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Quantum geometry - the geometry of electron Bloch wavefunctions - is central to

modern condensed matter physics. Due to the quantum nature, quantum geometry

has two parts, the real part quantum metric and the imaginary part Berry curva-

ture. The studies of Berry curvature have led to countless breakthroughs, ranging

from the quantum Hall effect in 2DEGs to the anomalous Hall effect (AHE) in fer-

romagnets. However, in contrast to Berry curvature, the quantum metric has rarely

been explored. Here, we report a new nonlinear Hall effect induced by quantum met-

ric by interfacing even-layered MnBi2Te4 (a PT -symmetric antiferromagnet (AFM))

with black phosphorus. This novel nonlinear Hall effect switches direction upon re-

versing the AFM spins and exhibits distinct scaling that suggests a non-dissipative

nature. Like the AHE brought Berry curvature under the spotlight, our results open

the door to discovering quantum metric responses. Moreover, we demonstrate that

the AFM can harvest wireless electromagnetic energy via the new nonlinear Hall ef-

fect, therefore enabling intriguing applications that bridges nonlinear electronics with

AFM spintronics.

Introduction

Nonlinearities are crucial in many branches of physics, ranging from atomic physics to condensed

matter and complex dynamical systems. Nonlinear electrical transport is the foundation of appli-

cations such as rectification and wave mixing. Classically, the most well-known nonlinear device is

a PN diode (Fig. 1A). Noncentrosymmetric polar materials (Fig. 1B) are similar to PN diodes as

they both possess an electric dipole. They have recently been discovered to show intrinsic nonlin-

ear electrical transport, which not only suggests novel nonlinear applications but also provides a

powerful probe of the quantum geometry of the conduction electrons [1–19]. Broadly, the nonlinear

transport in both diodes (Fig. 1A) and noncentrosymmetric conductors (Fig. 1B) arise from an

inversion asymmetric charge distributions (e.g. an electric dipole). Since the electron has another

fundamental degree of freedom, spin, an interesting question is whether spin can also lead to an

electrical nonlinearity even in a centrosymmetric lattice. One ideal platform is the PT -symmetric

AFMs [20], where only the spins feature a noncentrosymmetric distribution (Fig. 1C).

Important clues can be drawn from previous optical experiments, where optical second-harmonic

generation (SHG) has been observed in the PT -symmetric AFMs including Cr2O3 [21] and CrI3

[22]. Nevertheless, nonlinear transport is distinct because it directly probes the Fermi surface

electrons and in many cases their geometrical properties [1–5]. As such, it enables a probe of the
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quantum geometry [1–5] of the topological bands at the Fermi level of novel conductors.

The quantum geometry has two parts, T = g− i
2
Ω [1, 2] (T is the quantum geometrical tensor).

The imaginary part is the well-known Berry curvature Ωαβ = −2Im
∑

m̸=n[⟨un|i∂kαum⟩⟨um|i∂kβun⟩],

which describes the curvature of wavefunction in Hilbert space (n,m are band indices and

α, β are spatial directions). Berry curvature has been identified as the source of many novel

electronic and optical responses. By contrast, the real part is the quantum metric, gαβ =

Re
∑

m ̸=n[⟨un|i∂kαum⟩⟨um|i∂kβun⟩], which measures the distance between neighboring Bloch wave-

functions in Hilbert space (i.e., the distance when Bloch wavefunctions are mapped onto a Bloch

sphere, see SM. IV.1). Although being equally important, the quantum metric is much less ex-

plored. There have been a few examples related to the quantum metric, including prediction for

the electrical and orbital magnetic susceptibilities [23], observation of a third order Hall effect [16]

and the quantum metric in atomic physics [24]. However, examples have remained limited and

how quantum metric regulates the electronic motion remains largely unknown. Recently, theory

has started to predict a wide range of exotic quantum metric responses [25–38]. One particularly

intriguing platform is the PT -symmetric AFM [25–29], because PT forces the Berry curvature to

vanish identically, hence isolating novel phenomena related to quantum metric.

Here, we focus on the recent proposal of a nondissipative, intrinsic second-order Hall effect

induced by the quantum metric dipole [25, 26, 29]. We design and fabricate a feasible material

platform and demonstrate the first realization. To conceptualize this new nonlinear Hall effect, we

draw comparison with the well-known AHE in ferromagnetic metals [39], where Berry curvature

leads to the anomalous velocity and therefore the AHE, vanomalous ∝
∫
k
E∥ ×Ω, (E∥ is the in-plane

source-drain electric field). By contrast, in a PT -symmetric AFM, Berry curvature is zero due to

PT . However, a nonzero quantum metric g in the two-band limit can induce an anomalous velocity

to the second-order of E∥, vanomalous ∝
∫
k
E∥ × [∇k × (gE∥)], as proposed in [25]. This leads to

the intrinsic second-order Hall effect. From the expression above, one can show that this effect

is nonzero only when the system breaks both P and T . Therefore, we need PT -symmetric AFM

conductors with a large quantum metric on the Fermi surface. We have carefully considered possible

materials, and identified 2D even-layered MnBi2Te4 [18, 40–50] as an ideal platform. Even-layered

MnBi2Te4 is a PT -symmetric AFM. Moreover, its topological bands support gate-tunable transport

and a giant quantum metric. However, its lattice has C3z rotational symmetry (Figs. 1D,E), which

forces the effect to vanish [26]. To break C3z, we interface it with black phosphorus (BP) [51].

Demonstration of rotational symmetry breaking
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We start by showing that interfacing MnBi2Te4 with BP indeed breaks its C3z rotational symme-

try. To this end, we study the directional dependence of the resistance [9, 52] of MnBi2Te4 without

and with BP. We fabricated a 6-septuple-layer (6SL) MnBi2Te4 device with radially distributed

electrical contacts (Device-BM1). As shown by the blue curve in Fig. 1G, the four-probe resistance

(T = 1.8 K) is found to be fully isotropic, consistent with the presence of the C3z symmetry. We

then stacked a BP layer (∼ 10 nm) onto this MnBi2Te4 sample and performed the measurements

again. As shown by the red curve in Fig. 1G, the resistance develops a clear anisotropy with a 180◦

periodicity, providing a clear signature of the breaking of C3z symmetry (In SM. I.3, we present

additional experiments to show that the transport signal is dominated by the MnBi2Te4 layer of

the heterostructure). The transverse resistance and two-probe resistance also show the breaking of

C3z (fig. S6). We further substantiate the breaking of C3z symmetry by an independent method,

the optical second harmonic generation (SHG) at room temperature. As shown in Fig. 1H, our

SHG data also shows the clear breaking of C3z symmetry (see detailed discussions in SM. I.5 and

fig. S7). Our demonstration of C3z breaking establishes the BP/MnBi2Te4 heterostructure as an

ideal platform to search for this effect.

Observation of the nonlinear Hall effect

In order to measure the linear and nonlinear electrical transport, we pass a current at frequency

ω (Iω) and use the lock-in technique to detect linear voltage V ω and nonlinear voltage V 2ω. We

describe the nonlinear voltage as V 2ω
ijk , where i is the direction of the nonlinear voltage V 2ω and j, k

are the directions of the injected current Iω. All measurements are performed at B = 0.

Figure 1I shows the nonlinear Hall voltage V 2ω
yxx of the Device-BM1 before and after interfaced

with BP. Remarkably, a prominent nonlinear Hall signal only emerges after BP is introduced. This

is in sharp contrast to the linear voltage (inset of Fig. 1I), which becomes even slightly smaller

upon the introduction of BP. Such observation agrees well with the theoretical expectation of the

intrinsic nonlinear Hall effect induced by a quantum metric dipole. To exclude that the effect

is caused by a Berry curvature dipole [7, 9, 10, 12], which leads to a second-order Hall effect in

nonmagnetic, noncentrosymmetric conductors, we study the relationship between the second-order

nonlinear Hall effect and the AFM order in MnBi2Te4.

The AFM spin-induced nonlinearity

Overall, we have fabricated 26 BP/MnBi2Te4 heterostructure devices. In all of the 26 devices,

we have observed the nonlinear Hall effect with consistent behaviors as a function of AFM order,
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spatial direction, scattering time, vertical electric field and doping (see fig. S15 and table S1 for a

summary of all 26 devices). Here, we focus on the Device-BMB1 (Fig. 2A), which has 2L BP on

both sides of 6SL MnBi2Te4. Moreover, we have made sure that the crystalline a axes of the BPs

and the MnBi2Te4 are all aligned (Fig. 2A). Such a carefully controlled configuration is important

to preserve MnBi2Te4’s PT symmetry, which enforces the Berry curvature and Berry curvature

dipole to vanish. Figure 2B shows the basic nonlinear transport responses. A large transverse

nonlinear response V 2ω
yxx is found, showing the nonlinear Hall effect in Device-BMB1. We have also

measured the longitudinal nonlinear response V 2ω
xxx, which shows no observable signal. Therefore,

our data reveals an interesting “Hall dominance” in the nonlinear transport.

We now focus on exploring how the nonlinear Hall signal depends on opposite AFM states. In

ferromagnets, the opposite FM states can be controlled by sweeping B field. In PT -symmetric

AFMs including Cr2O3, even-layered CrI3 and even-layered MnBi2Te4 [46, 53, 54], previous works

have shown that the opposite AFM states can be controlled by sweeping vertical Bz field under a

fixed vertical Ez field. Hence, we follow the procedures established by previous works [46]: under

a fixed Ez (Ez = −0.17 V/nm), we sweep Bz from −8 T to 0 T or from +8 T to 0 T to prepare

the two AFM states (Fig. 2, C and D). We first study the AFM-I. The linear voltage V ω
xx (Fig. 2E)

exhibits a typical Ohm’s law behavior. The nonlinear voltage V 2ω
yxx (Fig. 2G) is prominent and its

sign is positive. We then prepare AFM-II. The linear voltage V ω
xx (Fig. 2F) remains unchanged.

In sharp contrast, the nonlinear voltage V 2ω
yxx (Fig. 2H) flips sign. For both AFM-I and II, if we

measure V 2ω
yxx while warming up, we found that the nonlinear Hall effect is only present in the AFM

phase but is absent in the nonmagnetic phase (Fig. 2, I and J). Therefore, we demonstrate that

our nonlinear Hall effect arises from a spin-induced nonlinearity in the Fermi surface electrons.

We now perform further systematic studies. Because the nonlinear Hall current flips sign upon

reversing the AFM order, all the nonlinear Hall data (apart from Fig. 2) are obtained by taking the

difference between the two AFM domains. First, the intrinsic nonlinear Hall effect is expected to

be dissipationless. Interestingly, this represents the first known dissipationless nonlinear transport

effect. Here, “dissipationless” means that the intrinsic nonlinear Hall conductivity is independent

of the scattering time τ [25–27], just like the intrinsic AHE in ferromagnetic metals was referred

as a dissipationless effect [39] when the anomalous Hall conductivity is independent of τ . In both

cases, there is still dissipation through the linear Drude conductivity σxx. So they are different from

the QAHE that has no dissipation channel at all. The nonlinear Hall conductivity can be directly

extracted from our data by σ2ω
yxx = J2ω

yxx/E
ω
x
2 =

V 2ω
yxx

Iωx
2R3

xx

l3

w2d
, where l, w, d are the length, width

and thickness of the sample. Previous experiments have studied the scattering time τ dependence
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of various Hall effects [9, 12, 17, 39] by investigating the scaling between the corresponding Hall

conductivity and the Drude conductivity. Therefore, following the established method, we study

the scaling between σ2ω
yxx and σxx. Our data (Fig. 3A) show that σ2ω

yxx is independent of σxx,

consistent with being non-dissipative. Second, the intrinsic nonlinear Hall effect does not require

a noncentrosymmetric lattice or any explicit breaking of PT symmetry. To test this, we explicitly

break PT by applying a vertical Ez field via dual gating. As shown in Fig. 3D, the nonlinear Hall

signal is already prominent even at Ez = 0, confirming that it does not require any PT breaking.

Moreover, the nonlinear Hall signal is symmetric for ±Ez, also consistent with the expectation

(see SM. IV.2). Third, the nonlinear Hall effect is expected to be sensitive to the direction of the

incident current Iω. In Fig. 3B, we measure the nonlinear Hall conductivity as a function of the

direction of Iω. Indeed, we found that the signal is most prominent when Iω is along a particular

in-plane direction. In this way, we managed to experimentally map out the direction of the relevant

geometrical dipole (in our case it is the quantum metric dipole as we demonstrate next).

Demonstrating the quantum metric mechanism by excluding competing mechanisms

Although we tried to eliminate Berry curvature dipole by aligning the crystalline a axes between

BPs and MnBi2Te4 to preserve PT symmetry (Fig. 2A). Let us assume that the alignment is im-

perfect, so Berry curvature dipole is allowed. We now show that the observed relationship between

the nonlinear Hall signal and AFM order can discern Berry curvature dipole DBerry and quantum

metric dipole DMetric [26]. DBerry can be understood as a distribution of the Berry curvature around

the Fermi surface such that it is larger on one side of the Fermi surface than on the opposite side.

A similar picture holds for DMetric (Fig. 3). As we observe that the nonlinear Hall signal changes

sign upon the reversal of AFM order, the dipole that causes our observed nonlinear Hall signal

must also flip. Let us assume that the AFM-I has DBerry > 0 and DMetric > 0, which is visualized

in a tilted gapped Dirac band structure in Figs. 3E and G. We now flip the AFM order to the

AFM-II by performing time reversal T . Under T , the bands are flipped between ±k (Figs. 3F-H),

the Berry curvature flips sign (Ω(k)
T−→ −Ω(−k)), but the quantum metric keeps the same sign

(g(k)
T−→ g(−k)). Hence, from Figs. 3F-H, one can see that, DBerry(AFM-II) = DBerry(AFM-I), but

DMetric(AFM-II) = −DMetric(AFM-I). Therefore, our observation that the nonlinear Hall signal

flips sign upon reversing the AFM order excludes the Berry curvature dipole mechanism.

Within the nonlinear effects that flip sign upon reversing the AFM order, there is another

possibility, the second-order Drude effect [8, 15, 20, 26]. This effect can be ruled out based on our

scaling data in Fig. 3A, because it is expected to be proportional to τ 2 [26]. Moreover, the nonlinear
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Hall effect (NHE) is antisymmetric (upon exchanging the first two indices) σNHE
αβγ = −σNHE

βαγ but the

second-order Drude effect (SODE) is symmetric σSODE
αβγ = σSODE

βαγ [26]. Using a novel electrical sum-

frequency generation method (SM. II.2), we showed that our signal is indeed antisymmetric, i.e.,

σ2ω
yxx = −σ2ω

xyx, which demonstrates that the SODE is insignificant in our signal (SM II.2). Finally,

we also carefully addressed other competing origins such as thermal and accidental diode junctions

(SM. II.3). By excluding competing mechanisms, we establish the quantum metric dipole as the

underlying interpretation.

Energy-resolved probe of quantum metric in PT -symmetric AFM

We also study the evolution of the nonlinear conductivity σ2ω
yxx with the charge density n. As

shown in Fig. 4A, the nonlinear Hall signal is zero inside the charge neutrality gap. This is consistent

with the expectation that the nonlinear Hall effect is a Fermi surface property. As we tune the

Fermi energy away from the charge neutrality, the nonlinear Hall signal emerges. Importantly, the

conductivity in electron and hole regimes have the same sign. As we go deeper into the electron-

doped regime, the signal reverses sign again.

We now provide an intuitive physical picture to understand the large quantum metric dipole

and its Fermi level dependence. MnBi2Te4 features Dirac surface states, which are gapped due to

the AFM, leading to large quantum metric near the gap edge. Moreover, because the AFM order

breaks both T and P , the Dirac bands are asymmetric about k = 0, as shown in Fig. 3G. Hence, at

a fixed energy, positive and negative momenta have different quantum metric, leading to a nonzero

quantum metric dipole. Intuitively, we can understand the sign of the nonlinear Hall signal by

which momentum side has a larger quantum metric. We see from Fig. 3G that both upper and

lower parts of the Dirac cone have g(+kF) > g(−kF), suggesting that the nonlinear Hall signals

should show the same sign in electron and hole regimes, consistent with our data (Fig. 4A). The

additional sign change in the electron-doped regime is beyond this simple picture.

To achieve a more comprehensive understanding, we built an effective model of the BP/6SL

MnBi2Te4/BP heterostructure. Due to the incommensurability of the BP and MnBi2Te4 lattices,

we need to derive the coupling between the Bloch states of the two materials in the real-space

continuum (i.e. within the extended Brillouin zone BZ). The low-energy bands are located in the BZ

center Γ, so only Bloch bands with the same momentum hybridize. The coupling amplitude depends

only on the characteristic decay length of the atomic orbitals as any discrete lattice structure is

averaged out [51]. The Hamiltonian reads ĥ(kx, ky) =

(
ĥMBT Ût Ûb

Û†
t ĥBP,t 0

Û†
b 0 ĥBP,b

)
where ĥMBT and ĥBP,t(b)

are Hamiltonians for 6SL MnBi2Te4 and top (bottom) BP, respectively. Ût and Ûb denote the
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nearest-neighbors coupling between MnBi2Te4 and BP, which is crucial for breaking the C3z.

We first turn off the coupling between the MnBi2Te4 and BP (Ût = Ûb = 0). The Fermi surface

shown in Fig. 4C (−50 meV) is C3z symmetric and there are already large quantum metric (gxx

and gyx) around it. According to Ref. [26], the DMetric responsible for the nonlinear Hall is given

by DMetric =
∫
k
(vygxx − vxgyx)δ(ε − εF) (v is the Fermi velocity). We plot the integral kernel

(vygxx − vxgyx) as color in Fig. 4D. Positive and negative contributions around the contour exactly

cancel because of C3z symmetry. So the integral goes to zero (the left panel in Fig. 4D). We

then turn on the MnBi2Te4-BP couplings, which breaks C3z. For the C3z-breaking contour, we

observe unequal contributions from the two colors, leading to a nonzero DMetric (the right panel in

Fig. 4D). Figure 4E shows the band structure of the BP/6SL MnBi2Te4/BP heterostructure, based

on which we can compute the intrinsic nonlinear Hall conductivity σ2ω
yxx as a function of chemical

potential. In particular, near the charge neutrality gap, we found that σ2ω
yxx indeed mainly comes

from the quantum metric of the Dirac surface states, consistent with the intuitive picture above.

The sign inversion in the electron-doped regime mainly comes from the quantum metric of the

avoided crossing inside conduction bands. Note that due to the multiband nature of our model, the

σ2ω
yxx was calculated by the general expression σ2ω

yxx = −2e3
∑εn ̸=εm

n,m Re
∫
k

(vny ⟨un|i∂kxum⟩⟨um|i∂kxun⟩
εn−εm

−
vnx ⟨un|i∂kyum⟩⟨um|i∂kxun⟩

εn−εm

)
δ(εn−εF) [26]. This general expression can be decomposed into the quantum

metric dipole DMetric contribution plus additional inter-band contributions (AIC),

σ2ω
yxx = −2e3

∑
n

∫
k

vny g
n
xx − vnxg

n
yx

εn − εn̄
δ(εn − εF) + AIC, (1)

where the first term is the quantum metric dipole contribution, and the second term is AIC =

−2e3
∑εm ̸=εn,εn̄

n,m Re
∫
k

(vny ⟨un|i∂kxum⟩⟨um|i∂kxun⟩
εn−εm

− vnx ⟨un|i∂kyum⟩⟨um|i∂kxun⟩
εn−εm

)
εm−εn̄
εn−εn̄

δ(εn − εF) (n̄ is the band

whose energy is closest to n). In our BP/6SL MnBi2Te4/BP system, we found that the quantum

metric dipole contribution strongly dominates, whereas the AIC is small (see details in SM. IV.3).

By comparing the calculated and measured σ2ω
yxx (Fig. 4, A and B), we found a good agreement.

Therefore, our nonlinear Hall measurement is a powerful, energy-resolved probe of the quantum

metric.

AFM spin-based wireless rectification and outlook

The second-order nonlinear effect enables not only frequency doubling (ω → 2ω) but also rec-

tification (ω → DC). The rectification is crucial for harvesting electromagnetic radiation energy

[12, 15] because we can convert the electromagnetic radiation into DC electricity. We use the

intrinsic AFM nonlinear Hall effect to demonstrate wireless rectification with zero external bias
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(battery-free) and without magnetic field. We inject microwave radiation and measure the DC

signal. As shown in Fig. 4F, we observe clear rectification DC voltage in response to the microwave

radiation, which shows a broad band response, including the WiFi frequencies (2.4 and 5 GHz) and

even higher frequencies (see fig. S21).

In summary, we have presented the first experimental realization of the intrinsic second-order

Hall effect. This effect realizes an electrical nonlinearity induced by the AFM spins and provides

a rare example of a quantum metric response. Both aspects are of fundamental interest. Just like

the AHE about a decade ago inspired the discoveries of a variety of Berry curvature responses,

we hope that our work opens the door to experimentally search for quantum metric responses.

As highlighted by recent theoretical studies, the influence of the quantum metric is expected to

span many different areas, ranging from nonlinear responses in PT -symmetric AFMs to flat band

conductivity, superconductivity and charge orders in moiré systems, the fractional Chern insulator,

and k-space dual of gravity [25–38]. Another interesting future direction is to explore the nonlinear

responses in canted AFM materials, where nonzero Berry curvature of higher order in magnetization

have recently been observed ([47, 50, 55]). In terms of materials, the vdW interface engineering has

been widely applied to engineer band structure, such as the band alignment in semiconductors. We

show that, beyond “band structure engineering”, the vdW interfaces can be used to engineer the

properties of the wavefunction i.e., “quantum geometry engineering” [51]. We demonstrate that,

the topological Dirac surface state on the interface of a TI can be the source of a wide range of

novel topological and geometrical phenomena beyond the Berry curvature upon proper engineering.

In terms of spin-induced electrical nonlinearity, our observation enables the possibility to use AFM

spins to harvest electromagnetic energy and to realize self-powered AFM spintronic devices.
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FIG. 4: The quantum metric dipole as the microscopic geometrical origin. (A) Experimentally

measured nonlinear Hall conductivity σ2ω
yxx as a function of carrier density n. (B) Theoretically calculated

σ2ω
yxx as a function of n based on the BP/6SL MnBi2Te4/BP band structure (see text). (C to E) The

electronic structure of the BP/6SL MnBi2Te4/BP heterostructure calculated with an effective model (see

text). (C) Fermi surface at −50 meV (the lower part of the surface Dirac cone). The coupling between

MnBi2Te4 and BP is turned off, so that contour respects C3z symmetry. The quantum metric gxx and gyx

plotted around the Fermi surface. (D) The nonlinear Hall conductivity σ2ω
yxx is given by the integral of

(vygxx − vxgyx) (the difference between the two quantum metric dipoles) around the Fermi surface. With

C3z symmetry, the integral goes to zero. After turning on the coupling between MnBi2Te4 and BP, C3z

is broken, making the integral of (vygxx − vxgyx) around the Fermi surface nonzero. (E) Band structure

of BP/6SL MnBi2Te4/BP heterostructure. Color represents the quantum metric gxx of the bands. (F)

Measured microwave rectification based on the intrinsic nonlinear Hall effect. Inset is the DC signal V DC as

a function of microwave frequency. (G) Schematic illustration of microwave rectification. (H) Schematic

illustration of quantum metric induced nonlinear responses.19
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Materials and Methods

Bulk crystal growth

Our MnBi2Te4 bulk crystals were grown by two methods: the Bi2Te3 flux method [56] and

solid-state reaction method with extra Mn and I2. In the Bi2Te3 flux method, elemental Mn, Bi

and Te were mixed at a molar ratio of 15 : 170 : 270, loaded in a crucible, and sealed in a quartz

tube under one-third atmospheric pressure of Ar. The ampule was first heated to 900◦C for 5 hours.

It was then moved to another furnace where it slowly cooled from 597◦C to 587◦C and stayed at

587◦C for one day. Finally, MnBi2Te4 were obtained by centrifuging the ampule to separate the

crystals from Bi2Te3 flux. In the solid-state reaction method, elemental form of Mn, Bi, Te and

I2 were first mixed at a stoichiometric ratio of 1.5 : 2 : 4 : 0.5 and sealed in a quartz ampoule

under vacuum. The sample was heated to 900◦C in 24 hours in a box furnace and stayed at the

temperature for over 5 hours to ensure a good mixture. The ampoule was then air quenched and

moved to another furnace preheated at 597◦C, where it slowly cooled to 587◦C in 72 hours and

stayed at the final temperature for two weeks. The high purity bulk BP crystals were bought from

Smart-elements GmbH company.

Sample fabrication

To address the sensitive chemical nature of 2D MnBi2Te4 flakes, all fabrication processes

were completed in an argon environment without exposure to air, chemicals, or heat. Specifically,

the argon-filled glovebox maintained O2 and H2O level below 0.01 ppm and a dew point below

−96◦C. The glovebox was attached to an e-beam evaporator, allowing us to make metal deposition

without exposure to air. For the BP/MnBi2Te4 devices, MnBi2Te4 was mechanically exfoliated

onto a 300-nm SiO2/Si wafer using Scotch-tape. Once identifying a proper thin MnBi2Te4 flake

[46], a tip was used to scratch the flake to a rectangular/circular shape. After that a stencil mask

technique [46] was used to make Cr/Au contacts on top of MnBi2Te4 without exposure to air or

chemical. BP flakes were then exfoliated onto a polydimethylsiloxane (PDMS) film, and a BP

flake with proper shape and thickness was then identified and transferred onto the MnBi2Te4 flake.

Next, a 20-50 nm BN flake was transferred onto the BP/MnBi2Te4 heterostructure as the top gate

dielectric layer. A metal gate was evaporated onto the BP/MnBi2Te4 heterostructure. For the

BP/MnBi2Te4/BP devices, both the bottom layer BP and MnBi2Te4 were mechanically exfoliated
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onto 300-nm SiO2/Si wafers. After a proper BP and MnBi2Te4 flakes were identified, the MnBi2Te4

flake was transferred onto the BP flake using the cryogenic pickup method developed in Ref. [57],

where a thin piece of PDMS was cooled to −110◦C by liquid nitrogen to achieve the pickup. The

rest of the procedures were the same as the BP/MnBi2Te4 heterostructure, which included making

the contacts by shadow masks, transferring the top BP flake, and making the top gate.

BP and MnBi2Te4 flakes with long, straight edges were deliberately chosen (those straight edges

are likely to be along the crystalline direction). When making the stack, the flakes were aligned

along their straight edges. After the transport measurements were done, the samples were taken

out for both Raman and SHG measurements to check the crystalline direction. The advantage of

this approach is that the flakes were kept inside the glovebox throughout the fabrication process.

The disadvantage is that the straight edges may turn out to be not along the crystalline direction.

As a result, a few devices were made at once to make sure at least one was aligned.

Nonlinear electrical transport measurements

Electrical transport measurements were carried out in a PPMS (Quantum Design DynaCool).

The base temperature is 1.65 K and maximum magnetic field is 9 T. The magnetic field was applied

along the out-of-plane direction. The gate voltages were applied by Keithley 2400 source meters.

Longitudinal and Hall voltages were measured simultaneously. Both first- and second-harmonic

signals were collected by standard Lock-in techniques (Stanford Research Systems Model SR830)

with excitation frequencies between 1-600 Hz. We have also performed the electrical sum frequency

generation measurements, which will be discussed below in Supplementary Materials (SM) II.2.

Optical second harmonic generation and polarized Raman measurements

All SHG experiments were performed using a near-infrared femtosecond laser at room tem-

peratures. The light source is an amplified Yb:KGW laser (Pharos, LightConversion) emitting

168 fs pulses at 1.2 eV with a pulse energy of 100 µJ and a default repetition rate of 100 kHz.

All measurements were performed at normal incidence. The polarization of the incident laser was

controlled using an achromatic half-wave plate, while a Glan-Laser (GL) polarizer prism was used

as an analyzer to select the polarization of the outgoing SHG signal. Both half-wave plate and GL

prism were mounted on motorized rotation stages. The SHG data and corresponding symmetry
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analysis will be presented in SM I.5.

The polarized Raman was performed on a Horiba LabRam HR Evolution Raman spectrometer

using a 532-nm laser in a backscattering configuration at room temperature. The polarization

of the incident laser beam was controlled using a rotating achromatic half-wave plate and the

scattering data with all the polarized directions were received and detected by the spectrometer.

An approximately 1-µm laser beam was focused on the sample by a 100× objective. A 1800 l/mm

grating and 2 s exposure time were chosen to characterize the crystalline orientation of BP. The

samples were protected by BN during the measurements of polarized Raman.

Wireless radio frequency (RF) rectification measurements

We set up a simple experiment to harvest wireless RF signals and recorded the generated DC

signals. The RF signal generator was Hittite HMC-T2220 with a frequency range of 10 MHz to 20

GHz. The samples were connected to a low temperature probe. The RF signals went into the low

temperature probe through a coaxial cable and the other end of the coaxial cable was connected to

an antenna. The antenna was made by a 50-mm long conducting wire with a ∼0.2-mm diameter.

The end of the antenna was parallel to the sample and the spacing was ∼10 mm. The electrical field

direction and power of the RF signals shone on the sample were not well defined. BP/MnBi2Te4

samples were made on a highly doped silicon wafer covered by a 300-nm SiO2. The DC voltage

signals were first passed through a voltage amplifier SR560 and then recorded by an Agilent 34401A

Digital Multimeter.

First-principles calculations

First-principles calculations were performed using the projector augmented wave (PAW)

method as implemented in the VASP suite of codes [58]. The exchange-correlation part of the

potential was treated within the generalized gradient approximation (GGA) scheme developed by

Perdew-Burke-Ernzerhof (PBE). A 9× 5× 1 Monkhorst-Pack k-grid was adapted for the Brillouin

zone integration. The kinetic energy cutoff for the plane wave basis was set to 270 eV. The

heterostructure was created by placing 2L-MBT in between monolayer BP on top and bottom,

with the armchair direction of the MBT aligned along the zigzag direction of the BP. Atomic

positions were relaxed until the force on each atom became less than 0.001 eV/Å. In order to treat
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the localized Mn 3d orbitals, we used an onsite U = 5.0 eV [40].

Theoretical modeling

We use a 40-band continuum k · p model to describe the low-energy electronic properties of

the BP/MnBi2Te4/BP heterostructure. It is defined around the Γ point in the Brillouin zone (BZ)

and contains terms of up O(k3): Ĥ(k) =

(
ĥMBT(k) Ût(k) Ûb(k)

Û†
t (k) ĥBP,t(k) 0

Û†
b (k) 0 ĥBP,b(k)

)
where k = (kx, ky) is an in-plane

momentum. ĥMBT(k), ĥBP,t(k) and ĥBP,b(k) are the Hamiltonians of MnBi2Te4, top BP and bottom

BP, respectively. ĥMBT(k), ĥBP,t(k) and ĥBP,b(k) share similar work function, which is consistent

with the DFT calculation of the BP/MnBi2Te4/BP heterostructure (Fig. S23). The 24×24 matrix

ĥMBT(k) describes the low-energy band structure of 6 septuple-layer (SL) MnBi2Te4, where each

SL i is modeled by a four-band Hamiltonian [60]: ĥMBT,ii(k) ≡ ĥSL,i(k) = ĥN(k) − γaf ĥAFM,i(k).

The low-energy basis is formed by the states
{∣∣p+z,Bi, ↑

〉
,
∣∣p−z,Te, ↓〉 , ∣∣p−z,Te, ↑〉 , ∣∣p+z,Bi, ↓

〉}
, which are

the symmetric (+) superposition of Bi pz orbitals on the two Bi layers and the antisymmetric (−)

superposition of Te pz orbitals on the top and bottom layers in the SL. The part ĥN accounts for

the normal state, where we include a cubic O(k3) warping term to obtain the correct threefold

symmetric Fermi surface shape. The parameter γaf controls the strength of the magnetic contri-

bution ĥAFM in the presence of A-type AFM magnetic order. Nearest neighbor SLs are coupled

via a hopping term ĥMBT,i,i±1(k) = T̂0(k) that is derived from the kz dispersion of bulk MnBi2Te4.

To account for lattice strain (with strength γs) induced by the encapsulation with BP, we add

symmetry allowed terms γs

[
ĥN,s(k)− γaf ĥAFM,s(k)

]
and γsT̂s(k). The two 8× 8 blocks ĥBP,t and

ĥBP,b describe the low-energy band structure of top (t) and bottom (b) BP monolayer [61]

ĥBP,t = ĥBP,b =
∑
σ

[
f1(k)

(
ϕ̂†
k,1σϕ̂k,2σ + ϕ̂†

k,3σϕ̂k,4σ

)
+ f2(k)

(
ϕ̂†
k,2σϕ̂k,3σ + ϕ̂†

k,1σϕ̂k,4σ

)
+ h.c

]
, (2)

where f1(kx, ky) = 2t̃1e
i akx
2
√
3 cos

(
bky
2

)
and f2(kx, ky) = t̃2e

−iakx√
3 . Here, ϕ†

kν,σ creates an electron at

one of the four P pz orbitals in the unit cell and t̃1 and t̃2 are set to obtain the experimentally

observed BP band gap of 0.3 eV. The off-diagonal 24× 8 blocks Ût and Ûb describe the electronic

coupling between MnBi2Te4 and BP monolayer on top and bottom surfaces. Due to the mismatch

of lattice geometries, the hybridization of MnBi2Te4 and BP bands leads to a breaking of threefold

rotation and translation symmetry. The coupling between the Bloch states of the two layers thus

needs to be derived in the real-space continuum leading to Ĥ
(b)
int =

∑
µ,ν,σ

∑
k

[
t
(b)
µν (k)ψ

†
kµ,σϕb,kν,σ + h.c.

]
.
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Here, ψ†
kµ,σ creates an electron with momentum k and spin σ in one of the seven orbitals µ in

the MnBi2Te4 unit cell and the MnBi2Te4-BP interface hopping amplitude is given by t
(b)
µν (k) ≡∫

d2y tb (y + sµν ẑ) e
−ik·y. The size of the hopping is controlled by the orbital distance with out-of-

plane component sµν = (τ µ − ρν) · ẑ. The integration over the in-plane distance y is due to the

lattice incommensurability. The real space hopping elements are parameterized using the Slater-

Koster approach as tb(r) = Aσe
−r/aσ cos2 θ + Aπe

−r/aπ sin2 θ, where Aσ, Aπ denote characteristic

energy and aσ, aπ denote characteristic length scales of the hopping integrals for σ and π bonding.

Projection onto the relevant MnBi2Te4 low-energy manifold yields the coupling matrix Ûb. The

coupling block Ût is obtained from inversion symmetry. More details of these theoretical models

are shown in Secs. IV.3-IV.8.

Supplementary Text

I. Basic characterization of BP/MnBi2Te4 heterostructure

I.1. The symmetry of MnBi2Te4, BP/MnBi2Te4 and BP/MnBi2Te4/BP

The even-layered MnBi2Te4 is a fully compensated antiferromagnet at low temperature. Al-

though the lattice of MnBi2Te4 is centrosymmetric, the spin breaks the inversion and time reversal

symmetry. Therefore, even-layered MnBi2Te4 breaks P and T but preserves the PT symmetry

(Fig. S1A). After stacking BP on MnBi2Te4, the inversion symmetry of the lattice is also bro-

ken. Therefore, the BP/MnBi2Te4 breaks P , T and also PT symmetry (Fig. S1B). Sandwiching

MnBi2Te4 between two 2L BP, the lattice of the heterostructure is still centrosymmetric when the

crystallographic a axes of the BP layers and the MnBi2Te4 layer are all aligned. Therefore, the

aligned BP/MnBi2Te4/BP heterostructure breaks P and T but still preserves the PT symmetry

(Fig. S1C).

I.2. Determining the crystalline directions for MnBi2Te4 and BP

The crystalline directions of the MnBi2Te4 flakes were determined by optical SHG measure-

ments at room temperature. At room temperature, the interior of thin MnBi2Te4 flake’s crystal

structure is centrosymmetric (group D3d). Therefore, the SHG signals are only expected to origi-

nate from the surface (surface group C3v). The largest SHG signals are along the mirror plane of

the MnBi2Te4 surface according to the symmetry. Figure S2A and S2B show how our SHG data
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correspond to the crystalline axes of MnBi2Te4. These results are consistent with previous SHG

results on Bi2Se3 (same symmetry as MnBi2Te4 above Neel temperature) [62].

The crystalline directions of the BP were determined by polarized Raman scattering measure-

ments. Figure S2C and S2D show how our Raman data correspond to the crystalline axes of BP.

These results are consistent with previous Raman measurements on BP [62].

I.3. Basic transport characterizations

Figure S3 shows the magneto-transport data of MnBi2Te4 before and after covering BP of

Device-BM19. At charge neutrality, both MnBi2Te4 and BP/MnBi2Te4 heterostructure show that

the Hall resistivity (Rxy) is nearly zero in the AFM phase (−3 T ≲ B ≲ +3 T) and is nearly

quantized in the FM phase (|B| ≳ 6 T). These data suggest that interfacing MnBi2Te4 with BP

does not change the topological phases of even-layered MnBi2Te4: it is a Chern insulator in the FM

phase and an Axion insulator in the AFM phase. The magneto-transport data is consistent with

the DFT calculated band structure of BP/MnBi2Te4/BP (Fig. S23), in which the lowest conducting

band and highest valance band are both derived from MnBi2Te4 band.

Figure S4 shows the gate-dependent four-point resistance of bare BP and 6SL MnBi2Te4. BP

was found to be significantly more resistive than 6SL MnBi2Te4. The resistance of BP is two orders

of magnitude lager than that of MnBi2Te4 for all of the gate voltages. The resistivity data can be

explained by the electronic structures. MnBi2Te4 is a Dirac material while BP is a semiconductor

(band gap ∼ 0.3 eV for thick flake and ∼ 0.7 eV for bilayer [63]). Therefore, it is reasonable to

assume that the current flowing in BP layer is small.

To further confirm that, we designed and fabricated another kind of device. As shown by the

schematic in Fig. S5B, we injected current through the drain electrode, then collected the current

from two source electrodes (SMBT and SBP). Figures S5C-F show the currents collected from SMBT

and SBP and their ratio as a function of VBG and VTG. These data show that the current flowing

through BP layer is small. Therefore, in the BP/MnBi2Te4 heterostructure, the current mainly

flows in MnBi2Te4 layer.
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I.4. Angular-resolved transport

Here we use transport method to determine the resistivity anisotropy of the sample. Assuming

the resistivity of the sample is ρa and ρb along a and b axis (a, b are in the in-plane crystallographic

axes of the lattice, a⊥b). The measurements were performed in Cartesian basis and the angle

between x and a is θ. The resistivity in longitudinal (ρxx) and transverse (ρyx) direction are

expressed as[64]:

ρxx = ρacos
2(θ) + ρbsin

2(θ) =
1

2
(ρa + ρb) +

1

2
(ρa − ρb)cos(2θ) (3)

ρyx = (ρa − ρb)cos(θ)sin(θ) =
1

2
(ρa − ρb)sin(2θ) (4)

Bare MnBi2Te4 has C3z rotational symmetry. Therefore, ρa = ρb, and then ρxx = ρa, ρyx = 0.

Hence there is no anisotropy for bare MnBi2Te4, consistent with our results showing both Rxx and

Ryx are independent of the measurement directions and the Ryx is always around zero (Fig. S6).

After interfacing MnBi2Te4 with BP, the C3z of the sample is broken. so, ρa ̸= ρb. According to

the Eqs. 3 and 4, both Rxx and Ryx depend on measurement direction and have a 180◦ periodicity,

which is consistent with our measurement (Fig. S6). Moreover, for the angular-dependent of Rxx

and Ryx, Rxx has maximum/minimum value when the Ryx crosses zero. This further confirms that

MnBi2Te4 has anisotropy after interfacing with BP, i.e. ρa ̸= ρb.

To further exclude the effects of nonlocal transport, we also performed two-probe measurement

(Fig. S6C). The two-probe resistance showed the same angular dependence as four-probe measure-

ments, and the overall resistance value is larger due to the additional contact resistance. Hence,

two-probe measurements again confirm that interfacing MnBi2Te4 with BP breaks the C3z rota-

tional symmetry.

I.5. Optical second-harmonic generation

Optical SHG is an effective way for probing sample’s symmetry because it is sensitive to

crystal symmetry [65]. Here, we use optical SHG to demonstrate that interfacing MnBi2Te4 with

BP can break the C3z rotational symmetry of MnBi2Te4. The optical SHG measurements were

performed at room temperature. At room temperature, the interior of MnBi2Te4 is centrosymmetric

which prohibits any SHG signal generation. However, the surfaces of MnBi2Te4 break the inversion

symmetry and have the C3z rotational symmetry. Therefore, for the normal incidence measurement,

the SHG signals of MnBi2Te4 are mainly from the top surface. For BP, because both its interior
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and surfaces have the two-fold rotational symmetry, BP does not generate any SHG signal, which

is confirmed by our measurements (Fig. 1H). Therefore, for the BP/MnBi2Te4 heterostructure,

the SHG signals come from the surface of MnBi2Te4. Hence, optical SHG is an effective way for

probing the surface symmetry of MnBi2Te4.

Figure S7B shows the SHG signals of a BP/MnBi2Te4 heterostructure. The SHG pattern is

asymmetric which demonstrates that the C3z symmetry of MnBi2Te4 is broken. To double check

the C3z symmetry breaking was induced by BP, we removed the BP layer of the heterostructure

using the Scotch tape (Fig. S7C). We probed SHG from the same area of the MnBi2Te4. As shown in

Fig. S7D, after removing the BP, the SHG signals of MnBi2Te4 recovers the symmetric pattern. We

repeated these measurements on three devices, all of them showed consistent results. Therefore,

the optical SHG measurements demonstrate that the C3z symmetry is broken after interfacing

MnBi2Te4 with BP.

II. Addressing alternative mechanisms for the nonlinear Hall signals

II.1. Berry curvature dipole

The most important competing mechanism is the Berry curvature dipole induced nonlinear

Hall effect [7]. The key here is the PT symmetry: PT prohibits Berry curvature dipole but allows

quantum metric dipole. Because we have thoroughly considered this in the main text, we will

summarize the crucial points.

The aligned BP/MnBi2Te4/BP device is expected to respect PT symmetry. PT enforces Berry

curvature and Berry curvature dipole to vanish. Admittedly, it is difficult to achieve a perfect PT

symmetry. Therefore, we assume PT to be weakly broken so that both Berry curvature dipole and

quantum metric dipole are allowed. We show how our data shows that the Berry curvature dipole

contribution is insignificant.

• AFM order: The two AFM states (related by time-reversal T ) are expected to have the

same Berry curvature dipole (see Fig. 3, E and F), and therefore the same Berry curvature

dipole induced nonlinear Hall signal. By contrast, our observed nonlinear Hall signal flips

sign upon reversing the AFM order (see Fig. 3, G and H).

• Vertical Ez field: The Berry curvature dipole is expected to be antisymmetric around

Ez = 0, i.e., DBerry(+Ez) = −DBerry(−Ez). By contrast, our observed nonlinear Hall signal

is symmetric about Ez = 0, as shown in Fig. S8.
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We can also experimentally determine the direction of the Berry curvature dipole. Intuitively,

the direction of the Berry curvature dipoleDBerry is determined by the sign of Berry curvature.

In MnBi2Te4, we can measure the sign of Berry curvature by measuring the linear Hall signals

σxy [46]. We simultaneously measured σxy and V 2ω
yxx as a function of Ez field (Fig. S9). The

σxy is antisymmetric as a function of Ez which indicates that DBerry is also antisymmetric as a

function of Ez. However, the V
2ω
yxx is symmetric as a function of Ez. Therefore, the nonlinear

Hall signals observed here are not induced by Berry curvature dipole.

• Mirror symmetry: In Device-BMB1, by aligning the a axis of the top BP, MnBi2Te4 and

bottom BP layers, we also preserve the mirror planeMy. In the AFM state, My is broken but

MyT is a good symmetry. For Berry curvature dipole, one expects σyxx ≡ 0 and σxyy ̸= 0.

For quantum metric dipole, one expects σyxx ̸= 0 and σxyy ≡ 0. Our data (Fig. S10) is

consistent with the latter.

• Scaling property: For Berry curvature dipole, the nonlinear Hall conductivity is expected

to be proportional to the scattering time, σ2ω
yxx ∝ τ . For quantum metric dipole, we have,

σ2ω
yxx ∝ τ 0. Our data (Fig. 3A and Fig. S19) is consistent with the latter.

II.2. Second-order Drude conductivity

Another important mechanism is the second-order Drude effect [26]. From the symmetry point

of view, the second-order Drude effect and the quantum metric dipole induced nonlinear signals

are both allowed in PT -symmetric AFMs. Therefore, our goal is to investigate which effect is more

dominant in our sample.

II.2.1 Anti-symmetric vs symmetric

For the quantum metric Hall effect, its nonlinear conductivity is expected to be antisymmetric,

σ2ω
yxx = −σ2ω

xyx. For the second-order Drude effect, its nonlinear conductivity is expected to be

symmetric, σ2ω
yxx = σ2ω

xyx. σ
2ω
ijk is defined as V 2ω

i ∝ σ2ω
ijkI

ω
j I

ω
k . σ

2ω
xyx means that we flow currents along

both x and y directions, which is difficult to implement experimentally.

Therefore, here we present our electrical sum frequency generation (SFG) measurements, where

we inject two currents with frequencies ω1 and ω2, and we detect the SFG voltage V ω1+ω2 . By sep-

arating the two currents in frequency domain, it is easier to also control their directions separately.
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Data: Figure S11A shows σ2ω
yxx measurement, which is achieved by passing both currents at

ω1 and ω2 along x direction and measure V ω1+ω2 along y direction. Fig. S11B shows σ2ω
xyx mea-

surement, which is achieved by passing a current at ω1 along y direction while passing another

current at ω2 along x direction and measure V ω1+ω2 along x direction. Indeed, our data show

σ2ω
yxx = −σ2ω

xyx (Fig. S11C), which demonstrates that the quantum metric Hall effect is dominant in

our BP/MnBi2Te4 samples.

Methods: The SFG voltage V ω1+ω2 are detected by the following method: The SFG voltage can

be expressed as V ω1+ω2 ∝ sin(ω1+ω2)t. The standard lock-in detectors (SR830) cannot directly lock

to the ω1+ω2 frequency. Instead, we measured sinω1t sinω2t, which directly relates to sin(ω1+ω2)t

by the angle addition theorem. We chose ω1 = 547 Hz and ω2 = 1.37 Hz, so that ω1 ≫ ω2. To

probe sinω1t sinω2t, the SFG voltage signal was fed through the first lock-in (lock-in A), which

was locked to ω1 and its integral time was set to 2π
w1
< t1 ≪ 2π

w2
. The output was then fed through

the second lock-in (lock-in B), which was locked to ω2 and its integral time was set to t2 >
2π
w2
.

The output of the second lock-in was sinω1t sinω2t. The measurement setups for σ2ω
yxx and σ2ω

xyx are

shown in Fig. S12.

II.2.2 Scaling property

For the second-order Drude effect, its nonlinear conductivity is expected to be quadratic with

respect to the scattering time, σ2ω ∝ τ 2 [7, 26, 66]. For quantum metric dipole, we have σ2ω ∝ τ 0.

Our data (Fig. 3A and Fig. S13) is consistent with the latter.

II.3. Joule heating induced Anomalous Nernst effect

We now consider a Joule heating induced anomalous Nernst effect: (1) Joule heating leads

to a temperature gradient ∆T ∝ I2R; (2) Let us assume that our even-layered MnBi2Te4 is not

fully-compensated, so there is a small M . The combination of the ∆T , and the magnetization M

can lead to an anomalous Nernst current, J = σNernst∆T ∝ σNernst(I2R).

• Mirror symmetry: The Joule heating induced anomalous Nernst effect is insensitive to

crystalline symmetry. By contrast, as described above, our data in Device-BMB1 shows clear

dependence with respect to the mirror plane My. Specifically, we observed σyxx ̸= 0 and

σxyy ≡ 0.
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• Fermi level dependence: For the anomalous Nernst effect, in the presence of a fixed M ,

we expect the electrons and holes to deflect toward opposite directions. By contrast, in our

data, the signals from electrons and holes have the same sign.

• Scaling property: The Joule heating induced anomalous Nernst effect is J = σNernst∆T ∝

σNernst(I2R). Because σNernst ∝ τ 0 and I2R ∝ τ 1, this effect is expected to be proportional

to τ . By contrast, our data is independent of τ .

• Full compensated AFM: The magnetization is necessary to generate anomalous Nernst

effect. However, the BP/MnBi2Te4 heterostructure is a fully compensate AFM system. The

linear magnetotransport data of the BP/MnBi2Te4 (Fig. S3) shows a zero Hall resistance at

B = 0 which confirms that there is no global magnetization without external magnetic field.

II.4. Other extrinsic effects

Finally, we consider various extrinsic effects such as accidental contact junctions, flake shape,

etc.

• Contact junction: An accidental contact junction can lead to a nonlinear effect. (1) The

nonlinear signals induced by contact junction should not relate to AFM states. (2) The

nonlinear signals induced by contact junction should not be sensitive to Neel temperature.

(3) The nonlinear signals induced by contact junction should not show Hall dominance. (4)

The nonlinear signals induced by contact junction should not relate to the mirror symmetry

of BP/MnBi2Te4/BP heterostructure.

The nonlinear signals induced by contact junction can be excluded by the following obser-

vations: (1) The nonlinear signals have opposite sign for the different AFM states (Fig. 2,

G and H). (2) The nonlinear signals decrease to zero when the temperature is higher than

Neel temperature (Fig. 2, I and J). (3) The nonlinear signals show clear Hall dominance

(Fig. 2B). (4) The nonlinear signals are significantly enhanced after covering BP on the same

MnBi2Te4 sample (Fig. 1I). (5) For a careful aligned BP/MnBi2Te4/BP device, the nonlinear

Hall signals can only be observed when the current applied in mirror plane Ma (Fig. S10).

• Flake shape: The asymmetric global shape of the sample can lead directional movement of

the carriers by colliding against the asymmetric sample boundaries, which can also induce
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nonlinear signals. The nonlinear signals induced by flake shape should highly depend on flake

shape and should not depend on AFM states, temperature and carrier density.

The flake shape induced nonlinear signals can be excluded by following observations: (1)

Most MnBi2Te4 in the Hall bar devices are shaped into rectangular-like shape (Fig. S10A).

As shown in Fig. S10, the asymmetry of the MnBi2Te4 is similar in x and y directions, but

the nonlinear Hall signal can only be observed when current is in the mirror plane Ma. (2)

The nonlinear signals are highly dependent on AFM states, temperature and carrier density.

Therefore, our systematic data as a function of temperature, AFM states, crystalline direction,

doping, etc. allow us to show that these extrinsic effects are not important.

II.5. Addressing the nonlinear Hall signals induced by skew scattering

By now, it has been firmly established that the linear AHE consists of the intrinsic AHE

due to Berry curvature and the extrinsic AHE from defect scattering [39]. The defect scattering

induced linear anomalous Hall effect has further been categorized into two kinds, skew scattering

and side jump. Prior studies have made an important conclusion that scaling law can be used to

differentiate the skew scattering induced AHE from intrinsic AHE. Skew scattering induced AHE

is proportional to longitudinal conductivity σ2
xx [67], while the Berry curvature induced AHE only

depends on Berry curvature. Because the side jump induced AHE has the same scaling properties

as Berry curvature induced AHE, there is currently no effective way to differentiate the side jump

from Berry curvature contribution. The working principle adopted by the community so far is

to combine the Berry curvature and side jump contributions and consider them as the intrinsic

Berry phase contribution [39]. Therefore, we only talk about the skew scattering induced AHE here.

Recent theory has extended the studies from linear AHE to the nonlinear AHE. Specifically, for

the intrinsic nonlinear Hall effect studied here, the scaling is predicted to be the same as the linear

AHE [26]: The intrinsic component induced by quantum metric scales as τ 0, while the extrinsic

component induced by skew scattering scales as τ 2. Therefore, we use scaling laws to exclude the

skew scattering induced nonlinear Hall current.

• Temperature dependence: As shown in Fig. 3A, the σ2ω
yxx does not depend on σxx in the

low temperature range (<15 K). In addition, Fig. S13 shows more details about temperature

dependence of σ2
xx and σ2ω

yxx. It is notable that σ2
xx and σ2ω

yxx show different temperature

34



dependence. σ2
xx decreases with temperature increasing when temperature is lower than 21

K. However, σ2ω
yxx does not depend on temperature when temperature is lower than 15 K but

quickly decrease to zero when temperature is higher than 15 K. To be more clear, we plot σ2ω
yxx

versus σ2
xx (Fig. S13C) which clear show that σ2ω

yxx does not depend on σ2
xx when temperature

is lower than 15 K.

• Carrier density n dependence: In BP/MnBi2Te4/BP device, both σ2ω
yxx and σxx depend

on n. Therefore, it is good way to check the scaling properties of σ2ω
yxx with σxx by tuning n.

As shown in Fig. S14, A and B, σ2
xx keeps increasing with n increasing. By contrast, the σ2ω

yxx

first increase with n but eventually decrease to negative values. The contrasting behaviors

between σ2ω
yxx and σ2

xx suggest that skew scattering is not the main contribution to nonlinear

Hall signals. Moreover, the sign reversal of σ2ω
yxx in higher n doped regime can be explained

by quantum metric dipole contribution.

All scaling laws related to temperature and carrier density show that the nonlinear Hall signals

observed here are independent of τ (σxx). The result of the scaling law is consistent with the

prediction of the quantum metric dipole induced intrinsic nonlinear Hall effect. Therefore, we can

conclude that the nonlinear Hall signals observed here are not induced by skew scattering.

III. Additional data

In this section, we present additional experimental data that did not appear in the main text.

These data help us to further confirm the major conclusions.

• Figure S15 shows the summary of the measured 26 MnBi2Te4 heterostructure and 7 MnBi2Te4

devices. The nonlinear Hall signals in BP/MnBi2Te4 heterostructures are highly reproducible.

The nonlinear Hall signals in MnBi2Te4 are induced by nonlinear Drude conductivity which

is two orders smaller than the nonlinear Hall signals induced by quantum metric dipole.

This further confirms that nonlinear Drude conductivity is not the main contribution to the

nonlinear Hall signals. This result is consistent with the data in Fig. 1I.

• Figure S16 shows the nonlinear Hall signals as a function of out of plane magnetic field. The

vertical electric field Ez is -0.17 V/nm. With a finite Ez, we can choose AFM states by

sweeping magnetic field [46]. The nonlinear Hall signals V 2ω
yxx have opposite signals for the

different AFM states.
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• Figure S17 shows the transport data for different AFM states in another device (device-

BMB2). The linear longitudinal signals, Rxx and V ω
xx, are identical for the two AFM states.

However, the nonlinear Hall signals are opposite for two AFM states. The experiment data on

the new device reproduces the main data features, and further confirms our major conclusion.

• Figure S18 shows the additional data related to Fig. 3A. Figures S18, A and B show

the nonlinear Hall voltage V 2ω
yxx and conductivity σ2ω

yxx as a function of temperature. When

temperature is lower than 15 K, σ2ω
yxx is constant and independent of temperature.

• Figure S19 shows the temperature dependence of linear σxx, nonlinear Hall signals V
2ω
yxx and

σ2ω
yxx on another device (Device-BM21). The σxx and σ2ω

yxx show notable different temperature

dependencies. The σ2ω
yxx is constant when temperature is lower than 15 K, which means that

σ2ω
yxx is independent of τ (σxx). The data reproduced in this device further confirms that the

nondissipative nonlinear Hall signals are induced by the intrinsic mechanism, i.e., quantum

metric dipole.

• Figure S20 shows the nonlinear Hall signals in a BP/4SL MnBi2Te4 heterostructure (Device-

BM3). The nonlinear Hall signals as a function of carrier density shows the similar behavior

as the main text.

• Figure S21 shows the microwave rectification in another BP/MnBi2Te4 heterostructure

(Device-BM23). The DC signals as a function of carrier density ne and RF power P are

similar as the nonlinear signals in the main text, which confirms that the DC rectification

effect is also induce by quantum metric dipole. The DC rectification effect can work at very

broad frequency range. The frequency range is limited by the antenna and source generator

rather than the BP/MnBi2Te4 device.

• Figure S23 shows the DFT computed band structure of the BP/MnBi2Te4/BP heterostruc-

ture. The heterostructure considered here is created by a rectangular supercell of 2L-

MnBi2Te4 and a 1x2 supercell of BP. The armchair direction of the MnBi2Te4 is aligned

along the zigzag direction of the BP. The MnBi2Te4 bands are marked in red, and the BP

bands are shown in blue. As evident from the plot, MnBi2Te4 and BP share similar work

functions, and as a result, the low-energy BP bands hybridize with MnBi2Te4 bands around

the Fermi level of MnBi2Te4, forming a straddling gap (type-I) arrangement.
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IV. Theoretical studies

IV. 1. An intuitive picture of quantum metric

Here, we give an intuitive picture to under stand the quantum metric. The Bloch wavefunction

ψk(r) is the product of two terms, ψk(r) = uke
ikr, where eikr describes how the Bloch wave

propagates from one unit cell to the next, and uk captures the physics within a unit cell. The

quantum metric (g) describes the the difference between neighboring uk, |uk+δk − uk|2, which

becomes the distance between two points on a Bloch sphere when we map uk to a specific point on

a Bloch sphere.

Specifically, let us consider a two-band system, which arises from two atomic positions α and β

in the unit cell. Within a unit cell, an electron has probability to occupy both positions. So the

two atomic positions serve as two orthogonal quantum bases |α⟩ and |β⟩, whose linear combination

constructs the |uk⟩, |uk⟩ = Cα(k)|α⟩+Cβ(k)|β⟩. |uk⟩ can be represented by a specific point on the

Bloch sphere (Fig. S22A). The simplest scenario is that the electrons of the conduction band (CB)

only occupy α (CCB
α (k) ≡ 1 and CCB

β (k) ≡ 0, so, |uCB
k ⟩ ≡ |α⟩) and the electrons of the valence

band (VB) only occupy β (CVB
α (k) ≡ 0 and CVB

β (k) ≡ 1, so, |uVB
k ⟩ ≡ |β⟩). Taking the CB as an

example, according to the definition above, its quantum metric is the difference of |uCB
k ⟩ at k and

k + δk. Clearly, because |uCB
k ⟩ ≡ |α⟩ at every k point, the quantum metric is zero. Equivalently,

|uCB
k ⟩ at every k point is mapped onto the north pole of the Bloch sphere. So the distance on the

Bloch sphere between uk and uk+δk is zero (Fig. S22B).

A nontrivial case is realized when CB and VB go through a band inversion. In this case, each

band becomes a k-dependent superposition of α and β, i.e., both Cα(k) and Cβ(k) depend strongly

on k. The change of |u⟩ is dramatic near k = 0 where band inversion occurs but weak at large k.

Equivalently, uk and uk+δk are mapped onto different points on the Bloch sphere. So the distance

on the Bloch sphere between uk and uk+δk (i.e., the quantum metric) is nonzero (Fig. S22C).

Interestingly, if we correspond α and β to Bi and Te, the nontrivial case above can help us to

understand the large quantum metric in the low-energy electronic states of MnBi2Te4.
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IV.2. Symmetry analysis

IV.2.1. Symmetric nonlinear Hall conductivity as a function of Ez

In the main text and SM Sec. II.1 our data showed that nonlinear Hall signals σ2ω
yxx are

symmetric as a function of vertical electric field Ez. Here we explain this behavior by symmetry

analysis. We start from the generic expression of our nonlinear Hall effect:

J2ω
yxx = σ2ω

yxxE
ω
xE

ω
x (S5)

Now, in order to understand the Ez dependence of the nonlinear Hall effect, we can expand σ2ω
yxx

as a function of En
z (n is an integer.)

σ2ω
yxx = A0E

0
z + A1E

1
z + A2E

2
z + A3E

3
z + · · · (S6)

Substituting Eq.(S6) into Eq.(S5), J2ω
yxx can be wrote:

J2ω
yxx = A0E

0
z (E

ω
x )

2 + A1E
1
z (E

ω
x )

2 + A2E
2
z (E

ω
x )

2 + A3E
3
z (E

ω
x )

2 + · · · (S7)

The PT symmetry dictates that all odd-power terms of Ez to vanish and only even-power terms

of the Ez are allowed, i.e.,

J2ω
yxx = A0E

0
z (E

ω
x )

2 + A2E
2
z (E

ω
x )

2 + A4E
4
z (E

ω
x )

2 + A6E
6
z (E

ω
x )

2 + · · · (S8)

σ2ω
yxx = A0E

0
z + A2E

2
z + A4E

4
z + A6E

6
z + · · · (S9)

Equation (S9) clearly shows that the nonlinear Hall conductivity σ2ω
yxx is symmetric as a function

of Ez which is consistent with our observation in Fig. 3D.

IV.2.2. Symmetry comparison of second-order Drude and quantum metric Hall nonlinear conductivities

The second-order Drude conductivity can be express as [26]:

σDrude
αβγ = −e

3τ 2

h3

∑
n

∫
k

(
∂kα∂kβ∂kγεn

)
f(εn) (S10)

One can see that the second-order Drude conductivity requires the breaking both P and T ,

because the momentum derivative ∂ki is odd under P and T and there are three of them in the
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expression. In addition, exchanging α and β changes the sequence of derivatives. Therefore, the

second-order Drude conductivity σDrude
αβγ is symmetric, i.e., σDrude

αβγ = σDrude
βαγ .

The quantum metric nonlinear Hall conductivity can be express as [26]:

σ2ω
αβγ = −2e3

εn ̸=εm∑
n,m

Re

∫
k

(vnα⟨un|i∂kβum⟩⟨um|i∂kγun⟩
εn − εm

−
vnβ⟨un|i∂kαum⟩⟨um|i∂kγun⟩

εn − εm

)
δ(εn− εF) (S11)

Here, exchanging α and β flips the signs of the quantum metric nonlinear Hall conductivity.

Therefore, the quantum metric nonlinear Hall conductivity is antisymmetric, i.e., σMetric
αβγ = −σMetric

βαγ .

Therefore, we can use electrical sum frequency generation measurements to differentiate the quan-

tum metric nonlinear Hall conductivity and second-order Drude conductivity.

IV.3. Quantum metric dipole contribution dominated nonlinear Hall signal

In the main text we already showed that the nonlinear Hall signals in BP/MnBi2Te4/BP

heterostructure could be exactly calculated using the general expression. This general expression

contains the quantum metric dipole DMetric contribution plus additional inter-band contributions

(AIC).

σ2ω
yxx = −2e3

∑
n

∫
k

vny g
n
xx − vnxg

n
yx

εn − εn̄
δ(εn − εF) + AIC (S12)

AIC = −2e3
εm ̸=εn,εn̄∑

n,m

Re

∫
k

(vny ⟨un|i∂kxum⟩⟨um|i∂kxun⟩
εn − εm

−
vnx⟨un|i∂kyum⟩⟨um|i∂kxun⟩

εn − εm

)εm − εn̄
εn − εn̄

δ(εn−εF)

(S13)

Where the first term in Eq. (S12) is the quantum metric dipole contribution, the second term

is the additional inter-band contributions. n and m are band induces. n̄ is the partner band of

band n. Because the energy difference term εn − εn̄ is in the denominator, to maximize the DMetric

contribution, we always choose the band whose energy is the closest to n as the partner band.

Figure S24 shows the nonlinear Hall signals calculated with general expression (blue) and DMetric

contribution (red). Interestingly, the nonlinear Hall signals calculated with DMetric contribution

are approximate to the result calculated with general expression. Therefore, the nonlinear Hall

signals observed in the BP/MnBi2Te4 heterostructure are dominated by the quantum metric dipole

contribution.
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IV.4. Low-energy model for BP/MnBi2Te4/BP heterostructure

In this section, we give an overview of the structure of our minimal model for the heterostruc-

ture composed by 6SL MnBi2Te4 (MBT) encapsulated by monolayers of black phosphorus (BP).

The following sections contain the details of the different parts (or blocks) of the model. The

MBT-BP Hamiltonian we use to model the heterostructure in Fig. S25(a) consists of a 40-band

model,

Ĥ(k) =


ĥMBT(k) Ût(k) Ûb(k)

Ût(k)
† ĥBP,t(k) 0

Û †
b (k) 0 ĥBP,b(k)

 , (S14)

where k = (kx, ky). We now discuss the structure of each of the building blocks of Eq.(S14), and

we refer to the corresponding later section about the details of each block.

IV.4.1 MnBi2Te4 septuple Hamiltonian

We start with the 24 × 24 block Hamiltonian ĥMBT(k), which describes the set of six MBT

SLs:

ĥMBT(k) =



ĥSL,1(k) T̂0(k) 0 0 0 0

T̂ †
0 (k) ĥSL,2(k) T̂0(k) 0 0 0

0 T̂ †
0 (k) ĥSL,3(k) T̂0(k) 0 0

0 0 T̂ †
0 (k) ĥSL,4(k) T̂0(k) 0

0 0 0 T̂ †
0 (k) ĥSL,5(k) T̂0(k)

0 0 0 0 T̂ †
0 (k) ĥSL,6(k)


. (S15)

Here, ĥSL,i is the Hamiltonian of the SL i and T̂0 denotes the hoping between nearest neighbor SLs.

Both ĥSL,i and T̂0 are obtained from the bulk MBT Hamiltonian by taking explicitly into account

the system’s periodicity along the stacking direction ẑ [60]. This procedure is highlighted in Sec.

IV.5 and yields a SL Hamiltonian that is independent of kz [60],

ĥSL,i(k) = ĥN(k)− γaf ĥAFM,i(k) . (S16)

The term ĥN describes the normal state dispersion close to the Γ point and ĥAFM,i accounts for

terms that arise from AFM order. Their explicit k-dependence is shown in Sec. IV.5. Both are

4-band k · p Hamiltonians in the basis
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{∣∣p+z,Bi, ↑
〉
,
∣∣p−z,Te, ↓〉 , ∣∣p−z,Te, ↑〉 , ∣∣p+z,Bi, ↓

〉}
. (S17)

This basis is formed by the symmetric (+) superposition of the pz orbitals of the two Bi layers

within a given SL and by the anti-symmetric superposition of the pz orbitals of the Te atoms in

the top and bottom layers of a given SL (see Fig. S25). These orbitals carry the largest weight in

the low-energy bands of MBT close to the Γ point [41]. The constant γaf controls the strength of

the magnetic order.

The inter-SL hopping matrix T̂0(k), on the other hand, only contains contributions from the

normal state since it is difficult to obtain from first principles the momentum-dependence of the

exchange fields, which are thus set to constants [60] (see also Sec.IV. 5). Importantly, in this work,

we go beyond the k · p expansion considered in Ref. [60] and include cubic terms in k. This is

needed in order to capture the 3-fold symmetry of the Fermi surface of the six MBT layers as it

appears fully isotropic to order O(k2). The explicit k-dependences of ĥSL,i and T̂0 are shown in

Sec.IV.5.

IV.4.2. BP Hamiltonian

The 8× 8 blocks ĥBP,t and ĥBP,b in the heterostructure Hamiltonian in Eq.(S14) contain the

tight-binding Hamiltonian for BP monolayer located on the top and bottom of the heterostructure,

respectively (see Fig. S25). Note that top and bottom layer Hamiltonians are related by inversion

and the two blocks are thus identical: ĥBP,t = ĥBP,b. We discuss the explicit momentum dependence

of ĥBP,t in Sec.IV.7.

IV.4.3. MnBi2Te4 and BP coupling Hamiltonian

The off-diagonal blocks in the heterostructure Hamiltonian in Eq.(S14) account for the elec-

tronic coupling between MBT and BP. These couplings are obtained from the Fourier transform of

the hopping integral between the pz orbitals of the P atoms in the BP layers, and the pz orbitals of

Bi and Te atoms in the MBT SLs. Since the hopping amplitude decays exponentially as a function

of the distance between the orbitals, the coupling is truncated beyond the nearest neighbors layers

(see Fig. S25A). We have checked explicitly that this is an extremely accurate approximation. If

desired it is straightforward to include couplings to further neighbor layers within our formalism.

Within this approximation, Ût(k) denotes the coupling between the top BP monolayer and the
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top-most MBT SL, while Ûb(k) accounts for the coupling between the bottom BP layer and the

bottom-most MBT SL. The detailed derivation of the coupling terms and their explicit momentum

dependence is discussed in Sec. IV.8.

IV.5. Modeling MnBi2Te4 septuple layers

In this section, we derive the MBT SL Hamiltonian ĥSL,i(k) in Eq.(S16) and the inter-SL

hopping T̂0(k). As mentioned previously, they are obtained from the bulk MBT Hamiltonian. This

procedure is explained in Ref. [60], but for completeness we briefly describe it here as well. To be

consistent with the notation, we denote k ≡ (kx, ky) and keep the kz dependence explicit in the

bulk Hamiltonian.

The first step in obtaining ĥSL,i and T̂0 is to write a k·p Hamiltonian for bulk MBT centered at the

Γ point, which is where the low-energy bands are located [41]. The form of the bulk k·p Hamiltonian

is determined by symmetry. In its paramagnetic phase, MBT belongs to the space group R3̄m (No.

166). Therefore, its Hamiltonian is invariant under all operations of the point group 3̄m1′, which is

generated by time-reversal (T ), spatial inversion (I), three-fold rotation around ẑ (C3z), and two-

fold rotation around x̂ (C2x), where x̂ is aligned with one of the in-plane primitive vectors of the

underlying triangular lattice (see Fig. S25E). In the basis
{∣∣p+z,Bi, ↑

〉
,
∣∣p−z,Te, ↓〉 , ∣∣p−z,Te, ↑〉 , ∣∣p+z,Bi, ↓

〉}
these symmetry operations are represented by

ÛT =


0 0 0 1

0 0 −1 0

0 1 0 0

−1 0 0 0

 , ÛI =


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1

 , Û3z =


e−iπ

3 0 0 0

0 ei
π
3 0 0

0 0 e−iπ
3 0

0 0 0 ei
π
3

 , Û2x =


0 0 0 i

0 0 −i 0

0 −i 0 0

i 0 0 0

 .

(S18)

We derive the generic form of the Hamiltonian up to order k3 that is consistent with these symme-

tries using the Python toolkit QSymm [73]:
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Ĥ0(k, kz) = E0(k, kz) +


M(k, kz) iA2k− iA1kz 0

−iA2k+ −M(k, kz) 0 −iA1kz

−iA1kz 0 −M(k, kz) iA2k−

0 iA1kz −iA2k+ M(k, kz)



+


0 A3kzk

2
+ −P (k) 0

A3kzk
2
− 0 0 P (k)

−P (k) 0 0 A3kzk
2
+

0 P (k) A3kzk
2
− 0

 , (S19)

where we define k± ≡ kx ± iky and

E0(k, kz) = C +D1k
2
z +D2(k

2
x + k2y) , (S20)

M(k, kz) =M0 +B1k
2
z +B2(k

2
x + k2y) . (S21)

P (k) = β1kx
(
k2x − 3k2y

)
. (S22)

The constants A1, A2, A3, B1, B2, C, D1, D2, M0, and β1 are obtained by fitting the k · p model to

a DFT band structure of MBT. We discuss the numerical values of these parameters in Sec. IV.9.

The first two terms in the right-hand-side of Eq.(S19) are equivalent to the bulk MBT Hamiltonian

shown in Refs. [41, 60] after a unitary transformation using the matrix Ũ = diag(i, 1, 1,−i). The

third term on the right-hand-side of Eq.(S19) is of order k3 and is called the warping term.

In bulk MBT the SLs are stacked along the ẑ direction with lattice constant c0 = 40.91 Å[60].

Therefore, by replacing kz → 1
c0
sin(c0kz) and k

2
z → 2

c20
[1− cos(c0kz)] in Eq.(S19), we can reinterpret

this compactified model as a one-dimensional (1D) hopping model along ẑ,

Ĥ0(k, kz) = ĥN(k) + cos(c0kz)
[
T̂0(k) + T̂ †

0 (k)
]
+ i sin(c0kz)

[
T̂ †
0 (k)− T̂0(k)

]
. (S23)

In this scenario, terms that are independent of kz give the normal state contribution to a given SL

ĥN(k) = ε0(k) +


m(k) iαk− −P (k) 0

−iαk+ −m(k) 0 P (k)

−P (k) 0 −m(k) iαk−

0 P (k) −iαk+ m(k)

 . (S24)

Here, P (k) is defined in Eq.(S22) and

ε0(k) = γ0 + γ
(
k2x + k2y

)
, (S25)

m(k) = m0 + β0
(
k2x + k2y

)
, (S26)
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with γ0 = C + 2D1

c20
, γ = D2, m0 = M0 +

2B1

c20
, β0 = B2, and α = A2. The remaining terms that are

proportional to sin(ckz) and cos(ckz) define the hopping between two nearest-neighbour SLs,

T̂0 =


t1 iα3

2
k2+ −λ 0

iα3

2
k2− t2 0 λ

λ 0 t2 iα3

2
k2+

0 −λ iα3

2
k2− t1

 (S27)

with t1 = −D1+B1

c20
, t2 = −D1−B1

c20
, λ = A1

2c0
, and α3 = A3

c0
. We note that other cubic terms are

allowed by symmetry in Eq.(S19), but we verified explicitly that the leading terms promoting the

formation of a threefold symmetric Fermi surface are those proportional to β1 and α3 that were

kept in Eqs.(S24) and (S27).

At low temperatures MBT develops A-type AFM order, where the Mn local moments order fer-

romagnetically along ±ẑ within each SL, while moments in nearest-neighbor SLs point antiparallel

(see Fig. S25A). To find the magnetic contribution to the SL Hamiltonian, we repeat the previous

steps starting from a FM bulk MBT, which has point group 3̄m′. This point group is generated by

the elements C3z, inversion I and the combination of time-reversal and two-fold rotation T C2x. A

generic Hamiltonian up to order O(k0) that obeys these symmetry constraints reads

Ĥmag =


m1 0 0 0

0 −m2 0 0

0 0 m2 0

0 0 0 −m1

 , (S28)

Here we kept only the constant terms in the k·p expansion because the k dependence of the exchange

fields is difficult to reliably calculate from first principles [60]. We note that Eq.(S28) acquires a

global minus sign if the FM order points towards −ẑ. Since consecutive nearest-neighbors SLs are

ordered AFM, the magnetic contribution for the Hamiltonian of the SL i defined in Eq.(S16) is

simply

ĥAFM,i = (−1)iĤmag . (S29)

As we approximate Ĥmag to be independent of k, there is no magetic contribution to the interlayer

hopping T̂0.
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IV.6.Effects of strain on low-energy model of MnBi2Te4

Encapsulating the MBT SLs by BP monolayer introduces strain due to the large mismatch

between their lattice constants. The effects of strain can be straightforwardly incorporated in our

model using symmetry arguments similar to those in Sec. IV.5.

In this section, we focus on the effects of strain on the MBT part of the heterostructure. We

show here that strain modifies the SL Hamiltonian and the inter-SL hopping according to

ĥSL,i(k) = ĥN(k) + γsĥN,s(k)− γaf

[
ĥAFM,i(k) + γsĥAFM,s(k)

]
. (S30)

T̂ (k) = T̂0(k) + γsT̂s(k) . (S31)

Here, ĥN, ĥAFM,i and T̂0 are the same as defined in Eq.(S24), Eq.(S29) and Eq.(S27), respectively.

The constant γs > 0 tunes the strength of strain. The new terms ĥN,s, ĥAFM,s and T̂s are identical

for all SLs and are obtained from compactifying the k · p MBT bulk Hamiltonian along ẑ in the

presence of strain following the same steps shown in Sec. IV.5.

We focus on the case of uniaxial strain along x̂ = [100], which breaks the threefold rotation

around ẑ = [001] (C3z) as well as the twofold rotations around [010] and [110] originally present

in the unstrained R3̄m space group of the material. Note that this strain preserves the two-fold

rotation around [100]. We obtain a generic term consistent with these symmetries using Qsymm

[73]:

Ĥs(k) =


s1k

2
x + s2kykz is5kx + s6kz s7kx + is8ky 0

−is5kx + s6kz s3k
2
x + s4kykz 0 −s7kx − is8ky

s7kx − is8ky 0 s3k
2
x + s4kykz is5kx + s6kz

0 −s7kx + is8ky −is5kx + s6kz s1k
2
x + s2kykz

 . (S32)

This term is added to the bulk MBT Hamiltonian in Eq.(S19). Similarly, the magnetic part of the

Hamiltonian (Eq.(S28)) gains a term of the form

Ĥmag,s = s9


0 0 0 i

0 0 i 0

0 −i 0 0

−i 0 0 0

 . (S33)

For simplicity, we carried the k · p expansion up to k2 order in Eqs.(S32) and (S33). The quantities

aj are real parameters. Replacing kz → 1
c0
sin c0kz in Eqs.(S32) and (S33) and separating the
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terms proportional to sin(c0kz) from those indenpendent of kz as in Eq.(S23), we obtain the strain

correction to the normal state Hamiltonian of the SL,

ĥN,s(k) =


s1k

2
x is5kx s7kx + is8ky 0

−is5kx s3k
2
x 0 −s7kx − is8ky

s7kx − is8ky 0 s3k
2
x is5kx

0 −s7kx + is8ky −is5kx s1k
2
x

 . (S34)

The strain contribution to the magnetic part of the SL Hamiltonian ĥAFM,s(k) is identical to Ĥmag,s

defined in Eq.(S33), and the modification to the inter-SL hopping reads

T̂s(k) =
i

2c0


s2ky s6 0 0

s6 s4ky 0 0

0 0 s4ky s6

0 0 s6 s2ky

 . (S35)

The low-energy bands for a single MBT SL modeled by Eq.(S30) and for a set of six SL described

by Eq.(S15) are shown in Fig.S26. In the paramagnetic state, the SL is a topological insulator with

protected Dirac cones in the top and bottom surfaces normal to ẑ. As a result of the small thickness

of the SL, these surface states hybridize and a energy gap develops at the Γ point, as shown in

Fig. S26A. When multiple SLs are stacked along ẑ, the hybridization of the surface states suppressed

and the stacking of six SLs is already enough to recover the surface Dirac cone at Γ. At the onset

of the AFM order, however, time-reversal symmetry is lost, which culminates in the emergence of

a gap in the surface states.

The magnetic order preserves C3z, which is reflected in a threefold symmetric Fermi surface of

six SL system shown in Fig. S26D, as long as warping terms discussed in Sec. IV.5 are included in

the low energy model. This 3-fold symmetry of the Fermi surface is further lowered in the presence

of uniaxial strain as highlighted in Fig. S26E and Fig. S26F.

IV.7. Modeling the BP monolayers

In this section we derive the minimal model for the BP monolayer, ĥBP,t and ĥBP,b in Eq.(S14).

Since the BP layers on the top and bottom of the heterostructure are identical, ĥBP,t = ĥBP,b, we

hereafter drop the layer subindex.

Following Refs. [61, 70], the low-energy features of the material is captured by a tight-biding

model where the hopping processes involve only the pz orbitals of the P atoms. The BP layer
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is corrugated rectangular lattice with primitive vectors a
(BP)
1 = ax̂ and a

(BP)
2 = bŷ, with lattice

constants a = 4.43 Å, b = 3.27 Å. There are four nonequivalent P atoms per unit cell, and its

low-energy tight-biding model is thus a 4-band Hamiltonian,

ĥBP,σ(k) =


0 f1(kx, ky) 0 f2(kx, ky)

f ∗
1 (kx, ky) 0 f2(kx, ky) 0

0 f ∗
2 (kx, ky) 0 f1(kx, ky)

f ∗
2 (kx, ky) 0 f ∗

1 (kx, ky) 0

 . (S36)

This matrix is written in the basis {|pz,P1⟩ , |pz,P2⟩ , |pz,P3⟩ , |pz,P4⟩}, which is ordered according to

the fractional positions ρi of the phosphorus atoms in the unit cell (see Table S2). Since the hopping

processes are spin independent, the Hamiltonian in Eq.(S36) is identical for spin up (σ =↑) and

spin down (σ =↓). The full BP Hamiltonian that enters in Eq.(S14) is block-diagonal,

ĥBP,t(k) = ĥBP,b(k) =

ĥBP,↑(k) 0

0 ĥBP,↓(k)

 . (S37)

In Eq.(S36) we kept only two distinct hopping parameters t̃1 and t̃2 defined in the functions

f1(kx, ky) = 2t̃1e
i akx
2
√
3 cos

(
bky
2

)
, (S38)

f2(kx, ky) = t̃2e
−iakx√

3 , (S39)

and thus our BP model is a simplified version of the tight-binding Hamiltonian considered in

Ref. [61]. This simplification based on the fact that our minimal model for MBT, and by construc-

tion also the model for the restructure, is defined around the Γ point (k = 0). In this region of

the Brillouin zone, t̃1 and t̃2 are the dominant contributions the band gap and energy dispersion of

BP [61]. Note that the Γ point in BP Brillouin zone coincides with the Γ point in MBT Brillouin

zone since we assume that the origin of these two lattices are aligned.

To account for the experimentally observed electronic gap of the BP monolayers in our system,

we choose values for the hopping amplitudes that are slightly different from Ref. [61]. The BP band

gap at Γ is given by

∆ = 4
∣∣t̃1∣∣ ∣∣∣∣1− 1

2

∣∣∣∣ t̃2t̃1
∣∣∣∣∣∣∣∣ , (S40)

and we choose t̃1 = −1.7575 eV and t̃2 = 3.665 eV to obtain ∆ = 0.3 eV in agreement with

experimental observation. The energy bands of our minimal model for BP [Eq.(S36)] is shown in

Fig. S27.
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IV.8. Modeling the coupling between MnBi2Te4 and BP

In this section we derive the expressions for the couplings between the MBT SLs and the

BP monolayer, which are denoted as as Ût(k) and Ûb(k) in Eq. (S14). These off-diagonal blocks

results from the electronic hopping between the pz orbitals of the BP and MBT layers. Due to

the exponential decrease of the electronic coupling with distance between orbitals, we restrict the

coupling to nearest-neighbor layers. The BP monolayer at the bottom is coupled only to the lowest

MBT layer (SL index l = 6 in Fig. S25A) and the BP monolayer at the top is only coupled to the

top SL (SL index l = 1).

IV.8.1. Construction of the MnBi2Te4 and BP coupling Hamiltonian

Let us first consider the hopping involving the bottom BP layer. In the site basis it reads

Ĥ
(b)
int =

∑
i∈SL

∑
j∈BP

∑
σ

(
ψ̂†
i,σ t̂

(b)
ij ϕ̂j,σ + h.c.

)
. (S41)

Here, the sum over i runs over the unit cells of the bottommost MBT SL (l = 6) with position

Ri ≡ n1a
(MBT)
1 + n2a

(MBT)
2 (n1, n2 integers). The sum over j runs over the unit cells of the bottom

BP layer, with Rj = m1a
(BP)
1 +m2a

(BP)
2 (m1, m2 integrers) and a

(MBT)
i ̸= a

(BP)
j . Besides, ϕ̂†

j,σ is a

4-dimensional spinor whose νth component corresponds to creating an electron with spin σ in the

pz orbital of the P atom located at position ρν in the j-th unit cell of the BP lattice (see Table S2).

Similarly, ψ̂†
i,σ (l = 1, 2) is a 7-dimensional spinor whose µth component creates an electron with

spin σ on Mn (if µ = 7), Bi (if µ = 5, 6) or Te (if µ = 1, 2, 3, 4) atoms that are located at position

τ µ in the i-th unit cell of the bottom most MBT SL.

The quantity t̂
(b)
ij is a 7× 4 dimensional hopping matrix, whose matrix elements

(
t̂
(b)
ij

)
µ,ν

≡ tb (Ri −Rj + τ µ − ρν) (S42)

depend only on the relative distance between the sites involved in the hopping process. It is

important to note that while Ri are two-dimensional vectors denoting the unit cell position in the

layers, the basis vectors τ µ and ρµ are three-dimensional. We can decompose the basis vectors as

τ µ = τ
∥
µ + τ⊥

µ and ρν = ρ
∥
ν + ρ⊥

ν , where the subscript ∥ denotes the component in the layer and ⊥

denotes the component perpendicular to the layer, i.e., along the stacking direction ẑ. In this work

we calculate the hopping elements tb using the Slater-Koster approach. The Fourier transform of
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Eq.(S41) gives Ûb(k). This procedure has subtleties because of the lattice mismatch between BP

and MBT and is thoroughly presented in the remainder of this section.

To go from site to momentum space, we use convention to include the basis atom positions in

the Fourier transformation

ψ†
iµ,σ =

1√
NSL

∑
k∈BZSL

e
−ik·

(
Ri+τ

∥
µ

)
ψ†
kµ,σ , (S43)

ϕ†
jν,σ =

1√
NBP

∑
q∈BZBP

e
−iq·

(
Rj+ρ

∥
ν

)
ϕ†
qν,σ . (S44)

Here, NSL (NBP) corresponds to the number of unit cells in the MBT SL (BP layer), and τ
∥
µ and

ρ
∥
ν are the components of τ µ and ρν normal to the stacking direction ẑ.

Substituting Eqs.(S43) and (S44) into Eq.(S41), we find

Ĥ
(b)
int =

∑
k∈BZSL
q∈BZBP

∑
σ

[
e
−i

(
k·τ∥

µ−q·ρ∥
ν

)
√
NSLNBP

ψ†
kµ,σ

{∑
i∈SL6
j∈BP

tb
(
Ri−Rj+τ µ−ρν

)
e−ik·Rieiq·Rj

}
ϕqν,σ+h.c

]
. (S45)

The k and q sums run over the Brillouin zones of the MBT SL and BP layer, respectively. To deal

with the remaining sums over i and j, we note that

∑
i∈SL6

tb (Ri −Rj + τ µ − ρν) e
−ik·Ri =

∑
(n1,n2)∈Z2

tb

(
n1a

(MBT)
1 + n2a

(MBT)
2 −Rj + τ µ − ρν

)
× e

−ik·
(
n1a

(MBT)
1 +n2a

(MBT)
2

)

=
∑

(n1,n2)∈Z2

∞∫
−∞

dx1

∞∫
−∞

dx2 δ(x1 − n1)δ(x2 − n2)tb

(
x1a

(MBT)
1 + x2a

(MBT)
2 −Rj + τ µ − ρν

)
× e

−ik·
(
x1a

(MBT)
1 +x2a

(MBT)
2

)
, (S46)

where x1 and x2 are real dimensionless variables. Using the Poisson summation formula, we can

rewrite

∞∑
n=−∞

δ(x− n) =
∞∑

m=−∞

e−i2πmx , (S47)

and then
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∑
(n1,n2)∈Z2

δ(x1 − n1)δ(x2 − n2) =
∑

(m1,m2)∈Z2

e−i2π(m1x1+m2x2)

=
∑

(m1,m2)∈Z2

e
−i

(
x1a

(MBT)
1 +x2a

(MBT)
2

)
·
(
m1b

(MBT)
1 +m2b

(MBT)
2

)

=
∑
i

e
−i

(
x1a

(MBT)
1 +x2a

(MBT)
2

)
·G(MBT)

i . (S48)

Here, G
(MBT)
i = i1b

(MBT)
1 + i2b

(MBT)
2 denotes the unit cell position of the reciprocal MBT SL lattice,

and the sum over m runs over the reciprocal MBT SL lattice unit cells.

Substituting Eq.(S48) into Eq.(S46), we obtain

∑
i∈SL6

tb (Ri −Rj + τ µ − ρν) e
−ik·Ri =

∑
i

∞∫
−∞

dx1

∞∫
−∞

dx2 tb

(
x1a

(MBT)
1 + x2a

(MBT)
2 −Rj + τ µ − ρν

)
× e

−i
(
k+G

(MBT)
i

)
·
(
x1a

(MBT)
1 +x2a

(MBT)
2

)
(S49)

Similarly

∑
j∈BP

tb (Ri −Rj + τ µ − ρν) e
iq·Rj =

∑
j

∞∫
−∞

dx3

∞∫
−∞

dx4 tb

(
Ri − x3a

(BP)
1 − x4a

(BP)
2 + τ µ − ρν

)
× e

i
(
q−G

(BP)
j

)
·
(
x3a

(BP)
1 +x4a

(BP)
2

)
(S50)

where again x3 and x4 are real dimensionless variables and the j sum runs over the unit cells of the

reciprocal BP lattice G
(BP)
j = j1b

(BP)
1 + j2b

(BP)
2 .

Combining Eqs. (S49) and (S50) and substituting them into Eq. (S45) yields

Ĥ
(b)
int =

1√
NSLNBP

1

ΩSLΩBP

∑
µ,ν,σ

∑
k,i

∑
q,j

[∫
d2r

∫
d2r′ tb (r− r′ + τ µ − ρν)

× e
i
(
−k·τ∥

µ+q·ρ∥
ν

)
e
−i

(
k+G

(MBT)
i

)
·r
e
i
(
q−G

(BP)
j

)
·r′
ψ†
kµ,σϕqν,σ + h.c.

]
, (S51)

where we applied the change of variables r = x1a
(MBT)
1 + x2a

(MBT)
2 and r′ = x3a

(BP)
1 + x4a

(BP)
2 .

Recall that here the sum over i (j) runs over the reciprocal unit cells of MBT SL (BP), while the

sum over k (q) are restricted to the first BZ of MBT SL (BP). Besides, ΩSL (ΩBP) denotes the area

of the unit cell of the SL (BP) Bravais lattices.

50



We focus now on the arguments of the hopping amplitude tb. While r and r′ are 2D vectors, τ µ

and ρν are in general 3D, as mentioned before. Defining

sµν ≡ (τ µ − ρν) · ẑ = τ⊥µ − ρ⊥ν , (S52)

we can rewrite τ µ−ρν = τ
∥
µ−ρ

∥
ν+sµν ẑ. Performing the change of variables y = r−r′+τ

∥
µ−ρ

∥
ν ,

we obtain

Ĥ
(b)
int =

√
NSL

NBP

1

ΩBP

(b)∑
µ,ν,σ

∑
i,k

∑
j,q

[
tµν(k+G

(MBT)
i )e

i
(
G

(MBT)
i ·τ∥

µ+G
(BP)
j ·ρ∥

ν

)

× ψ†
kµ,σϕqν,σδq,k+G

(MBT)
i +G

(BP)
j

+ h.c.

]
. (S53)

Here,

t(b)µν (q) =

∫
d2y tb (y + sµν ẑ) e

−iq·y , (S54)

is the Fourier transform of the hopping amplitude, which we explicitly calculate, and we used∫
d2re

ir·
(
−k−G

(MBT)
i −G

(BP)
j +q

)
= NSLΩSL δq−k,G

(MBT)
i +G

(BP)
j

. (S55)

Since we here focus on a minimal model for the MBT-BP heterostructure that is valid around

the Γ point and t
(b)
µν (k + Gi) decays rapidly with |k + Gi| (on a scale determined by the size of

the orbitals), only G
(MBT)
i = 0 contributes significantly in the summation over i in Eq. (S53).

Momentum conservation in Eq.(S53) then enforces q = G
(BP)
j + k, which can only be satisfied for

G
(BP)
j = 0 as q and k lie in the first Brillouin zone. Therefore, the contribution to the continuum

model of the heterostructure around Γ due to MBT-BP coupling takes the final form

Ĥ
(b)
int =

√
NSL

NBP

1

ΩBP

∑
µ,ν,σ

∑
k

[
t(b)µν (k)ψ

†
kµ,σϕkν,σ + h.c.

]
. (S56)

In the following, we set NSL = NBP and we recall that ΩBP denotes the are of the BP unit cell.

This interaction Hamiltonian involves the full 7×4 dimensional hopping matrix t
(b)
µν . However, since

the minimum low-energy model for MBT SL contains only four specific even and odd combinations

of selected Bi and Te orbitals [see low-energy MBT basis in Eq. (S17)], we only need to consider a

part of the matrix t
(b)
µν (k) to construct Ûb(k). Projecting Ĥ

(b)
int into the low-energy basis in Eq. (S17)

yields
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PĤ(b)
intP−1 =

∑
k

[
φ̂†
kV̂b,↑(k)ϕ̂k,↑ + φ̂†

kV̂b,↓(k)ϕ̂k,↓ + h.c.
]
. (S57)

Here, φ̂k is a 4-dimensional spinor that creates electrons in the MBT basis states in Eq. (S17) and

V̂b,↑(k) =
1√
2ΩBP


t
(b)
51 (k) + t

(b)
61 (k), t

(b)
52 (k) + t

(b)
62 (k), t

(b)
53 (k) + t

(b)
63 (k), t

(b)
54 (k) + t

(b)
64 (k)

0 0 0 0

t
(b)
11 (k)− t

(b)
41 (k), t

(b)
12 (k)− t

(b)
42 (k), t

(b)
13 (k)− t

(b)
43 (k), t

(b)
14 (k)− t

(b)
44 (k)

0 0 0 0

 (S58)

V̂b,↓(k) =
1√
2ΩBP


0 0 0 0

t
(b)
11 (k)− t

(b)
41 (k), t

(b)
12 (k)− t

(b)
42 (k), t

(b)
13 (k)− t

(b)
43 (k), t

(b)
14 (k)− t

(b)
44 (k)

0 0 0 0

t
(b)
51 (k) + t

(b)
61 (k), t

(b)
52 (k) + t

(b)
62 (k), t

(b)
53 (k) + t

(b)
63 (k), t

(b)
54 (k) + t

(b)
64 (k)

 . (S59)

Here, we have set NSL = NBP. The relation between the matrices V̂b,σ and Ûb becomes evident when

connecting Eq.(S57) with Eq.(S14): Ûb is a 24 × 8 matrix with zero matrix elements everywhere

other than its last four lines, which are given by the 4× 8 matrix
(
V̂b,↑, V̂b,↓

)
. Note that t

(b)
µ,1 = t

(b)
µ,2

because the z-component of the fractional positions of phosphorus 1 and 2 are the same, ρ1,z = ρ2,z

(see Table S2 and Fig. S25). Similarly, t
(b)
µ,3 = t

(b)
µ,4. Morepver, the dominant matrix element of V̂b,σ

is t
(b)
13 − t

(b)
43 , as shown in Fig. S28.

Similar steps apply for calculating the coupling between the top BP layer and the top-most

MBT SL (SL number one in, which is described by a Hamiltonian as Eq.(S57) with b→ t. Due to

inversion symmetry, the hopping amplitudes t
(t)
µν are related to t

(b)
µν . More specifically, t

(t)
µν = t

(b)
µ′ν′ ,

where µ′ = 4, 1, 6, 5 if µ = 1, 2, 5, 6, respectively and ν ′ = 3, 4, 1, 2 if ν = 1, 2, 3, 4. We thus obtain
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V̂t,↑(k) =
1√
2ΩBP


t
(b)
53 (k) + t

(b)
63 (k) t

(b)
54 (k) + t

(b)
64 (k) t

(b)
51 (k) + t

(b)
61 (k) t

(b)
52 (k) + t

(b)
62 (k)

0 0 0 0

−t(b)13 (k) + t
(b)
43 (k) −t(b)14 (k) + t

(b)
44 (k) −t(b)11 (k) + t

(b)
41 (k) −t(b)12 (k) + t

(b)
42 (k)

0 0 0 0


(S60)

V̂t,↓(k) =
1√
2ΩBP


0 0 0 0

−t(b)13 (k) + t
(b)
43 (k) −t(b)14 (k) + t

(b)
44 (k) −t(b)11 (k) + t

(b)
41 (k) −t(b)12 (k) + t

(b)
42 (k)

0 0 0 0

t
(b)
53 (k) + t

(b)
63 (k) t

(b)
54 (k) + t

(b)
64 (k) t

(b)
51 (k) + t

(b)
61 (k) t

(b)
52 (k) + t

(b)
62 (k)

 .

(S61)

Here, we have set NSL = NBP. The matrices V̂t,↑ and V̂t,↓ define the blocks Ût in Eq. (S14). Like

Ûb, the matrix Ût is also a 24× 8 matrix, but here the only non-zero elements are in the first four

lines of this matrix, which are formed by the 4× 8 matrix
(
V̂t,↑, V̂t,↓

)
.

IV.8.2. MnBi2Te4-BP hopping integrals using Slater-Koster approach

In this section we determine the hopping amplitude t
(b)
µν (q) that enters the final expression

for the coupling Hamiltonian in Eq. (S56). We obtain the real-space hopping amplitudes between

the pz orbitals of BP and its nearest-neighbor MBT SL using the Slater-Koster approach, and then

Fourier transform to obtain the desired expression for tb(q) in Eq.(S54).

The Slater-Koster approach [71] consist of parametrizing the real-space hopping amplitude be-

tween two pz orbitals separated by a distance vector = (sin θ cosϕ, sin θ sinϕ, cos θ) as

tb( ) = Vσ( ) cos2 θ + Vπ( ) sin2 θ . (S62)

Here, the subscripts σ and π denote the two orthogonal projections of the pz orbitals along the

direction of (σ and π bonding). The radial functions Vσ( ) = Aσe
− /aσ and Vπ( ) = Aπe

− /aπ

decay exponentially with the distance between the orbitals. The parameters Aσ, Aπ, aσ, and

aπ are adjustable parameters in the Slater-Koster approach. While aσ and aπ play the role of a

effective Bohr radii that set the characteristic radial decay range of the MBT-BP coupling: larger

aσ and aπ results in a slower t( ) decays and coupling functions Ûb(k) and Ût(k) that are more

localized in momentum space. In this work, we used aσ = aπ = 2 Å.
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The parameters Aσ and Aπ have dimension of energy and determine the hopping strength, which

are physically given by the overlaps of the orbital wavefunctions. Since the σ projection of two

orbitals is generally larger than the π projection, we choose Aσ ≳ Aπ. In this work, we used

Aσ = 0.34 eV and Aπ = 0.0.

In Eq. (S54), we take a partial Fourier transform of Eq.(S62) with respect to the in-plane

components, leaving the z coordinate unchanged,

t(q, z) =

∫
d2y

[
Aσ

z2

y2 + z2
e−a−1

σ

√
y2+z2 + Aπ

y2

y2 + z2
e−a−1

π

√
y2+z2

]
e−iq·y . (S63)

We numerically calculate this integral and fit the result to a sum of two decaying exponentials of

the form

t(q, z) = z2
[
Aσγ1e

−
√

γ2+γ3q2z2 + Aπγ4
(
1− γ5q

2z2
)
e−

√
γ6+γ7q2z2

]
. (S64)

Here, γi (i = 1, . . . , 6) are real fitting constants that implicitly depend on the Bohr radii aσ (for

i = 1, 2, 3) and aπ (for i = 4, 5, 6). Substituting z by the z component distance of the orbitals

sµν = τ⊥µ − ρ⊥µ in Eq.(S64) finally yields t
(b)
µν (q).

IV.9. Parameter set used in the main text

The model for the heterostructure contains a total of 33 parameters. In Table S3 we provide

the numerical parameter values that we have used in the main text to reproduce the experimental

observations.
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MnBi2Te4

BP/MnBi2Te4 heterostructure

BP/MnBi2Te4/BP heterostructure

A

B

C

BP

BP BP

2L BP

2L BP

2L BP

2L BP

2L BP

2L BP

Break  , break   , preserve 

Break  , break   , break 

Break  , break   , preserve 

Fig. S1: The symmetry properties of even-layered MnBi2Te4, BP/MnBi2Te4 and

BP/MnBi2Te4/BP heterostructures at low temperature. (A) The symmetry of even-layered

MnBi2Te4. (B) The symmetry of BP/MnBi2Te4 heterostructure. (C) The symmetry of BP/MnBi2Te4/BP
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the blue double arrow lines. (B) The SHG signals of the MnBi2Te4 measured at room temperature. The

largest signals corresponding to the mirror planes of the MnBi2Te4. (C) Top view of the BP lattice. It has
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microscopic image and schematic of the special BP/MnBi2Te4 device. The contacts outlined by red dashed

lines are deposited on the MnBi2Te4 layer (which also contact with BP layer) while the contacts outlined

by black dashed lines are deposited on the BP layer. The measurement electrodes are highlighted in yellow.

The measurement circuit is shown in panel (B). A constant AC current was applied on the drain contact

and was collected from two source electrodes SMBT and SBP, respectively. (C) IBP and IMBT as a function

of VBG. (D) The percentage of current flowing in BP layer (IBP/Itotal) as a function of VBG and VTG. (E
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Fig. S6: The demonstration of C3z breaking by electrical transport measurements. (A) The

crystalgraphic bases are noted by a and b. The Cartesian bases are noted by x and y. The angle difference

between crystalgraphic and Cartesian basis is noted by θ. (B) A BP/MnBi2Te4 heterostructure with the

circular-disc contacts. MnBi2Te4 was roughly scratched into a circular shape with a tip in glovebox. Two-

probe and four-probe measurements configuration are shown in the panel. (C and D) The longitudinal

resistance (Rxx) of two-probe and four-probe measurements. (E) The transverse resistance (Ryx) of four-
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(A to C) The Berry curvature dipoles under the out of plane electrical field Ez > 0 and Ez < 0. The

bands for top and bottom layers of MnBi2Te4 have the opposite Berry curvature. The electrical field

Ez > 0 and Ez < 0 break the band degeneration in opposite ways [46]. Therefore, Berry curvature dipoles

have different signs for opposite electrical fields. (D to F) The quantum metric dipoles under the out of

plane electrical field Ez > 0 and Ez < 0. The bands for top and bottom layers of MnBi2Te4 have the

same quantum metric. Although the opposite electrical field shift the bands of top and bottom layers of

MnBi2Te4 in opposite ways, the quantum metric distribution is identical. Therefore, the quantum metric

dipoles are symmetric as a function of Ez.
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Fig. S18: Additional temperature dependence data corresponding to Fig. 3A. (A) The nonlinear

Hall voltages V 2ω
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yxx as a function
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Fig. S19: Additional temperature dependence data on another device (Device-BM21). (A

to C) The temperature dependence of the linear longitudinal conductivity σxx, nonlinear Hall voltage
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yxx and nonlinear Hall conductivity σ2ω
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Fig. S21: Microwave rectification measurements on a BP/6SL MnBi2Te4 device at 2 K. (A)

The DC signals V DC as a function of carrier density ne at 2.8 GHz. The inset shows the DC microwave

rectification measurement circuit. The electrical field direction of the microwave is not well defined.

Therefore, the recorded DC signals are only part of the the microwave generated signals. (B) The power
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(C) The V DC as a function of Frequency. The fluctuation is caused by the transmission losses of the RF

signal.
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Fig. S22: An intuitive picture of quantum metric. (A) The Bloch sphere. The north and south

poles of the Bloch sphere correspond to the the basis vectors of |α⟩ and |β⟩, respectively. (B) A trivial case

(g = 0) without band inversion. When electrons momenta change from k to k+ δk, they occupy the same

state (|α⟩) and map on the same point on the Bloch sphere. Therefore, the distance between the two states

(|uk⟩ and |uk+δk⟩) on the Bloch sphere is zero. (C) A nontrivial case (g ̸= 0) in which conducting band and

valance band go through a band inversion. In this case, each band becomes a k-dependent superposition

of |α⟩ and |β⟩. The change of |u⟩ is dramatic near k = 0 where band inversion occurs but weak at large k.

When electrons momenta change from k to k + δk, the state changes from one to another. The nonzero

distance between the two states is drawn on the Bloch sphere.
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Fig. S23: The DFT computed band structure of the BP/MnBi2Te4/BP heterostructure. (A)
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the plot, MBT and BP share similar work functions, and as a result, the low-energy BP bands hybridize
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heterostructure considered here is created by a rectangular supercell of 2SL-MBT and a 1x2 supercell of
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Fig. S24: Quantum metric dipole dominated nonlinear Hall conductivity. Two-band model

(quantum metric dipole DMetric contribution) and multiband model (DMetric+ additional inter band con-

tributions AIC) calculated nonlinear Hall conductivity as a function of carrier density. The nonlinear Hall

signals are dominated by the quantum metric dipole contribution.
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Fig. S25: Real-space lattice structure of the MBT-BP heterostructure. (A) Schematic drawing

of the PT symmetric MBT-BP heterostructure consisting of 6SL MBT encapsulated by BP monolayer.

Red arrows indicate AFM order of the MBT SLs. The direct electronic coupling between MBT and BP

is dominated by hopping processes between BP top and SL 1 (Ût) and between BP bottom and SL 6

(Ûb). (B) Lattice structure of a single MBT SL with seven atomic layers labeled by index µ. (C) Lattice

structure of a BP monolayer with four basis atoms labeled by index ν. (D) Schematic top view on an

incommensurate bilayer structure consisting of bottom layer of MBT (blue) and top P layer of BP (grey)

with different lattice constants. (E) Two-dimensional projection of MBT SL with primitive vectors aMBT
1

and aMBT
2 . Color coding corresponds to that used in panel (B). (F) Two-dimensional projection of BP

monolayer with primitive vectors aBP
1 and aBP

2 . Color coding corresponds to that used in panel (C).
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Fig. S26: Energy band Fermi surface of MBT modeled by Eqs.(S15), (S30) and (S31). (A)

A cut along ky of the bands of a single MBT SL in the paramagnetic state (dashed) and after the onset

of the AFM order (solid line). The band gap at Γ (k = 0) in the paramagnetic state originates from

the hybridization of the surface states on the top and bottom of the SL and is reduced after the onset

of magnetism. The hybridization of the surface states is suppressed by stacking multiple SLs along ẑ,

which increases the system’s thickness. (B) The energy bands of a set of six SLs in the paramagnetic state

(γaf = 0), where the surface Dirac cone at Γ can be readily seen. (C) The onset of the AFM order open

a gap in the surface Dirac cone. (D to F) The Fermi surface of 6SL MBT when the chemical potential

is set to µ = 0.06 meV. The dashed (solid) line in (D) and (E) refer to the Fermi surface without (with)

the warping term. The red curve in panel (F) is the same as in (E), while the blue curve is obtained by

rotation the red by 2π/3 around ẑ to highlight the break of C3z symmetry induced by strain. We set the

parameters of the model to the values listed in Table S3. Note that the choice of kx and ky axis is rotated

by π/2 with respect to the main text.
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Fig. S27: Energy band and Fermi surface of monolayer BP. (A) Energy bands of BP monolayer

modeled by Eq.(S36) along a high-symmetry direction of the Brillouin zone shown in blue as a inset. (B)

A zoom-in view of the bands around the Γ point (e.g. k = 0). (C) The Fermi surface of BP where we set

the chemical potential to be µ = 0.2 eV (dashed gray line in (B)). BP does not preserve 3-fold rotational

symmetry around ẑ, which is reflected in the elliptical shape of its Fermi surface. Therefore, similar to

the role of uniaxial strain, encapsulating the MBT SLs with BP monolayer leads to a breaking of C3z

symmetry of the heterostructure. We set the parameters of the model to the values listed in Table S3.
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Fig. S28: Matrix elements of V̂b,↑(k) along the ky axis. We set the parameters of the model to the

values listed in Table S3.
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Device type Device

number

Contact

geometry

Angle between

top/bottom

BP and MBT

Angle be-

tween MBT

and contacts

top/bottom

BP thickness

σω
xx

(µS)

σ2ω
yxx

(mA/V2)

BMB1 Hall bar 0/0 0 2L/2L 227 8.93

BMB2 Hall bar 0/-1 0 2L/1L 671 6.62

BP/MBT/BP BMB3 Hall bar -11/-6 1 2L/∼10nm 249 10.25

BMB4 Hall bar 53/15 27 1L/∼15nm 585 10.5

BMB5 Hall bar -16/-17 16 2L/∼10nm 1466 15.68

BM1 Circular -5 0 ∼12nm 154 13.97

BM2 Hall bar - - - 500 6.24

BM3 Hall bar -30 25 - 141 9.70

BM4 Hall bar - - - 119 19.91

BM5 Hall bar - - - 403 10.42

BM6 Hall bar - - - 206 9.06

BM7 Hall bar -5 -2 - 498 8.82

BM8 Hall bar -1 1 - 608 10.26

BP/MBT BM9 Hall bar - - 4L 1070 8.37

BM10 Hall bar - - - 2890 12.22

BM11 Hall bar - - - 307 6.24

BM12 Hall bar - - 5-7L 398 7.82

BM13 Hall bar - - - 450 5.95

BM14 Hall bar - - - 943 8.75

BM15 Hall bar - - - 483 7.97

BM16 Hall bar -26 -2 ∼8nm 238 5.10

BM17 Hall bar - - - 357 4.60

BM18 Hall bar -35 54 - 500 7.00

BM19 Hall bar 16 26 - 357 8.70

BM20 Hall bar - - - 700 5.86

BM21 Hall bar - - - 930 5.69

TABLE S1: Device summary of 5 BP/MnBi2Te4/BP hetrostructures (BP/MBT/BP) and 21

BP/MnBi2Te4 hetrostructures (BP/MBT)
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P basis atom
Components (Å)

x̂ ŷ ẑ

ρ1 2.71 1.65 15.05

ρ2 4.2 0 15.05

ρ3 0.41 0 17.15

ρ4 1.9 1.65 17.15

TABLE S2: Cartesian components of the position relative to the origin of the unit cell of the

four nonequivalent phosphorus atoms in the BP monolayer.
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MBT

γ0 (eV) γ (eV Å2) m0 (eV) β0 (eV Å2) β1 (eV Å3) α (eV Å) t1 (eV) t2 (eV)

−0.01 17 0.04 9.4 8000 3.2 −0.0533 0.0463

λ (eV) α3 (eV Å2) γaf m1 (eV) m2 (eV) γs s1 (eV Å2) s2 (eV Å2)

0.0557 0.0 0.5 0.05 0.09 1.0 0.1 0.1

s3 (eV Å2) s4 (eV Å2) s5 (eV Å) s6 (eV Å) s7 (eV Å) s8 (eV Å) s9 (eV)

50 0.1 0.1 0.0 0.1 0.1 0.0

BP

t̃1 (eV) t̃2 (eV)

−1.7575 3.665

MBT-BP coupling

Aσ/ΩBP (eV/Å2) Aπ/ΩBP (eV/Å2) aσ (Å) aπ (Å)

0.34 0.0 2.0 2.0

TABLE S3: Numerical k · p model parameter values that are used in the main text. The only

other parameters that enter the model are the basis positions of the atoms in the unit cell that enter

via the parameters sµν . We provide the basis location of the P atoms in Table S2 and refer to standard

literature for the basis positions of the atoms in the MBT SL. Note that the Bohr radii aσ, aπ enter the

model via the fit parameters γj (j = 1, . . . , 6). Finally, we note that ΩBP = 14.5Å2 such that Aσ = 4.9 eV.

85


	References
	Materials and Methods
	Bulk crystal growth
	Sample fabrication
	Nonlinear electrical transport measurements
	Optical second harmonic generation and polarized Raman measurements
	Wireless radio frequency (RF) rectification measurements
	First-principles calculations
	Theoretical modeling

	Supplementary Text
	I. Basic characterization of BP/MnBi2Te4 heterostructure
	I.1. The symmetry of MnBi2Te4, BP/MnBi2Te4 and BP/MnBi2Te4/BP
	I.2. Determining the crystalline directions for MnBi2Te4 and BP
	I.3. Basic transport characterizations
	I.4. Angular-resolved transport
	I.5. Optical second-harmonic generation

	II. Addressing alternative mechanisms for the nonlinear Hall signals
	II.1. Berry curvature dipole
	II.2. Second-order Drude conductivity
	II.2.1 Anti-symmetric vs symmetric
	II.2.2 Scaling property

	II.3. Joule heating induced Anomalous Nernst effect
	II.4. Other extrinsic effects
	II.5. Addressing the nonlinear Hall signals induced by skew scattering

	III. Additional data
	IV. Theoretical studies
	IV. 1. An intuitive picture of quantum metric
	IV.2. Symmetry analysis
	IV.2.1. Symmetric nonlinear Hall conductivity as a function of Ez
	IV.2.2. Symmetry comparison of second-order Drude and quantum metric Hall nonlinear conductivities 

	IV.3. Quantum metric dipole contribution dominated nonlinear Hall signal
	IV.4. Low-energy model for BP/MnBi2Te4/BP heterostructure
	IV.4.1 MnBi2Te4 septuple Hamiltonian
	IV.4.2. BP Hamiltonian
	IV.4.3. MnBi2Te4 and BP coupling Hamiltonian

	IV.5. Modeling MnBi2Te4 septuple layers
	IV.6.Effects of strain on low-energy model of MnBi2Te4
	IV.7. Modeling the BP monolayers
	IV.8. Modeling the coupling between MnBi2Te4 and BP
	IV.8.1. Construction of the MnBi2Te4 and BP coupling Hamiltonian
	IV.8.2. MnBi2Te4-BP hopping integrals using Slater-Koster approach

	IV.9. Parameter set used in the main text


