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A rigorous definition is given of “rigidity” in the framework of quantum mechanics. It
is argued that corresponding to the measurement of the shape of the body—at least within
Gedanken experiments—there must exist a set of operators associated with this shape. The
“rigidity” of the body is defined such that the shape is in principle measurable without any
quantum mechanical uncertainties.

For a quadratically deformed rigid body, the commutation relations among the shape
operators and angular momentum form a Lie algebra, which is shown to be the semi-direct
product of the O(3) to a five-dimensional Abelian group; O(3) XTs. The irreducible repre- -
sentations of this dynamical group are explicitly constructed by employing an elementary
algebraic method. It is found that the representation can be specified naturally in terms of
Bohr and Mottelson’s deformation parameters B and 7 as (82, 82 cos 3y) and that every member
of all the possible rotation bands of the rigid rotator is contained in our single irreducible
representation once and only once.

Several remarks are added concerning the relation of our dynamical group to the more
general rotation-vibration group SL(3R).

§ 1. Introduction

The quantum mechanical treatment of the symmetric and asymmetric tops”
has been well known since the late thirties with wide applications in molecular
and nuclear physics. The quantum mechanics of rigid body with an arbitrary
deformation, however, has not been forthcoming, although such a theory seems
to be desired in a phenomenological description of nuclear states.

In a series of papers, we shall develop a full quantum mechanical descrip-
tion of rotational motion of rigid body with an arbitrary deformation. The
present paper, which is the first of the series, is devoted to the reformulation
of quantum mechanics of the symmetric and asymmetric tops from the standpoint
of dynamical group recently developed in high energy physics.?

Since the concept of “rigidity” is not necessarily clear in quantum mecha-
nics, it is first necessary to discuss this point in some detail. The concept of
a body with a non-spherical shape presupposes that this shape is in some sense
measurable. This, in turn, requires—by the uncertainty relations for angular

b

momentum—that infinitely many angular momenta are necessary in order to
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154 H. Ui

specify the shape.” If the shape of the body is rigid, these large angular
momenta must not dynamically affect the shape being measured, so that the shape
can be considered as fixed over the entire range of energy. In order that the
shape is measurable in quantum mechanical framework, there must exist a set
of quantum mechanical operators associated with the shape of the body. The
eigenvalues of these operators will correspond to the result of measurement of
the shape.

From the above consideration, it is clear that these shape operators do not
commute with the angular momentum operators nor even with the Hamiltonian
of the system. Therefore, the shape operators cannot be the generators of any
symmetry groups of the system, but rather constitute those of the dynamical
group. ‘

If any of the shape operators do not commute with each other, it is of course
impossible to diagonalize these operators simultaneously. This implies that the
shape cannot accurately be determined without uncertainty in this case. Thus,
it is natural to define the concept of the “rigid” shape as being the condition
that the quantum mechanical operators associated with the shape of the body can
be simultaneously diagonalized. In other words, we will call the shape “quantum
mechanically rigid”, if and only if the non-spherical shape is in principle measur-
able without any quantum mechanical uncertainties.

As the quantum mechanical shape operators, we shall take (mass) multipole
operators which may be obtained from the density distribution of the body in
the usual way. Then, for a quadratically deformed shape such as the symmetric
and asyminetric tops, the five components of the (mass) quadrupole moment are
sufficient to define the shape. In order that the shape is rigid,® every component
of the operator must commute with each other. Since the quadrupole moment
will transform as an irreducible tensor of rank 2 under rotation of ordinary space,
the commutation relations among the shape operators and angular momentum can
be written down explicitly. It is to be noted that the dynamical variables which
enter into our problem are only the shape operators and the angular momentum.**
Thus, the commutation relations among them define the Lie algebra of the dynamical
group of the system.

In the next section, the dynamical group of a quadratically deformed rigid
body is shown to be the O(3) x T where X denotes the semi-direct product.
It should be noted that the dynamical group of the rigid rotator is usually be-

lieved to be the O(3,1) or the SL(3R).” The relation between the SL(3R)

and our dynamical group O(3) X7} is discussed in some detail. The irreducible
unitary representations of the dynamical group are obtained in §4 in such a way

*) More correctly, the mass distribution including the whole shape of the body.

*%) In this connection, we note that, in contrast to the case of linear momentum, the angular
momentum operator has no well-defined canonical conjugate operator in the usual Hilbert space.
The same statement is also true for the multipole operators, ‘
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Quantum Mechanical Rigid Rotator with an Arbitrary Deformation. I 155

that every shape operator is diagonal. By expanding it into angular momentum
basis, it is shown that every member of all the possible rotational bands of the
rigid rotator is actually contained in our single irreducible representation once
and only once.

Although some parts of the present work are group theoretical, we treat
our problem elementarily by employing an algebraic method. A mathematically
rigorous formulation will certainly be possible by using Mackey’s induced repre-
sentation,” since the group under consideration is a semi-direct product of the
O(3) and an Abelian group. ’

As an illustrative example of our algebraic method, the O(3) X T} is treated
in §3 to derive the helicity representation. An intuitive geometrical interpreta-
tion of our results are given in §5. '

§ 2. Formulation of the problem

We shall begin with a slightly general case of the body with a non-spherical
shape which can be defined by a single (mass) multipole moment of order /.
Writing the u-th (spherical) component of the multipole operator as Q,", the
commutation relations of Q,* with the angular momentum can be written down
explicitly,

[L., Q%] =1Q,®

and

[L., Q. P1=v(IFwm U£p+1)0Q,

which simply states that the Q® transforms as a rank / irreducible tensor under
rotation of ordinary space. As is discussed in § 1, every component of the multi-
pole operator must commute with each other, when the shape of the body is
rigid. Then, we have the following set of commutation relations: ’

[L.,L.J=+L. and [L,,L]=2L,, (2-1a)
[L.. Q.71 =1Q,®, ~ (2-1b)
[L., Q"] =V Fu) (xu+1) QL

and
[Q,%, 0P1=0 (2-1c)

which define a Lie algebra of the semi-direct product of O(3) to the (2/+1)-
dimensional Abelian group.

Since the dynamical variables of our system can be taken to be L and Q%,
the above commutation relations can be interpreted as those of the dynamical
group, which contains almost all informations on the dynamics of the system.

In the subsequent sections, we shall calculate the representations of (2-1)
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156 ‘ H. Ui

for /=1 and 2, in which every component of Q% is diagonal. It will be shown
that every member of rotation bands is actually contained in a single irreducible
(infinite dimensional) representation once and only once. '

Before calculating the representations, let us discuss in some detail the Lie
algebra of the dynamical group of symmetric and asymmetric tops, which is

defined by (2-1) for I=2:

[L,L.]=+L, and [L,,L.]=2L,, (2-2a)
[L., Q.P]=4Q,® and [L.,Q,P1=vC@Fu) B+x)0Q%:, (2-2b)
[Q.%, 02]1=0. ' (2-2¢)

This Lie algebra defines an eight-parameter (non-compact) Lie group with
semi-direct product structure. On the other hand, the well-known Lie algebra
of the SU(3) group is expressed in Racah’s spherical basis as”

[L,L.1=+L, and [L, L ]=2L,, | (2-3a)
[L., Q. “1=pQ,” and [L.,Q,1=v@Fu) B+u)Q%:, (2-3b)
[Q,©, Q9] =3v10(22u' |1pt+ 1) Lysyr - (2-3¢)®

Therefore, (2-2) can be obtained from (2-3) by the procedure® of “contraction”:
first, put Q,“”=(1/¢) T, and, next, take the limit ¢->0 keeping 7', finite.

There is another Lie algebra from which (2-2) can also be obtained by the
same contraction.*® This algebra is known as that of the (non-compact) SL(3R)
group,*** whose group elements are all three-dimensional unimodular real matrix.
Explicitly,

[L,L,=+L. and [L,, L.]=2L,, (2-4a)
[LZ3 Q”(N)] :/aQ,u.(N) a’nd [Lia Q#(N)] = '\/(2:{:#) (Siﬂ) QISJY__")I ’ (2' 4b)
[0, Q9] = —3vV10@2up’ 1 p+ 1) Ly . (2-4c)

Since the only difference of these Lie algebras of the SU(3) and SL(3R)
groups appears in the opposite sign of (2-3c) and (2-4c), it is clear that the
Lie algebra of the O(3) X7 can also be obtained from (2-3) and (2-4) by
putting Q® = Q@ L QW

In order to see more clearly the above situation, we shall adopt the simplest
realizations of the form

¥ Lo=L, and L.;=(F)(1/4/72)L.. ‘
**) We note that another complex extension of the SU(3) Lie algebra, i.e. the SU(2, 1),® cannot
be contracted to our Lie algebra.
**%) Although the finite dimensional (non-unitary) representations of the SL(3R) are well known,1®
a few unitary representations are available in a tractable form.!
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Quantum Mechanical Rigid Rotator with an Arbitrary Deformation. I 157

and
Q”(‘Z) = 7,.2 Y?/J/ (07 ¢) *

By introducing three kinds of boson operators a,"(a,), a,*(a,) and a.,*(a,)
through

[as a1 =1,
we have
L,=@1/7) (a,*a,—a,"ay), L,=Q1/7) (a;ta,—as*ta,),
L,=Q1/7) (a, ay,—a, a,),
and
QP = Q) + Q™
= 2a,"a,—az a,—a, a,)
+(1/2) Qa,Ta," + 2a,a,—ay a,t —aza.—a, a,t —ayay),
Qf=02+0%
=FV(3/2) {(@ e+ aa) tilay ata a,)}
F/(3/2) {(a.%as* + aa,) +i(a, a," +aya.)},
0f=08+0L7
=+/(3/2) {(as*as—a,*a,) +i(a ay+a, a.)}
+ vV (3/2) {(aa* @™ + auta — ay ay" — ayay) /2 (as"ay* + asay) }.
It is now clear that all the three groups, the SU(3), SL(3R) and O(3) x Tj,
are contained as subgroups in the full dynamical group™ Sp(6R) of the three-
dimensional harmonic oscillator. Of them, the SU(3) is the well-known symmetry

group of the harmonic oscillator, while the SL(3R) contains as a subgroup the

symmetry group of the many surface phonon state'—the twice covering group

of the SU(1, 1).

§ 3. Ilustrational example: The O(3) X T;

In the preceding section, we found that the dynamical group of the non-
spherical rigid body whose shape is specified by the /-th multipole moment is
given by the semi-direct of O(3) to the (2/+1)-dimensional Abelian group,
O(3) X Ty41. In this section, we shall deal with the simplest case /=1, i.e.
O(3) X Ts, as an illustrative example of our algebraic procedure to treat general
cases.
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158 H. Ui

From Eq. (2-1), the Lie algebra of the O(3) x T} group™*® is written as
[L.L,]=+L,, [L, L.]=2L,,
[L., P]=uP,, [Ley P1=VAF0) 2+1)Pous,
[P, P,.]=0,

and its invariants are given by
P2=P02—2P1P_.1 ‘ (3’23)

and
1 .
(L-P)/|P|= {L3P0+T? (L+P_1—L_P+1)}/IP[. (3-2b)

Let us determine the representation in which all P,(4=0, 1) are diago-
nal :¥*%

B\p, 2>=p|p, 2>, , (3-3a)
Poilp, >=pulp, &, (3-3b)
Plp, y=p.lp, 1) (3-3¢)
and
Pilp, >=p'lp- 2, (3-4a)
{(P-L)/|Pl}-|p, >=AIp, 1. , (3-4b)

Inserting (3-3) into (3-4a), we have
P'=p"—2pupa

which suggests the following parametrizations:

po=pcosl and p,,= ?71?2‘— sin 0 e**®, (3-5)
Next, the state |p, 1> is expanded into angular momentum bases:
p, >=23<Im; palp, 15~ [lms p2, (36
where Llm; ply=ml|lm; pA>,
Lijlm;pl>=v({UFm)(ULtm+1)|{im+1;pl> 3-7

and {Im;pd|p, 2> is the transformation bracket to be determined through (3-4b).

* The O(3) XT3 group is isomorphic to Es, the rotation and translation group in three-dimen-
sional Euclidean space. Its induced representation is well known in scattering theory as the helicity
representation of Jacob and Wick.® This group appears also as the strong coupling group in
isoscalar p-wave meson theory.

** Throughout this section, Q,® will be denoted as P,.
*+%) For the representation in which L, is diagonal, see Pauli.!®
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Quantum Mechanical Rigid Rotator with an Arbitrary Deformation. I 159

Introducing (3-6) into (3-4b), we have
((L-P)/|P}|p, >=1Ip, D
={cos §-L,+% sin e~**L, + % sin e **L_} |p, 1>
= ZZ“{m cos 0{lm; pl|p, 2>

+ 4 sin eV ((+m) (—m+1){L, m—1; pi|p, 2>
+ 1 sin 0V ({—m) (+m+1), m+1;pd|p, 2D} |Im; pdy.  (3-8)

Identifing each coefficient of |lm;pl> on both sides of the above equation, we

have

Kimy pAlp, 2> =m cos 0-{Im; pd|p, 1)

+e?V (I—m) (+m+1), m+1; pdlp, 1},
the m-dependence of which can be easily removed by putting
{m; pllp, By =e"""*d(Iml; p) (3-9)
with the result
(A—m cos 0)d(Iml; p) =% sin 0{v/ ((-+m) (—m+1)d(Im—12; p)
+V{U—m)(+m+1)d(Im+11; p)}. (3-10)

First, we note that the recurrence formula (3-10) can be solved elementarily
for fixed [ starting from the maximum value of m(=[). Moreover, if we adopt
the following normalizations for |p, 2> and |lm; pl), viz.

p’s Ap, >=0(p—p")
and | v |
{Ams; pl|Uim” 5 pl> =0, 1") -0 (m, m’), (3-11)®
we can determine—up to phase—an explicit algebraic form of d(Imi;p) for

arbitrary values of / and m. It is then found** that this function can be taken
to be identical to Wigner’s d-function d$%(6) by an appropriate choice of phases:

d(Iml; p) =d3(0). (3-12)

*) If we think of P as momentum, (3-11) needs no explanations. For later applications, we

note that this is a special form of the Peter-Weyl theorem.
*%) To see this directly, compare Eq. (3-10) to the familiar recurrence formulas of d-function

which determine uniquely d-function—for example, Eqs. (D-13) and (D-14) of Fano and Racah.!®
Note that the definition of d-function of Fano and Racah is different from ours:
dp.(0) ={Im|etv|in) , (Fano and Racah)

dD (0) ={Im|e=®y|ln)>. (ours)

220z 1snbny 9| uo1sanb Aq £86G681/E€S L/ L/v/elone/did/woo dnoolwepede//:sdyy woly papeojumoq



160 H. Uz

In summary, we get
m; pdlp, 1>=e""d$(0). (3-13)

Finally, the matrix element of P between the angular momentum basis may be
determined as follows: Since P transforms as a unit rank irreducible tensor
Wigner and Eckart theorem™® states that

>

Pyltms piy =33 EERAL @1 Pyy 12 mt ; p2> (3-14)

Where (I’|P|l) is reduced matrix element. Inserting (3-14) into
Pﬁ!p’ /1>:P,JP, ]->

and using (3-5) and (3-12), we have a set of equations to determine the reduced
matrix elements of P:

P,Klm;Piip}k):vz—ll*f_rf{(l“llm_ﬂﬂ[Zm) UPIE~1){I—1m — 5 pa| pd>

+ (Lm —pu|lm) QNP1 Im —u; pAlpl>
+ (U4 11m —ppllm) Q| PII—1) <L+ 1m — u; pA|pl>}.
By comparing this with Clebsch-Gordan formula (ji=1, m;=p, 7,=0),
Dila.Dil, = 25 Grjamama| JM) (jrjimm| IN) - Digy (3-15)
one sees immediately
(TIPI) = V2L+1(1120]1°2) - p . (3-16)

Thus, we get the complete solution of (3-1) for p=¢0 purely algebraically.

§4. Symmetric and asymmetric tops

We now proceed to the dynamical group approach of the rigid body whose
shape is specified by the quadratic deformation. The shape operator in this case
is taken to be the mass quadrupole moment Q®. The Lie algebra of our system
is given by (2-2);

[L.,L.]=+L, and [L, L.]=2L,, (2-2a)
[L., Q,®1=¢0Q,*® and [L.,Q,P]1=v(2Fp) B+1)QR., (2-2b)
[0.2,0P]=0, (2-2¢)

* Throughout this paper, we use the Wigner-Eckart theorem of the form

;s 1!’
(Grm! | T, jm>=£‘%%?‘}%l AT ®]5).

220z 1snbny 9| uo1sanb Aq £86G681/E€S L/ L/v/elone/did/woo dnoolwepede//:sdyy woly papeojumoq



Quantum Mechanical Rigid Rotator with an Arbitrary Deformation. I 161

and its invariants are taken to be¥®

Co=2.,(224— 1[00) QP Q3 4-1
and

Cs= 20 (22umu, [205) (225 — 1t 100) QE:QI)QA(Z)QE-ZLS . 4.9
Hilglty - ' ( )

Let us calculate the representation in which all the components of Q® are
diagonal:

Q.%lq, >=q,lq, a). (4-3)
The hermiticity property of Q A
| Q.P*= (—)"Q%, (4-4a)
implies
dp= (__.>”Zi_ﬂ . : (4"4J))

The representation |g, &> will be specified by the eigenvalues of the invariants
¢y and ¢,

Cilg, @>=cilq, a> (4-5a)
and
Cslg, a>=ci|q, a) (4-5b)
which may be expressed in terms of q, as |
a=2.(221~100)g,q-, (4-6a)
and
Co= 21 (22/0/)215) (22415 — £6]00) @G 1, - (4-6b)

Hiltalg

As is seen from the previous example of the O(3) X T}, the first important
step is to parametrize the above formula in such a way that Egs. (4-5a) and
(4-5b) are automatically satisfied. For this purpose, we recall the orthogonality
and contraction properties of D-function : '

2 (=)"D2,_. (2D (D) = (=)0 (n, n’)
and |

23 (=)™ (22myms|2 —my) DR (DR, (DR, (2) = (— )”“_(22?21722[ 2—n),

myMmymy

*) Thes_e invariants can be obtained from the Casimir operators'® of ‘the SU(3) group
Co=(L-I) + (1/3) (Q®-Q®), o

_ Ci=[Q®XQ® X QD] +3v/3/7[Q® x Lx L],®
by the Wigner contraction. '
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162 H. Ui

which suggest the following parametrization for g,,
@
2,=q" D3 (2 +gJ2—{D§2£ (@) + D2, (D)}, 4-7)

where ¢©® and ¢® are real constants.® The eigenvalues of the second and third
order Casimir operators can then be written as

= (1/VB) (@) + @) (4-82)
and

= (VE/V38) 4O {~ (@ +3 )} (4:80)

Further, if we adopt Bohr and Mottelson'™ type parametrizations** for ¢ and
q®, we have

¢®=(1/4/5)8* and ®=— (V2/v/35) cos 3, (4-9)

where ¢®=pfcos7 and ¢®=Qsiny. Next, the state |g, @) will be expanded into
the angular momentum basis:

lq, 05>=§J {dm;alq, ay-|lm; a), (4-10)

where

L|lm;a>=m|lm;a)y and L.|lm;ay= VAFm)(xtm+1)|[Im+1;a).

Wigner and Eckart theorem states that

(%) . — (szﬂll/m‘l‘ﬂ) ’ (2) 7ot .
Q,lms ay=33 PHALIEL @7, 0l QN ) U5 @y (411)

Using the above results, (4:3) can now be written as

Q.%q, ay=q., ;_,;‘ la, Im|q, oy~ |lm; )

_ 5 @mplUm+1) ooy (m: ala- .
o yarar CIePID Ims alg-ar (4-12)

X|Um+ u; ),

*) Although the most general parametrization is
on@t 2 iper_ p@ 9% oy, po ’
7,=9" )Dﬂ0+‘ﬁ“{Du1—Dﬂ—1} +“\7‘T2?{Da2+Dy—z}; 4-7)

this can be brought into the form (4:7) by an appropriate choice of Euler angle. Since the D-
function is unitary, the representation obtained by (4-7/) is clearly unitary equivalent to that by (4-7).

It is further noted that, even if we specify the reference axis to define the Euler angle, the
relabelings of 'z, y and z axes does not change any essential contents of our representation. This
arbitrariness of relabeling leads to the well-known symmetry under the point group D,. It is clear
that this Dy group plays a role of the (discrete) little group in the O(8) X Ts.

#9) Ag is well known, the Bohr-Mottelson parametrization is valid only for a small deformation.
On the other hand, (4:9) hold for large deformation as well.
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from which we get the recurrence formula to determine the transformation bracket
Im; alg, ay; ,
, —
(s alg, avg, =3 CER—LNE ooy m— s alq, @y, (4-13)
v V2I+1
It is to be noted that, in contrast to the case of O(3) X7, treated in the
previous section,® the recurrence formula to determine the transformation bracket

contains the reduced matrix elements of Q®. We, therefore, need to determine
the reduced matrix elements first.

The set of equations to determine the reduced matrix elements of Q® may
be obtained as follows: First, consider

> @2 |B) (QPQP — QPQOP)
= 3220 |) QP QP — (=) 220 p|5) QP QS
= {1- (— )} [Q®x Q®1,®,

which gives us non-trivial results only if #=odd. Since the every components
of O® will commute with each other, the matrix element of [Q® xQ®]® pe-
tween |lymiy and |lym,y states must vanish for odd %, viz.

@ @7 & _ (Likmyw|lym,) @) @)1 — .
Clama| [Q® X QUL lamsy === 22 (G [QW X Q1) =0, (4-14)

Therefore, we have
GI[OM X QP]®|L) = lZ}\/ 2k +1(GLIQPI) IQPIL) - W (122 kl’) =0,
(k=1 and 3) (4-15)
where W is the Racah coefficient. The matrix elements of the Casimir operators
(4-1) and (4-2) can be written also in terms of the reduced matrix elements as

2 _ g_)L’_ZZ DN\ (771 . .5 (m . .
B=2] LD GIQ™N) QPN -6 (4, 1) vé‘( 1 M3) (4-16)

and

V-1,
V27388 cos r=32C) " Wor2: 172
/358" cos 1 VZM(%H) ( )

X LIQPI") QPN WIQ™NL) 6 (U, 1) -0 (may ). (4-17)

Equations (4-15) ~(4-17) are sufficient to determine the reduced matrix element
uniquely up to phase. Instead of solving these equations explicitly, we shall
first seek the consistent solution of Eqgs. (4-13), (4-15), (4-16) and (4-17) for
the simple case of the symmetric top.

* The difference between the O(3) X T and O(3) X T’s comes from the fact that the O(3) X T's
does not contain the (continuous) little group—the stability group in mathematician’s terminology—in it.
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164 H. Ui

4A. The symmetric top a special solution

We shall treat in this subsection the simple case of ¢g®=0. In terms of
Bohr and Mottelson parametrization, we expect that this case will correspond to
the prolate (axially symmetric) deformation.

In order to obtain a special solution of Egs. (4:15)~(4:17), we first note
the well-known identity involving the Racah and Clebsch-Gordan coefficients:

;\/(26%—1) (2f+1) (abap|eg) (eded|cy) W (abed; ef )

— (afapler) (bdBOIfe).- (4-18)
Putting a=0lL, c=1L, b=d=2, e=l’ and f=Fk, we get
;\/ U +1) 2k+1) (2KA|UK”) (V2K V| LK) W (20,2, k)

= (LkK 9|l Ky) (22007 | ky) . (4-19)

Since (2200|%k0) =0 for k=odd, the right-hand side of the above equation should
vanish for odd %, if we put A=21"=¢=0:

;\/ (20" +1) (2k+1) (2KO0|I’K) (I'2K0|LK) W (L2025 1'k) =0

if £ is odd.
By comparing this equation to (4-15), we get a special solution of (4-15)
L)Q®|L) = V2L, +1(L2KO0|LK) -8 (4-20)

Inserting this into (4-16), one sees immediately that Eq. (4-16) is reduced to
the well-known orthogonality relation of Clebsch-Gordan coefficient:

; (jljzmlmgljm) (j1j27n1/mz”jm) =0 (m1, m1") -0 (1, my’). (4-21)

- To examine Eq. (4-17), we note the following identity™®

V(2e+1) (2b+1) (2c+1)
eb '\/m

X (df —00|bB) W (abed; ef ) = (— )™ (afagpler)

(=) (baPalee) (ece —7|d~0)

which leads to

V@U+1) (217 +1)
o V2IL+1

(=)W= @2K2|I"K") I"2K" =" |l.Ky)

. h”
w 12K IR W (132023 172) =L \/g) (220271227) . (4-22)

It is then clear that (4-20)

# This identity can be derived from (4-18) together with (4-21).
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GIOPIL) =21, +1 (L2K0|LK) - B

satisfies (4-17) if we put cos 3y=1. Since the simultaneous solution of (4:15) ~
(4-17) should be unique, it is concluded that the above reduced matrix element
is the unique solution for the special case of cos3y=1: ie. c;= (1/4/5)F* and
= — (+V/2/35) B

Finally, the transformation bracket {Im;a|q, a) will be determined through
Eq. (4-13). For this purpose, we note the following identity:

DR (DD @ =3 ((ZZZZ * 11)> @'2m— pullm) (U2KOIK) DY\ (@), (4-23)
which can be derived from the Clebsch-Gordan formula (3:15) as a special case.

By comparing (4-23) to (4-13), the transformation bracket is now determined
as

m; alg ay=,/ zé;;lbs,:}: @. (4-24)

It is noted that K appears naturally as an additional quantum number to
label the states within our representation specified by (8% cos3y=1). In the
next section, it will be shown that this K is the z-component of angular momen-
tum in the rotating (body fixed) axis.

4B. The general solution asymmetric top

In the preceding subsection, we obtain the additional quantum number K
labeling the states within the given representation. Further, K is found to be
diagonal for this special representation. In order to obtain the general solution
of (4-13), (4-15), (4:-16) and (4-17), it is necessary to write explicitly the
quantum number K in these equations and, if needed, perform summation over
K in intermediate states. That is, (4-10) may be written as

lq, a>=z; {ImK; alq, ay-|ImK; o), 4-10)

where the quantum number & denotes a set of the eigenvalues of the Casimir
operators C, and C;: a= (c;, cs) or equivalently a= (&% $*cos3y).

The set of equations—Eqs. (4-15) ~ (4-17) —to determine the reduced matrix
element of OQ® can now be written as

;,J 2k +1(LK)QPK) (UK’ |QPLK) W (LL22; k) =0 (4-15")
k=1 and 3,
¥ s —1> GRIQII K'Y ¢ K/NQPILK 8 (b 1) -8 (myy ms)  (4-167)

and
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_ /Zﬁacos3r= s P waane; i72)
35 vk (20,+1)
X (LEIQ®I"K”) (" K" |QPIK”)
X ('K NQPNLKD) -0 (b, by) -0 (ms, ma) . (4-17)
In analogy to the case of the symmetric top, we found the non-vanishing

reduced matrix elements of Q® for a given values of ;= (1/v5)5 and
cs= — (v/2/35) 8 cos 37 as

WRIQ®IK) =@ cos pVIIFL(2KOIVK), (4:252)
WK+ 21Q®)K) =@-Sjg—7¢21+ 1(2K2|/K +2), (4.25b)
@K —2]Q®|IK) = B_S‘i/i—f?ﬂ«/zn (2K —2/'K~2). (4-25¢)

The above result can be checked directly by using the identities (4-19), (4-21)
and (4-22). It is noted that a factor 0 (K, K;) appears on the right-hand side
of both Egs. (4-16) . and (4-17). In other words, the Casimir operators C, and
C; are found to be diagonal in K:

Im' K5 a|CollmK; ay=c0 1, 1) -0 (m, m") -0 (K, K’)
and
<l’m'K’; a|CylimK; a)=c0 (L, ") -0 (m, m”) -0 (K, K’),

which ensure our previous statement that the quantum number K can be used
to label the states within a given representation.
The recurrence formula to determine the transformation bracket reads as

0, ImK; alg, ay =3 ¢ 2:7/1 2-1_% m) KIQOW K (U'm— K alg, @,
(4-13")

where ¢, is given by (4-7);

a,=q®D3 (D) + %{D,&? (@ +D2,(D)}.

The transformation bracket can now be determined as

} _ 21+1 My YD X 4.-26
AmK; alg, @ ~/16n2{1+5u<,0)}{pm @+ (DY (@D}, (4-26)

by comparing (4-13”) with the following identity:

(2)
[4DR + L ADR + DR D= (~ YD}
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=2 zzlz : 11 (2KO0|IK) [q© (I’2K0|IK) {DG e £ (=) D2, _x}

%)
+ 3—2‘{ (ZIZK_ ZZIZK) (Dg/—)z,x—z + ( - )L’Dﬁgz, -(K—2)>

+ (2K +2—2/IK) (DS2, k42t (=) D2 —xin) } - (4-27)
Thus, we get a general solution of the Lie algebra (2-2abc) purely alge-

braically. In the next section, we shall prove the irreducibility of our represen-
tation by looking at that of the (discrete) little group.

§ 5. Several discussions

This section is divided into three parts; in the first part, the quantum
number K is shown to be the z-component of angular momentum in the rotating
(body-fixed) reference axis. The irreducibility of our representation is proved
in § 5B and an intuitive geometrical interpretation of our formalism is given in
§5C.
5A. The quantum number K

In order to examine the physical meaning of K, let us introduce operator I,

whose spherical components are defined by

L=2Dx'@®-L,, (4 #=0,£1) (6-1)

where L, are the spherical components of angular momentum operator. It can

easily be proved that
(L, L,]=0 for all 2 and u

and

[Ix, Ihl:] - \/?(1111"11'{"1,)1%4_%/ s (5'2)
which, written in vector notation, reads
IxI=—il.

From the above results, I, can be interpreted naturally as the (spherical) com-

ponent of angular momentum in (rotating) body fixed axis.*®

The action of I, on the state [[mK;a) may be determined by operating I,
on both-sides of Eq. (4-10):

L|q, a>=szKI’".<lmK; alq, ay-|lmK; o)
= ZZK DY (D) -{ImK; a|q, ay-L,|ImK; a

=3 DY () ImK; alq, ay- VIT+1) Ulmpu|lm+ p) |Im+ pK; o)

=2 WL+ 1) Im—pK; alq; ayDR(Q) (1m— pu|lm) |imK; o),
(5-3)
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where the Wigner-Eckart Atheorem has been employed in the third equation to-
gether with ' ‘

WILID =+ @I+ DIC+1) -0 1),

Introducing the explicit form of {ImK;alq, a), Eq. (4-26), into the last line
of (6-3) and using the Clebsch-Gordan formula of the following form,

4/\;‘ ({1m— ,z(,czl\l.’m') Dk (D DR (2) = zf.] (IRAVK+2) DG (8),
we get
L|imK; ay=K|lmK; o) (5-4)

for the O-th component of I. From (5-4), it follows that K is the eigenvalue
of the 0-th component of angular momentum in the rotating (body fixed) axis.
We may define the raising and lowering operators, I, and I_, through

Ii = ; \/EIil .

The action of I, on the state limK;a) can be determined also by using (5-3).

It is found that the resulting state is very complicated except for the case of
ImK; alq; ad>rD%(2) in Eq. (4-24):

I.|ImK; a>= v I= K) '(l:FFKerl) ImKF1;a> (5-5)
{only if (ImK;alq;adcrDO(D)}.

5B. Irreducibility of our representation

We have obtained the representation lg, > of the O(3) x T} Lie algebra, in

which every Q,® is diagonal. Expanding it into angular momentum basis, our
final result is represented as

— 2[+1 1y* NI . .
g =3 /167z2{1+a<z<, o7y D@ & (DY@} imK: ). (5-6)

The non-vanishing reduced matrix elements of Q® are determined in (4-25a) ~
(4-25¢). - .

Here, we shall prove the irreducibility of our representation. As already
noted, the group O(3) x Ty has no continuous little group in it. Instead, the
point group D, is contained as the discrete little group. The irreducibility of our
representation will be assured by examining that of the little group—due to
Mackey’s general theorem—in just the same way as in the case of well-known
Wigner’s construction of the irreducible representation of the quantum mechanical
Poincaré group. The irreducible representations of our little'group D, are
usually classified into four representations, A, By, B, and B,, which, in terms of
[ and K, may be summarized as

A-type=even parity and even K;
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B;-type=o0dd parity and even K;
By type=even parity and odd K;
By type=o0dd parity and odd K.

Since Q® connects only the states with 4K=0 and 42, our representation
splits clearly into even and odd K parts. Further, (5-6) has a definite parity;
plus sign in the curly bracket has even parity, minus one odd parity. Thus,
one sees that our representation splits into the four irreducible representations
of the point group D, Since the D, constitutes the (discrete) little group of
the whole group, it follows that (5:6) is the irreducible representation of the
O (3) x Ty group.

It is amusing to note that in the conventional treatment of the asymmetric
top the D, group appears as an unusual symmetry’® of its Hamiltonian, while in
our formalism the D, arises naturally as a little group of the dynamical group.

5C. A geometrical interpretation

Once the physical meaning of K becomes clear, a geometrical interpretation
of our procedure can be made straightforwardly.

For example, in analogy to (5-1), we may define the (mass) quadrupole
moment operator in the rotating body-fixed axis by the following formula:

Q. (body) =21 D" (2) - Q.. 6-7

It can quickly be checked that every component of O® (body) commutes with
each other when [Q,®, Q2] =0.

Now, consider the state—in the body-fixed axis—where all components of
Q™ (body) are diagonal. From the hermiticity of Q®, it is always possible to
choose the body-fixed axis in such a way that the eigenvalues of Q% (body) and
Q% (body) vanish. By comparing (4-7) to (5-7), one sees that in our param-
etrization (4:7) ¢“=Qfcosy and ¢®/v/2= (8/+/2)siny are just the eigenvalues
of Q™ (body) and Q% (body), respectively, in this body-fixed axis.

That is, the state in this body-fixed system may be written as

Q. (body) |q, @resy=ax (body) |, ADray

where
qo(body) =B cosy, gsi(body) =0 and g.,(body)= (8/+/2)sin7.

Expanding it into angular momentum basis in the body-fixed system and rotating
back to the space-fixed one, we would obtain our final result (5-7). The D-
function in (5-7) may be interpreted as arising from this rotation.

The above procedure is found actually to work well to get precisely the
same result in the case of the symmetric top. For the general case of asym-
metric top, however, we would have a different, although equivalent, formula, as
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can be expected from (4-26) and (5-6). Nevertheless, the intuitive geometrical
interpretation will be helpful to compare our approach to the conventional treat-
ment of the symmetric and asymmetric tops.

§6. Concluding remarks

Starting from the discussion on the concept of “rigidity” in quantum mecha-
nics, we have developed a dynamical group approach to the quadratically deformed
rigid rotator. By examining the possible range of all the quantum numbers, one
sees that the irreducible representation of our dynamical group does actually
contain every member of all the possible rotational bands of the rigid rotator
once and only once. Since we have not yet introduce the Hamiltonian of the
system, all the states are degenerated. In a next publication, we shall discuss
how to introduce the Hamiltonian into the framework of our formalism.

The microscopic description of nuclear rotational states has been one of the
most interesting problem in nuclear structure. If we prefer an algebraic approach
to this problem, we must first seek for the set of operators which, operated
repeatedly on the ground state, generate all members of the ground state rotational
band. From the results of the previous sections, it is now clear that the rotation
model of Bohr and Mottelson can be obtained directly if we could construct the
set of operators which satisfies the commutation relations (2-2). The relation
between the SU(3) model of Elliott” and Bohr and Mottelson’s model™ is also
clear from (2-2) and (2-3).
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