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Directional amplifiers are an important resource in quantum-information processing, as they protect
sensitive quantum systems from excess noise. Here, we propose an implementation of phase-preserving
and phase-sensitive directional amplifiers for microwave signals in an electromechanical setup comprising
two microwave cavities and two mechanical resonators. We show that both can reach their respective
quantum limits on added noise. In the reverse direction, they emit thermal noise stemming from the
mechanical resonators; we discuss how this noise can be suppressed, a crucial aspect for technological
applications. The isolation bandwidth in both is of the order of the mechanical linewidth divided by the
amplitude gain. We derive the bandwidth and gain-bandwidth product for both and find that the phase-
sensitive amplifier has an unlimited gain-bandwidth product. Our study represents an important step toward
flexible, on-chip integrated nonreciprocal amplifiers of microwave signals.
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Introduction.—Nonreciprocal transmission and amplifi-
cation of signals are essential in communication and signal
processing, as they protect the signal source from extraneous
noise. Conventional ferrite-based devices rely on magnetic
fields and are challenging to integrate in superconducting
circuits. Hence, there exists strong incentive to find more
suitable implementations [1–14]. In the microwave domain,
the strong Josephson nonlinearity and parametric pumping
can achieve both photon gain and conversion processes,
which have been exploited to realize circulators and direc-
tional amplifiers [5,13–15]. Another promising platform is
optomechanics, where nonreciprocal devices [16–27],
phase-preserving amplifiers [28–32], and phase-sensitive
amplifiers [33–36] have been proposed and realized.
In recent theoretical work, Ranzani and Aumentado

[16,17] analyzed general conditions for nonreciprocity in
parametrically coupled systems, and showed that nonreci-
procity arises due to dissipation in ancillary modes and
multipath interference. Metelmann and Clerk [18] have
shown that any coherent interaction can be made directional
by balancing it with a dissipative process. Indeed, this insight
led to a demonstration of nonreciprocity using optomechanics
in the optical domain [19], and theoretical investigations into
minimal implementations of directional amplifiers [20].
While implementing the balance between a direct coher-

ent coupling between the cavities and a dissipative inter-
action is challenging experimentally, Refs. [25–27] have
recently studied and demonstrated nonreciprocal transmis-
sion between two cavity modes where two mechanical
resonators each mediate both coherent and dissipative
coupling. Here, building on this concept, we propose
directional amplifiers using exclusively optomechanical
interactions. Microwave tones on the red and blue sidebands

enable so-called beam-splitter and two-mode squeezing
interactions (cf. Fig. 1), leading to a total of eight control-
lable terms in the Hamiltonian. We identify and analyze a
simple directional phase-preserving amplifier that uses
four tones and a directional phase-sensitive amplifier
using six tones. While the gain-bandwidth product of

(a)

(b)

FIG. 1. (a) Schematic of all possible interactions in optome-
chanical plaquette comprising two mechanical resonators (round,
dark green) and two cavities (square, light green). The cavities
[light-green Lorentzians in (b)] are driven by up to eight tones,
placed close to the mechanical sidebands, at frequencies
ωc;i � ðΩj þ δjÞ, as illustrated in (b), which induce hopping
and two-mode squeezing interactions (Gij, Jij), denoted in (a) by
red and blue lines connecting the modes. This leads to the time-
independent Hamiltonian (1).

PHYSICAL REVIEW LETTERS 120, 023601 (2018)

0031-9007=18=120(2)=023601(6) 023601-1 © 2018 American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.120.023601&domain=pdf&date_stamp=2018-01-08
https://doi.org/10.1103/PhysRevLett.120.023601
https://doi.org/10.1103/PhysRevLett.120.023601
https://doi.org/10.1103/PhysRevLett.120.023601
https://doi.org/10.1103/PhysRevLett.120.023601


the phase-preserving amplifier is limited to the cavity decay
rate, the phase-sensitive amplifier has an unlimited gain-
bandwidth product. Both amplifiers can reach their quantum
limits of a half and zero added quanta, respectively, and emit
thermal noise from the mechanical resonators in the reverse
direction, a necessary consequence of impedance matching
and directionality. This noise can be reduced through addi-
tional sideband cooling without interfering with direction-
ality or amplification. Our proposal bridges the gap between
previous theoretical studies and experimental realization.
Model.—We consider an optomechanical plaquette, com-

prising two microwave cavities coupled via two mechanical
resonators [Fig. 1(a)]. The cavities are driven close to the
motional sidebands. With a standard treatment [37,38], we
derive the time-independent Hamiltonian ðℏ ¼ 1Þ

Hsys ¼ −
X2
i¼1

δib
†
i bi −

X2
i;j¼1

a†i ðGijbj þ Jijb
†
jÞ þ H:c:; ð1Þ

where ai (bi) is the annihilation operator for the ith cavity
mode (mechanical resonator), Gij ¼ αij−g0;ij and Jij ¼
αijþg0;ij are field-enhanced optomechanical coupling
strengths,αij� is the amplitude of the coherent state produced
in cavity i due to a pump at frequency ωc;i � ðΩj þ δj), and
g0;ij are the vacuum optomechanical couplings. Since the
couplingsGij, Jij depend on the pumps, their amplitude and
phase are controllable. The interactions are represented in
Figs. 1(a), 2(a), and 3(a) as red (Gij) and blue (Jij) lines.
Further details can be found in the Supplemental Material

(SM) [39], including a discussion about the limits of validity
of the rotating-wave approximation (RWA).
We describe the system with quantum Langevin equa-

tions [38,40,41]. Neglecting mechanical noise (analyzed
later), and eliminating the mechanical modes, we obtain

X2
j¼1

½χ−1c;i ðωÞδij þ iTijðωÞ�A⃗jðωÞ ¼
ffiffiffiffi
κi

p
A⃗i;inðωÞ; ð2Þ

where the susceptibility χc;iðωÞ ¼ ½κi=2 − iω�−1, A⃗jð;inÞ ¼
ðajð;inÞ; a†jð;inÞÞT , and each iTij is a 2 × 2 matrix

iTijðωÞ ¼
X2
k¼1

σz

�
χm;kðωÞ

�GikG�
jk GikJjk

J�ikG
�
jk J�ikJjk

�

−χ�m;kð−ωÞ
� JikJ�jk JikGjk

G�
ikJ

�
jk G�

ikGjk

��
; ð3Þ

where σz¼diagð1;−1Þ and χm;iðωÞ¼½Γm;i=2−iðωþδiÞ�−1.
iTii is akin to a self-energy for mode Ai, whereas iTij for
i ≠ j is a matrix of coupling strengths between the modes.
Since the interaction is mediated by mechanical resonators,
their susceptibility χm;i appears in the coupling matrix.
Using the input-output relationai;out ¼ ai;in −

ffiffiffiffi
κi

p
ai [40],

the optical scattering matrix is SopticalðωÞ ¼ 14 −LχðωÞL,
where L ¼ diagð ffiffiffiffiffi

κ1
p

;
ffiffiffiffiffi
κ1

p
;
ffiffiffiffiffi
κ2

p
;
ffiffiffiffiffi
κ2

p Þ, and
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FIG. 2. The directional phase-preserving amplifier. (a) Model: red hopping interactions are impedance matched, blue provide
amplification. (b) Pump setup: cavity 1 (cavity 2) is pumped on the red (blue) sidebands of the mechanical resonators. (c)–(f) Plots of
forward gain, reverse gain [Eq. (7)], added noise [Eq. (9)], and the output noise fluctuation spectrum of cavity 1, all as functions of
frequency in units of Γm;1, for cooperativities C1 ¼ f1; 3; 10; 30g, C2 ¼ C1 − 0.1

ffiffiffiffiffi
C1

p
(yellow to black, or light to dark). Parameters are

κ2=κ1 ¼ 0.7, Γm;1=κ1 ¼ 10−2, Γm;2=Γm;1 ¼ 0.8, thermal occupation of the mechanical resonators nm;1 ¼ nm;2 ¼ 100, and cavities
nc;1 ¼ nc;2 ¼ 0. Depending on parameters, external sideband cooling with an auxiliary mode can achieve nm;j ≈ 0, without negatively
affecting amplification properties, as discussed below and in the SM [39]. The red (dashed) curve in each plot illustrates this case, with
C1 ¼ 30 and effective parameters neff;i ¼ nm;iðΓm;i=Γeff;iÞ;Γeff;i ¼ 50Γm;i.
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½χðωÞ�−1 ¼
 
χ−1c;1ðωÞ12þ iT11ðωÞ iT12ðωÞ

iT21ðωÞ χ−1c;1ðωÞ12þ iT22ðωÞ

!
:

ð4Þ

The system is nonreciprocal if the moduli of forward- and
reverse-scattering amplitudes differ, which occurs if
jT12j ≠ jT21j. Looking for instance at the top left elements
½iT12�11; ½iT21�11, we see that nonreciprocity arises because
flipping direction (1 ↔ 2) conjugates the complex cou-
plings, but leaves the mechanical susceptibility unchanged.
Nonreciprocity can also be understood in the framework
presented in Ref. [18] [39].
Directional phase-preserving amplifier (DPPA).—We

consider the coupling amplitudes [cf. Fig. 2(a)]

G ¼ 1

2

�
eiΦ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1Γm;1κ1

p
e−iΦ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1Γm;2κ1

p
0 0

�
;

J ¼ 1

2

�
0 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C2Γm;1κ2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C2Γm;2κ2
p �

; ð5Þ

that is, the first (second) cavity has two drives, close to the
red (blue) motional sidebands corresponding to the
mechanical resonators [cf. Figs. 2(a) and 2(b)]. We have
already written the amplitudes in terms of cooperativities
C1i ¼ 4jG1ij2=ðκ1Γm;iÞ, C2i ¼ 4jJ2ij2=ðκ2Γm;iÞ, and chosen
them to be equal in both arms, C1 ≡ C1i, C2 ≡ C2i. Given
Eqs. (2) and (5), isolation (T12 ¼ 0) requires δ21Γ2

m;2 ¼
δ22Γ2

m;1 [42]. δ1 and δ2 must have opposite signs, and we
parametrize them by a single dimensionless variable
δ1 ¼ δΓm;1, δ2 ¼ −δΓm;2.
Isolation occurs for certain phases of the coupling

amplitudes θ1i ≡ argðG1iÞ and θ2i ≡ argðJ2iÞ. However,
only the overall relative “plaquette phase,” Φ≡ θ11þ
θ21 − θ12 − θ22, is relevant, which explains the parameter-
ization in Eq. (5). Setting δ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2C1 − 1
p

=2 achieves
impedance matching (i.e., vanishing reflection at cavity
1), attainable for C1 ≥ 0.5. Then the plaquette phase at
which isolation occurs is

Φ ¼ i log

�
2δ − i
2δþ i

�
¼ 2 arccos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=ð2C1Þ

p
: ð6Þ

Inverting the plaquette phase −Φ leads to isolation in the
opposite direction [39].
We have chosen the couplings [Eq. (5)] due to the

following reasons. First, an even number of blue and red
tones ensures equivalent arms of the circuit. Second,
amplification requires blue tones. Third, a directional
amplifier with four blue tones cannot be impedance
matched to the signal source [39]. Last, swapping hopping
and amplifier interactions in one arm of the circuit cannot
lead to directional amplification [43].
The condition C2 < C1 ensures that the system does not

exceed the parametric instability threshold. In the limit of

large gain, we obtain our first main result, the scattering
matrix (on resonance)

�a1;out

a†2;out

�
¼

0
B@

1ffiffi
2

p − 1ffiffi
2

p 0 0

i
ffiffi
G

pffiffiffiffiffi
4C1

p i
ffiffi
G

pffiffiffiffiffi
4C1

p −
ffiffiffi
G

p C1þC2
C2−C1

1
CA
0
BBB@

b1;in
b2;in
a1;in

a†2;in

1
CCCA; ð7Þ

with vanishing reverse gain jSa2→a1ð0Þj2, but forward gain

jSa1→a2ð0Þj2 ≡ G ¼ 4C1C2
ðC1 − C2Þ2

; ð8Þ

which can in principle be arbitrarily large, as long as the
RWA is valid [39].
At the same time, thermal noise from the mechanical

resonators is suppressed by increasing C1, as is demon-
strated in Fig. 2(e), where we plot the noise added to the
signal N ðωÞ¼G−1P

i≠a1ðniþ1=2ÞjSi→a2ðωÞj2 [30,37,44],
where we sum over all noise sources, with associated
thermal occupation ni and scattering amplitude to the
second cavity Si→a2. Using Eq. (7), and denoting thermal
cavity (mechanical) occupations by nc;i (nm;i), the noise on
resonance

N DPPA ¼ 1

4C1
ðnm;1 þ nm;2 þ 1Þ þ ðC1 þ C2Þ2

4C1C2

�
nc;2 þ

1

2

�
:

ð9Þ
As a result, for large C1 ≳ C2, and vanishing thermal
occupation of the cavity input, we reach the quantum limit
of half a quantum of added noise, N DPPA → 1=2 [37,44].
Another important figure of merit is noise emerging from

cavity 1, characterized by the output noise spectral density,
Souta1 ðωÞ≡

R ðdω0=2πÞha†1;outðωÞa1;outðω0Þi, which we plot
in Fig. 2(f). Ultimately, the reason for building directional
amplifiers is to reduce this figure. On resonance,
SDPPA1;out ð0Þ ¼ ðnm;1 þ nm;2 þ 1Þ=2. Strategies to reduce this
figure are discussed below.
The off-resonance behavior of the DPPA is rich

and depends on the dimensionless quantities
κi=Γm;j; C1; C2. We plot forward gain, reverse gain, added
noise, and the noise spectrum at cavity 1 as functions of
frequency at cooperativities C1 ¼ f1; 3; 10; 30g; C2 ¼ C1 −
0.1

ffiffiffiffiffi
C1

p
in Figs. 2(c)–2(f). C2 is chosen such that when

increasing C1 both gain and bandwidth are enhanced.
For Γm;j ¼ Γm, κi ¼ κ, and κ=Γm ≫ f1; C1; C2g, gain

bandwidth Γ ¼ 4
ffiffiffiffiffiffiffiffiffiffi
C1C2

p
Γm [cf. Fig. 2(c)] [39]. As the gain

gets large and C1, C2 dominate all other dimensionless
parameters, the bandwidth approaches Γ ¼ κðC1 − C2Þ=C1,
leading to the gain-bandwidth product limit
P≡ Γ

ffiffiffi
G

p
→ 2κ, independent of κ=Γm. Close to resonance,

the reverse-scattering amplitude Sa2→a1ðωÞ ≈ −iω
ffiffiffi
G

p
=Γm

[39], such that product of isolation bandwidth and gain is
Γm. Since gain bandwidth is larger than the isolation

PHYSICAL REVIEW LETTERS 120, 023601 (2018)

023601-3



bandwidth, there is large reverse gain off resonance
[cf. Fig. 2(d)], and noise from cavity 2 dominates the
noise spectral density at cavity 1 [Fig. 2(f)]. With increas-
ing effective mechanical linewidth Γm (e.g. through addi-
tional sideband cooling), the isolation bandwidth grows,
suppressing reverse gain off resonance (cf. red dashed
curve in Fig. 2 and Ref. [18]). In the SM we calculate how
off-resonant terms renormalize the parameters of the
DPPA [39].
Directional phase-sensitive amplifier (DPSA).—We now

turn to an implementation of a DPSA, which necessitates
six tones. Essentially, we replace the amplifier interaction
in the DPPA by a phase-sensitive quantum nondemolition
(QND) interaction that couples one quadrature of cavity 2
to only one quadrature of the mechanical resonator [45,46],
choosing

G ¼ 1

2

 
eiΦ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1Γm;1κ1

p
e−iΦ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1Γm;2κ1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2Γm;1κ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2Γm;2κ2

p
!
; ð10Þ

and the same J as for the DPPA [Eq. (5)], illustrated in
Figs. 3(a) and 3(b). Since the QND interaction requires
jGi2j ¼ jJi2j, and we require symmetric amplifier arms,
two cooperativities suffice to characterize the six tones.
In the DPSA, we need to ensure the transmitted mechanical
quadratures agree, μ ¼ arg½G11χm;1ð0ÞG21=J21� ¼
arg½�G12χm;2ð0ÞG22=J22�, and that information from both
emerges in the same cavity quadrature, ν ¼
argðG21J21Þ ¼ argð�G22J22Þ. μ and ν determine the

quadratures involved in amplification. The two remaining
phases are an arbitrary mechanical phase and the pla-
quette phase.
While there is no parametric instability of the kind that

limits backaction-evading measurements [47,48], we show
in the SM [39] using a Floquet technique [49,50] that
counterrotating terms induce an instability threshold for
finite sideband parameter (similar to Ref. [51]), and the
RWA is only valid for sideband parameters that are bigger
than the cooperativities. This is not out of reach [52], but
needs to be taken into account in experimental design.
The isolation, detuning, and impedance-matching con-

ditions coincide with those of the DPPA, and we obtain
another central result, the scattering matrix (on resonance)

0
BBB@

U1;out

V1;out

U2;out

V2;out

1
CCCA ¼

0
BBB@

0 0 0 0

0 0 0 0

0 0 −1 0

0
ffiffiffi
G

p
0 −1

1
CCCA
0
BBB@

U1;in

V1;in

U2;in

V2;in

1
CCCA

þ 1ffiffiffi
2

p

0
BBB@

1 0 −1 0

0 1 0 −1
0 0 0 0ffiffiffiffiffiffiffi
2F

p
0

ffiffiffiffiffiffiffi
2F

p
0

1
CCCA
0
BBB@

X1;in

P1;in

X2;in

P2;in

1
CCCA;

ð11Þ

where we defined noise scattering intensity F ≡ 4C2=C21,
gain

(c) (e)

(f)
(d)

(a)

(b)

FIG. 3. The directional phase-sensitive amplifier. (a) Model: Single red hopping interactions are impedance matched, double red-blue
provide the phase-sensitive amplification. (b) Pump setup: cavity 1 is pumped on the red sidebands of the mechanical resonators,
whereas cavity 2 has pumps on the red and blue sidebands. (c)–(f) Plots of forward gain, reverse gain [cf. Eq. (7)], added noise [Eq. (9)],
and the output noise fluctuation spectrum of cavity 1, all as functions of frequency in units of Γm;1, for cooperativities
C1 ¼ f1; 3; 10; 30g, C2 ¼ C21 (yellow to black, or light to dark). The parameters are the same as in Fig. 2. Depending on parameters,
external sideband cooling with an auxiliary mode can achieve nm;j ≈ 0, without negatively affecting amplification properties,
as described below. The red (dashed) curve in each plot illustrates this case, with C1 ¼ 30 and effective parameters neff;i ¼
nm;iðΓm;i=Γeff;iÞ;Γeff;i ¼ 50Γm;i.
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G ¼ 8C2ð2C1 − 1Þ
C21

; ð12Þ

mechanical Xi¼ðbiþb†i Þ=
ffiffiffi
2

p
, Pi¼iðb†i−biÞ=

ffiffiffi
2

p
, and op-

tical quadratures Ui¼ðaiþa†i Þ=
ffiffiffi
2

p
, Vi ¼ iða†i − aiÞ=

ffiffiffi
2

p
.

The amplifier is phase sensitive and directional, as only
the phase quadrature of the second cavity, V2, inherits the
amplified signal from the phase quadrature of the first
cavity, V1. We calculate the noise added to the signal as
before,

N DPSA ¼ nm;1 þ nm;2 þ 1

2ð2C1 − 1Þ þ C1
8C2

C1
2C1 − 1

�
nc;2 þ

1

2

�
:

ð13Þ

The crucial difference to DPPA is that the noise stemming
from reflection of fluctuations at cavity 2 can also be
suppressed, such that in the limit C2 ≫ C1 ≫ 1 added noise
vanishes.
We again plot forward gain, reverse gain, added noise,

and spectral noise density at cavity 1 in Figs. 3(c)–3(f) at
cooperativities C1 ¼ f1; 3; 10; 30g, C2 ¼ C21. Increasing C1
enhances bandwidth and gain [cf. Fig. 3(c)] and suppresses
mechanical noise [cf. Fig. 3(e)]. Close to resonance, the
reverse scattering behaves like in the DPPA Sa2→a1ðωÞ ≈
−iω

ffiffiffi
G

p
=Γm [39], and the same conclusions apply

[cf. Figs. 3(d) and 3(f)]. The gain-isolation-bandwidth
product is Γm. Forward and reverse gain are proportional
to

ffiffiffiffiffi
C2

p
, implying an unlimited gain-bandwidth product

[39]. For equivalent mechanical resonators Γm;1 ¼ Γm;2 ¼
Γm and in the limit κ=Γm ≫ f1; C1g, the amplitude
gain bandwidth of the DPSA is well approximated by
Γgain ¼ 2C1Γm.
Backward-propagating noise and sideband cooling.—

The noise emitted in the reverse direction is of central
importance for directional amplifiers. For both DPPA and
DPSA, the output noise spectral density of cavity 1 on
resonance is Sout1;DPSAð0Þ¼Sout1;DPPAð0Þ¼ðnm;1þnm;2þ1Þ=2.
Because of impedance matching and directionality, fluctua-
tions incident on the cavities do not appear in a1;out
[cf. Eqs. (7) and (11)]. The commutation relations of a1;out
then imply

P
2
j¼1½jSbi→a1ð0Þj2 − jSb†i→a1

ð0Þj2� ¼ 1; i.e.,

mechanical fluctuations have to appear in the output instead.
The lowest possible value for S1;out is 1=2, attainable for zero
thermal noise quanta in the mechanical resonators.
However, even in state-of-the-art dilution refrigerators,

the required temperatures are out of reach. One way to
mitigate backward noise emission is to add another micro-
wave mode to the setup that can replace the fluctuations in
the output of cavity 1, essentially realizing a circulator.
Without modifying the theory above, one can either
increase the mechanical resonator frequencies, which is
mainly a technological challenge, or one could resort to
external sideband cooling with an auxiliary mode. The

latter can achieve nm → 0 [53–55], and has the added
benefit of enhancing mechanical linewidths [cf. red
(dashed) curve in Figs. 2 and 3 and SM [39] ]. While this
could be done with an additional cavity mode for each
resonator, implementing a circuit with four cavity modes
coupled to two mechanical resonators is a formidable
technical challenge. A problem arises when cooling with
only one additional mode, since it can lead to a coupling of
the mechanical resonators via the extra cooling mode; this
thereby changes the topology of the system, thus spoiling
directionality. This can be mitigated by detuning each
pump by several mechanical linewidths [39], making
cooling with only one additional mode feasible.
Conclusion.—We have presented quantum-limited, non-

reciprocal amplifiers using an optomechanical plaquette
comprising two cavities and intermediate mechanical
resonators [25,26]. Such devices carry great promise, since
they can be integrated into superconducting circuits and
amplify near or at the quantum limit, while protecting the
signal source.
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