqjϵαβδρϵ
δγλσuλDβσ

��
q̂0uρq̂⊥;γþ

q̂20−1

2
δργ þ3q̂20−1

2
q̂ρ⊥q̂⊥;γ

��
π2

6β3
− jqjq̂0

π2þ3

18β2

�
þjqjuρq̂⊥;γ

1− q̂20
4β2

�
:

ðC26Þ

In fact, the two terms above originate from the thermal-vorticity contribution to the antisymmetric photonic self-energy as

1

2
Π≶;ðΩÞ

½αβ� ðqÞ ¼ ℏie2

8πjqj ϵαβδρϵ
ρνξλΩλν

�jqjq̂2
4β2

ð−uδq̂⊥;ξ þ q̂δ⊥uξÞ

þ
�
� π2

6β3
−
3þ π2

18β2
q0

�
×

�
uδuξ þ q̂0uδq̂⊥;ξ þ q̂0q̂δ⊥uξ þ q̂20q̂

δ⊥q̂⊥;ξ þ
q̂20 − 1

2
Θδ

ξ

��
: ðC27Þ

Notice that in our axial collision kernel, we encounter terms like −f<V ðp − qÞ × 1
2
Π<

αβðqÞ in Σ<
A and f>V ðp − qÞ × 1

2
Π<

αβð−qÞ
in Σ>

A . Expanding them with respect to q, we get the leading-order terms like − π2

6β3
ð−q · ∂pÞf<V ðpÞ in Σ<

A and
π2

6β3
ð−q · ∂pÞf>V ðpÞ in Σ>

A , which just have the different signs and contribute to H3;α terms as shown in Eq. (61). On

the contrary, the other terms related toΩλν terms in Eq. (61) are in the form of −f<V ðpÞ in Σ<
A and −f>V ðpÞ in Σ>

A , which yield
the same sign.
Then, the corresponding one-loop propagator is

1

2
G̃<;½μν�ðqÞ ¼ GμαðqÞ

Π<
½αβ�ðqÞ
2

Gβν;†ðqÞ ¼ 1

q4
1

2
Π<;½μν�ðqÞ; ðC28Þ

with the relation,
1

2
G̃>;½μν�ðqÞ ¼ −

1

2
G̃<;½μν�ð−qÞ: ðC29Þ

Inserting Eq. (55) into the above expression, we get the G̃<;½μν�ðqÞ with the Coulomb gauge shown in Eq. (56).
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According to Eq. (17), we find that in the collision kernel CA, the axial self-energy Σ
μ
A is always combined with vector one

as VμΣ
μ
A. To avoid the unnecessary complexity, we compute the pδðp2Þ · ΣA instead of the axial self-energy Σ

μ
A. After a long

calculation similar to those in Appendix C 1, we finally obtain

pμδðp2ÞΣ≶
A;μðpÞ ¼ ∓ e4

16π3
δðp2Þjpj

Z
T

mD

djqj 1

jqj3 f
<
A ðpÞ

2π2

β3
∓ e4

16π3jpj δðp
2Þ ln T

mD

�
jpj2f<A ðpÞ

�
2π2

3β3jpj2 �
π2

3β2jpj þ
π2 − 6

18β

�

−
π2

3β3
jpj2½ð∂p⊥ · ∂p⊥Þ � ðp̂⊥ · ∂p⊥Þ�f<A ðpÞ þ ℏjpjH3;α∂

α
p⊥f

≶
VðpÞ∓ ℏ

π2

12β2
jpjϵρανβp̂⊥;νuβ∂p⊥;ρ∂αf

<
V ðjpjÞ

þ ℏ
π2

6β3
ϵρανβp̂⊥;ρuβ∂p⊥;ν∂αf

<
V ðpÞ− ℏ

π2

12β3
jpjϵρανβp̂⊥;νuβp̂⊥;ðγgλÞρ∂λp⊥∂

γ
p⊥∂αf

<
V ðpÞ

�
; ðC30Þ

where

H3;α ¼ 2ϵκνξλ
�
−

π2

6β3
uλ
2
ξγν

�
−
1

6
p̂γ
⊥gαξp̂κ þ

1

2
uγp̂⊥;ξgακ

�
þ ln2

β2
uλ
2

gακ
2

p̂ξ∂νðβμVÞ

þ 1

4
Ωλν

π2

6β3
gακp̂⊥;ξ − uαuκp̂⊥;ξ − gακuξ þ uξp̂⊥;αp̂⊥;κ

2

�
: ðC31Þ
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