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We investigate a bunch of DO-branes to reveal their quantum nature from the gravity side. In
the classical limit, it is well described by a non-extremal black 0-brane in type IIA supergrav-
ity. The solution is uplifted to the eleven dimensions and expressed by a non-extremal M-wave
solution. After reviewing the effective action for the M-theory, we explicitly solve the equations
of motion for the near-horizon geometry of the M-wave. As a result, we derive a unique solution
that includes the effect of the quantum gravity. The thermodynamic properties of the quantum
near-horizon geometry of the black 0-brane are also studied by using Wald’s entropy formula.
Combining our result with that of the Monte Carlo simulation of the dual thermal gauge the-
ory, we find strong evidence for the gauge/gravity duality in the DO-brane system at the level of
quantum gravity.

Subject Index B22

1. Introduction

Superstring theory is a promising candidate for the theory of quantum gravity, and it plays an impor-
tant role in revealing the quantum nature of black holes. The fundamental objects in superstring
theory are D-branes as well as strings [1], and in the low-energy limit their dynamics are gov-
erned by supergravity. D-branes are described by classical solutions in supergravity, called black
branes [2,3]. A special class of these has an event horizon like black holes and its entropy can be
evaluated by the area law. Interestingly, the entropy can be statistically explained by counting the
number of microstates in the gauge theory on the D-branes [4]. This motivates us to study the
black hole thermodynamics from the gauge theory. Furthermore, it is conjectured that the near-
horizon geometry of the black brane corresponds to the gauge theory on the D-branes [5]. If this
gauge/gravity duality is correct, the strong coupling limit of the gauge theory can be analyzed by
supergravity [6,7].

In this paper we consider a bunch of DO-branes in type IIA superstring theory. In the low-energy
limit, a bunch of DO-branes with additional internal energy are well described by a non-extremal
black 0-brane solution in type IIA supergravity [2,3]. After taking the near-horizon limit, the met-
ric achieves an anti-de Sitter (AdS) black hole-like geometry in 10D space-time [8]. From the
gauge/gravity duality, this geometry corresponds to the strong coupling limit of the gauge theory
on the DO-branes [8], which is described by (1 4 0)-dimensional U (N) super Yang—Mills the-
ory [9]. This gauge theory has attracted a great deal of attention as a nonperturbative definition of
M-theory [10,11], which is the strong coupling description of the type 1A superstring theory [12,13].
Recently, the nonperturbative aspects of the gauge theory have studied by computer simulation
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[14-24] (see Refs. [25,26] for reviews including other topics). In particular, in Ref. [19], the phys-
ical quantities of the thermal gauge theory, such as the internal energy, are evaluated numerically,
and a direct test of the gauge/gravity duality is performed including the &’ correction to the type IIA
supergravity. Furthermore, if the internal energy of the black 0-brane can be evaluated precisely from
the gravity side including the g, correction, it is possible to give a direct test for the gauge/gravity
duality at the level of quantum gravity [24] (¢’ = £2 is the string length squared and g; is the string
coupling constant).

The purpose of this paper is to derive a quantum correction for the near-horizon geometry of the
non-extremal black 0-brane directly from the gravity side. In order to do this, we need to know an
effective action that includes a quantum correction to the type IIA supergravity. In principle the
effective action can be constructed so as to be consistent with the scattering amplitudes in the type
IIA superstring theory [27], and it is expressed by double expansion of «” and g;. For example, since
the four-point amplitudes of gravitons at the tree and one-loop levels are nontrivial, there should
exist terms like o3¢~ 2?1 R* and o> gftgtg R* in the effective action, respectively [27-36]. These
are called higher derivative terms; g represents the products of four Kronecker’s deltas with eight
indices. In particular, we are interested in the latter terms, which give nontrivial g; corrections to
the geometry. These higher derivative terms often play important roles in counting the entropy of
extremal black holes [37,38].

It is necessary that the effective action of the type IIA superstring should possess local super-
symmetry in ten dimensions. Therefore, the supersymmetrization of o> gszlgtg R* is very important
[28-30,33,35,36] to understand the structure of the effective action. Although the task is not yet com-
plete, since our interest is in the geometry of the black 0-brane, it is enough to know the terms that
contain the metric, dilaton field, and R—R 1-form field only. Notice that these fields are collected into
the metric in 11D supergravity [39], and the black 0-brane is expressed by an M-wave solution. Then
o gftgtg R* and other terms, which include the dilaton and R—R 1-form field, are simply collected
into E?,l‘gtg R* terms in eleven dimensions. Here £ p =L gs1 /3 is the Planck length in eleven dimen-
sions. Thus we consider the effective action for the M-theory and investigate quantum corrections
to the near-horizon geometry of the non-extremal M-wave. We show equations of motion for the
effective action and explicitly solve them up to the order of g2. The M-wave geometry receives the
quantum corrections, and the thermodynamic quantities for the M-wave are modified. In particular,
the internal energy of the M-wave, including the quantum effect of gravity, is obtained quantitatively.

The organization of this paper is as follows. In Sect. 2, we review the classical near-horizon geom-
etry of the black 0-brane in ten dimensions, and uplift it to that of the M-wave in eleven dimensions.
In Sect. 3, we discuss the higher derivative corrections in the type IIA superstring theory and the
M-theory, and solve the equations of motion for the near-horizon geometry of the non-extremal M-
wave in Sect. 4. In Sect. 5, we evaluate the entropy and the energy of the M-wave up to 1/N2. We
probe the quantum near-horizon geometry by the DO-brane in Sect. 6 and clarify the validity of our
analyses in Sect. 7. Section 8 is devoted to the conclusion and discussion. Detailed calculations and
discussions on the ambiguities of the higher derivative corrections are collected in the appendices.

2. Classical near-horizon geometry of the black 0-brane

In this section, we briefly review the non-extremal solution of the black 0O-brane that carries mass
and R—R charge. In particular, we uplift the solution to eleven dimensions and show that the black
0-brane is described by the M-wave solution.
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In the low-energy limit, the dynamics of massless modes in type 1A superstring theory are
governed by type IIA supergravity. Since we are interested in the black O-brane that couples to
the graviton g, the dilaton ¢, and the R—R 1-form field C,, the relevant part of the type IIA
supergravity action is given by

1

0)
S =
0 2% 120

1
/dlox«/—g {e2¢(R + 49,00"¢) — ZG,“,G’“’} , (1)
where 2/(120 = (2n)7£§ 852 and G, is the field strength of C,,. g, and £, are the string coupling con-
stant and the string length, respectively. It is possible to solve the equations of motion by making the

ansatz that the metric is static and has SO (9) rotation symmetry. Then we obtain the non-extremal
solution of the black 0-brane (see, e.g., Ref. [40]):

H=1+—=, F=1- = )

The horizon is located at ry = (rZL — rZ)%. The parameters ry are related to the mass Mg and the
R—R charge Qg of the black 0-brane by

ng 7 7 N 7VS8 7
My = 8ry —rl), = = ryr—)?, 3
) _2g%2  20m)* . 3
where N is the number of DO-branes and Vs = 555 = =775~ is the volume of §°. Now the
parameters 4 are expressed as
rl = (1+8% @) 157g,N¢], @)

where § is a non-negative parameter. The extremal limit 74 = r_ is saturated when § = 0.

Let us rewrite the solution (2) in terms of U = r/¢2 and A = g;N/(2)%¢3, which correspond to
the typical energy scale and 't Hooft coupling in the dual gauge theory, respectively. The near-horizon
limit of the non-extremal black 0-brane is taken by £, — 0 while U, XA, and §/ E? are fixed. Then the
near-horizon limit of the solution (2) becomes [8]

dsly = (— H P Fdi* + HIF~'dU? + H U%dQ}),
¢ =¢3HI, C=0¢'H dr,

4
_ (2m) 1571)»’ 1% )

H U’ u’’

where Ug = %—g(Zn)“lSnA.

The type I1A supergravity is related to 11D supergravity via circle compactification. In fact, the
11D metric is related to the 10D one as ds%1 = e*2¢/3ds120 +e*/3(dz — Cudx“)z. The near-horizon
limit of the non-extremal solution of the black 0-brane (5) can be uplifted to eleven dimensions as

ds? = 0= H'Fdi* + F'dU? + U293 + (7 H2dz — H™2d1)?). (6)
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This represents the near-horizon limit of the non-extremal M-wave solution in eleven dimensions.
The solution is purely geometrical and the expressions become simple. Furthermore, in the geomet-
rical part, the quantum corrections to 11D supergravity are under control. This is the reason why we
execute analyses of the solution in eleven dimensions.

3. Quantum correction to 11D supergravity

The 11D supergravity is realized as the low-energy limit of the M-theory. A fundamental object
in the M-theory is a membrane and, if we could take account of the interaction of membranes, the
effective action of the M-theory would become 11D supergravity with some higher derivative terms.
Unfortunately, quantization of the membrane has not yet been completed. It is, however, possible to
derive the relevant part of the quantum corrections in the M-theory by requiring local supersymmetry.
In this section we review the quantum corrections to the 11D supergravity.

The massless fields of 11D supergravity consist of a vielbein e ,, a Majorana gravitino ¥, and a
3-form field A,,,,. Since we are only interested in the M-wave solution, we only need to take account
of the action that only depends on the graviton:

u} Y = / d""xeR, (7)

where 2/(121 = (271)86?, = (2n)8£?gs3. Notice that, after dimensional reduction, this becomes the
action (1), which contains the dilation and the R—R 1-form field as well as the graviton in ten
dimensions [39].

Of course there are other terms that depend on v, and A,,,, which are completely determined
by the local supersymmetry. For example, a variation of the vielbein under the local supersym-
metry is given by S[e] = [€y¥/]. Here we use a symbol [X] to abbreviate indices and gamma
matrices in X, and € represents a parameter of the local supersymmetry. Then the variation of
the scalar curvature is written as §[eR] = [eR€y]. In order to cancel this, we see that a varia-
tion of the Majorana gravitino should include §[y/] = [De] + - - - and simultaneously there should
exist a term like [ey 1] in the action. Here 1> represents the field strength of the Majorana grav-
itino. By continuing this process, it is possible to determine the structure of the 11D supergravity
completely [39].

Now let us discuss quantum corrections to the 11D supergravity. Since the M-theory is related
to the type IIA superstring theory by dimensional reduction, the effective action of the M-theory
should contain that of the type IIA superstring theory. The latter can be obtained so as to
be consistent with the scattering amplitudes of strings, and it is well known that leading cor-
rections to the type IIA supergravity include terms like [eR*]. This is directly uplifted to the
eleven dimensions and we see that the effective action of the M-theory should include terms
like B; = [eR*]7. The subscript 7 indicates that there are potentially 7 independent terms if we
consider the possible contractions of 16 indices out of 4 Riemann tensors. (To be more precise,
we have excluded terms that contain Ricci tensor or scalar curvature, since these can be elimi-
nated by redefinition of the graviton. Discussions of these terms can be found in Appendix C.)
As in the case of 11D supergravity, it is possible to determine other corrections by requiring
the local supersymmetry. For example, variations of Bj under the local supersymmetry con-
tain terms like V| = [eR4€1ﬁ]. In order to cancel these terms, Bjj = [e€;]AR*], and F) =
[eR31Zw2]92 should exist in the action. The structures of By, Bjj, and F; are severely restricted
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by the local supersymmetry. By continuing this process, it is possible to show that a combina-
tion of terms in Bj is completely determined up to an overall factor [35,36]. The result is as
follows:

)y T 11 4 1 4
2/(11511 = 3'284!‘/d xe(tgth —5611611R>

2£6

= 3. 282_! /d“x e{24(RabcdRabcdRefghRefgh - 64RabcdRaengbcthefgh

g

+ 2Rubea Rabef Rcdgh Refgh + 16Rucha Raebf cha’h Regfh

- 16RabcdRaengbethcdgh - 16RabcdRaengbfethdgh)’ } (8)

Here 3 are the products of four Kronecker’s deltas with eight indices and €17 is an antisymmetric
tensor with eleven indices. Local Lorentz indices are labeled by a, b, ... =0, 1, ..., 10. Although
all indices are lowered, it is understood those are contracted by the flat metric 7,5. The Riemann
tensor with local Lorentz indices is defined by Rupca = et ce”q(0wvap — dv@puap + @pa’ @vep —
Wy wyeb), Where wyqp 1s a spin connection and p, v are space-time indices. The overall factor in
Eq. (8) is determined by employing the result of the 1-loop four-graviton amplitude in the type ITA
superstring theory.

Since the near-horizon limit of the M-wave solution (6) is purely geometrical, it is possible to
examine the leading quantum corrections to it from the action (8). Other terms that depend on the
3-form field are irrelevant to the analyses for the M-wave. In summary, the effective action of the
M-theory is described by

0 1 1 1
S = Sl(l) + Sl(l) = 2/{—2/d11x e{R + )/Eiz(l‘gth4 — 47611611R4>}, )
11 .

2 o2 6 52 . . . . -
ﬁ ﬁ—g = 27777% Notice that the parameter y remains finite after the decoupling limit

is taken. After the dimensional reduction, the action (9) becomes the effective action of the type ITA

where y =

superstring theory, which includes the 1-loop effect of gravity.

Now we derive equations of motion for the action (9). Although the derivation is straightforward,
we need to labor at many calculations because of the higher derivative terms in the action. Therefore,
in practice, we use the Mathematica code for the calculations. Below we show the points of the
calculations to build the code.

First of all we list the variations of the fields with respect to the vielbein:

Se = —eeiMSe’“‘; = —enij8eij,
) — (8k . k . k. . ij
Sweap = € caa),oab = (5[a77b]z Nej + 5[a77b]j Nei + ‘Sc nz[anb]j)Dkfse )
SRubea = (SeucRabud + SeMdRabcp, + eucevdSRab/w = _286ij Rabi[cnd]j + 2D[c8wd]ab, (10)

8Rap = —8€" Ryjip + 8€" Ryinpj + Dpdaac — Dedwpa”,
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where Se'/ = e’ ,§e//. Then variations of the higher derivative terms are evaluated as

ed (t8t8R4 — %e”e]]R4)
= 24¢{4(8 Rubca) Rabed Refgh Refoh — 64(8 Rapea) Rabce Rafgh Refgh
+ 8(8Rabcd) Ravef Reagh Refen + 64(8 Rapea) Raecg Rofan Refen
— 648 Rapcd) Raveg Refen Rafgh — 64(8 Rabea) Refag Refen Rgbha
+ 32(8 Rabcd) Ravef Reegh Rafgh )
= e(0Rabcd) X abed
= 2e8e" Rupei XU j — 2e X" DySwean
= 2e8e' Rupei XU — 2e(85npinej + 85npjnei + 85niansj) Dk Da X4 5e'
= 2¢Rupci X ;8¢ — 2eD° DY (X cija + Xejia + Xijea)de'
= ¢(3Rupci X} — Rapej X )8e — 2¢ DD (X cija + Xejia)de'

= €(3RabciXaij — Rabchabci — 4D(an)Xaijb)5eij, (11)
where we have defined
1
Xabea = 3 <Xfab][cd] + Xfai][ab]) , (12)

X'pea = 96(Rabcd Refoh Refgh — 16Rapce Rafgh Refoh + 2Rabef Redgh Refgh
+ 16Ruecg RofanRefgh — 16Rapeg Refen Rafgh — 16Refag Refen Rgpha
+ 8Rapef Reegh Rafen).-

Finally we obtain the equations of motion for the effective action (9):
Ejj ERi'—lm'R-l-)/ﬂlz{ —lm' t8t8R4—1611€11R4
J J 2 J N 2 J 4|

3 1
+ ERabciXabcj — ERabchahCi - 2D(an)Xaijh} =0. (13)
As mentioned before, the action (9) is not unique due to the ambiguity of field redefinitions, such as
Suv — g;w =g + yﬂ‘lszRw. Therefore, the equations of motion are not unique either. We will

discuss, however, that the physical quantities of the M-wave do not depend on these ambiguities (see
Appendix D).

4. Quantum near-horizon geometry of the black 0-brane

In the previous section, we explained the effective action of the M-theory (9), and derived the
equations of motion (13). In this section we solve them up to the linear order of y and obtain the
non-extremal solution of the M-wave with quantum gravity correction.

In order to obtain the solution of (13), we relax the ansatz for the M-wave as

1 _1
ds?, = z;‘( — H{'Fidi® + F]'U2dx? + U2x*dQ3 + (674 Hy dz — H, 2d;)z), (14)

2m)* 157 A
g, - @m)1smh

(1+yh> Flet-—L 42y
] U(')] U6la 1= x7 Ugl,

7
X 0
where i = 1, 2, 3, and h; and f; are functions of a dimensionless variable x = U%' This ansatz is
static and possesses SO (9) rotation symmetry, and if we take N = oo, the metric just becomes the
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classical solution (6). By solving the equations of motion (13), we determine the functions /; (x)

and f(x).

The calculations are straightforward but complicated, so we use the Mathematica code to explicitly
write down the equations of motion. Some of the results are listed in Appendices A and B. From the
output we find that there are five nontrivial equations, which are given by

Ey = —63x3* f1 — 9xF f] — 49x* by 4 49x34(1 — x")hoy + 23x B (1 — xTHh + 22301 — )i
+ 98x* h3 4 7x*?hfy — 63402393 600x'* + 70230343 680x7 + 1062512640 = 0, (15)
Ex = 63x3* fi + 9% f] 4+ 7349 — 2xT)hy +9xF (1 — x k) — 112634 (1 — xT)hy
—16x3 (1 — x")hy — 98xM by — Tx*hy — 2159861 760x" — 5730600960 =0,  (16)

E3 = 133x% f1 +35x% f] 4+ 203 £ 42834 (3 — 10x ") Ay + 73> (4 — TxT)h|
+ 20701 = xR = T (5 = 26xT)hy — 2157 (1 = 2x7)hy — 2x°°(1 — x7)h) (17)
+ 98x* 13 4 7x* 1)y 4 5669 637 120x7 — 8626383360 = 0,

Eq =259 f1 + 53x% £ 4+ 263 £ + 147634 (1 — 3x7)hy + x3 (37 — 58x7)h)
4 2x30(1 — xR + 1475 by + 2152 R, + 294xM by + 21x%21) (18)
— 63402393 600x* + 133632737 280x" — 71292856320 = 0,

Es = 49x>*hy + Tx ¥ 4 49x3*hy — x3°hh — xRS — 98x3hy — 22x3% R, — xR
— 63402393 600x" 4 70230343 680 = 0. (19)

Here we have defined E| = 4U§£?x36)/_1E00, E, = 4Ug£?x36y_1E11, E; = 4U§£?x36)/_1E22,
Es = 4Ug£fx36y*1 E,and Es = 4U§£fx £ (—1+ x7)7% yfl Eo. Note that the above equations
are derived up to the order of y, and part of ¥ is zero since the ansatz (14) is a fluctuation around
the classical solution (6).

Now we solve these equations to obtain /#; and f;. We will see that #; and f| are uniquely deter-
mined as functions of x by imposing reasonable boundary conditions. Because the calculations below
are a bit tedious, the results are summarized at the end of this section.

First let us evaluate the sum of £ and Ej:

1 6 7 6 7 7 2
OxB (7 — 1)(E1 + Epy) = —Tx"h; — x h/l + 7x°hy — §x h/z — §x h/z/
518676480 7044710400
+ x28 B 21
2 352235520 19210240\’
= (—x7h1 4+ x"hy — Zx8hb + — ) —0. (20)
9 x20 x27

From this equation 4 is expressed in terms of /1, as

cr 352235520 19210240
x_7+ %27 T 4 2D

2
h =h2—§xh/2—|—
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where ¢ is an integral constant. Next let us evaluate Es:

1
—5 Es = 49x%hy + 7x"hy 4+ 49x%hy — x7hy — x®hy — 98x®h3 — 22x7hy — x*hf

63402393600 70230343680
o 21 + 28
X X

3170119680 2601123840’
= <7x7h1 +7x"hy — x¥hy — 14x"hy — x8n + — )

%20 27

23 5635768320 2735595520’
= (14x7h2 = Xy = 1Ty = aBhy e = = ) =0. (22)
In the last line, we have removed £ by using Eq. (21). Thus a linear combination of /3 is expressed
in terms of /s, as

5635768320 2735595520
20 N <27 ’

23
14x"h3 + x3hS = 14x"hy — Exsh'z +o+ (23)

where ¢; is an integral constant. From Eqgs. (21) and (23), it is possible to remove &1 and h3 from
E1, E3, and E4. After some calculations, we obtain three equations remaining to be solved:

Ey = —63x3 f1 — 9x3 f] + 49x3hy 4+ x¥ (23 — 30x")hy + 230 (1 — xT)R)
— 49cix™ + Tepx® — 41211 555 840x ™ + 52022476 800x" + 1062512640 = 0,  (24)
E3 = 133x™ fi 4+ 35x7 f{ + 2x° f{'
7 2 4
+49x3h, — 6)535(23 — 62x")hy — §x36(32 — 53x")hl — §x37(1 —xHhYy (25)
—49¢1x3* + Tepx3 — 125748 080 640x 14 + 301 493 283 840x” — 37672266240 = 0,
Eq = 259x3* fi + 53x% f] 4 2x3C £/
7 2 4
+147x%h, — §x35 (5 —26x")hh — §x36(32 — 53xT)hl — §x37(1 —x"HhY (26)
— 147c1x3* + 21eox3* — 81366405 120x ' + 324970 168 320x7 — 95 670 650 880.

Notice, however, that three functions E, E3, and E4 are not independent because of the identity

2 16
E4=—)CE1 —9E| + —E3. (27)
7 7
This corresponds to the energy conservation, D, E** = 0. Thus we only need to solve following two
equations:
1E+1(E Ey) ! E/+7E 9E
—_— — — = ——X — _—
2 Ty 1477 T T

= —49x¥hy — xP (15 — 22xTYhy — X301 — xR +7(Ter — )
49510359 040x ' — 31880459 520x" + 13968339840 =0,  (28)
l(E3 — Ey) = —lei + gEl — 2E3
2 7 2 14
= —63x™ f1 — I ] — 49x¥ny — 731 — 2xYRS + T(Ter — )
—22190837760x'* — 11738442240x7 428999192320 = 0.  (29)
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By solving Eq. (28), we finally obtain %, as

19160960 58528288 2213568 1229760

2= T T 13x20  13x13
Fo - 22O A 654080 (2 L) 1) (30)
cl— = G x)
=73 x6 3136x7 x7
c3 C4 -7
™) = Sazas5680 T8 ~ D F G 89760 08U T )
Z cos 2 log (x? + 2x cos & + 1)
n=1,3,5
X + cos %
2 Y st (ST, G1)
n=13,5 7

where c¢3 and ¢4 are integral constants. Although the form of /(x) seems to be complicated, its
derivative becomes

-1

7 Cc4 X
I'(x) = 1 . 32
x) x7—l( + 6611189760) (32)

So far there are four integral constants, but these will be fixed by appropriate conditions. In fact it is
natural to require that /; (1) are finite and /; (x) ~ O(x~%) when x goes to infinity. In order to satisfy
these conditions, it is necessary to choose ¢; = 7cy, ¢3 = 944 455 6807 (sin % + sin 37” + sin 57”),
and ¢4 = —6611 189 760. Inserting these values into Egs. (30), (31), and (32), we obtain

19160960 58528288 2213568 1229760

2T T 27 + 13x20  [3x13
2108160 2459520 1
- T 1054080(2 — ) 1), (33)
X
7()6 — 1) nw
I(x) =log ———— Z cos % log ( x% + 2x cos "X L +1)
n=1.3.5
X + cos & T
-2 inZ {tan™' [ ———L ) — =}, 34
I e () -3 .
and
7(1—x7h
/
Note that the function 7 (x) behaves as
71 —15
I(x)"'—@+x—7—m+214+0(x ), (36)

when x goes to infinity.
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Now we remove &, from Eq. (29), and obtain the differential equation only for fi:

Teos (B3 — Ea) = —x" f] —7x% fi + 8198401’ 4 3279360x" (x” — 1)I'
X

3624512640 3228113280 5738880 5738880
+ 28 - 21 - 4 7
X X X X

+22955520x% — 22955 520x”

1208 170 880

= (—x7 fi+ 8198401 — ——;

161405664 5738880 956480\’
+ 120 + 13513 + 46 =0. (37)

Then f] is solved as

1208 170880 161405664 5738880 956480 819840
- 034 27 13520 13 + 7

| = I(x). (38)

Here the integral constant is set to zero, because we have imposed the boundary condition that
f1(x) ~ O(x~%) when x goes to infinity. From Eq. (21), k1 is determined as

1302501760 57462496 12051648 4782400
1= -

9x34 x27 13x20 13x13
3747840 4099200  1639680(x — I 23
- + - =D 70 (1s— 2 1. (9)
x’ x0 x7—=1) x’

The integral constant ¢ is chosen as zero so as to satisfy /1 (x) ~ O(x~%) when x goes to infinity.
Finally, from Eq. (23), we derive

0= —x"n} — 14xBn3 + (29514 240x 3 — 33613 440x%)1 (x)

+ (2693 760x” — 5387 520x'4) 1" (x) + 72 145 920x” — 67226 880x°

7222208 000 n 777920416 n 144 127872 58072000
9x21 x4 13x7 13

= (—x14h3 + (2108 160x 4 — 4801 920x7)1 (x) + 2459 520x% — 2108 160x’

361110400 59840032 24021312 58072000 \’ (40)
— — — x) .
9x20 x13 13x6 13
Thus h3 is expressed as
~ 361110400 59840032 24021312 58072000
T ox x27 13x20 13x13
2108160 2459520 41
- — + c— T 117120 18 — — | I (x). (41)
X X X

The integral constant is set to zero, since this term can be removed by a general coordinate
transformation in the z direction. This corresponds to the gauge transformation on C, in ten
dimensions.

Let us summarize the quantum correction to the near-horizon geometry of the non-extremal M-
wave and the black 0-brane. By solving Egs. (15)—(19), we obtained the quantum near-horizon
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geometry of the non-extremal M-wave,

1 _1
ds? = e;‘( — Hy'Fdi® + F]'URdx? + U2x2d Q3 + (674 Hy dz — H, 2dz)z), (42)

. Qm)*157a [ 1 N xzh P 1 N xzf
| = — e €E——N; s = —_ — € —— .
: vl \x7 o : Tyt

Instead of y, we introduced the dimensionless parameter

y 7© 0.835

T TN T N ()
and the functions /; and f; were uniquely determined as
_ 1302501760 57462496 n 12051648 4782400
P oy x27 13x20 13x13
3747 840 n 4099200 1639680(x — 1) 117 120(18 23)1( )
J— — —_— — x ,
x’ x0 x7=1) x’
19160960 58528288 2213568 1229760
ha = 34 o <27 1320 13x!3
2108160 2459520 1
e 1054080(2 _ F)I(x),
X
_ 361110400 59840032 24021312 58072000 (44)
3T T oy x27 13x20 13x13
2108160 2459520 41
- 1712018 - 5 )1,
X X X
1208170880 161405664 5738880 956480 819840
L= 779, 27 13,20 13 7 L)

The function 7 (x) is defined by Eq. (34). In order to fix the integral constants, we required that /; (1)
are finite and &; (x), fi(x) ~ O(x~%) when x goes to infinity. After the dimensional reduction to ten
dimensions, we obtain

L L 1
ds}y = ef( — H{'H} Fidt® + H} F{'U3dx* + Hy ngzdﬂé), (45)
3 L1
e’ =¢°H},  C=(lH, *H, *dr.

This represents the quantum near-horizon geometry of the non-extremal black 0-brane.

5. Thermodynamics of the quantum near-horizon geometry of the black 0-brane

Since the quantum near-horizon geometry of the non-extremal black 0-brane was derived in the
previous section, it is interesting to evaluate its thermodynamics. In this section, we estimate the
entropy and the internal energy of the quantum near-horizon geometry of the non-extremal black
0-brane by using Wald’s formula [41,42]. These quantities are quite important when we test the
gauge/gravity duality.

In the following, quantities are calculated up to O(e?). First of all, let us examine the location of
the horizon xp. This is defined by F(xg) = 0 and becomes

f 17(1) 0, e, (46)

tzl—e
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where Uy = U /)L% is a dimensionless parameter. The temperature of the black 0-brane is derived
by the usual prescription. We consider the Euclidean geometry by changing the time coordinate
as t = —it and require smoothness of the geometry at the horizon. This fixes the periodicity of
the t direction and its inverse gives the temperature of the non-extremal black 0-brane. Then the
dimensionless temperature T = T/ A3 of the black 0-brane is evaluated as

S D
T=_—Uy'H "F

3 ~
/33 =5 (1 +ea U5 ). (47)
XH

where a; and a, are numerical constants given by

7
4 = ———— ~0.00206,
TN
9 1 1
= Z A+ = /(1) = =h (1) ~ 937 000. 48
az 14f1()+7f1() 21() (48)

Inversely solving Eq. (47), the dimensionless parameter Uy is written in terms of the temperature

T as
> . (49)

By using this replacement, it is always possible to express physical quantities as functions of 7.

- _2
5

Up = aqa T

(S]]
oS

2 12
(1 — egaf aT™

Next we derive the entropy of the quantum near-horizon geometry of the non-extremal black
0-brane. In practice, we consider the quantum near-horizon geometry of the non-extremal M-wave
because of its simple expression. Since the effective action (9) includes higher derivative terms, we
should employ Wald’s entropy formula, which ensures the first law of black hole thermodynamics.
Wald’s entropy formula is given by

08
S = -2 / dQdzh——""" N,y N s . (50)
H 8Rp.vpa
where VA = (Zf on)sﬁs_szl /2 is the volume factor at the horizon and N wv 1S an antisymmetric
tensor binormal to the horizon. The binormal tensor satisfies N, N*" = —2 and the nonzero com-
1/2

ponent is only Ny, = —Z?UOHI_ . The effective action is given by Eq. (9), and in the formula the

variation of the action is evaluated as if the Riemann tensor is an independent variable, i.e.,

ISu U (oo olv 12
= + pel2xmve), 51
Ry~ 267, (8787 + v ) (51)

Now we are ready to evaluate the entropy of the quantum near-horizon geometry of the non-
extremal M-wave. Some useful results are collected in Appendix B. By using these, the entropy is
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evaluated as

A 1
S=— [ dQgdzvh (1 ( 5yzz;zxﬁwp“lelep(,)

2"11 H
_ | a9dzv/i(1 = 2y GOUGHT X)
=02 8dzZ Y 0
11
4 1
-2 ngdz«/_<1+406425606 - 20)
2/(11 UOxH
4 5 9 1 F—6
— 2N 2{1 2 A () 4 —hy(1) + 40642560 ) T }
49511 0 +E< 14f1()+22()+ ) 0

{1+ealﬁ2 (——fl(l) f1(1)+ 9h1(1)+ h2(1)+40642560)f 52}

= asN*T5 (1 + easT—%), (52)

where the numerical constants a3 and a4 are defined as

-4 26 2 14 14
a3 = —a, > =231557 575 ~ 115,

aq = aF( _ —fl(l) - —fl(l) + —hl(l) + hg(l) +40642560> ~ 0.400. (53)

So far we have obtained the entropy for the M-wave. Because of the duality between type IIA string
theory and M-theory, this is equivalent to that of the black 0-brane.

Finally let us derive the internal energy of the quantum near-horizon geometry of the non-extremal
black 0-brane. Wald’s entropy formula is constructed so as to satisfy the thermodynamic laws of
black holes. Then, by integrating d E = Td S, it is possible to obtain the dimensionless energy E =
E /k% as

E _9 -u 3 o 577 -2

m— ﬁ%T —62a3a4T5 ’\'741T —N—T (54)
This result includes the quantum gravity effect, and it gives quite a nontrivial test of the gauge/gravity
duality if we can evaluate the internal energy from the dual gauge theory. In fact, this is possible by
employing the Monte Carlo simulation; the result strongly concludes that the duality holds at this

order [24].

The specific heat is evaluated as

1 dE 9

3 -
md—f = 5a3 —6561361 T % (55)

wio

~q

Notice that the specific heat becomes negative in the region where T < (eas/3)>/'2 ~ 0.4N /.

In this region the non-extremal black 0-brane behaves like a Schwarzschild black hole and will be
unstable. When N = oo the instability will be suppressed. This result is also verified from the Monte
Carlo simulation of the dual gauge theory [24].

6. DO-brane probe

In this section, we probe the quantum near-horizon geometry of the non-extremal black 0-brane (45)
via a DO-brane. From the analysis it is possible to study how the test DO-brane is affected by the
background field.
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The bosonic part of the D0O-brane action consists of the Born—Infeld action and the Chern—Simons
one. Here we neglect an excitation of the gauge field on the DO-brane, so the Born—Infeld action is
simply given by the pull-back of the metric. We also assume that the DO-brane moves only along the
radial direction. Then the probe DO-brane action in the background of (45) is written as

dx® dxV

Spo = —T()/dte —g,w

1

_1 11
= _Toe;‘/dsz 2\/H1_1F1 — F;lngz + Toe;‘/dtHz ’H, . (56)

The momentum conjugate to x is evaluated as

Frlugi
p=Tol H, 0% (57)
\/H Fi — F, U2x2
and the energy of the probe DO-brane is given by
_1 1 1 _1 1
Epo = pi + ToltH, 2\/ H'Fy — FT'U32 - TotlH, 2 Hy 2
H'F 11
= Tol*H, 1 — Tot*H, *H, 2
\/H Fy — F; U032
3 2N 2
1 11 pF[ H; dy 1
=ToliH, *H, *F? |1+ (5212 ) —TyttH H2
Ot T <T05§‘Uo 0
Ty L T (T i Ve BT (58)
RS T 2 T 40 < 1 N 2 M3 )
2 TottU; ’

In the final line we have taken the non-relativistic limit. From this we see that the potential energy
for the probe D0-brane is expressed as

L 11 11
Voo = Totd (Hy > Hy 2 FE — Hy *Hy 7). (59)

The first term corresponds to the gravitational attractive force and the second one to the R — R
repulsive force.

When we take N = oo, the potential energy becomes Vpg = TOE?H _1(ﬁ —1). The part
(v/F — 1) shows that the gravitational attractive force overcomes the R—R repulsive force. Simi-
larly, when N is finite, we regard /F) as the gravitational attractive force to the probe DO-brane.
The function of +/Fj is plotted in Fig. 1. From this we see that the gravitational force becomes
repulsive near the horizon xy.

7. Validity of the analyses on the quantum near-horizon geometry

Our analyses so far are based on the effective action (9), which becomes the 1-loop effective action
of the type IIA superstring theory after the dimensional reduction. Since the superstring theory is
defined by the perturbative expansions of &’ and g, terms with higher powers of these parameters
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0.8 1.0 1.2 1.4 1.6 1.8 2.0

Fig. 1. The function 4/F; (x) with F;(x) = 1 — 1/x” 4 0.000 001 f; (x).

also contribute to the effective action. Then our results are valid when the 1-loop effect becomes
dominant compared to other stringy or loop effects. In this section we clarify the valid parameter

region of our analyses.
First let us consider the validity of the type IIA supergravity approximation. From Eq. (5), the
curvature radius p and the effective string coupling g;e? at the event horizon U = Uy are evaluated as
by ¢  TH

N N

4 3
o .3 ~
0 ) 8s€
2

[

(60)

Here we have used the relation Eq. (49) by setting € = 0. Then the supergravity approximation is
valid when the string length /o' is quite small compared to the curvature radius p and the effective
string coupling gge? is also quite small, i.e., 7 ~ 0 and N ~ oo.

Now we consider the validity of our 1-loop analyses. From the effective action (9), we derived the
internal energy (54) of the black 0-brane. However, if we include other higher derivative terms in the
effective action, the Lagrangian is expected to be

L~R+ (R +a”0* R + - ) + g7 (¢ R* + 0°R* + - - )
where R is the abbreviation of the Riemann tensor. The existence of these terms can be found in

Ref. [43]. By following the calculation of Eq. (52) and using the dimensional analyses (60), the
internal energy will be modified as

E - 14 P, 1 (0779 1
—2’\'7.41T5 1+(T5+T +"'>+—2 -5 t ==+
N N T? Tg

+1(C2+ >+ +1<1+)+} (62)
N*\ 7% N2\ pgn=g '

ﬁ correspond to n-loop amplitudes.

Numerical constants are assumed to be (1) and this is at least true for the 1-loop result. The coef-

~ 9 ~
T5 and T3 come from the o> and o® terms at tree level, and

ficient ¢, at 2-loop will be discussed later. From the above estimation, the 1-loop contribution of
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Fig. 2. Region of‘T/Tlf =N= W-

—0.779/(N*T 1?2) becomes subleading when the following conditions are satisfied:

T —
1/N2T12/5

21
5

wlo
IA
5%

| wivo

1 N47~"27/5 1
/ - <, (63)

S s’ T ~ - ~ J—
1/N2T12/5 N2T3

N°T
where s < 1. Note that the terms at the n-loop (n > 2) are well suppressed from both the second and

third inequalities. The above inequalities are equivalent to

1
JsT

1§|
5 N

<N<

(64)

[\ST[o%}
Pﬂ
3l

Thus our analyses are estimated to be valid in this parameter region.

The case of s = 0.1 is shown in Fig. 2 where, e.g., (T, N) = (0.02, 1140) is located inside the
region. Then from Eq. (49), we obtain Uy = 2.48 and Fi(x) = 1 — 1/x7 4+ 0.003 57 f; (x). This
shows that the quantum effect becomes important near the event horizon (see Fig. 1).

Notice that the validity of the parameter region obtained in Eq. (64) is roughly estimated. In order
to identify a more precise one, we should determine the coefficient ¢, at the 2-loop. Although this is
beyond the scope of this paper, if we suppose that c; ~ 0.005, the lower bound in Eq. (64) is enlarged
as 0.0801/./sT3/2 < N. This overlaps with the region N < 0.334/7°/5 where the specific heat (55)
becomes negative. For example, (T, N) = (0.02, 30) is inside the overlap region when we choose
s ~ 1. On the other hand, if we suppose that ¢; ~ 1, the parameter region (64) does not overlap with
that of the negative specific heat. However, as the temperature decreases from region (64) with fixed
N, the 2-loop term dominates the internal energy. Then, if ¢, is negative, the internal energy takes a
large negative value because of the negative power in ¢o 7 ~'3/>. Thus we expect ¢ to be positive, and
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again the specific heat becomes negative. As a reference, we mention that the numerical simulation
suggests that the 2-loop coeficient becomes ¢, = +0.004 59 [24].

8. Conclusion and discussion

In this paper we have studied the quantum nature of the bunch of D0-branes in the type IIA super-
string theory. In the classical limit, it is well described by the non-extremal black 0-brane in type 1A
supergravity. The quantum correction to the non-extremal black 0-brane is investigated after taking
the near-horizon limit.

In order to manage the quantum effect of the gravity, we uplifted the near-horizon geometry of
the non-extremal black 0-brane into that of the M-wave solution in 11D supergravity. These two are
equivalent via the duality between the type IIA superstring theory and the M-theory, but the latter is
purely geometrical and the calculations become rather simple. The geometrical part of the effective
action for the M-theory (9) is derived so as to be consistent with the 1-loop amplitudes in the type
ITA superstring theory, and the quantum correction to the M-wave solution is taken into account by
explicitly solving the equations of motion (13). The solution is uniquely determined and its explicit
form is given by Eq. (45). It is interesting to note that a probe D0-brane moving in this background
would feel a repulsive force near the horizon. This means that the solution includes the back-reaction
of the Hawking radiation.

We also investigated the thermodynamic property of the quantum near-horizon geometry of the
non-extremal black 0-brane. Since the effective action contains higher derivative terms, we examined
the thermodynamic property of the black 0-brane by employing Wald’s formula. The entropy and the
internal energy of the black 0-brane are evaluated up to 1/NZ2. The quantum correction to the internal
energy becomes important when N is small. In Ref. [24], the internal energy is also calculated from
the dual thermal gauge theory by using the Monte Carlo simulation, and it agrees with Eq. (54) very
well. This gives strong evidence for the gauge/gravity duality at the level of quantum gravity.

Finally, we give an important remark on the effective action for the M-theory. It contains higher
derivative terms, but these cannot be determined uniquely because of the field redefinitions. In the
appendices we have considered all possible higher derivative terms and have shown that the ambigui-
ties of the effective action have nothing to do with the thermodynamic properties of the near-horizon
geometry of the non-extremal black 0-brane.

For future work, it will be important to derive the quantum geometry of the non-extremal black
0-brane and obtain the solution (45) by taking the near-horizon limit. The result will be reported
elsewhere, but it is really possible. It will also be interesting to examine the quantum correction to
the black 6-brane, which is also described by a purely geometrical object, called the Kaluza—Klein
monopole, in 11D supergravity. To find connections between our results and other approaches to the
field theory on DO-branes is also important [44,45]. Other approaches to probe curvature corrections
by the black brane will also be related to our results in Sect. 6 [46,47]. Since now we can capture the
quantum nature of the near-horizon geometry of the black 0-brane, it would be interesting to consider
a recent proposal to resolve the information paradox on the black hole [48-50].
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Appendix A. Calculations of Ricci tensor and scalar curvature

By using the ansatz (14) for the metric, each component of the Ricci tensor up to the linear order of
y is calculated as

Roo = —5——{98f1 + 30xf{ + 2x* f{' + 492 — 7x)hy + 3x(10 — 17x7)h} + 2x>(1 — xT)A]
4U5x2e}
+147x"hy + 21x%hh + 196x7h3 + 14x°h} ),
Rii = ———{ —98f —30xf] —2x2f]' —=35(1 — 8x)h; — 21x(1 — 2x")I/
11 4U§x2£§‘{ i fi it ( Yhi ( Yy
—2x%(1 = xYh{ =79 4+ 12x")ha + Tx(1 — dx )Ry + 2x2(1 — x")i}
— 196x"h3 — 14x®n}y}, (A.1)
I A S YA Y, 7 Y,
aa = 2ngzg?{ 14f; —2xf] —7(1 —xhy —x(1 — xR} +7(1 = x)hy + x(1 — x A5},
Riy = ————{98 f1 + 14xf] +49(1 — 3x)hy + Tx(1 — x I
i 4Uéglez?{ h Ji+49( Yhi + Tx( )
+49(1 — xYha + 23x (1 — x )b + 2x*(1 — x)hfy + 196x"h3 + 14x5h} ]},
3/2. /7 —1
Ror = L2 " {40 + Txh| + 49y — xh — x>hy — 98hs — 22xh} — x*h)}.
4uded
Here we have used ] instead of 10 and a = 2, ..., 9. The Ricci scalar up to the linear order of y
becomes:
= L{ — 161 f1 —39xf] — 2x% f!' —98(1 — 3x)h; — 3x(10 — 17x")i’
T 2U3x2¢t : ! ! : !
0 Ky
—2x2(1 — x ") +49(1 — 4xT)hy + x(23 — 44xT)hy + 2x*(1 — x")hy — 98x"h3 — TxBh, ).
(A.2)

Appendix B. Calculations of higher derivative terms

In this appendix we summarize the values of the higher derivative terms appearing in Eq. (13). Note
that we only need to evaluate these terms by using the ansatz (14) with y = 0, because the equations
of motion are solved up to the linear order of y. First of all, each component of R4 is calculated as

R 28 o1
0101 = UOZ_XZE?, 0a0a = 2ng2£? 9’
28/x7 — 1 TVxT —1
Rong = ———— Roaay = ————7—
Ugx2 e} 2U3x2 €}
28(x7 — 1) 7
R — — S R ala = —— > ——, Bl
1916 UEoe lala 20O (B.1)
7(x7 = 1) 1
Rapay = —————, Rijap = —5—<—-
ST QU2 abab = 2944
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We have used 1 instead of 10 and @, b = 2, ..., 9. The scalar curvature and each component of the
Ricci tensor become zero, and each component of X ;5.4 in Eq. (12) is evaluated as

Xotof = _20 321 280’ vion = — 1270 080’
Ubx20¢12 USx20¢12
203212804/x7 — 1 12700804/ x7 — 1
Xoig = 60 , Oaay = TNCITE
0 K 0 s
Xis = _20 3216280(x7 — 1)’ Xi31a = 1270080’ (B2)
U U
~ 1270080(x” — 1) o 1192320
afjaj — — ng27£;2 ’ abab — U(g,x27£;2‘

Using these results, we are ready to calculate the higher derivative terms in Eq. (13). The R* terms
are calculated as

1 531256320
tstsRY — —eq1e R = —————— B.3
818 2 Een USx6416 (B.3)
The R X terms become
1066 867 200 1066 867 200
abc abc
1066 867 200(x7 -1 1088 640
abc __ _yabc_ _ _ .
RabcuX = ng36£;6 , RapcaX b= ng36ﬁg6 ab’ (B4)
1066 867 200+/x7 — 1
RabCOXabCu = Rabcuxabco = - 65 ,
ng76}6
and the DD X terms are evaluated as
198 132480(—47 + 4Ox7) 2177280(513 + 124x7)
DDy X 0" = . DwuDpnX" = ,
(aDb) X700 ng29£}6 @Ppy X 11 U§x36£s‘6
198 132480(47 — 87x7 + 40x1%) 236234 880(4 — 3x7)
D Dpy Xyt = , DEDpX®.;" =
(aZb) ol U§x36£}6 (a’b) ab U§x36£;6 ab
198 132480(—47 4+ 40x")v/x7 — 1

DDy X%0," = D(aDp) X" = : (B.5)

8.9 16
Uyx2 &g

By inserting these results into Eq. (13), we obtain Egs. (15)—(19).

Appendix C. Generic R* terms, equations of motion, and solution

In this appendix, we classify the independent R* terms that consist of four products of the Riemann
tensor, the Ricci tensor, or the scalar curvature. The R* terms that include the Ricci tensor or the
scalar curvature cannot be determined from the scattering amplitudes in the type IIA superstring
theory. So in general the effective action and equations of motion are affected by these ambiguities.

First let us review the R* terms that only consist of the Riemann tensor. Since there are 16 indices,
we have 8 pairs to be contracted. Naively, it seems that there are so many possible patterns. However,
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carefully using the properties of the Riemann tensor, such as R;pcqd = — Rpcad — Reabd, it 1S possible
to show that there are only 7 independent terms:

B1 = Rapcd RabeaRefgh Refgh, By = Rupcd Raefg RpcanRefgns
B3 = Rapca Ravef Reagh Refgns B4 = Ruchd Raebf Regan Reg i
Bs = Rapcd Raefg Rvefn Redghs Bs = Rabcd Raefg Rofen Reagh, (C.1)

By = RacbdRaengbethcgdh~

In the main part of this paper we considered the R* terms tgth4 — %el €11 R* = 24(By — 64B) +
2B3 + 16 B4 — 16 Bs — 16 Bg) that are explicitly written in Eq. (8). In order to derive the equations
of motion, we need to calculate variations of (C.1). These are evaluated as

8B1 = 4(8Rabca) Ravca Refgh Refgns  8Ba = (8 Ruped) Rabce Rafon Refgh,

B3 = 4(8 Rabed) Rabef Redgh Refgn, 8B4 = 4(8 Rabed) Raecg Rofan Refen,

8 Bs = 2(8 Rubed) Rabeg Refen Raren + 2(8 Rabea) Refag Refeh Robhas (C2)
8B6 = 2(8 Rabea) Rabeg Refen Rafgh + 2(8 Rabed) Refag Refeh Rgbha — 2(8 Rabed) Rabef Reegh Rafgh,
8B7 = 4(8Rapcd) Raesg Reefn Rebha-

By using these results, we evaluated Eq. (11) and derived the equations of motion (13).

Next let us consider the R* terms that necessarily depend on the Ricci tensor or the scalar curvature.
Since the procedure for the classification is straightforward, we employ a Mathematica code. As a
result, these are classified into 19 terms:

Bg = Rapcd Rabea Ref Ref, By = Rubed Rabea R?, B1o = Rabcd Rocaf Ref Raes
By = RabcdRaengbcngefv B12 = Rapcd Rpcde Rae R, Bz = RacbdRcedeefRabv
By = RabcdRabechdngefv Bis = RacbdRaebchfngefa Big = RabcdRabechdefR,

B17 = Racba Raebf Reear R, Big = Rucba RapRea R, B19 = Rupcd Redef Rae Ryy,
B2 = RacbaReedf Rae Ryf, B21 = Rucbd Rae Rpe Rea, B2 = RupRapReaRea,

By = RupRap R?, B4 = RabReaRac R, Bis = RapRacRic R,

Brs = R*. (C.3)

Then the effective action (9) is generalized into the form of

26
1 1
S = T d"x e R—f—yﬁ},z tgth4— —611611R4+an3n . (C4)
21, 4! ot
The coefficients b,(n = 8, ..., 26) cannot be determined from the results of scattering amplitudes

in the type IIA superstring theory, since we can remove or add these terms by appropriate field redef-
initions of the metric. Therefore it is expected that these terms do not affect physical quantities such
as the internal energy of the black 0-brane. We will confirm this in Appendix D.
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Let us derive equations of motion for the effective action (C.4). The variations of the 19 terms in
(C.3) are evaluated as

8Bg = (8Rabcd) (2Rabca Ref Ref + 2Refgh Refoh Racnba)
8Bg = (8Rabcd)
8B10 = (8 Rabca)
dB11 = (6 Rabed)
8B12 = (8 Rabca)
8B13 = (8 Rabca)

Rabea R* + 2Refoh RefghNactiva R),
ebcd Raf Ref + RapgnRefon Reenba),
RebcaRafegRfg — -Raengcengbd — lReghinghiReafcnbd),
ebedRae R + 5 Raefg cefgMbd R + Regthfghz RefNacnbd),
RepfaRacRef + Rageh RegfnRefba)-

8B15 = (8Rapca) (Raccg Rbfag Ref + 2Raccf RegfaRbg + Refgh Reagi R fehitba)
8Bi6 = (8Rabca) (3Rabef Redef R + Refgh Refij RghijNacnbd),

8B17 = (8Rabca) (3Raccs Rbeds R + Refgh Reigj R finjNactpa) (C.5)
8Big = (8Rabca) (RacRpaR + 2Raccf Refnba R + Refgh Reg R fhtlactba)

8B19 = (8Rabca) (2Rcdef Rae Rof + 2Raegh Refgh RefNva)

8B20 = (8Rapca) (2RebfaRaeRef + 2Ragen Regfn Refba)

8Ba1 = (8Rapca) (RaeRee Rba + 2Rafeg Ree R fgba + RebfaReg R fgac),
B2y = 4(8Rupca) Rac Ref RefMbd s

8B23 = (8Rabca) (2Racnba R* + 2Ref Reftactba R).

3Bo4 = 4(8Rupca) Ref Rae RefMbd s

8B2s = (8Rapca) (3RaeReenpa R + R pg Ref RegNactiva)-

8Bas = 4(8 Rabea)NacTba R’

(
(2
(R
(-
(R
(2
8B14 = (3Rapca) (Raveg RedfgRef + 2Rapef Refga Reg + Refgh Refai Rghcimbd)
(
(
(
(
(
(

Also, as in Eq. (12), we define the Y tensor as

|
Yabed = Q(Y {abltca) T Yiealtan))- (C.6)

Yipea = b8(2Rapca Ref Ref + 2Repgh Refoh Racniba) + bo (2RabcdR2 + 2Refgh RefonnNacnpa R)

+ b10(Rebcd Raf Ref + Rafgh Refoh Reetba)

+ b11( — RebcaRafegR g — lRaengcengbd — lReghinghiReafcmmz)
+ b12(RebcaRae R + 3 Raefg Reefgnba R + 5 Regthfghz RefNacTbd)
+ b13(2Rebfd Rac Ref + Ragen Regfn Refnba)
+ b14(Rabeg Reafg Ref + 2Rabef Refga Reg + Refoh Refai Rgheinba)
+ bi5s(Raccg Rbfdg Ref + 2Raccf Regfa Rbg + Refgh Reagi R feninba)
+ b16(3Rabef Redef R + Refgh Refij RonijNacnbd)
+ b17(3Raccs Rpedf R + Repgh Reigj R finjNacnba)

(

+ b1g(RacRpa R + 2Raechef77bdR + RefghRenghnac nbd)
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+ b19(2Rcdef Rae Rof + 2Racgh Refoh RefNba)

+ b20(2RepfaRaeRef + 2Ragen Reg i RefMba)

+ b21(RaeRee Rbd + 2Rafeg Ree R fobd + RebfaReg R foMac)

+ 4D RacRef Refnpa + b23 (2Rac77bdR2 + 2Ref Refnacnpa R)

+ 4b24Ref Rae Refnba + b25(3Rae Reepa R + R g Ref Regnacniva) + 4b26Nacba R

Following the similar calculations in Eq. (11), we finally obtain the generic equations of motion

26

1 1 1
Eij = Rij — Enin + Vﬂiz{ — i <t8t8R4 - 56116111?4 + an3n>
’ n=8
3 abc 1 abc a. b
+ ERabciX i ERabch i —2D@Dp)X%i;
3 1
+ ERabci yabe; - ERabcj yabe; — 2D(an)Yaijb} =0. (C.7)

In order to evaluate these equations, we need to insert the values of the Riemann tensor (B.1) into
the above. Since the Ricci tensor and the scalar curvature become zero, we obtain B,, = 0, and parts

of b1y, b14, b1s, b1, and b17 in the Y tensor only contribute to the above equations of motion.

Below we
evaluated as

Yo101 =

Yoaoa =

Yoiir =

Yoaar =

Yor00 =

Yigy =

Yiala =

repeat the similar calculations found in Appendix B. Each component of Y pcq is

1 11907 ; ;
ng27€;2 { > b1+ x") —21609b14(1 +x")
3087 .
_TbIS(l +x') —85176b1g — 10458b17 ¢ ,
1 11907 63
—14+4xby + —(5 —1372x b
ngzug}z{ 2 ( +x)11+4( x")bi4
63 ;
—Z(l7 + 98x")b15 — 85176b1 — 10458b17 ¢ ,
T—1 11907 3087
- Yo - bi1 + 21609614 + —b15} ,
USx7¢12 2 2
71 11907 3087
a e - b1y +21609b14 + —b15} ,
USx 712 2
1 11907 3087
ng27£s12 5 b1y —21609b14 — TblS — 85176b1g — 10458b17 (C.8)
1 11907 ; ;
ng27£;2 - b2 —x")+2160912 —x")b14

3087 ;
+5bis(2 — xT) + 85 176b16 + 10458b17 1.

1 35721 86121 7245
— b b b 85176b 10458b17 ¢ ,
ng27£}2 { 2 1+ n 14+ 7 15+ 16 + 17}
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1 {11907

63
! 7
Udx2el2l 8 bii(=3+4x") + Zb14(1367 — 1372x")

Yaray =

63
+ Zb15(115 —98x7) + 85176b16 + 10458b,7,

o= T, LS T 85 176by6 + 10458
abab = 6,272 | 4 D T L T 1o ah

where @, b = 2, ..., 9. By using these results it is possible to evaluate the higher derivative terms
that depend on the Y tensor in Eq. (C.7). The RY terms are calculated as

1
RapetY "0 = 512 {416 745611 — 1214514b14 — 71 442b15},
0 s
1
Raper V") = e | = 41674511 + 1214514b 14 + 71 4421915},
0 s
abc x7 -1
Rapes¥ s = Togeie [41674by — 1214514b 14 — 714421915}, (C.9)
0 s
b .
Rupea V900 = Waé,;{ztm 745y — 1214 514b1y — 71442b5 .
0 s
ST =1
Rabe0Y s = RupenY 0 = XT{416 745by; — 1214514by4 — 71 442b15},
USx 7010

and DDY terms become

1701

DDy Y00” = ———
(@b UBx36¢16

7 7 14
_5(_459 — 235x" + 540x *)byy

1
+ (—6507 — 2397x” + 6860x '4)b14 + 5(—999 —282x” + 980x'M)by5

+ (=36504 4+ 31772x7)b1g + (—4482 + 3901x7)b17} :

1701

DDyt = ——
@b USx36¢16

{—7(31 + 46x7)byy + 4(6 4 505x7)by4

1
+ 5(—75 +376x")b1s + 676(—9 + 16x")b1g + 83(—9 + 16x7)b17} ,

1701

DDy Y% = ————
(a ) s)s U§x36£;6

7 7 14
—5(1034 — 1455x" 4+ 540x " ")b1y

1
+ (13724 — 18 897x” + 6860x ' *)b14 + 5(2021 —2742x7 + 980x'*)by5

+ 676(47 — 33x7)byg + 83(47 — 33x7)b17} , (C.10)
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DDy Y 3" =

—4 4+ 3x7 {1917 027 6013 035 559629
15

ng%gsm b 2 1n— ) 14—
— 16098 2646 — 1976 562b;7} ,

DDy Yo" = D(aDp) Y “xo”

N {59535
2

T U 516
Uyx2 g

(115 — 108x )by — 11907(1031 — 980x7)b14

— 11907(73 — 70x")by5 + 8049 132516 + 988 281b17} .

As mentioned before, only b1y, b4, b1s, b16, and b17 appear in the calculations.

By using the ansatz (14) and inserting the values of the X and Y tensors into the equations of

motion (C.7), we obtain five independent equations with parameters b1y, b4, b15, b16, and by7:

Ey = —63x>* f1 — 9xF f] — 49x* hy 4 49x34(1 — xT)hoy +23xB (1 — xT)hh + 2301 — x7)i)

E>

Ej

+ 98x* 13 + 7x*2hfy — 63402393 600x'* + 70230343 680x7 + 1062 512 640

+ (25719 120b1; — 93350 880b14 — 6667 920b15)x'* (C.11)
+ (—9525600b1; + 27760 320b14 + 1632 960b15 — 432353 376b16 — 53 084 808b17)x’

— 21861252b11 + 88547 256b14 + 6797 196b15 + 496 746 432b16 + 60991 056b17 = 0,

= 63x>* f1 + 9x3 ] + 76O — 2x)hy + 9% (1 — xTHh| — 1123341 — xT)hy

—16x3°(1 — x")hh — 98x* hy — Tx* R} — 2159861 760x” — 5730 600 960 (C.12)
+ (4381776b1, — 27488 160b14 — 2558 304b15 — 147 184 128b16 — 18 071 424b17)x’
4 1285956b11 + 4531 464b14 4+ 796 068b15 + 82791 072b16 + 10165 176b17 = 0,

= 13323 £y + 350 % f] + 2230 f) 4+ 28x34(3 — 10x7)hy + T3 (4 — Tx")h)

+2x30(1 — xR = T3 (5 — 2657V hy — 2133 (1 — 2x )b — 2x30(1 — xT)h)

+ 98x* 3 + Tx* 1) 4 5669 637 120x7 — 8626 383 360 (C.13)
+ (—11502 162by1 4 72 156 420b14 + 6715 548b5 + 386 358 336b 6 + 47 437 488b17)x”
+ 15752961b1 — 97423 074b14 — 9025 506b15 — 515 144 448b15 — 63249 984h7 = 0,

Eq = 2593 f1 4+ 53x% f] + 2030 £/ + 14703 (1 = 3x")hy + x33(37 — 58x 7))

+2x30(1 — xR+ 147xM by + 21x*2 0 + 294x s + 21x%2 1)

— 63402393 600x'* 4 133632737 280x" — 71292 856 320 (C.14)
+ x1%(25719 12051, — 93350 880b14 — 6667 920b;5) + x ' (—67 631 760b/,

+ 252292 320b14 + 18370800615 + 303 567 264b14 + 37 272312b17)

+ 47580372b1 — 181898 136b14 — 13465 116b15 — 432353 376b16 — 53 084 808b17 = 0,

Es = 49x%* Ry + 7% 1) + 49x3* hy — x37hly — x3nS — 98x3*hy — 22x37hy — xR

— 63402393 600x” 4 70230343 680 (C.15)
+ x7(25719 120b11 — 93 350 880b14 — 6667 920b15)
— 25719 120b11 4+ 93 350 880b14 + 6667 920b15 — 64 393 056b16 — 7906 248b17 = 0.
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Here we have defined E| = 4U§£§‘x36y_1Eoo, E, = 4U§£?x36y_1E11, E; = 4Ug£‘s‘x36y_1E22,
Ey = 4US¢4x30y 1By, and Es = 4USEx 5 (=1 + x7) "2y~ Eg,.

Equations (C.11)—(C.15) can be solved by following the details in Sect. 4, and the final form of the
solution becomes

440559 768775 53333
h) = (— 2 by + 3 big + b15 +927472 b6 + 113 876b17
1302501760\ 1 1

+—) — + (23 814 b11 — 86436 b4 — 6174 b5 — 57462496)—
9 x34 27

12051648 4782400 3747840 4099200 1639680(x — 1)

— — + —
13x20 13x13 x’ x6 x7=1)

23
n 117120(18— —7)I(x),
X

11907, 315 1071 1
hy = <_ b+ b — ——bis — 170352 b1 — 20916 by7 + 19 160960) —
X

1 2213568 1229760
+ (23814511 — 86436 b1 — 6174 bys — 58528 288) — +

13x20 13x13
2108160 2459520 1
- L T 11054080 (2 _ —7> 1(x), (C.16)
X X X
11907 76027 8225 361110400y 1
h3=<— b1y + b14+—b15—94640b16—11620b17+—)—
4 2 2 9 per
1 24021312
+ (23814b11 — 86436 b1y — 6174b15 — 59840 032) — — =
58072000 2108160 2459520 41
- - T e 117120 (18—F>I(x),
440559 730919 48685
= ( bit = “——biy — ——bis — 889616 big — 109228 by

1208170880\ 1
I a— + ( — 130977 b1y + 432810b14 + 28728 b5 + 1022112 by6

1 5738 880 956480+819 8401

+125496b17+161405664)ﬁ+ x0T LD 7 L)

The function 7 (x) is given by Eq. (34) and integral constants are determined so as to satisfy that
h;(1) are finite and &; (x), fi(x) ~ O(x~%) when x goes to infinity. Notice that b1y, b4, b1s, b1,
and b7 only appear in the coefficients of x =27 and x 4. The solution is reliable up to O(e?).

Appendix D. Thermodynamics of the black 0-brane with generic R* terms

In this appendix, we examine the thermodynamics of the quantum near-horizon geometry of the
black 0-brane (C.16) by following the arguments in Sect. 5. Although the solution is modified, the
results obtained up to Eq. (50) do not change. Since the effective action is modified as in Eq. (C.4),
Eq. (51) should be replaced with
asSu 1

— nlp ,olv 612 X Hvoo y#veoy D.1
8Rﬂvp6 2[(121 {g & +y s ( + )} ( )
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The entropy of the quantum near-horizon geometry of the black 0-brane is evaluated as
4
$= oo | d9sdaVi(1 n(1- 5;/zzlz(xwp" + YNy Npo )
11

4
= Z dQ2sdzvh(1 — 2y €OUF H N (X 4 Y1)

2k1; Ju

4

= = | dQudzVh{1 + € Uy (40642560
2ki; Ju

—23814b11 + 86436b14 + 6174b15 + 170352b16 + 20 916b17)}

4
= EalNzU2 {1 +e (——fl(l) + Sha(1) + 40642560

—23814by1 + 86436b14 + 6174bys + 170352b16 + 20 916b17> 170—6}

12

4 _4 1
SN2T 5{1+6a1 (——fl()——fl(l)—l—%h1(1)+5h2(1)+40642560

= Eal

\O

—23814by| + 8643614 + 6174by5 + 170 352b16 + 20 916b17) 7% }

=a3N2T%(1+ea5T_%). (D.2)

Notice that f1(1), fl’(l), h1(1), and hy(1) depend on b1y, b4, bis, b1s, and by7. The value of a3 is
given in Sect. 5, and a5 is given by

o5 = a 52(——f1(1)——f1(1)+—h1(1)+ S (1) + 40642 560

—23814b1; +86436b14 + 6174b15 + 170352b16 + 20 916b17) . (D.3)

It seems that a5 depends on by, b14, b15, b1g, and by7. The explicit calculation, however, shows that
as = ay4 and the result does not depend on the ambiguities of the effective action. Thus the physical
quantities of the black 0-brane are free from the ambiguities and are uniquely determined.

Funding
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