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1 Introduction and summary

The BPS/CFT correspondence [1] relates the algebra and geometry of two dimensional
conformal field theories, and their g-deformations, to the algebra and geometry of the
moduli space of vacua of four dimensional A/ = 2 supersymmetric gauge theories, and
their various deformations, such as 2-deformation, lift to higher dimensions, inclusion of
extended objects and so on. In many respects the BPS/CFT correspondence is an analogue
of the mirror symmetry, relating the count of (pseudo)holomorphic curves in symplectic
manifolds to the periods of mirror complex manifolds. Here the analogue of curve counting
is the enumeration of instantons in four dimensional gauge theory, while the role of the
mirror complex geometry is played by the two dimensional conformal field theory. Indeed,
thanks to the holomorphic factorization, the CF'T calculations, especially in a semi-classical
limit, quite often becomes a problem in complex geometry.

Algebraic geometers consider the curve counting problems difficult, therefore the mirror
map is a welcome simplification. With the higher genus corrections in place both sides
become complicated. Sometimes additional dualities are available, mapping the problem
of counting curves or quantizing the variations of Hodge structure to the problems of
counting ideal sheaves or generalized gauge instantons.

From gauge theory to a spin chain. In this paper we explore a specific corner of
the BPS/CFT correspondence, where the techniques developed in the four dimensional
instanton counting are applied to a seemingly very distant problem: calculating a quantum
mechanical wave-function of a many-body system, or a spin chain.



The N = 2 gauge theories in four dimensions have an intrinsic connection [2, 3] to
algebraic integrable systems [4], usually called the Seiberg-Witten integrable systems af-
ter [5, 6]. The gauge theory of our interest, the asymptotically N/ = 2 superconformal
SQCD in four dimension, reveals the structure which has dual (bi-spectral) descriptions.
On the one hand, it is a complex generalization of the Heisenberg spin chain, based on the
Lie algebra sl, on the other hand it is a special case of Gaudin model (which is, in turn [7],
a special case of the Hitchin system [4]), based on the sl Lie algebra.

The first hints of this correspondence, for the asymptotically free theories, were ob-
served in [2, 8], at the classical level. Much later, thanks to the development of localization
methods in supersymmetric gauge theories [9], this correspondence was extended to the re-
lation between the quantized integrable systems [10, 11], and Q-deformed supersymmetric
gauge theories, including some of the asymptotically conformal theories.

For almost twenty years now the non-perturbative aspects of the N' = 2 supersym-
metric gauge theories can be extracted from the exact computations in the theory subject
to the Q-background on R* (or a product of two cigars as in [11]) with two parameters ¢;
and €. The partition function Z and certain BPS observables can be computed exactly
by localization for a large class of N/ = 2 supersymmetric gauge theories [1]. The limit
€1,€3 — 0 reveals the classical integrable system whose phase space, incidentally, can be
identified with the moduli space of solutions of some partial differential equations of gauge
theoretic origin [12]. In the NS limit e — 0, € = & one expects to find the quantum
version of that integrable system [13].

The quantization program has three aspects: the deformation of the commutative
algebra of observables to the noncommutative associative algebra, with a big enough com-
mutative subalgebra in the integrable case, the construction of the representation of the
algebra of observables in the space of states, and, to make contact with the physical pre-
dictions of probabilities, endowing the space of states with the Hilbert space structure.
The first step can be, in principle, analyzed with the help of two dimensional topological
sigma model [14] called the Poisson sigma model [15]. However the second and the third
steps do not seem natural in this approach. In the topological A model, using the so-called
cc branes of [16] and the more familiar Lagrangian branes, one can, at least under some
additional assumptions, produce both the algebra and its representation.

One is naturally led to the question of computing the wavefunctions, in some specific
representation, of quantum integrable systems, of the stationary eigenstates, i.e. the com-
mon eigenvectors of the quantum integrals of motion. This is where the four dimensional
supersymimetric gauge theory, as opposed to the two dimensional sigma model, seems to
give an advantage. First of all, the cc branes lift to the pure geometry (at the tip of
the cigar). The Lagrangian branes can be interpreted as the boundary conditions at in-
finity on the first cigar. The stationary states of the quantum integrable system, under
the Bethe/gauge correspondence [17, 18], are the vacua of the effective two dimensional
N = (2,2) gauge theory. In order to get the wavefunction of the stationary state we com-
pute the expectation value of the special local observable in this effective two dimensional
theory — the surface defect in the four dimensional theory. The parameters of the surface
defect become the coordinates on which the wavefunction depends. As we will review in



section 2, introduction of a surface defect proves to be a very useful tool when studying
quantum version of the Bethe/gauge correspondence. The four dimensional theory with
the co-dimension two surface defect can be viewed as a theory on an orbifold. The local-
ization techniques generalize so as to compute the defect instanton partition function [19]
and also the expectation values of some observables. Our scope is the class of gg-character
observables, which are fractionalized in the presence of the surface defect [20]. The main
statement in [21] proves a certain vanishing theorem for the expectation values of the gg-
characters, with or without surface defect inserted. These vanishing equations, called the
non-perturbative Dyson-Schwinger equations, can be used to derive the KZ-equations [22]
satisfied by the defect partition function [23]. Furthermore, in the NS-limit, these Dyson-
Schwinger equations become the Schrédinger-type equations satisfied by the defect instan-
ton partition function [20, 24] (for pure N' = 2 theory this has been observed to hold on
purely algebraic grounds in [25]). The localization computation of the surface defect par-
tition function therefore provides a systematic way of constructing both the spectrum and
the eigenstate wavefunction for the corresponding quantum integrable model.

This story is a infinite-dimensional generalization of the correspondence between the
strictly two dimensional N' = 2 theories and finite dimensional quantum systems, where the
Bethe Ansatz Equations of the quantum integrable system can be recovered from either
the saddle point equation of the corresponding supersymmetric gauge theory instanton
partition function [10, 26, 27], or from the properties of the gg-characters [1, 20].

Classical and quantum integrability. According to [10] the algebraic integrable sys-
tem governing the special Kéahler geometry of the vectormultiplet moduli space of the
four dimensional theory is deformation quantized, the Planck constant /& being the -
deformation parameter €;. The quantum system remains integrable, with the spectrum of
the commutative subalgebra of the algebra of observables being the twisted chiral ring of
the effective two dimensional theory.

Now, the subtle point, which is best understood by relating the four dimensional gauge
theory to the two dimensional sigma model as in [11], is that the “spectrum” of the previous
sentence, is understood in the algebraic geometry sense. It becomes the physical spectrum,
typically isolated once the additional data such as the choice of supersymmetric boundary
conditions at infinity, is made.

In this paper we shall not pursue this line. Instead, we shall study the analogue of
the continuous spectrum problem, the construction of the scattering states wavefunctions
(sometimes called the Jost functions). The gauge theory analogue of this problem is the
following. Suppose we fix the vacuum with the special coordinates a = (ay, ..., ay) on the
Coulomb branch (these determine the masses of the W-bosons, say). In this vacuum we
compute the expectation values of the gauge invariant observables built out of the vector
multiplet scalars

Or(a) = (Tro*), (1.1)
Using the Bethe/gauge dictionary, this expectation value is identified, as in [10, 27, 28],
with the eigenvalues Hy(a) of the commuting Hamiltonians Hy, k =1,2,... :

H, U, = Hp(a)¥, (1.2)



where W, is the wavefunction of the state characterized by the spectral parameters we
identify with a. The expectation values (1.1) receive contributions from the all instanton
sectors. If we ignore all the instanton contributions, then the expectation values (1.1) are
given by the classical expressions

O(a)Pert = Zaf (1.3)

which are the eigenvalues of the free Hamiltonians, e.g. Zfil(—iﬁxi)k acting on the plane
wave function
f; 1> aix;
whree  pl2aix (1.4)

With the instanton contributions included this function is dressed up into the scattering
state wavefunction we are after, while the eigenvalues (1.1) become the complicated func-
tions of a, the masses, the {2-deformation parameter, and the gauge coupling q. These
contributions can be studied using the nonperturbative Dyson-Schwinger equations, which
can be conveniently organized with the help of the gg-character observables [1].

Surface defect and the wavefunction. The main question is the choice of the polar-
ization in which one to represent the wavefunction in question. Fortunately, here as well
the gauge theory provides a candidate. Generalizing the disorder operators of the Ising
model and the 't Hooft and Wilson loops of the conventional gauge theory, one introduces
a codimension two defect operators Sy ., which are the instruction to perform the path
integral over the singular gauge fields, having the nontrivial holonomy around the small
loops linking a codimension two surface ¥ in spacetime. The conjugacy class ¢ of the
holonomy is fixed throughout ¥ while the representative varies. Let G denote the gauge
group and let G, be the stabilizer of the conjugacy class ¢. Then the singularity at the
defect is classified by the set of equivalence classes [Maps (X, G/G.)]. We can therefore
generally write

<SE,c- . ->a = Z 6d.x<- . ->singular gauge fields in the homotopy class of d, in the vacuum a
deMaps(2,G/G.)]

(1.5)

We identify the wavefunction W,(x) with the normalized vev of S, .. Our main method

is the supersymmetric localization allowing to compute the unnormalized surface defect

partition function Z9¢fct in the four dimensional Q-background, with two parameters €1, 2,

from which we extract, in a nontrivial manner sketched below, the wavefunction in question:

2’7(1efect(a7 €1, €2, M, X, q)

Va(x;m, k) = lim

1.6
ea—0 Zblﬂk(ag €1, €2, m) q) ( )

with A = €; being the Planck constant, and m entering the quantum integrable system in
an interesting way we describe below.

One flew over the limit shape. The limits of vanishing {2-deformation parameters
are the main applications of the localization techniques. In the limit €;,e5 — 0 the Q-
background approaches the flat space limit, where the supersymmetric gauge theory regains



the full A/ = 2 supersymmetry. The F-terms of the low-energy effective theory are recov-
ered from the small e-expansion. The finite € computation is often doable, reducing the
complicated gauge theory path integral to a sum over an infinite yet finite at each instanton
order set. The set is PV, with P being the set of all partitions, or Young diagrams.

The limit € — 0, with appropriate choices for the parameters, such as the Coulomb
moduli a, the masses m etc. can be analyzed, by observing that one term in this infinite
sum dominates, the limit shape phenomenon of Vershik-Kerov-Logan-Schepp. In particu-
lar, in [12, 29] the limit shape determining the prepotential F of the low-energy effective
theory for a large class of theories was found. It is found in the limit €1,€e2 — 0 from the
asymptotics of the gauge theory supersymmetric partition function, which in this paper
we call the bulk partition function:

F(a,m,q)
Zbulk(a, €1,€2,M, q) ~ e €l oy €1,€2 — 0. (1.7)
The bulk partition function is invariant under the exchange €; <> €s.

The choices mentioned in the previous paragraph are then dealt with by the use of
analyticity of ZP"K which is a consequence of supersymmetry. The asymptotics (1.7)
assumes the (a,m, q) parameters are generic. If, however, the parameters are fine tuned
to some special values, the asymptotics (1.7) gets much more interesting and complicated,
reflecting the subtleties of the low-energy effective theory.

In [10, 13] this analysis is extended to the more complicated limit e; — 0, with €; = &
kept finite. In this case one obtains the effective twisted superpotential VW of the effectively
two dimensional N' = (2,2) theory corresponding to the four dimensional theory subject
to the two dimensional 2-background:

ZPuk(a e = h, e, m, q) ~ ew<a’6h27m7q)+m , €a — 0 (1.8)
As explained in [9, 29] the exponential asymptotics (1.7), (1.8) can be interpreted as the
fact that the supersymmetric partition function has the extensive behavior of the typical
thermodynamic partition function, with i playing the role of the four dimensional volume
and % playing the role of the two dimensional area. The area and the volume entering
here are the measures of the space occupied by the instantons.
Now, in the presence of the surface defect, the supersymmetric partition function gets
modified to

defect
Z (a,€1,€60,m, X, q) .

Again, the localization makes it a sum over a countable set. Actually the set is the same
PN but the sum is different.

Assuming the defect is localized in the plane affected by the eo-part of the Q-deformation
the small €5 asymptotics is not, at the leading order, modified, as the bulk instantons don’t
feel much of the defect:

W(a,h,m,q)

Zdefect(a7 €1 = h, €2, M, X, q) ~ e €2 (\Ila(x; m, FL) +.. ) s €2 —0 (19)

In [20, 30] an oo : 1 map 7y : PN — PN is constructed, which represents the map between
the moduli space of instantons in the presence of the surface defect to the moduli space of



instantons in the bulk (the map is a finite ramified cover in a fixed instanton sector). The
sum giving the left hand side of (1.9) can be reorganized as the sum over the image of mn
of the sums over the fibers. The former, in the €5 — 0 limit, is dominated by one term,
the limit shape of the bulk theory. The latter remains to be evaluated. This is the main
objective of this paper.

The sum-cracking secret. Here is the strategy we employ. We first recall, that the
sum the localization reduces the supersymmetric partition function to can and originally
was represented as a series of countour integrals. Remarkably, the remaining sum we are
to evaluate can also be represented as a series of contour integrals, which can be further
intepreted as the series of integrals of the cohomological field theory type over a sequence
of moduli spaces of solutions to matrix equations, defined in a way, similar to the folded
instanton constructions of [31]. These equations depend on some real parameters, the
Fayet-Illiopoulos terms (g. The integrals over the moduli spaces do not change under the
small variations of (g’s, however they may and do jump, as (g’s cross the walls of stability
where the corresponding moduli space becomes singular.

The simplest example of such crossing is the moduli space of solutions to the equation
SN Jzi* = (g, with complex numbers (z1,...,2y). If one divides by the symmetry
(z;) — (eiezi), then, for (g > 0 one gets the complex projective space CP¥ ! as the moduli
space, with interesting topology captured by the integrals akin to the ones we study in this
paper. For (g < 0 the moduli space is empty so all the reasonable integrals vanish on the
occasion.

The significance of the wall-crossing becomes obvious at the second step of our ap-
proach. We move the contour of integration, letting it circle around the infinity and wrap
around the set of poles one is ignoring in taking the integral over the original contour by
residues. Remarkably, the residues at infinity can be summed up. The sum of the residues
at other poles can be interpreted as integrals over the moduli spaces of the same folded
instanton equations but with the different sign of the (g parameters. The moduli spaces in
that case are non-trivial yet simpler, at least at the level of the fixed points of the global
symmetry group, to which the integrals localize. Notice, that in variance with [32], we
do not modify the original theory. We merely compute the original path integral by the
contour manipulation.

To be specific, we shall be working with the four dimensional N' = 2 supersymmetric
gauge theory with the SU(N) gauge group, and Ny = 2N hypermultiplets in the funda-
mental N-dimensional representation. The number of the matter multiplets is precisely
such that the theory is superconformal at high energy, as such it is characterized by the
ultraviolet gauge coupling g, and the theta angle 6. The latter is a parameter since the
axial anomaly is cancelled for Ny = 2N as well. It is convenient to combine g and 6 into
the complex parameters 7 and q:

0 47i

F= %4-?, q = exp 2ir, (1.10)



N
The masses m = (mjf)f . of the fundamental hypermultiplets (the splitting to 4+ and —

masses will be commented on in the main text) are complex as well. It is useful to think
of the masses as of the scalars in the vector multiplet of the global symmetry U(Ny).

In this way we arrive at the main result of this paper: the formula for the wavefunction.
Specifically, in the section 3 we demonstrate that the normalized vev of the surface defect
partition function of AV =2 SQCD can be written in terms of w Mellin-Barnes-type
contour integrals. In the limit to the asymptotically free pure N/ = 2 theory our formula
becomes that of the periodic Toda lattice wavefunction [33, 34].

As a by-product, and also as a warm-up, we discuss the similar contour manipulation
applied to the bulk partition function. For the pure N’ =2 SYM, or the N' = 2 SQCD with
Ny < 2N —1 flavors, and A = 2* theories with gauge group U(NN), the instanton partition
function does not depend on the sign of the FI-parameter (g entering the deformed ADHM
equations [35] (the B-field in string theory realization [36] of noncommutative instantons
used in the localization approach). However, the supersymmetric gauge system we study
does exhibit the (g-dependence. As we will discuss in detail in 3, the change in the
integrals over the moduli spaces corresponding to different (g’s can be organized into an
elegant crossing formula, confirming the U(1)-factors in the AGT-conjecture [37].

Furthermore, we find that in the chain-saw and hand-saw quiver extensions [38], the
instanton counting parameters of each quiver node are related in a non-trivial manner with
different stability conditions. This leads to the transformations of the coordinates x of the
integrable system, looking vaguely similar to the cluster structures in [39-41].

More on X X X, spin chain/SQCD correspondence. Bethe/gauge correspondence
identifies the quantum integrals of motion of some quantum integrable system with the
elements of the twisted chiral ring of some gauge theory with the N' = (2,2), d = 2
supersymmetry. Among such theories we find the four dimensional A/ = 2 supersymmetric
theories subject to the two dimensional 2-deformation. The limit e; = A — 0 restores the
four dimensional super-Poincare invariance while being the classical limit of the quantum
system. In section 4 we relate the Darboux coordinates, which are natural in the spin chain
realization of the Seiberg-Witten integrable system describing the Ny = 2N SQCD, to the
parameters of the surface defect and the bulk theory. In this limit our Mellin-Barnes-type
integrals can be evaluated by the saddle point approximation. The latter can also be used
to classify the possible contours of integration. We find the the saddle point equations of
the surface defect partition function look like the nested Bethe equations, which can be
solved in terms of the holonomy matrix of the classical limit of the X X X,,-spin chain. In
this way we recover Sklyanin’s separated variables [42, 43].

We then extend the X X X, /SQCD correspondence to the quantum level in the sec-
tion 5. Using the nonperturbative Dyson-Schwinger equations we are able to generate
infinitely many bulk gauge invariant chiral ring observables, whose vacuum expectation
values are the eigenvalues of the mutually commuting differential operators (Hamiltonians)
acting on the surface defect partition functions, which are the higher quantum integrals
of motion of the X X X, spin chain. We present the explicit calculation of the first three
Hamiltonians.



Along the way, we find that the inclusion of all the gg-characters, not only the funda-
mental ones [1], is needed to recover all the indepedent Hamiltonians.

We conclude in the section 6. Various definitions and some of the computational details
are given a series of appendices.

Duality of correspondences, and correspondences of dualities: sl Gaudin vs.
X X X,(,-chain. Quite often the Poisson-commuting Hamiltonains of the classical inte-
grable system can be organized into a algebraic equation R(z, z) = 0 describing an algebraic
curve. The values of the Hamiltonians are the parameters of the curve. Sometimes this
algebraic equation is the characteristic polynomial of an operator ®(z) depending on the
additional parameter z,

R(z,z) = Det (x — ®(2)) (1.11)

The gauge theory counterpart of the values of the Poisson-commuting Hamiltonians, has
been observed in several cases to be the spectrum of the chiral ring, e.g. in the N’ = 2
SQCD [8, 44-46], and shown more generally in [3]. When the four dimensional N' = 2
theory is 2-deformed in two dimensions, the theory retains N' = (2,2) two dimensional
super-Poincare invariance, with the translational symmetry in two dimensions unaffected by
the Q-background. Remarkably, the equation R(x,z) = 0 may have several interpretations
like (1.11). This is related to the phenomena of dualities in integrable systems [47-49],
and bi-spectrality. This includes the Nahm duality between the integrable system on the
moduli space of periodic monopoles and Gaudin model [50], whose relation to the four
dimensional gauge theory is demonstrated in [12], for all A-type quiver gauge theories.
The same duality, in the Aj-case, with an excursion into the quantum realm, is discussed
recently in [51].

Let us explain this duality in the classical case. Consider the following version of the
Hitchin system. Let ®¢, £ € {0,q,1,00} be the N x N traceless complex matrices, with
fixed eigenvalues, which we assume to be distinct for £ = 0, co, and maximally degenerate
yet non-trivial (i.e. with multiplicity (N — 1,1)) for £ = q, 1. Define:

O(z) =) Zq:fé (1.12)
¢

Let us require ®(z) to be holomorphic outside {0, q, 1, 00}, which means
D ®e=0 (1.13)
3

and divide by the group G¢ = SL(N,C) acting by the simultaneous conjugation

~1
((I)f)o,q,l,oo = (g ‘bfg)o,q,l,oo for g€ G(C . (114)
The space of solutions to (1.13) modulo (1.14) is the phase space M of Gaudin model,

M = (0y x Oq x 01 x Ox) //Gc (1.15)



the latter notation suggesting M is a symplectic manifold. The symplectic structure way
can be described in terms of the Poisson brackets of functions of the matrix elements of
the residues @,

{(@e)], (0e)]} = deer (8 (@) =87 (@e)]) (1.16)
It follows from (1.16) that the coefficients of the characteristic polynomial

N
R(z,z) :=Dety (z — ®(2)) = ZxN_iui(z) , ui(z) =0 (1.17)
i=0

Poisson-commute for any value of z. Furthermore, the functions w;(z) only have poles
at z = 0,q,1,00, with the leading asymptotics determined by the fixed eigenvalues of
the residues. It can be shown by the straightforward algebraic analysis that the number
of independent parameters in u;(z) is equal to N2 — N +2(N —1) —= N?+1 = N — 1,
which is half the expected dimension of M, meaning we have a complex integrable system.
Moreover, one can recover a point on M given the curve R(z,z) = 0 and a point on its
Jacobian, i.e. a holomorphic line bundle. This bundle is identified with the eigenline of
®(z) corresponding to the eigenvalue z. With proper adjustments, all of the Jacobian, i.e.
the complete abelian variety, is the fiber of the projection M — CN~! given by fixing the
spectral curve R(x, z) = 0, belongs to M. This makes M an algebraic integrable system in
the sense of [4]. The periods of the differential zdz provide the action variables (there are
many choices for the N — 1 cycles on the spectral curve, leading to the special geometry
and the prepotential).

Another representation of the same algebraic integrable system is obtained by the
Nahm transform. Namely, consider the moduli space of solutions to the complex part of
the SU(2) Bogomolny equations:

iDz® + Fp, =0 (1.18)

where u ~ u + 1 is a coordinate on S, x,Z are the coordinates on R?, Fo = 0,A, —
0,A, +[Au, A], and P, A, are the adjoint-valued Higgs field and gauge field on S x R?,
respectively. The egs. (1.18) imply that the spectrum of the complexified SL(2, C)-valued
holonomy

g(z,z) = Pexpj{ (Au + 1&)) du (1.19)

varies holomorphically with z:

dzR(z,2)=0,  R(z,%) = Dety (2 — g(z,7)) . (1.20)

If we impose, in addition, the condition that at © — oo the conjugacy class of g(zx, )
approaches that of diag(q%,q_%), while at * = pq,...,un there are singularities which
can be modelled on the U(1) Dirac singular monopoles embedded into the SU(2) gauge
fields, then

4P (2)R(z,2) = (= — 1)(z — ))R(x, ) (L.21)



with
P+ ($
P_(z)

~—

z=124/q

(1.22)

Thus, the monopole spectral curve and the Hitchin-Gaudin spectral curves essentially co-
incide. The precise map between ® and @, A data is obtained analogously to the usual
Nahm transform [52]. By writing

CRRICELIPY

z

#,2) =2P_(z) — (1 + q)T(z) + 9z 1Py (2) (1.23)

with

:7;:%— Yy (1.24)

Z —_—
6207q717w

with mq, m; equal to multiplicity N —1 eigenvalues of @4, ®1, respectively, one deduces [12]
that the monopole spectral curve data becomes the data of the algebraic integrable system

+7 —
associated with the X X X, spin chain with the complex spins s; = i hmf , and the

inhomogeneities py = % (m;cr + m;)

The XX X, spin chain side of the story is addressed in this paper. The Hitchin-
Gaudin representation is obtained from the es — 0 limit of the Knizhnik-Zamolodchikov
equation derived in the companion paper [23]. In this way we obtain a generalization of the

results of [53], which can be recovered for special values of masses and Coulomb parameters.

2 The surface defect

In this section we briefly recall the construction of the surface defect and study its vacuum
expectation value.

2.1 From gauge theory to a statistical model

Localization technique reduces generally complicated supersymmetric gauge theory path
integral into computation of an effective statistical model, capturing the correlation func-
tions of the BPS protected operators.

Let us consider the N' = 2 Aj-quiver gauge theory in 4 dimensions, with the gauge
group SU(N) and 2N fundamental hypermultiplets. The Lagrangian is parametrized by
the complexified gauge coupling

0 4w
T = %_Fglzl’ q = exp 2mir, (2.1)
and by the choice m of 2N masses, which we split into N fundamental m™ = (mf,...,m})
and N anti-fundamental m~ = (my,...,my) ones. The choice of the vacuum is para-
metrized by the N Coulomb moduli parameters a = (ay,...,ay), obeying
N
Z o =0 . (2.2)
a=1
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The localization of the Q-deformed theory [1, 54] produces the the statistical model
whose configurations space is PV, the set of all N-tuples of Young diagrams X =

()\(1), R )\(N)). In turn, each individual Young diagram A(®), o = 1,..., N, is a collection
A@) = ()\ga), )\ga), ... ) of nonnegative numbers obeying
AT >N =12, (2.3)

which can be represented geometrically as Young diagram, where each number )\,EO‘) is the
i-th row of that many identical squares [, as in the figure 3.

The pseudo-measure associated to the instanton configuration X is defined using the
plethystic exponent & operator, which converts the additive Chern characters to the mul-
tiplicative classes

E

Y| - ITe" 2

where m, € Z is the multiplicity of the Chern root &,. For X the associated pseudo-measure
is computed by:

- SS*  MS*
Z(a,m* O\ =E |-—— + —. (2.5)
P12 P12
where
A N N N . . ~ ~ ~ ~ N + —
N=)e™, K=Y eqi g, S=N-PpK, M=) " +e". (26)
a=1 a=1 (i,5)EN(@) f=1

gi=e" are the exponentiated complex 2-deformation parameters €1, e €C [9, 54, 55], and
Pi=1-¢q, Po=1-q)1-qp). (2.7)

Given a virtual character X = . M€ we denote by X* = >, mge % the dual virtual
character.

The localization equates the supersymmetric partition function of the 2-deformed A
U(N) theory to the conventional partition function of the grand canonical ensemble

Z(a,m*,q,9) =Y gV Z(a,m*, ). (2.8)
X

A recent development in BPS/CFT correspondence notices differential equations of
two dimensional conformal theories, such as KZ equations [22] and KZB equations [56]
can be verified by adding a regular co-dimension two surface defect in the supersymmetric
gauge theory [20]. These conformal equations become eigenvalue equations of integrable
models in Nekrasov-Shatashivilli limit (NS-limit for short) ez — 0 [26, 57].

The co-dimension two surface defect is introduce in the form of a Zy type orbifold-
ing [30] acting on R* = C; x Cy by (z1,22) — (z1,722) with % = 1. The orbifolding
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generates chainsaw quiver structure [19, 38]. Such a surface defect is characterized by a
coloring function ¢ : [N] — Zy that assigns a representation Re(a) of Zn to each color
a=1,...,N.

Here and below R, denotes the one-dimensional complex irreducible representation of
Zyn, where the generator n is represented by the multiplication by exp 2”%

In the presence of fundamental matter, additional coloring functions o : [N] — Zy
assign a representation R,+ s to each fundamental flavor m?, f=1,...,N. In the
simplest example, it is enough to assume that the coloring functions c(a) and o®(f) take
the form

clay)=a—-1, a=1,....N; o5(f)=f—-1, f=1,...,N.

In principle, one may consider arbitrary degree orbifolding as the quotient by Z,, with any
integer n. The defect corresponding to the Zy, represented in the color and in the both
fundamental and anti-fundamental flavor spaces in a regular representation is called the
full-type /reqular surface defect, which is relevant for our purpose. More detailed discussions

can be found in [19, 30, 58, 59]. The complex instanton counting parameter q fractionalizes
N-1,
w=0 "

to N couplings (q.,)
q9=4doq1 " AN-1; Guw+N- (2.9)
The coupling q,, is assigned to the representation R, of Zy as fugacity for the chainsaw

quiver nodes. The surface defect partition function is the path integral over the Zn-
invariant fields:

Zn

X Pr(1 =gy "R1)

with the power k,, of fractional coupling q,, defined in eq. (B.2b).
The expectation value of the surface defect partition function Z in the Nekrasov-
Shatashivilli limit (NS-limit for short) es — 0 has the asymptotics

1 + .
Zdefect(a’ m:t’ T, C—l'; €1, 62) — e€2 W(a,m*,7;e1) i (\I’a(X, a, mi’ T, 61) + 0(62)) (211)

with the singular part being identical to that of the bulk partition function Z,

W(a,m*, 7;¢;) = lim e, log 2Pk (2.12)

62—)0
We denote the normalized vev of the surface defect by

Zdefect(a7 €1, €2, mi, cTa CI)
€2—0 ZbUIk(a, €1, €2, mi, q)

(2.13)

Indeed, the exponential asymptotics is the thermodynamic large volume limit, 1/es play-
ing the role of the volume, the free energy being the effective twisted superpotential
W(a,m*, 7;¢) of that N = (2,2) two dimensional theory. The presence of the surface
defect does not change the leading asymptotics, as it is an extensive quantity.
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The properties of partition function Z of A; quiver gauge theory along with the twisted
superpotential W are well studied in various papers [7, 10, 13], see also [9, 17, 18, 36]. In
comparison the normalized vev of the surface defect partition function is much less explored
and understood. However,as we will see in later sections, the normalized vev of the surface
defect will be identified as the wavefonction of the scattering states in the dual quantum
integrable model.

2.2 Shifted moduli

For convenience of further computation, we scale e — 2 and define shifted moduli pa-
rameters by

_ o)

o)
o = — + (2.14)

€2 = Qq; my — N €3 =My .

3

The shifted moduli parameters {a,} and fundamental matter masses {’I’h?} are charged
neutral under the orbifolding. All the ADHM characters can be expressed in terms of the
shifted moduli:

N-1 N-1
N=3 Nogd Roy Nu= 3 e, N=S"N, (215
w=0 c(a)= w=0
N-1 w N-1
M= Mg R M,= Y ™, M=S" M, (2.15b)
w=0 o(f)=w w=0
N-1 w N-1
K= IN(wquw, K, = Z ele Z Z dq, K = K (2.15¢)
w=0 o J (1,5)EX(@) w=0
c(a)+i—1=w+NJ
1 w N-1
S=N-P <1—q2NRl> K=Y 5,4 Ru, S = S, (2.15d)
w w=0
with
Sy=N,—-PKy,+PK, 1, w=1,...,N—1; (2.16a)
SO = N() — Plffo + q2P1KN71- (216b)

The surface defect partition function is the Zpy-invariant fields, which can be easily
obtained from the bulk partition function in eq. (2.5):

A A A~ A ZN
SS* — MS*
1
Pr(l1—gy " R-1)

Z(aymijq,g) :Zqu}wE _
N W
— ZquwE 85— M5 ) > Sun Sty — Mo S5,
X oW } Py Py

N-1
= Z H leiwubulk(a, mi)[x]l‘surface(av mi)[x] (2.17)
X w=0
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The bulk contribution

puik (2, m™, q)[A] = E (2.18)

*
P12

depends only on the bulk Young diagram S = N — Pj3K y_;. Dependence on the fractional
f(w lies in the surface contribution

- > S, S — M, S*
[isurface (8, M) [A] = [ wisews T P“f e (2.19)
1
We define a new set of virtual characters:
Ip:i=So+--4+8,_1, w=1,...,N. (2.20)
The surface contribution can be rewrite using {I', }:
N-1 N—1 p°
- To(Tws1 — To)* My 1(Ty —Tu)*
:usurface[A] =K Zw:l W(P:H_l UJ) — Zw:l wPlf N w) ] . (2.21)
1 1

In the NS-limit e — 0 with ¢; = € fixed. The bulk contribution is locked to the
limit shape instanton configuration A, (See appendix D for detail about limit shape) which
satisfies
S[A.)5%[K.] — 31§7[K.]

P

fiou (2, m* | q)[A,] =

= exp <612W(a, m®, 7, 61)) . (2.22)

The character Ty = S denotes the limit shape configuration in the bulk, while the
remaining I'y,, w = 1,..., N — 1 involves any surface structure on top of the bulk limit
shape. In particular we find the virtual characters I',,’s of the from

ta)

FN—Z Ao L3S gl g (1 ) = By + PV, (2.23a)
o {J/
Ab (a/)
Z eAa tallw c(a) +Z Z (Zaq q *, I 41 (1 ) =F,+ PU,. (2'23]0)
cla)<w a {J}

The F,’s denote the N — 2 Young diagrams Xtaﬂ = ()\(0.) AL AN 2)) attach-

tail? “‘tail? * * 0 “tail

ing to first J = 0 of limit shape K, which we call tail. Each tail Young diagram
A9 for w = 0,1,...,N — 2 is the collection of row of boxes of non-negative length

)\E;)l = ()‘E:i)l,P AE:RIQ’ : ) Obeying

A@ N 1w

tail,1 —
(w) (w) .
Atail,i = Atail,i_l,_lv 1= 1, 2, e

The set of jumps in the bulk {J'} is defined by

(J" = {J eN| AL _Ab) 1}, (JyC{y - c Iy ={J}.  (2.25)
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N /\* NJ1 NJ2’

:F Tail Jumps

Figure 1. Tail and jumps that forms X on top of limit shape A,.

The normalized vev of the surface defect ¥, is identified as an ensemble over all allowed

surface configurations, namely the arrangements of jumps {U, } and tail Young diagrams
)\tv(a)

il connected to the very bottom of limit shape A.. See figure 1 for illustration.
ail,w—c(a)

N-2

ko—kn_— N

Wy = g H Juw N 1,U/surface[)‘}
X w=0

N-2 — % — %
_ bty 1| SN Ty (T —Tw)* SN My (Ty —Tw)
= o E : - . . (2.26)
< Pl Pl
)\tail {UW} w=0

3 The integral representation

In this section, we demonstrate how we to simplify the expression for the normalized vev
U, of the surface defect in the vacuum characterized by the Coulomb moduli a in (2.26).
We shall cast it in the form of the N(NT_I)—fold Mellin-Barnes contour integral. In the
asymptotically free limit our integral approaches that of the eigenfunction of quantum
periodic Toda chain [33, 34], as it should.

In this section and onward, {a,} and {mf} always denote the shifted moduli param-
eters and fundamental/antifundamental multiplet masses.

3.1 The emerging quiver structure
Define the dual character V,,:

t,(1) t, (1)
tail,w—1~ “‘tail, N—1

1_
Ty —To=Y M4+ PV,, Vo=(W-U,)+3 et-—1

I>w I<w

— (3.1)

We see that V,, is a pure character, i.e. it is a sum of monomials with positive coefficients.
The normalized vev of the surface defect ¥, in (2.26) can be rewritten in terms of the V,,’s
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as follows:

N—2 - N-1 I+
\Ifa:Z};[Oqof "TUE wz::l Iy = Mooy =Y Lo | 52

X >w 1
N-1
< E|PWVF + ) (Lo Vi + @ LiVe — PV (Vi = Vier1)" — My V)|, (3.2)
w=1
L, = eAe

The new ADHM-like quiver system can be reconstructed from the {V,,} dependence in the
eq. (3.2). With a little bit of a work one arrives at the data which consists of the following
vector spaces:

e N — 1 complex vector spaces V,, ~ CY whose character is denoted by V,,
e N complex vector spaces L, ~ C! whose character is denoted by L,, = e,
e N — 1 mass nodes M, and
e one complex vector space W = CIW! whose character is denoted by W,
the maps between them (and their contributions to the character in (3.2)):
e ThemapI: W — V; (W );
e The map i, : L, = Vi1 ( LwV;_t,_l );
e The map j, : V, — Ly (@ LEVL );
e The map BY’J) :Vy, =V, (@ VVy )
e The map B, : Vo, — Vi1 VoV,
a couple of the ADHM-like equations (and their contributions to the character in (3.2)):
e The equation B§w+1)ﬁw — ﬁwB§w) +iujw =0 (a1 VoV
e The equation BPI =0 (—q WV,

the gauge symmetry U(V,,), which contributes (—V,,V,}) to the character, and, finally, one
supplements the measure by the Euler class of the vector bundle of maps M,_1 — V,,
effectively contributing (—M,,_1V,}) to the character.

See figure 2 for the illustration of the new quiver, resembling, in particular, the handsaw
quiver [19, 38].

The moduli space corresponding to this new quiver is given by

N-2 N-1 N-1
M= {Hom(W, Vi) & @ Hom(V,, V1) & €D Hom(Vy, Vo) @ €D Hom(Ly, V1)
w=1 w=1 w=0
N-—1
® @ Hom(V,,, L) + eqs.} J[U(V]) x U(V3) x -+ x U(Vy_1)] (3.3)
w=1

~16 —



Lo L1 Lo | eeeee Ln-2 Ln-1

io Jl il j2 12
W ——{ V1 p: Vs Bz * ...
B1 B1
Mo M1 Mn-2

Figure 2. The quiver emerging from the V,, dependence of the normalized vev U,.

with the global symmetry
UW) x U(Lg) x U(Ly) x --- x ULn_1) x UMjp) x --- x UMpn_2) x U(1)g,.
The U(1),, symmetry acts by
(B, B iosdun T) = (@1BY”), B iy 1, 1)
forall w=1,...,N — 1. The quotient with respect to
U(V1) x U(Va) x -+ x U(Vn_1)
is accompanied by the real moment map equations:
PRw = [Biw), B§W)T] + Bo1B = BB+ iwil | — ilie = GRuldv,,

with 8p =T and By_1 =0, and
C = {C]R,w}

(3.5)

(3.6)

(3.7)

being the set of Fayet-Iliopoulos parameters. We call the (g, > 0 choice the positive

stability chamber. A representative would be

C]R,w = C]R >0 VYw.

This emerging quiver variety is the special case of the moduli space of folded instan-

tons [21, 31] on the Zy orbifold of C* acting via (21,22, z3,24) — (21,122, 23,7~ '24) with

n™ = 1 [30], with the following gauge origami data: the Chan-Paton spaces, as the Zy-

modules, are:

N-1
Ny = @ L, ® Ro,

w=0
Ny = W ® Ro,
N-1
K= @ Vo ®Ry-1-

w=1

17 -
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The ADHM gauge origami matrices are decomposed as

Bi = (B{)u1; (3.92)
By = (Bw)wfﬁ (3.9b)
Iio = (iw-1)w-1; (3.9¢)
J12 = (jo)w—1; (3.9d)
124 = (I)O (396)
forw=1,...,N—1, and
Joy=B3=B;,=0 (3.10)
They satisfy:
[B1, Bo] + T2 J12 = 0, (3.11a)
Byl =0 (3.11b)
In the positive stability chamber the vector space K decomposes as:
K= C{Bl, BQ]Ilg(ng) + C[B2]124(N24). (312)

The egs. (3.8), (3.9), (3.10) follow from the folded instantons equations [31] subject to the
decomposition (3.8) supplemented by the real moment map equation (which is equivalent
to (3.6)):

pr = [B1, BI] 4 [B, BY] + Lally — JlyJia 4 Ioall, = (g 1di - (3.13)

As aresult, ¥, = U, | is the cohomological field theory partition function which is obtained
by integrating the equivariant Euler class of the bundle of all the equations above over the
moduli space of matrices obeying the stability condition (3.12) modulo the complexified
symmetry group (3.5).

3.2 On the other side

The calculation of the partition function W, _ defined in the same way with the flip of the
sign of the Fl-parameters, i.e. for (g < 0 in the real moment map equation (3.13) is much
simpler. Indeed, in the negative stability chamber, i.e. for (g < 0, the eq. (3.13) implies

12| [* + [[T24]? = || J12]]* = k(g < 0.

It implies that both I12 = Iy = 0 at the fixed points of the global symmetry, leaving the
BI and B; commuting. The vector space K is generated by the image of JIQ:

K = C[B], BI]J],(Ny,). (3.14)
The fixed points on the moduli space are characterized by N — 1 Young diagrams Xdual =
()\élu)al, e v)‘((ijl\; 1)) with the restrictions on their maximal height in the Bg direction. Each
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Young diagram )\((flll = ()\é?l)al 15 )\((flil 5, ) is a collection of rows of squares of non-negative

length obeying

)‘51?1)311@‘ = Afj?lll,i+17 i=1,2,... (3.15a)
A <, a=1,...,N—-1 (3.15D)

The transposed Young diagrams can be expressed by the collection ()\((iauél)t =

()\ga)’t, )\ga)’t, ceey )\&a)’t) with non-negative entries such that
A S N1 (3.16)

The dual characters V,, in the negative stability chamber are

(c0),t
1 _ q dual,a—w+1
A —1 1
Vo=> et R —

a>w -4

A A N

= Ty —Tu=) e+ PV, =) elig et = By, (3.17)

>w >w

Set €1 = h. The normalized vev of the surface defect in that chamber is equal to the
sum over the Gelfand-Zeitlin-like table (3.15), (3.16), similar to the sum over fluxes in the
gauged linear sigma model corresponding to the complete flag variety, or as in [34]:

Ch1F‘>w
=2 H o

1 * * *
F <FNF>1_ZFZW(FZW_FZW+1) _ZMW—1F>UJ>
1 w w

)\dual
(3.18)
3.2.1 Mutation of fractional couplings
For future use let us define the effective fractional couplings. Let:
Co =1 = 0w+ duluwpr + -+ (=D)Y ¥ qy_2, (3.19)
forw=0,1,...,N =2, withc_1 =cy_1 =1, and
do,eff = do C1 (3.20a)
Queff = Qo Cot1Cyly,  w=1,...,N =3, (3.20Db)
AN—2,0ff = AN—2 Cy3 , (3.20¢)
N-2
av-re= a9 | duee (3.20d)
w=0

so that the product of effective fractional couplings is equal to the bulk coupling q. We
leave the study of the properties of the map q +— g to future work.
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3.2.2 The crossing of the normalized vev

See the appendix (C.3) for the N = 2,3 examples and for the toy model illustrating the
transformation of the fractional couplings. Here we present the case of general N
The normalized vev of the surface defect of a general gauge group U(N) is of the form

A *
Vot = Z H 9. E ( Z€Al —P1Vw> (epl + Vi — Vw+1>

>w
wfl(ZlZw el + Plvw)*
Py

+

(3.21)

We again rewrite ¥,  using the dual characters {V,} defined by the eq. (3.1). The sum
over the entries in V,, can be expressed as the sum over the residues in the contour integral

i ]ﬁ 4y ! f[ 6 (¢ — )2 Uﬁl gt 1
27l ﬁ (w) _oWh2 _p2 (w) _ 4 (w+1)
V1,...,UN_1=0 w=1 i QS]’ ) 7j=1 ¢z qu
W (3.22)
G —m:,lxqﬁ(”— . H¢ it

(0 = Au) (0 = Au+h) i ol — b,
The integration is evaluated by deforming the contours C,, in steps:

1. We start at w = N — 1.

2. We choose v, — [, integration variables {qﬁgw)}, i =1,...,vy — l,, for some [, =
0,...,v,, to pick up the residues at the pole at infinity.

3. The residue at infinity is computed using eq. (C.31).

4. The integral over the remaining variables {gbgw)}, 1=v,—Ily+1,...,v, is performed
by computing the residues at A, —jh, j =1,2,..., for some a« = w, ..., N —1. These
poles generate the dual Young diagram corresponding to a fixed point of the quiver
variety in the negative FI-parameter chamber.

5. Sum over (v, ly).
6. Repeat the steps 2 to 5 with w — w — 1.

The residues at infinity for a single ¢() are

1
r@) = ﬁ(mj;1 +my  — Ay 1 —Ay+h), w=1,...,N—1. (3.23)
In terms of the quantity defined by the eq. (3.19) the total crossing factor is given by the
formula
(W] N2 (J+1)
X c]
7=0
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3.3 Integral representation of the normalized vev of the surface defect

The normalized vev of the surface defect ¥, | in the positive (g chamber is related to its
negative chamber counterpart by the crossing formula,

Dy N eaR
Uy = cf Dm0 Ao H : . (3.24)

The physical meaning of the parameters A,’s in the quantum integrable system are the
asymptotic momenta at the spatial infinity.

The normalized vev of the surface defect ¥, _ in the negative FI-parameter chamber
can be represented both as the discrete sum (3.18), and as the integral over the set y =

(y1,y2, - .,yn—1) of R-valued variables in the following form
_ . _ . N— «
_ Zjh ho—knoap |TNF2L SN Fow(Fow = Fowr1)® Yoot MuF2,
X w=0 et Py by Py
= /M(Y)C(Y)U(Y)dy (3.25)

where

1. The set ||yn jlli<j<n<n—1 is the lower left triangle of an (N — 1) x (N — 1) ma-
trix. The function ¥(y) is defined with the identification y = (y1,...,ynv—1) =
(yn—1,15---,YyN—1,N—1) by the Mellin-Barnes integral

Yn,j n ntl Py
- Z h’j Ing"Intlk Yn,j —Yn+1,k
N-2 =1 [T IT(=n) h I ==

AN —n—1,eff j=1 k=1 1
ul) = [ I
] _ . n
I —1 n: r (yn,g yn,k) T (Z/n,k yn,j) m '
" lﬁjl;[kﬁn " i jl;[1 N-n-1(yn;)
x ]hQ ﬁ e (3.26)
2mhi
n=1 j=1

The integral is understood as follows: first integrate out the variable y;; along a
straight line

Cin {y1 1: Re <y%1) = constant, Re (y1,1/h) > max{Re (y2,1/h),Re (y272/h)}}

followed by integration with respect to the variables (y21,y22) over the product of
two straight lines {Ca1,C22} parallel to Cy 1,

Co,i = {yg 1 Re< - ) = constant, Re (y2;/h) > max;{Re (y3’j/h)}}
and so on. The last set of integrations with respect to the variables (yn-_21,...,
yN—2,N—2) is performed along N — 2 straight lines

yNg”) =constant, Re (yn_2,/h) > max;{Re (yN_Lj/h)}} .

Cn-2; ::{yN—Z,z‘ : Re(
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The contribution to the integrand of the fundamental flavor multiplets is given by

Tl = B [M}?y] =1Ir (y i )(h)y‘;ﬁ

2. The function C(y) is given by

Q (yj —h) 1
(3.27)
Jl_Il Mo (y;) 1Y, sinm (yj%A“>

where Q(y) is the solution of Baxter equation (D.7) and My(y) is given by

»=11r (L Yo

Even though C(y) only has contributions from two fundamental masses, eq. (3.25)

shall still have gamma function factor from 2N — 2 fundamental mass dependent on
y by the pole structure of (3.26).

3. The measure u(y), sometimes called the Sklyanin measure, is of the form

ZN 1 y] 1
wly) = Ao eff (27Tih)N 1 1 '3171; U5 hyk
_ooad 1 1 (yj — k) . Yi — Yk
- qO,eﬁ”] (Qﬂ_ih)]\f,l (N — 1)| H T s 3 (328)

1<j<k<N-1

We notice that the normalized vev of the surface defect (3.25) has the same structure
as the SL(2,R) spin wave function derived in [60].

3.4 The limit to Toda

Let us consider the limits m]jf — 00, ¢ — 0, with g Hﬁcvzl mt Fmy = = A%V kept finite. From
the point of view of the gauge theory, we integrate out the fundamental hypermultiplets,
arriving at the pure super-Yang-Mills theory. It is well-known to be dual to the An_1 Toda
lattice (periodic N-particle Toda chain) in the sense of Bethe/gauge correspondence,

. 2 L 92 ) N
Hroqa = _? Z 8? +A Z el xg ~ Xa+N (3'29)
a=1 @ a=

Integrating out the fundamental hypermultiplets results in several modification of the
normalized vev of the surface defect (3.24). Since the integration over moduli space (3.22)
no longer has pole at the infinity, there will be no crossing factor. The surface partition
functions in the positive and negative FI-parameter chambers are therefore identical

\Ila,—i- — \1137_.
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In addition, the fractional coupling ¢, will not be modified between the two chambers,
namely
Qu,eff = Juw = APeXe X1,

In the mass decoupling limit, we recognize that the normalized vev of the surface parti-
tion fucntion coincides with the integral formula for the eigenfunction of the An_1 Toda
lattice [33, 34]. See appendix B.2 for detail about reconstruct the Schréodinger equation of
Apn_1 Toda lattice from A = 2 SYM with a co-dimension two surface defect.

3.5 Crossing and AGT

Here we work with both €1, €5 finite, so we restore the notation e, = €; 4+ €2. Let us con-
sider the SU(2) gauge theory. We can start with the U(2) gauge group with the Coulomb
moduli a; = —ag = a having the zero trace. In the original AGT conjecture [37], the SU(2)
vector multiplet is accompanied by two fundamental and two anti-fundamental hypermul-
tiplets. The crossing formula in the eq. (C.22) considers all flavors in the fundamental
representation of the gauge group. To match with the AGT convention, we change the
hypermultiplets with masses mf and m~ to the anti-fundamental representation of the
gauge group, which modifies
mf — €4 — mf

One special property of the U(2) gauge theory with moduli parameter a; = —as = a is
that the instanton partition functions in the positive and negative Fl-parameter chambers
are related by the additional symmetry m — e, — m. Such additional symmetry can be
seen by identifying the instanton configuration (A1, A2) in the (g > 0 chamber with the
instanton confugration (A2, A1) in the (g < 0 chamber, which results in

Zy(2)+ (@, mF5q) = Zyg) - (a, 64 —msq). (3.30)

At the same time, the crossing formula in eq. (C.22) predicts

Zyy4(a,miq) = (1—q) 7" 2y (a,m;q).

See the appendix C.2 for the derivation of the crossing formula in the bulk.
The 7+ in the new convention of flavor becomes

We denote the masses of the fundamental and anti-fundamental flavors of the effective U(1)
theory by

+ — + -
mg +m m; +m
Mo = %7 M1 = % = Too = 264 (po — pi1)-
A U(1) instanton partition function with one fundamental flavor gy and one anti-
fundamental flavor y; is equal to [1]:

poler—p1)

Zuay+(pizg) = (1 —q) a=
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The symmetry m — ey —m can be restored by decoupling overall U(1) instanton partition
from the U(2) instanton partition function,

n _9 n _ 2pp(eq4—p1) n
B(a,m;;q) = (ZU(1),+(/%7CI)) ZU(Z),Jr(aami ;q) = (1—q) ez ZU(2),CR>0(CL7m¢ $q),
(3.31)
such that B(a, m,jt; q) enjoys the m — €4 —m symmetry,
i _ 2(e4+—Ho)M1 1
B(a,ex —m;5q) = (1—4q) a2 Zywg)4(a,ep —m;q)
_ 2(eq—pglm n
=(1-q) a2 Zyg)4(a,mi;aq)
_ 2(eq—po)m - 1
=(1-q) a2 (1-9)"2y@g)+(a,m;;q)
_ 2pp(eq—p1)
=(1—q) a2 Zyg.(e,m;q)
= B(a,mi; q). (3.32)

We can recover exactly the U(1) factor given by the original AGT conjecture [37]. We
also need to take special value of Q-parameters e; = b, o = b~!. As shown in (B.16), the
U(2) gauge theory is associated to the Liouville conformal theory. The momenta of vertex
operators in Liouville theory are

+ — + —

€+ Mg +my —€q N €r Mg —my
_ -0 "0 - - T =4 2 3.33

Ko 2 2 y MO 2 2 ) ( a)
+ - + —
€4 my +m; —€r € my; —my

— =1 1 = -_—— = 3.33b

M= 5 LT B ( )

based on the identification in (B.17),
Instead of decoupling the U(1) factor, an alternative choice to restore the m — e, —m
symmetry is by coupling the U(1) instanton partition function in the opposite FI-parameter

chamber
R = o . 2 +.
B(a7 Mo 15 Cl) = ZU(l),f(,u'Zv Cl) ZU(Q),Jr(aa m;; CI) (334)
with
(e4—pp)H1
Zyay-(pizg) =(1—q) a2 . (3.35)

Changing m — €4 — m swaps the Fl-parameter chambers the U(2) and U(1) instanton
partition functions reside in. The choice of fundamental masses of the U(1) instanton
partition function ensures that the crossing factor from Zy(1) <o and Zy(g) g>0 cancel
each other, leaving B invariant.

The main statement of the AGT correspondence identifies B with the 4-point conformal
block of Liouville conformal theory on a sphere. See [61-63] for the lectures on Liouville
theory, and [37, 64, 65] for details about the AGT correspondence.
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4 Classical X X X,,/SQCD correspondence

A connection between the X X X, spin chain and the N/ = 2 SQCD in four dimensions
has been anticipated a long time ago. Various hints were presented first in [46, 66], then
in [10, 17, 18, 27, 28], for fine tuned parameters of the theory. In this paper we show in
full generality that the classical X X X, spin chain is the Seiberg-Witten geometry of the
theory, in particular we establish relations between the slo spin chain coordinate systems
and the defect gauge theory parameters.

Let us briefly review the classical X X X, spin chain Lax matrices and the monodromy
matrix. Let & be a local coordinate on the CP'. The Lax operators are defined as a set of
G La-valued functions [67]

LEJ(XX(x):x_Mw"i_Ewy w:()’uN_l (41)

where £, = {0 0o+ {0, +{,0_ are sly matrices. The p;’s are N points on CP! which are
called the inhomogeneities. The Lax matrix LX*X(z) is assigned to the (w -+ 1)-th site of
X X X, spin chain lattice with a Poisson structure defined on each site

{ggavé:ﬁt} = i@:(saﬁv {El_,ﬁg} = 2€géaﬁ' (4.2)
The monodromy matrix is defined as a product over Lax matrices
Tsc(z) = K(q) Lyt (x) - L™ (2). (4.3)

The twist matriz K(q) is a constant G La-valued matrix. The spectral curve of spin chain
is defined by introduction of spectral parameter z

det(z — Tsc(x)) = 0. (4.4)

Expanding the 2 x 2 determinant explicitly gives

N-1
2? — 2TrTsc(w) + det K(q)P(z) =0, P(z) = [[(z — oo + 50) (@ — s — 5).  (4.5)
=1

€

4.1 Constructing the monodromy matrix

We now demonstrate how one can recognize the eq. (4.3) in the four dimensional super-
symmetric gauge theory. We take both e;,ea — 0 (classical, or flat space) limit of the
non-perturbative Dyson-Schwinger equations (5.14) in the presence of the regular defect:

P,(z)

Y, = (1 + qw)tw(x) (4'6)

Yw+1 + Juw

where

Py(@) = (x —mf)(x —mg), tu(v)=2—p..

Let us define
Yo

77bw—1

Y, = (z —m}) (4.7)
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such that eq. (4.6) becomes a second degree difference equation of the 1),,’s.
(z — ma—:+1)1/’w+1 + qw(® —my ) Pw—1 = (1 4+ du)(T — pu)Pw, (4.8)
with twisted periodicity constraint imposed on ,,’s

YorN = 2%y, (4.9)

for some complex z. Eq. (4.8) can be rewrite as a first-order difference equation by defining

_ %+1 - ¢w _
Xw = ) Xw+N = ZXw>
(%

a vector

such that . obeys

X = mt r—m] r—m

1 ~Pw MG (@ = o) —pu t Mgt (—petme)) )
T —mg w1 w1

We consider a gauge transformation I, = h,,x., satisfying

qw 0 1 10
he, h = . 4.11
(1 1) w—1 (0 1 (4.11)
In other words

VY.
hw Juw 0 Ju—1 0 o Jo 0 _ hw Uyt1 Ugy 0 — h—l
11)\ 1 1 11 w1

u, =1+ qo+ qodr + qodide + - - - + do- - -Gu—1. (4.12)

where

The twisted matrix is defined based on the gauge transformation

N-1

_ w0\  _ _ 0 _

hyl, = H (q1 1) Wl=hlK — K=h, (uyj 1 1) (h_y)~ L. (4.13)
w=0 -

The first order difference equation eq. (4.10) can be written in terms of the vector II,

1 JXXX T
I, =1+ 7_‘_[«4) M,—1 = wis_)nwfl (414)

with the Lax matrix of the form

0 0

0 -
= —5,+ Ly, L, = <€w gw ) . (415)

1
Lw — hw <(1 + qw)(_pw + m:+1) (_Pw + mj)+1) + qw(_pw + m;)) <qw O) h_l

=t
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The spins {s,} and the inhomogeneities {p,} of the XX X, spin chain are expressed
through the masses of the fundamental and anti-fundamental flavors in the gauge theory via

+ - + -
My, +my, Myt1 +my,

Sw:f7 /J’UJ: 2

The quadratic Casimir operator of the sly spin vector E_;, is
(o) = (L) +1he; = s2. (4.16)
We now construct the spin chain monodromy matrix T(x) based on the Lax operators,

N-1
L3 ()

o T~ mi. ~ Py(x)

T(z) = K Tsc(a) (4.17)

with Py(x) = [[,(z — m3). The twist matrix K is defined in eq. (4.13). The spectral

w

curve of the X X X,, spin chain is

0 =det(z — T(x)) = 2% — 2TrT(x) + det T(x) = 2> — 2(1 + q)]Z;((ng) + q;_rgg (4.18)

After the substitution Y = 2P, (x), the spectral curve of the spin chain coincides with the
bulk Seiberg-Witten curve when Y # 0

det(Y — Tsc(z)) = Y2 = Y'Tr Tsc(x) + qP(z) (4.19)

with
TrTsc(x) = (1 + q)T(aj)’sw.
4.2 Canonical coordinates

The components of spin vector Fw obeys eq. (4.16). In what follows, we shall consider the
representation for the spin components which is build upon two independent parameters

B and 7y,
Eg = Bw’yw — Sw, E:;_ = 23w')/w - Bw’yfn E; = ﬁw- (4.20)

Given the spin component Poisson structure (4.2), parameters {3,V } are canonical co-
ordinate pairs subject to the Poisson relation

{’Ywaﬁw’} = 5ww’- (421)

Our next objective is to identify canonical coordinates {f,,7,} in terms of gauge
theory parameters. The monodromy matrix (4.17) is gauge h, dependent. All the gauge
matrices h, are generated by a single h_; based on their definition in eq. (4.11),

ho— a, by —h 1 1 0
N Cw duw Cubiy —ud \ —w) wly —wl )
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The Lax matrix £, in eq. (4.15) is defined based on the gauge matrix h,,

L = 6&.}7&) — Sw /Bw
w = 2
28,Yw — /Bwfyw _Bw’Yw + Sw

_ 1 —a,CwPy + (awdw + cubw)sw a2P, — (2a,b,)s, (4.22)
a,dy, — cuby, —c2P,, + 2c,dw s, a,CwPw — (audw + cwbw)Sw ’
where
Py, = puw — mIJrl + qwl(pw —my) = (14 9w) (pw + pw) + (dw — 1)Sw- (4.23)

The spin chain canonical coordinates {f., 7., } are identified in terms of the gauge transform
matrix components
af,Pw — 2a,b,,S, Cw

= = -, 4.24
B aud, — cuby, y Tw a, ( )

The P, given in (4.23) is related to the zeros of the fractional ¢, (x), which can be found
by considering large = expansion of eq. (4.6):

0 0 Z n Z
P, =— |:€Zw (% — 8Zw_1> — Au+1 + zwilaw — mw+1 + Zwilm: IOg \I/a.
with the coordinates z = (2o, ..., 2zn_1) defined by
Zw 0
e — G2, V2 = 2y 4.25
e Zw—1 kN = A w = A 0z, ( )

The normalized vev of the surface defect differs from W, by the perturbative factor

Va (4.26)

such that the P, becomes

0 0 - oS oS
Py, =€z, <8Zw_1 — %) log\I/ = 2w <8zw_1 — azw> . (427)

The Hamilton-Jacobi function S is defined by

+

+ : 7
=1 log ¥
S(a,m™, z) lim elog (a,m™, z)

The twist matrix K defined in eq. (4.13) is also gauge dependent, which we shall use as
the anchor for our gauge choice. In particular, we demand that the gauge transformation

_ q 0 1_ (90
K=h_ (uX]—l 1) (ho)™t = (o 1) : (4.28)
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which we solve out the gauge

1
hoy= <j]vv_11 > : (4.29)
1—q 1

The spin canonical coordinates {7, 5} with the gauge choice h_; in eq. (4.29) can be
identified using the gauge theory parameters. In particular, they satisfy the Hamiltonian-
Jacobi equation

 ZutzZerit ot zoen-1 q(zo ot 2e1) F 2wt 2N
Vo = a1 = 11 .
0S oS 0S

T 01 0z O

(4.30a)

Bu (4.30D)

{Bw,Vw} form Darboux coordinate pair are subject to the desired Poisson structure

{’ya,ﬁﬁ} = (5a5. (4.31)

Moreover, the coordinates {7, 5.} obey the twisted periodicity condition

1
Yot N = QYo BuotN = aﬁw (4.32)

The only constrain on the twist matrix K is that it is a G Lo constant matrix with the
determinant det(X) = q. The choice of the twist matrix K in (4.28) is not unique. An

alternative is
1 —
O e I I R (4.33)
1 0 un_; 1

The gauge transformation that yields such twist matrix K is

new uv— ]‘
R = < % ! 1) : (4.34)

The gauge matrix h,, that defines the Lax matrices £, now reads

b 1 VA VA VY
puev — (aw w) _ (uN—l y Uy “ovJ+1 “@) . (4.35)
w

YRR — —
cu du Uyl — Uy U, Ugyyp — U

A new set of coordinates {2V, ~2°%} can be defined based on the new gauge, whose
relation with the gauge theory parameters are less illuminating.
4.3 An open spin chain inside the integral

In this section, we study the normalized vev of the surface defect (3.25) in the semi-classical
limit A — 0. To avoid the clutter, we denote

G0 = —AN-ntef, TE=m_ ., n=01..,N-1L (4.36)
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In the limit & — 0, we use the Stirling approximation of the Gamma functions in the Mellin-
Barnes integral representation (3.26) of the normalized vev of the surface defect (3.25),

N-2 n

DWYnj 1wy, ;]
/ H H [ 5rhe LWlyn,s (4.37)
n n+l
W [yn 5] = Zlog ~in Zym > Wng = Yns1x) 108 (Unj — Ynrrs) = 1) (4:38)
Jj=1k=1
+ 3 i Y — Yn) +ZZ(yn,j = my_p_1) (108 (Ynj — my_,y) — 1)
1<j<k<n + j=1

The integration is dominated by the saddle point configurations with v, ; (1 < n<N-—1)
satisfying OW /0y, ; = 0. Exponentiating yields the system of nested Bethe equations

Rps1(Ynj) = —@nRn1(Un ) Pa(yny), n=1,...,N=2,j=1,....n (4.39)
with .
x) = H(:I:—ymj), n=1,...,N—1, Ro(z) =
j=1
and P,(x) = (z — m;})(x — ;). These equations can be viewed as a discrete many-

body system, admitting an interesting elliptic generalization [68], which arises in the six
dimensional N' = (1, 0) analogues of the theory we studied. In this way one could rigorously
justify some of the observations in [69] based on M /string theory considerations.

For the last integration variables {yny_1,;}, we notice that in the A — 0 limit, the
functions Q(z) and Y (x) have the asymptotics

Q(x) ~ e%z(x), Y (z) ~ @), (4.40)
The saddle point equation for yy_1 ; is found by
Y(yn-15) = —av-1By—2(ynv—1;)Pv1(yn-15), j=1,...,N - L. (4.41)

In the € — 0 limit the function Y (z) solves the algebraic equation,

Y(z) + CI?EZ; = (14 9)T(x)lsw, P(z)=PRy(z)...Py_2(z), Pn_1(x). (4.42)

which defines the Seiberg-Witten curve of our theory.

We can define a series of T — () Baxter equations based on the saddle point equa-
tions (4.39)

Rpt1(z) = Xp(2)Rn(x) — qnBRn—1(x)Pn_p-1(z), n=1,...,N — 2, (4.43)

with X,,(z) = (1 + g,)(z — wy,) being a degree one polynomial. The T' — @) Baxter equa-
tion (4.43) can be extended to the n = 0 case by defining

Xo(z) = Ri(z) + do Py (z) = (1 + do)(z — wo)Ro(z) = Ri(z) + GoPo(z)R_1(z)  (4.44)
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with Py (z)R_1(z) = Ro(x) = 1. Using eq. (4.43) we express the X,,(z) function as

Xn(z) = R;:ZS) + dn (ng(x) 1(@) (4.45)

for n = 0,1,...,N — 2. We will see later that the X, (z) functions can be identified as
g-characters.

4.3.1 Construction of the holonomy matrix

Let us rewrite the eqgs. (4.43) in terms of the first order difference equations by defining a

= (r Rn+1(l‘) — ot 1
SelEs (P;H( )Rn(iﬂ)> <1> AR

obeying the transport equation

vector

En(x) = Lp(z) Ep_q(2) . (4.46)

The local Lax operators Ly, are defined as gauge transforms of Ly,:

Ln(2) = hnp1 Ln(2)h = 2 + ot (‘“’”(}f n) q"?ﬂ) hil =2 — iy + Lo, (447)
n+1
with

1 + Eln _Eln —1 10
hn h, =~ = . 4.4

The eq. (4.41) does not fit for general pattern, of having a polynomial Xy _;(x) since Y (x)
is multi-valued. However, by observing the (3.26) is invariant under the shift of y, ; —
Yn,; + I of the integration variables, which can be interpreted as one of the non-perturbative
“large” contour modifications of [1], subtracting one instanton in the corresponding quiver
node V_,_1 in the new quiver system. We recall the derivation of the corresponding
nonperturbative Dyson-Schwinger equations in the form of the gg-character analyticity,
in the appendix A. A similar procedure can be applied to the integration representation
of the normalized vev of the surface defect (3.25). In this way we find N ¢-characters'
whose expectation values are degree one polynomials. In the classical limit 7 — 0 these
g-characters are

() @y Fen(@) . .
Xn(x) =Th(z) + To 1 (@) Th(zx) = Ro() =0,1,...,N =2, (4.49a)
Xn(z) = R]V_ll(x) [+ OT@)sw + Gy Py () Ry —a(x) + UG)] . (4.49D)
The function U(z) is a degree N polynomial
1qj WP j—1(2)
U(z) = Ryv_1( Z - DR 1( ) (4.50)

IThey are only ¢, not gg-characters, since we already have ez = 0.
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such that

_ qP(yn-1,) _ qPyn-1,)
U(yn-1,j) = = = -5 .
qn—1Pn—1(yn—1,;)RN—2(yn—1;) (yn—-1,)

Inspired by the function U(x), we define the dual R-functions by

] lq] 1P] 1( )

Ry(z) = Rn(x Z ) ~aYz e p=1,...,N—1
-1
(4.51)
with
Gy =1+do+Gqod1+ - +do-.. qn-1- (4.52)

In addition, we extend the dual R-function to n =0 and n = —1 by

In particular, the R, (x) function defined in eq. (4.51) is a degree n + 1 polynomial
Ry(z) = @) Byf () x [ [ (2 = dnj)- (4.53)
=1

The dual Y-function is defined as ratio of the two dual R-functions

() = B (@) (4.54)
Rn(z)
We find that for n =0,..., N — 2, the Tn(x) are the other solution to eq. (4.45)
v ~npn
T, (z) + @) oy (4.55)
Tn,1 CU)

Hence the dual R-functions {R,(x)} are the other linearly independent solution to the
second order Baxter equations (4.43)

X (2)Rn(2) = Ry 1 () 4+ §uPo(z) Ry (2). (4.56)

The zeros of dual R-functions satisfy the Bethe equations,

Rui1(Gnj) + GnPo(Gnj)Ro-1(fnj) =0, n=1,....,N —2. (4.57)

The Wronskians of the two linearly independent solutions Ry (z), Rn(z) of the Baxter

equations are

R (2)Ra(#) — Ru(@) Rug (@) = [ 4,P5() (4.58)
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[1]:

We define the vector

vector =,

» which obeys the same transfer relation in eq. (4.46) as the

[1]¢

Rn+1($) = -
n(e) = (Pnil( )f%(m)) = Ln(2)Zn-1(2). (4.59)

The first N — 2 spin chain Lax matrices can be constructed based on L, by gauge
transformation in eq. (4.47). One potential candidate for the last Lax matrix Ly_; is by
using the last g-character Xy_;(x) in eq. (4.49b):

qP(z) - 3 2

Xn_i1(z)Ryn-_1(z) =Y (z) + Yio) +qn_1Pn_1(x)Ry_2(z) + Ry_1(x). (4.60)

The g-character Xy_1(z) is degree one polynomial with the single root at wy_1,
Xy_o1(z) = (14+q+qn_1 +axy_1)(x — wy—1).

However, it turns out that the correct way to construct the last Lax matrix of the chain
involves not the g-character Xy_i(x), but its dual. We explain in detail in the next section.

4.3.2 The dual Q-function

The second order equations such as T — @ equation (D.7) have two linearly independent
solutions over the (quasi)constants, which in the present case stands for the e-periodic
functions of x. The normalized vev of the surface defect in eq. (3.25) involves one solution
Q(x) inherited from the gauge observable Y () in the Seiberg-Witten equation. The other
solution to the 7' — Q equation, denoted as Q(z), can be expressed in terms of Q(z) via
the series

>l

> M (x + kh)
; Q(x + kh )Q(x + (k+ 1)h) (4.61)

=q

where M (z) = P(x)M(xz — h) given by a product of I'-functions. A straightforward com-
putation verifies that Q(z) is a solution to the Baxter equation (D.7)

(1+9)T(2)Q(z) = Q(z + h) + qP(2)Q(z — h)

with the Wronskian

Q@)Q(x +h) — Qz + MQ(x) = qi M(x). (4.62)
The dual Y (z) function is defined as a ratio of two Q functions with a shifted argument:
Q(x — h)
which in classical limit i — 0 relates to the original Y (x) by
3 qP(z)
Y(z) = . 4.
@ = (4.63)
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The normalized vev of the surface defect ¥, in eq. (3.25) involves only one solution of
the Baxter equation (D.7). A general solution of second order equations considers a linear
combination of both the Q(z) and the Q(z),

U - / H(y)C(y)U(y)dy + / W(H)CFUF)dy (4.64)

where £ is some constant to be determined by initial or boundary conditions of the specific
system. The function C(y) is the dual version of the function C(y) in eq. (3.25)

In the classical limit A~ — 0, The saddle point equations of Mellin-Barnes integration
in U(y) generate exactly the Bethe equations eq. (4.57) for {gn;}, n = 1,...,N — 2,
j = 1,...,n. The saddle point equations of y variables generate the dual version of
eq. (4.41):

Py (n-1)Y (Iv-15) = —an-1Pn—1(fn—1,)) Rn—2(in—1;)- (4.65)
The dual of the last g-character X_1(x) (4.49b) is defined as a degree one polynomial

XN_l(.%)RN_l(QS‘) = (}7(1‘) + q}}((::))> Pdi_(x) + ﬁN_le_l(a:)RN_g(x) — pdi_(l‘)2RN_1($)

(4.66)

where

. 14+qg+qn_1ty_o—1 3 5 ~
Xn-i(z) = Y N=2 (x —wn-1) = qN-1(T — DN-1)-
N-1

We are now able to define the last Lax matrix L ~N_1 base on dual g-character X N-1(x)

Lni(a) = (X“%l&f ¢ 4'“?—*””) . (4.67)

The vectors Ex_1(z) and EN,l(a:) are defined based on the action of matrix Ly_1,

= T — _ RN(:U)
En-1(x) = Ly1(2)En—2(z) = (ﬁ’ﬁ_l(w)RNa(:E)) ; (4.68a)
= 7 o _ Ry (z)
En-1(x) := Ly1(2)En—2(z) = (Pﬁ_l(w)}?Nﬂx)) : (4.68b)
The polynomials Ry (z) and Ry(z) are defined by the action of the matrix Ly _;:
Ry(z) = (X'N,l(x) n Pg(x)) Ry—1(z) — Gy_1Py_1(z)Ry_a(z), (4.69a)
Ry(z) = (XN—1(ZC) + 150+(90)) Ry_1(z) — dn-1Py-1(z) Ry—2(2). (4.69D)
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With the last Lax matrix in place, the spin chain holonomy matrix Tgc(x) can be
constructed by

LN_l(a;) s Eo(x) = halKLN_l(x) ce Lo(.fv)h() = halTsc(x)ho (470)
The trace of the holonomy matrix Tgc(x) = KLy_1 -+ Lo is found by

TI‘Tsc(.%') = TrKLN_1 ce L()
= TrLy_i(x)--- Lo(x)

Py (z)
= B @) Baass) + e [+ T @low P (o) = B (0 ae)
o \&
=1+ q)T(z)|sw- (4.71)

Finally we will choose the gauge

ho = (“X—l L= UJVV—1>
0 1

such that the twist matrix K(q) is of the form

K= (9F1-9)
10

We will see in the next section that the choice of the gauge hg allows us to identify the
variables {n_1 ;} around the saddle points as E. Sklyanin’s separated variables.

The saddle point can be now found by using the eq. (4.71). The Lh.s. of eq. (4.71)
is a degree N polynomial whose coefficients depend on the root of the g-characters {w,},
the fractional couplings {q,}, and the fundamental flavors’ masses {m.'}. The r.h.s. of
eq. (4.71) is a degree N polynomial with coefficients { £, }, which are conserved quantities
of the XX X,
rise to N equations on {wy,, Ey, §n, ;" }. The N unknown {w,} can be solved in terms of

spin chain. The coefficients of degree N polynomial in z in (4.71) give

{E,, qn, mF} to obtain the saddle point configuration.
The spin chain holonomy matrix constructed from the classical limit of the wavefunc-
tion (3.25) is an open spin chain with the initital to be either

= B (a) (;) .

which is different from the periodic spin chain constructed from the defect Seiberg-Witten

[1]
L
Il
/-~
[ —
N~
@]
=
[1]:

curve in eq. (4.17).
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4.3.3 Sklyanin’s separation of variables

The separation of variable (SoV) is a technique in basic elementary physical /mathematical
curriculum. Briefly speaking, SoV reduces multidimensional problem to a set of many
one dimensional problems. SoV was identified to be potentially the most universal tool to
solve integrable models of both classical and quantum mechanics. In particular E. Sklyanin
identified the standard construction of action-angle variable from Baker-Akhiezer function
as variant of SoV [42, 43] in classical integrable systems, and in many particular models
can be extended to quantum counterpart. In many cases the SoV can be related to T-
duality in string theory, mapping the moduli space of higher dimensional D-branes (which
is identified with the phase space of some integrable system, e.g. Hitchin system) to the
moduli space of D0-branes [70, 71].

Classical (complexified) Hamiltonian mechanics with finite N degrees of freedom is
Liouville integrable (algebraically integrable) if its phase space is a 2 N-dimensional sym-
plectic manifold equipped with N independent Hamiltonians {H;} commuting with respect
to Poisson bracket

{H;,Hy} =0, jk=1,...,N.

In addition, one requires the level sets J, = { (z,p) | H;j(x,p) = h; } of H;’s to be compact
(algebraic varieties). The system of Darboux coordinates {z;,p;}

{-’L'j,l'k} = 07 {pjvpk} = 07 {xj,pk} = 5jk
are called separated variables if there exist IV relations of the form
fj(mjﬂpj’Hlu"’7HN)zou (472)

connecting (z;,p;) on the level set J,. Suppose the commutative Hamilonians {H;} can
be obtained from some D x D Lax matriz T(£) whose elements are functions on the phase
space and one additional parameter £ called the spectral parameter. The characteristic
polynomial of the matrix T(§)

D

det(z — T(&) = Y ta(©)277", (&) =1, tp(€) = det T(9). (4.73)

n=0

The characteristic equation
det(z —T(£)) =0

defines the eigenvalue z = z(&) of the Lax matrix T(§). The Baker-Akhiezer function
W(§) [72, 73] is defined as the eigenvector of T(€)

T()p(&) = 2(E)v(&) (4.74)

associated to the eigenvalue z(£). In the case of the X X X, spin chain, D = 2, and [43]
shows the Lax matrix T(x;) takes the upper triangular form

[z Tia(x;) o ‘
T(z;) = (oj TZ@)) .z = 2(x). (4.75)
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for the separated variables (z;). We show now that the i — 0 saddle point value of the
integration variables {yn_; ;} are the classical Sklyanin’s separated variables. The spin
chain holonomy matrix Tsc in (4.70) is a 2 X 2 matrix

Tso(z) = (Tll(m) T“(x)) . (4.76)

T21 (1‘) T22 (.%')

The diagonal elements T1;(z) and Taz(z) are degree N polynomials, while the off-diagonal
Ti2(x) and Toi(x) are degree N — 1 polynomials. We denote

én = hOEn

such that §~_1 obeys

§
— — 1~+ ul g l—uy i, Ry (x) _ [ Tu(z) Tia()) (1 (4.77)
uy 1 By (2) 0 1 Py () Ry—1(x) Ta1(z) Taz(z) ) \0
The matrix equation above becomes an eigenvalue equation of Tgc(z) with the eigenvector
(6) when = gny_1 ;. Thus the variables {gn_1 ;} are the Sklyanin’s separated variables,
cf. eq. (4.75). Furthermore, at the saddle point, the set {fy—_1;} is the set of N — 1 roots
of the lower-left component T (z) of the holonomy matrix

To1(yn-1,4) =0 (4.78)

with the associated eigenvalue/conjugate momentum

T (Gn-15) =Y (In-1,) =% - (4.79)
For the other variables {yn_1;}, we denote the dual of vector & by
En(x) = hoEn(l‘) )

so that

B w1 —uy_ Ry (z) [ Tu(z) Tia(z) 1
En-1=Tsc(r){1 = ( ]\6 lN ) (PJ(OC)RN_1($)> = <T21(x) ng(a:)> <1> .

We identify {yn_1;},7=1,...,N —1, and mg are the root of

T21(yn—1,5) + T22(yn—1,5) = Ta1(mg ) + Taa(mg) = 0. (4.80)

The sum Tas(x) + Toi(x) is a degree N polynomial z. The number of its roots is the
number of unknowns {yn_1 ;} plus one more, which fixes Tha— . The variables yn_1 ; are
not the separated variables, they do not carry the associated conjugate momenta.

To go lower in the table of integration variables, i.e. for {yy j, Un ;}, withn =1,...,N—

2, we consider the truncated holonomy matrix

() o)
T () = KoL (2) - Lo(z) = (TH (#) Tia ($§> , (4.81)
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with
‘ 1 ~n _~n 7™ 1- i,
K.=ho [] < “qu 3 ) hg' = ho (”[@1 X _“1@1) h', (4.82)
so that

&=<%*1‘%4><~&“@)>=T@@m4, (4.83a)

0 1 PrJLrH(x)Rn(m)
: wY, o 1—uY Rn 1(x) _ m(n ~
%—(%1 1Nﬁ<ﬁﬂ@m@9‘““@@“ (4530

Eq. (4.83b) becomes eigenvalue equation when x = g, ;, which is equivalent to the condition
57 () = 0. (4.84)
In the case of y, j, we again identify

TS (yn) + T8 (ynj) = 0. (4.85)

5 Quantum X X X,;,/SQCD correspondence

The X X X1, /SQCD duality is known to extend to the quantum level [10, 13], in the sense
that the T' — @ equation underlying the functional Bethe ansatz of the spin chain can be
recovered from the NS-limit of the A; gauge theory. However, the conventional use of
the T — @ equation is mostly for the finite dimensional spin representations at the sites
of the spin chain. In this paper we make the most general claim covering all possible
X X Xg, spin chains, and their wavefunctions. We match several quantum Hamiltonians
with the commuting operators, for which the surface defect expectation value is a common
eigenvector, and find the formula for its wavefunction.

Since there are different claims in the literature concerning this duality, let us briefly
recall, that the Lie algebra sls has infinite dimensional representations of several types:
there are Verma modules fo of the lowest or highest weights, in which the spectrum of
the operator Ly (in the usual basis of L_, Ly, L generators) belongs to the set h+ n, with
n € Z>p or n € Z<, respectively, with h € C being the Lj eigenvalue of the vacuum vector,
annihilated by L_, or Ly, respectively. For this modules the spin s of the representation,
defined through the value s(s+1) of the Casimir operator L_ Ly +L. L_+2L2, is determined
by h. However, there are the modules Vs ,, which are neither of the lowest nor of the highest
weight, for which Lo—a € Z. Such a module can be represented by the densities f(z)z%dz"*,
via differential operators

Lo=120,—s+a, L_=0,+a/z, Ly =(25—a)z—2%0, . (5.1)

For generic values of a, s these modules are irreducible. However, for special, quantized
values of a and s these modules contain sls-invariant submodules, allowing to take the
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quotients. For example, V' C Vs, V; C Vsas, and, for integer 2s € Zy, Vsos = Vso
allowing to take quotients leading to the familiar finite dimensional representations.

The spin chains with the spin representations of finite dimensional or Verma module
type were observed to be Bethe/gauge dual to some truncated versions of the A; theory
long time ago in [10, 27, 28]. These identifications require fine tuning of the masses and
Coulomb parameters.

In the present work we don’t impose any relations between the masses and Coulomb
moduli.

In several cases of Bethe/gauge correspondence, reconstruction of Hamiltonians of
quantum integrable system from their corresponding gauge theory with regular surface
defect is within reach. This includes the Toda lattice/N" = 2 SYM correspondence, and
the Calogero-Moser system/N = 2* theory [20, 26] duality.

The quantum Hamiltonians of the X X X, spin chain {}All}, i=1,...,N are computed,

in the algebraic Bethe ansatz approach, from the monodromy matrix Tgc(u) constructed
0 o+
ity
Poisson brackets (4.2) by the commutators

in (4.17) by promoting the sly spins {/ E;} to operators and replacing the classical

[0,65) = £heFsy,, [zj,e,;} — 2%, (5.2)

The spin operators E_; can be realized as differential operators

) = ~iBj — sjh, 7 = By, £ = 2s;hy; — 3 ; (5.3)
with canonical coordinates (v, 8,) obeying the commutation relation
0

Yk, Bj] = —hdj = B = ha—%,

up to a shift of 3; by a y-dependent term of the form d,,0, with o some function of . The
a-dependence of (5.1) is an example of such shift.

The conserved Hamiltonians of X X X, spin chain are computed from the trace of the
monodromy matrix

TrTsc(u) = (1+ q)u’ + h (5, 7)u™ ™" + ha(B,7)u™N 2 + - + hy (5, 7). (5.4)
Let h; denote the eigenvalue of hi, characteristic polynomial of monodromy matrix is
T(u)|sc = (1 + q)u™ + hiu™ L+ hou™ 2 + - + hy. (5.5)

The Casimir operator (quantum determinant) of the quantum X X X, spin chain is de-
fined by

Tr [Tsc(u) A Tsc(u + h)] = H(x — fw + Swh + h)(x — py — suh) = P(x). (5.6)

We identify the fundamental flavor masses mE with the spins s, and the inhomogeneities
fo by

mIH —h =y — swh, my, = g, + Swh (5.7)
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5.1 Hamiltonians from the nonperturbative Dyson-Schwinger equation: from
bulk to surface

The 2-background supersymmetry protected gauge theory observables are also evaluated
by the effective statistical mechanical system. We denote by O both the observable in
supersymmetric gauge theory, and the statistical model observable to which it reduces
thanks to the localization. Let O[X] be the corresponding evaluation at the state X. The
expectation value of the observable O is computed by the average

©) = Samias ; MO 2 (a, m*, &) . (5.8)

In particular, the Y (x)-observable, which is a local observable defined as the regularized
characteristic polynomial of the adjoint scalar ® in the vector multiplet evaluated at the
origin 0 € C?

[e.e]

1
_ .N l
Y(z) =" exp [lg_l I Tr®

. (5.9)

reduces to the statistical mechanical observable, whose evaluation Y (z)[X] computes as:
Y (@)X =E [—exS*] (5.10)

The ref. [1] introduced the fundamental gg-character observable

N

X (@)X = Y(z+ e ) [N + qYT(;U[)X]’ P(z) = H(ac - m?)(m —my) (5.11)
x o1

whose expectation value is shown to be a degree N polynomial in x:
(X(x)) = (14 q)T(x) = hox™ + bz 1+ + hy. (5.12)

The nonperturbative Dyson-Schwinger equations are the vanishing of the coefficients of the
negative powers of z in the Laurent expansion X' (x):

[z~ 1] (X(z)) =0, I=1.2,.... (5.13)

See appendix A for the derivation of the gg-character X'(x) (5.11).

In this paper the co-dimension two surface defect is introduced using the orbifold
construction, as in [30, 31]. Details can be found in appendix B. The fundamental gg-
character (5.11) splits into N orbifolded fundamental gg-characters:

P,(x)

Xo(@)[N = Yo (x + )N + Y @0

, w=0,...,N—1. (5.14)

with P,(x) = (z — m}))(x — m). The orbifolded gg-character X (x) obeys the same
non-perturbative Dyson-Schwinger equation

(Xo(2)) = (1 + qu)tw(z) = (1 + qu)(z — pu).
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in other words,
([z7NXy(2)) =0,  I>0 (5.15)

The expectation value in the presence of a co-dimension two surface defect is defined as an
average over the orbifolded pseudo-measure

1 efec Y
(O) = Zawei(a, m=, 7,9 Z H qi O[N 29 (a, m*, [N]. (5.16)

To evaluate (5.14), we consider the expansion of the fractional Y, (z) function (5.17)
in 2:

(1)
1D, ] (5.17)

€1
Yo(z) = (z — aw) exp [x’/w—l + Z pI+1

I=1

where

I |
o =old - ([ o) o = = S () e

1 a,0)eK,—1 j=0
(5.18)

and cg = aq + (i— 1)e1 + (j — 1)e2. The bulk Y (x) function give rise to infinitely many
bulk gauge invariant chiral ring observables D()’s

s (1)
= HYw(a:) = H(:L’ — aw)] X exp [Z €1 :Z“] , D= ZD((UI) (5.19)
w w I=1 w

Let us define the observable U(z) as a linear combination of the fractional gg-characters
Xw (l’),

U)= > uuXey(o) (5.20)
wWEZN

with the linear combination coefficients {u,} given by

w =14+ 0dut1 +dutr1Guw+2 + -+ Guwt1 " JutN-1
= Uy — QutllUut+1 =1—q YVw=0,...,N—1. (5.21)

As a linear combination of the fractional gg-characters, the observable U(z) also satisfies
the non-perturbative Dyson-Schwinger equation

(e (@) =0, I=1,2,....

The choice of the coefficients {u,} ensures that [z~/]t/(x) always consists one bulk
gauge invariant chiral ring observable (1 — q)e; D). The I-th Hamiltonian is defined as
differential operator w.r.t. variables {z,} acting on the surface defect partition function,

1
ZA(Z a0

H Zdefect(z a, mE 7q E—*)] <_ [l,—f—i-l] U(.’E) + (1 _ CI)ElD(I_l)>~
(5.22)
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which translates to an Schrédinger-type equation of surface defect partition function Zdefect
H Zdefect(z a, m ’q g) (1 _ q)<€1D(1*1)>ZdefeCt(2’7 a, mi,a7a. (523)

The fact that all the Hamiltonians defined this way share the surface defect partition
function as their common eigenfunction, all the Hamiltonians are mutually commuting.

We now evaluate the vacuum expectation value of the chiral ring observable (D)) in
the limit ea — 0 with ¢; = € = h fixed (the so-called NS limit of [10]). In the NS-limit,
the four dimensional N' = 2 theory effectively becomes N' = (2,2) two dimensional theory,
with the worldsheet C1. Such theory are known to be in correspondence with quantum
integrable systems [10, 17, 18].

N-1 NIT L\ e L1\ e [V22
I = ) — 2) gU=i)| = 2 (I-1)
o= o0 - |5 () G -5 () G B ] o
The summation over w can be rearranged by

N—
Z ) 49D 4 (V= 1)DU) + NollTD 4 O(ey). (5.25)

Contributions from the DU="’s are kllled by the €, factor in the NS-limit es — 0, along
with O(e2) terms. The remaining {0 N1}, comes from the bulk

I+1 I+1
o i 1 |(eo+e) ch
o= D Z()[ 1_(5)_27 I+1  I+1
(a,0)eKN_1 J=0 * J (o0,3,7) Kq * *
(5.26)

A is the limit-shape bulk Young diagrams defined in eq. (D.1) in the NS-limit. Sum-
mation over j can be approximated by integration in the NS-limit es — 0:

ﬁm
O- _Z
o . /

I+1 I+1

= Qo + (Z - 1)61

+ €1+ w)”l (xfloi) + w)Prl] (0) B

(5.27)

1 1
=Y o Ty L ratea) = g re) ™ - ) + )+ )T

- 1 1 (0) +2 (. (0) 142 1 alt? - Al+2
_; cre2 I+1)(1+2) [(%i tetta) (Tai + &) } * ZO; eI +1)(I+2)

In the NS-limit, the surface defect partition function has the asymptotics (2.11).
Eq. (5.23) becomes an eigenvalue equations of the normalized vev of the surface defect
U+ a,+

I:II\IIa,Jr(aa m:t7 Z; q) = (1 - Q)E](a, m:t; q)\Ija,Jr(av m:ta z; q) (528)
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with the eigenvalues coincide with the expectation value of the bulk gauge invariant chiral
ring observables

Ey(a,m*;q) = (D' V) = e 2( - 1) - Noy )

:ZH 20t + &) — (a &?Jrﬁai)f] + (5.29)

«

1 0 0 m;f I _ Aé 0
=Y 2 |@ +a+en) —(x5m)+£ai)f]+27( ) + B,
By resetting the ground state energy, we may set Ego) =0.

Er = Z% [(x((fi) +e1+ &ai)t — (xg? + Eai)l] + Z

a,l

(mg) — Aa (5.30)

The generating function of the eigenvalues reads

I
Zu IEI—ZZ [0 +e+ ) = (@) + &) + D0 [md) - Al

=1 a,

(0)
. , x,; T €1+ &
:Zlog (1—930” +€m>—log (1—0“2 ! §a>
, U U

(5.31)

with function Y (u) defined based on the limit-shape Young diagram A in eq. (D.13). The
eq. (5.28) is our main application of the power of exact calculations in gauge theory: The
normalized vev of the surface defect in the NS-limit is the eigenfunction of corresponding
quantum integrable model. More precisely, it is the Jost function, namely, it is a suitably
dressed scattering state, approaching the plane wave in one of the weak coupling corners
of the parameter space.

We denote the exponentiated generating function of the expectation value of chiral
ring operators by

o0
u) = exp [Z u By
I=1

The relation between conserving charges of gauge theory and the spin chain counter part
is established using bulk T-Q equation (D.7),

Pi(u+h)Gu+h)+qP_(w)Gu) "t =T(u)|sc = 1+ q)az™ + hizV L+ + hy. (5.32)

The operator versions of generating function G(u)

= i}
u) = exp [Z u! T _I
I=1 q

(5.33)
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give the operator version of eq. (5.32)
Pi(u+h)Gy(u+h)+qP_(u)G_(u) = TrTsc(u). (5.34)

In the next couple of sections, we will verify the validity of eq. (5.34) in the first three
quantum Hamiltonians ICIQ, Hj, and Hy. Along the way, H; comes as a welcome bonus.

5.2 Second Hamiltonian

The second Hamiltonian of the X X X,, spin chain hs can be expressed in terms of the
coordinate systems +,, and [, established in eq. (4.30),

hy = Tr (g ;’) D (o + L) (— et + Lar) (5.35)

w>w!

= Z (wa/ - ’Yw)(')/w - ’Yw’)ﬁwﬁw’

w>w’
+ Z _q(m;’Yw’Bw’ + m;/'Yw,Bw) + q(m;/ - m:/ + 6)7(4}//8&]
w>w’
+ -+
+ Z w+1 %u’ﬂw ( m,4q G)Vwﬁw + (mw m,41 + E)Vwﬁw’
w>w'

+qm,m,, ,+ (m My 6)(m:/+1 —e)
such that
hoW = ho¥ (5.36)

where ¥ is the properly normalized vev of the surface defect multiplying with a perturbative
factor:

aw+1 m+
H o T | Tay (5.37)

This factor is responsible for the appearence of the a-dependence in addition to the spins
and inhomogeneities.

The identification between the spin chain canonical coordinates {,, 3.} and the sur-
face defect gauge theory parameters {z,} are

0 0 0
wWRW — -1 ws w = —N7— — - . .

where the coefficients u,,’s are defined in eq. (5.21).
To extract the Hamiltonians from non-perturbative Dyson-Schwinger equations we
consider the observable U(x) defined as a linear combination of fractional gg-character
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X,(x) (5.14). The second Hamiltonian defined through (5.22) after resetting the zero
point energy (5.30) is

. 1—
it = 30 D [092)2 2 AV — (@urtioss) (RV2) (87— mE, +ms,)

(5.39)

such that ¥ is eigenfunction of H, with eigenvalue to expectation value of chiral ring
operator

HoU = (1 — q)Eo¥ = (1 — q)(hDW)W, (5.40)

See appendix B for derivation detail of Hs.
The non-perturbative Dyson-Schwinger equation does not give a definition of the first
Hamiltonian. Instead we simply define

H) = (q—1)AV? = (g —1) Z hVZ. (5.41)

In particular, this definition agrees with the eq. (5.34), with the first X X X, spin chain
Hamiltonian given by

by = Tr (g ?) Ew:(—uw b L)
_Z q = DYwbo — (0= 1)suh — (4 + 1)pe
=H, — qm_ — (m} — Nh). (5.42)

where m* =>. mZ. The relation between the second Hamiltonian of the X X X1, spin
chain hs and the gauge theory H, is found by

N 2 N
. 1+4+¢ Hy Hy
1 —_— N -1
ho = Ha + 5 <q_1> +( )h<1—q>

+ (qm, —m}) < t ) + Z gmgm_, + (mg — h)(m}, — h) (5.43)

1—9q

w>w'

Eq. (5.43) agrees with eq. (5.34). The details can be found in appendix E.

5.3 Third Hamiltonian
The third Hamiltonian iLg of the X X X, spin chain is

iL3 =Tr (q 0) Z (_MM + ﬁwl)(_ﬂm + £w2)<_ﬂw3 + [’LU3> (5'44)

01
w1 >w2>ws3
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On gauge theory counter part, the third Hamiltonain is defined through eq. (5.22) with
I = 2. After resetting the zero point energy (5.30), the third Hamiltonian I reads

w

+ Zhuw

iy =(9 - 1) [Z (nv - w+1>3—;<m:+1>3] (5.45)

+ )2 2
Mg 1) Gw+1 (1)
— D
5 > + (D)

2

a

=t i) [ (A5 = m D) = 0% = )]

_ hVi)? | al :
it (5 ) (P54 o)) < g e

(mSi1)? _
o (m — )|
such that
a0 = (1 g <th<2 > (1 - q)E3(a, m*; q)0. (5.46)

The details of the construction of Hs can be found in appendix F.
The third Hamiltonian Hj consists <D£,1)) terms, which can be rewrite as a proper
differential operator using the Dyson-Schwinger equations from [z71] in eq. (B.6),

N—1
1 i B
h<D<E)1)> q— 1 Z Juw =+ Gu— n+1hvw n(hvw—n - m:gfnJrl + mw7n+1)
n=0
(ﬁVfJ) - 2 az)+1 (m;ﬂ)?
+ 2 + mw—}—lhvw + 2 - 2 Y (547)

and
m(v: DMy =i(DIVYVZ + h(VZ(D)).

Eq. (5.45) can now be defined properly as a third order differential operator in z, acting
on the normalized vev of the surface defect W, . After walking through the tedious
calculation, we find a non-trivial relation between the X X X, spin chain Hamiltonain fzg
and its gauge counter part ﬂg:

~ ~ ~ 3 N 2 ~
A . H H 1-— H 1 H H
h3:H3+(1+q)1_2 ! + q( 1) — 2h < 1> + 2

gl—q 6 \l-g 2\1-q) "1-4q
7 \2h N2 A
e ;(Elq> +1H—20| - (ame) ;(l}fq) _EQq
+ g(h m} ) (h—m},) — qm, m,, 1H1q (Nh_m:r)lqu+h21H1q
+ > )(h—mf,) (h—mf,) — amg mg,mg.. (5.48)
w1 >wa>w3

which again agrees with eq. (5.34). Details can be found in appendix F.
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5.4 Fourth Hamiltonian and second order ¢g-character

Finally we will briefly demonstrate the relation between the fourth Hamiltonian of the
X X X, spin chain h4 and the gauge theory counter part Hy. In particular the necessity
of considering higher rank gg-characters for a proper definition of Hy as a degree four
differential operator. This also extends to potentially any H; with I > 4. The fourth
Hamiltonian of spin chain hy is

hy =TrK Z (—Heor + Lo ) (= + Loy ) (= + Loy ) (= ooy + Leoy) (5.49)

w1 >wo>ws3>w4q

The fourth Hamiltonian Hy is defined by eq. (5.22):

fly = (-1 [Z ’;3<<vz>2DS>>]
= S+ i) | B+ B0 4 wzo@] 4o s0)

w

so that the normalized vev of the surface defect is also an eigenfunction of Hy:
HyU = (1 — q)(hDBY = (1 — q)E, 0. (5.51)

To have Hy as a properly defined differential operator acting on the ¥, , we need to
rewrite the ((DL(UI))2> and (VfJDU(E)) similarly to what was done for the <D£1)> in eq. (5.47).
The expectation value of <(ij)2DL(ul)> follows a similar procedure as for the <VZDS ). The
expectation value of <D5J2)) can be derived using the Dyson-Schwinger equation in eq. (F.3)
(see appendix G for detail). It is much complicated in the case of ((DS))2>. It turns out
that we need to consider the second order gg-character X (z):

X<2><x;u>m=Y<m+e+>[x]y<x+u+e+>[x1+qR<u>Y<m+u+6+>[X]Yfg[’X]
R (@t )Nty g2 POPEEY) g )

Y(z+v)[ Y@ NY(z+v)A
with one additional parameter v € C and

(v+e)(v+e)

)= vre)

The main statement of [1] claims that the expectation value of X®)(z) is a polynomial of
degree 2N

2N
(X (2)) =3 fua® (5.53)
n=0
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The introduction of a regular co-dimension two surface defect splits the second order gg-
character (5.52) into N? fractional gg-characters

P, (x
X (050) = Yo 104 € Voria 40+ €0) 4 Ror sV 0+ €0 220
w1
P, (z+v) P, (z)Py,(z+v)
R _ Y 2 1 2
+ OJQMI( V) UJ1+1($ + EJr)qWQ ng (I’ + 6) + Qer Geoo le (x)sz ($ ¥ I/)
(5.54)
with wi,ws =0,...,N — 1, and
YL Wy —wy = 0;
Ry (V) = ll,/iiza wy —wp = —1; (5.55)
1, otherwise.

We consider the [x72] coefficient of the fractional gg-character Xﬁ?m (z) in eq. (G.6).
In particular, we are interested in the case of wy = wo = w. After working through tedious
calculation, we match the highest derivative terms between hs and ﬂ4

A N ~ N 2 N 4 ~ 2
~ N Hs H; 1—q Hs H; 1+g¢ H; 1+q H,
ha =T+ (1 1tg [ Hy
1= Rt (o =+ 5 1, (1—q> T \1Dq) T2 1o

. (5.56)

where --- denotes any lower derivative terms. We again notice that eq. (5.56) agrees with
eq. (5.34). Details can be found in the appendix G.

6 Discussion

In this paper we computed the wavefunctions W,(x) of scattering states of the X X X,
chain corresponding to the infinite-dimensional spin sites. Our main tool was the applica-
tion of the BPS/CFT correspondence. We identified the wavefunction with the normalized
expectation value of the surface defect in the supersymmetric gauge theory in four dimen-
sions with the gauge group SU(N), 2N fundamental hypermultiplets, and Q-deformation in
two dimensions along the surface defect. The masses and the Coulomb moduli, divided by
the Q-deformation (equivariant) parameter i determine the spin and inhomogeneity con-
tent of the X X X4, chain. The four dimensional gauge coupling q translates to the twist.

We used the wall-crossing technique to express the normalized expectation value, given,
a priori, by a very complicated sum involving the fine structure of the limit shape of the
bulk theory (the limit shape in question was studied in [13, 74-76]). Unlike the majority of
the literature on the wall-crossing, including the seminal works [77-79], which focuses on
the nonabelian structures emerging from the wall-crossing transformations, our formula is
relatively simple, amounting to the simple multiplicative factor and a coordinate change.
Our method, which consists of first finding an emerging quiver variety whose (rational limit
of the ) x,-genus gives the asymptotics e; — 0 of the normalized expectation value, then
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replacing the latter (viewed as a quotient of the set of stable points by the complexified
gauge group) by the integral over the quotient of the unstable set. This is analogous to the
computation in [80]. Another useful analogy is the computation of the equivariant integral
over, e.g. CPN7L of, say, c;(L)N~1, for £ = O(1). In the standard cohomological field
theory calculation, as in [81], one arrives at the contour integral:

N i prldp
/c]le all)™ =95 7{ (p—m1)...(p—mn) (o1

where the contour is encircling the equivariant parameters (twisted masses in the N =

(2,2),d = 2 language). Taking the sum over the residues is equivalent to using the Atiyah-
Bott fixed point formula. If, instead, we pull the contour in the other direction, we get to
pick a single pole at infinity, which corresponds, in the picture CPY~! = ((CN )Stable //C*,
to localizing at the unstable fixed point 0 € CV. This is what we did in our paper. The
same formalism (although it is not clear whether the same geometry is at play) is employed
in [82].

Let us end this work by discussing a few loose ends in this note and commenting on
future directions.

e We would like to construct the XX Xg, spin chain monodromy matrix from the
supersymmetry gauge theory at the quantum level.

e The contour integration formula for the the instanton partition function does not
forbid different integration variables to pick up poles in (g > 0 chamber and (g < 0
chamber simultaneously from different moduli parameters. This is equivalent to
modifying the real moment map to

1 0
pr=Cr | , k=ky ke, (6.2)
0 —1x

such that ky instantons are generated by I(IN) and k_ instantons are generated by
J T(N). This situation is similar to the instanton partition function of the supergroup
gauge theory [83, 84]. Such a modification breaks the U(k) symmetry of the real
moment map down to U(ky) x U(k_). The lost symmetry can be compensated
by imposing additional 2k;k_ complex equations. If one could come up with the
natural set of such equations, an analogous trick would be of great help in trying to
understand theories with the SO and Sp gauge groups.

o X X X4, spin chain constructed from the non-perturbative Dyson-Schwinger equation
is periodic, while the semiclassical limit of the normalized vev of the surface defect
seems to be governed by the classical open spin chain. Are these two spin chain
systems related? If so, how?

e The physical wave function of the quantum Toda lattice [33, 34] is L? normalizable
(once the center-of-mass motion is isolated), so is the wave function of the SL(2,R)
spin chain [60]. It will be nice to classify the convergence and normalizability con-
straints on W,, perhaps using the integral representation we constructed.
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e It should be straightforward to generalize our work to the case of the SL(2,C) spin
chains, in particular, to compare to the recent work [85]. The complex spin group,
further complexified, would correspond to the X X X, x5, spin chain in our language,
which is in some sense an (entangled?) product of two copies of the quantum field
theories we just analyzed.

e The quantum Hamiltonians H; are defined based on the non-perturbative Dyson-
Schwinger equations of the orbifolded fundamental gg-character with a special linear
combination defined in eq. (5.20). In principle, one can extend such formulation to
the higher rank qg-character. For instance, can one find for the orbifolded second
order gg-character a set of coefficients G, 4, (in analogue of w,, in (5.21))

U (@)= Y Cuyn(v) x X, (23v) (6.3)

w1,w2,V

so that the expectation value of Y (z) only depends on k,’s? And should such
{Gu, w, } exist, what do the Dyson-Schwinger equations tell us for second and higher
order gg-characters?

e The new quiver system constructed in the section 3.1 is helped us to simplify the
expression for the normalized vev of the surface defect in the N/ = 2 gauge theory
with fundamental flavors by noticing a much simpler pole structure on the other side
of the contour integration. It is well-known that the 2d integrable system dual to
the 4d N/ = 2* gauge theory is the Calogero-Moser system [10, 20, 26, 86, 87]. It is
natural to ask if a similar procedure can be employed to solve the wave function of the
quantum elliptic Calogero-Moser system. Unfortunately, unlike the Ai-type theory,
the N' = 2* (e.g. the Ag-theory in the classification of [12]) has almost equivalent
pole structures on both sides of the contour of the integral representation, leading to
no visible advantage in deforming the contour to see the new quiver structure.

e We would like to prove the validity of (5.34) to all orders. To do so, a systematic
way of writing the gauge Hamiltonians H; as differential operators is necessary. We
have demonstrated that any Hamiltonian Hj with I > 4 requires taking higher order
qq-character into consideration.
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Figure 3. Outer boundary (colored in green) and inner boundary (colored in red) of a Young
diagram .

A Non-perturbative Dyson-Schwinger equation and fundamental
gqg-character

The Y (z)-observable, which is a local observable defined as the regularized characteristic
polynomial of the adjoint scalar ® in the vector multiplet evaluated at the origin 0 € C?

— 1
Y (x) = 2V exp [Z —wTr P! (A1)
=1

reduces to the statistical mechanical observable Y (z)[X], whose evaluation computes as:
Y (@)X = [ "$"|

B (x—aq—(i—1)e; — (j—1)ea —€1)(x —aq — (i—1)e; — (j—1)eg — €2)
N H H (z—anp—(1—-Dea—-(G—De)(z—aa—(1i—1)e; — (—1)e2 — €4)

a=1 ( J)ex®
N

1;{ . [sco, re (x —cm) A2

Weo_A(®) (r—cm—€4)

where e, = €1 + €3, co = (i—1)eg + (j — 1)eg, i,j = 1,2,.... The outer boundary 94\
represents the position where potential new boxes can be added, and the inner boundary
O0_\ denotes boxes that can be removed. See figure 3 for illustration.

The main statement of [1] is that there exist the gg-character observables X (z) as the
Laurent polynomial in Y (x) with possible shifted arguments:

X (@)X =Y (z + e) [N + O(q). (A.3)
The expectation value (X (x)) is a degree N polynomial in z:
(X(x)) = T(x) = hox™ + hyaV "'+ + hy. (A.4)

To construct a fundamental gg-character of the A; quiver gauge theory, we employ
variation on the instanton configuration by adding a point like instanton, or conversely
removing a point-like instanton. Inspection of the figure 3 shows that such a modification
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can only be achieved by either adding a box in the outer boundary M € 0, @) or removing
a box in the inner boundary M € d_\® for some «. By adding a box £ = e® in the outer
boundary B € 8+)\("), the pseudo-measure associated to the original Young diagram X and
the new one X differs by

qZ[N]
ZIX

—

S — Pioé)(S — Pia)*  M(S — Ppoé)*  SS8*  MS*
_E ( 125)(* 12) N ( E 12§) L 55 M
P].2 P12 P].2 P12

— 4 |SIN¢" + 126 5" [X] - A€’

— ()N qP(c )4 _ (A.5)
<Resz:6 Y(m—|—6+)[)\’]) Y (cm) [N

with P(z) = H;Ll(:c - m}r)(x —mj ). Additional (—1)" can be generated by changing
N fundamental hypermultiplets my, f =1,...,N, to anti-fundamental representation
of gauge group U(N). In contrast to fundamental matter, anti-fundamental matter con-
tributes to the moduli space vector bundle with Eular class

M*K.
The contribution of fundamental and anti-fundamental hypermultiplets are related by
E[M*K] = (-1)"NE[MK™). (A.6)

In particular at the level of instanton partition function, the effect of changing fundamental
matter to anti-fundamental is equivalent to choose the instanton counting parameter as
(-1)q.

We define the fundamental gg-character of A; theory by:

N

, Pla)=[[@—mH@-m)). (A7)
] paie}

qP(x

X(@)[A] =Y (z +ep)A + Y (@)X

The expectation value of X'(x) now obeys eq. (5.12). See [1, 88] for the recent developments
and generalizations to other root systems.

B Surface defect

The surface defect partition function is the Zy-invariant contribution:

Zn

. SS* — MS*
Z(am®q) =) [[aE |- — (B.1)
X Pr(1 =g, "R-1)

with the definition

K, ={(a,(i,5)) |a=1,...,N; (i,7) €AY a+j—1=wmod N}, (B.2a)
ko = | Ko, Vo = ko — k1. (B.2b)
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The Y (z)-observable (5.9) splits into N-tuples of Y,,(x)[X] under the orbifolding

N-1
Y(@)N =[] Yo@N, Yoin(@)N = Yo(2)N]
w=0
Each orbifolded copy is given by

Yo@N=(-a) ][] [W] 11 [( (@—co—e) ] (B.3)

(a’(ifj))EKw (I N CD) (a,(i,j))eKw71 r—co— € — 61)

with ¢ = aq + (1 — 1)61 + (J - 1)62.
To calculate (5.15), we explore the large x behavior of the fractional Y, (z)[]:

o (I
€1 aD,”
Y,(z) = (z — ay) exp [xuwl + Z T 1] (B.4)
=1
where
0 (1) rey AN
1) — ;) 2N U= (1) 1
Poi=ou—o +Z<z) (%) o4 o= Z(j)[—i—l—j(cm)]
i=1 (a,0)eK,—1 =0
(B.5)
We derive using (5.17)
1. _ €
() =D — auDl)y + S0+ )
PUJ w
— Qulay — ML — M W1 — Qw1 + qwe(a). (B.6)
1

The observable U(x) is defined as a linear combination of the fractional gg-characters
Xo(x):

N U(z) =271 D uaXu(@). (B.7)

WEZN

Using eq. (B.6) and eq. (5.21) we obtain
€1 Au+1 2 CL2
pW 7 - B.8
5 (n-) - By

1 _
+ . E Qo1 U1 (€100 — Gup1 + mIH] [e1v — awy1 +my 4],
1
w

L U(@) =(1 - q)

€1

with the bulk gauge invariant observable D() given by
DW=3"DI) =&, ky = eaf A (B.9)
w w

As a linear combination of the fractional gg-characters &, (z), the expectation value
of the observable U(z) obeys the same Dyson-Schwinger equation (5.15), which translates
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into a second order differential equation obeyed by the surface defect instanton partition
function Z,

1 ag
0= [x_l} U(r)) =(1-q) [€1€2D(1) + ; B (e1VZ — aw+1)2 — TH Z
+ Z Qo1 Uot1(61VE — aws1 +m) )@ VE —avy1 +my )| 2
(B.10)

with the variables {z,})_ defined in eq. (4.25).
The eq. (B.10) in the NS-limit becomes an eigenvalue problem of the normalized vev
of the surface defect ¥,

- _
Z = 2 i (60 —mf )% = a2 1] = (dwrruer) () (0w = mb ) +my, ) | ¥ +a,+

w

=1 —-q)EV +a,+ (B.11)

with &, = €VZ — awy1 +m] ;. In particular By = (DM) is related to the twisted super-
potential W by

E, = quql/\/(a, m*, 7). (B.12)

B.1 An example with one degree of freedom

Let us consider the U(2) gauge theory with 4 fundamental flavors of masses moi, mli. We
multiply normalized vev of the surface defect with perturbative factor

a2 Ay

= N-1 )

. + _ % -

w(zaaym » 45 €1¢62) =1q Y e H Pw ' Z’
w=0

In the center of mass frame V§ + V{ = 0, the eq. (B.11) becomes

1 d\’ d
0= {2 = =0 (gt )+l = Dond +mp) = 5~ ) +mg g
z—1 . + o
Ty —(z=@mgmg + (1 —a)Ez| ¢
=H1 (B.13)
with z = —qo. We identify eq. (B.13) as the well-known Gaudin Hamiltonian up to a
canonical transformation
d 22 d df
el - _qof 4+ 2, B.14
(dz+f> dz2+ fdz+dz+f ( )

By choosing

mi+my +e  mg+mg | omi +my
2z 2(z—1) 2(z—q)

f(z) = (B.15)
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the Hamiltonian in eq. (B.13) becomes well recognized Gaudin Hamiltonian:

~ d2 AO Al AQ Ag — AQ — Al — Az (1—q)u
H=_¢- 4+ =0 B.1
Tttt 21 -T(e—q 16
where the coefficients {A;} and u are
_(mf —my)? € _(mg +my —€e)? €
Ay = 1 1 Ay = 1 1
(mf +my —? € (mg —mg)® €
Ay = _c Ay =0 "o )" € B.1
2 A 4’ 3 A 4’ ( 7)
(my +my +1(m) +my)  (mg +mg +D(my +my) - mimg
u=— + 5 + Fs.
2q(1 —q) 2(1 —q) q(1 —q)

B.2 The Toda limit

In the mass decoupling limit mjf — o0 of the A quiver gauge theory, some or all funda-
mental hypermultiplets are integrated out with a simultaneous scaling of ¢ — 0 so that the
product

N
a [Lmjmy = 42"
=1
is kept finite. The gg-character (5.11) in the mass decoupling limit becomes

N A2N
Y(z)

X(x)=Y(x+er)+ (1) (B.18)
The (—1)" in the gg-character is a choice of convention. We explain the choice of such
convention in appendix A. Let us demonstrate how Dyson-Schwinger equation of defect
qq-character give rise to the Hamiltonian of Ay_; Toda lattice (b = € = €;) (3.29) in the

NS-limit [20, 26]. We introduce co-dimension two surface defect exactly as how we had
done for SQCD. Orbifolded gg-character becomes

qw X —Xw—
Xw(x> = Yw+1<$ + €+) — m’ Ju = A2€ ! (Blg)
which satisfies Dyson-Schwinger equation
[z (X (2)) = 0. (B.20)
We derive using eq. (5.17)
2
(27X, (x) = 1Dy, + 51 2 U1V — G- (B.21)

Taking expectation value and summation over w gives

[61€2vq + 6162p_" ﬁz + ﬁToda (p(g, a,q; €1, 62) =0. (B.22)

— 55 —



 is defined by multiplying surface defect partition function with perturbative factor:

2 aw+1
¢(Z,a,q;€1,€) 2w 2g H 2o b Z(Z,a,q;€1,€2).
In the NS-limit, ¢ has asymptotics
1
p=e W(age) (Va+(Z,a,q;€1,€2) + O(e2)) . (B.23)

The normalized vev of the surface defect ¥, . is the eigenfuncton of the quantum Toda
lattice

) 0
HroaVas = ExVas,  Er=eaag W, (B.24)

C The crossing formulas

In the familiar theory the Fl-parameter (g associated to real moment map is often set to
be positive [35, 36]. In the case of pure N’ =2 SYM, N = 2 SQCD with Ny < 2N —1 and
N = 2* theories with gauge group U(N), instanton partition does not care about the sign
of the Fl-parameter. Let us show here that the instanton partition function is independent
of the sign of Fl-parameter in the U(/N) super Yang-Mills theory. The instanton partition
function has integral representation:

Zinst + (Cl)
k

doi €4 1 (¢i — ¢;)(¢i — &5 + €4)
_Z k! %HQWIQQ ot ¢z—aa)(¢i_aa+€+)g(¢i—¢j+€1)(¢i—¢j+52)‘

How to pick up poles and evaluate residue in the contour integration is explained as follow:

We first rewrite the integral with ordering

SIS f5 5

The first variable ¢; picks up the pole at ¢1 = a, for some o = 1,..., N. The following

ones are determined recursively as

G = A(ta),  Pi(<i) T €1, Pj(<i) T €2

In the end, the poles are parametrized by N-tuples of Young diagrams X where each box
(1,j) € A corresponds to a pole at

bi :aa+(i— 1)61+(j — 1)62

The contour integration can be evaluated by taking poles from the other side of the contour
C. By doing so, the first variable ¢ picks up a pole at ¢ = ao — €4 for some a=1,..., N.
The following ones are determined recursively as

bi = ag(ra) — €+, Pj(<i) — €1, Pj(<i) — €2
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Finally the poles form the N-tuples of Young diagrams Xdual in the negative FI-parameter
chamber. Since both instanton partition functions in the two FI-parameter chambers are
evaluated from the same integration formula, the two are equal

k

doi ey 1 qbl 0j)(hi—bj+er)
Zinst,~ Z k! %H2ﬁ16162 ot ((;5 —aq)(pi—an+et) H — ¢j+e1)(¢i—pj+ea)

doi €4 1 (i — ¢j) (i — bj +€4)
Z k! %H%lem (¢i—aa)(¢i—aa+€+)]l;li(¢i—¢j+€1)(¢i—¢j+€2)

= Zinst,— (C2)

A similar argument can be applied to U(N) gauge theory with number of flavors
Ny < 2N — 1. In the case of N' = 2*, a careful examination shows that there is no pole at
infinity. Thus the instanton partition functions in the two chambers are equal.

However in the case of Ny = 2N and Ny = 2N — 1 in SQCD gauge theory, par-
tition function evaluated with positive Fl-parameter is different from partition function
with negative Fl-parameter. To demonstrate the mismatch, we can simply take a U(1)
supersymmetric gauge theory in four dimension with moduli parameter a and two funda-
mental flavors of masses m™ and m~ for demonstration. The instanton partition function
in the positive Fl-parameter (g > 0 chamber has the following expansion in the instanton
counting parameter —q

(a—m*)(a—m")

+ O(q%).

Zinst,+ =1- q
€1€9

In negative Fl-parameter (r < 0 chamber, the instanton partition function instead takes a
different expansion

(a—ep —mT)(a—er —m7)

Zinst,f =1- q + O(q2)

€1€2

with €4 = €1 + e2. We will prove that the mismatch can be expressed by a crossing
formula, which comes from the pole at infinity in the integration representation of the
instanton partition function.

C.1 Crossing formula for a toy model

Let us consider the following toy model, the vortex analogue of the ADHM instanton
construction (cf. [89]): The vortex-ADHM data consists of the two vector spaces K = C*
and N = C!. In addition, we shall include the effect of one fundamental matter multiplet of
mass m. The only two matrices in the toy model are I € Hom(IN, K) and B € Hom(K, K).
The real moment map is, naturally, cf. [90]:

r = IT" + B, B'] = (plxk, (C.3)

We introduce the U(1), x U(1)-symmetry which acts by: (I, B) ~ (w~'I,qB), which,
together with the compensating transformations becomes, upon complexification:

(I, B) = (97" Tw,qg ' By) (C.4)
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with g € GL(k,C) and w € GL(1,C). Accordingly, the U(1), x U(1)c-fixed points on the
moduli space are the solutions to
Tw=glI, ¢B=gBg'. (C.5)
For each k there is exactly one fixed point, in which the space K has the basis
BT, j=1,2,... k. (C.6)
Each fixed point contributes the pseudo-measure
E[NK*— (1—-q)KK* — MK

where
k

N = ¢ = Trn(w) K:TrK(g):eanjfl, M =em. (C.7)
j=1
The vortex partition function is the grand canonical ensemble (the Coulomb modulus is
set to zero for simplicity, and we chose (—q) as a fugacity).

=fj<—q>k1a[(qk ") K| = S (-a) H‘E{‘”ezu—kq)’?. (C8)
k=0 k=0 j=1

For negative (g chamber the moduli space is obviously empty, since the eq. (C.3) implies
|I]|> = k(gr. The instanton partition function in the negative FI-parameter chamber is
simply

Z_(m,e) = 1.
The instanton partition functions in the positive and in the negative chambers differ by a
simple crossing factor

o (1-g. (C.9)

It is instructive to obtain the crossing factor from the contour integral representation of
the vortex partition function. Denote by K = Z;“:l e® the character of the K space (more
precisely, it is the character of the compensator g). The integral representation of the
vortex partition function (C.8) is known:

_Oo _ ki doi 1 m — ¢; o~ ;
Z+—Z:( q) kliHQme bi H@ ¢Jj

- do; 1 m — ¢z ¢; — ¢
]{ H ot s H Frr ! (C.10)

The deformed contour C enclosed pole at infinity clockwise. Residue for a single ¢; at

k:0

infinity is ro, = . We identify

doi 1 m — ¢; Oi — _ [T
%H%rle H@ ¢]+€_<k’). (C.ll)
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We then recover the crossing factor as the contribution of the residue at infinity

fﬂwﬁ(ﬁ)zu—m%. (C.12)

k=0
C.2 Crossing in the bulk

The crossing factor applies to not only the surface contribution but also to the bulk partition
function.

In the case of a U(1) gauge theory with two fundamental flavors. The theory is char-
acterized by a moduli parameter a and mass of fundamental flavors m*. With the fugacity
chosen to be —¢q, the instanton partition function in the positive Fl-parameter chamber
has the following integration representation [1, 9],

9] k
1 dz € . _mt C_mT (i + €
Zuns = 0 L1150 (55) oo P T s
o Ve 2m\a1€2 (i —a)(di —a+eq) i (qﬁz] + 51)(@] + €2)
(C.13)
where ¢;; = ¢; — ¢j. The same integral can be find in the Witten-index formula [82]. We
explain the reason of choosing fugacity to be —q in appendix A. The contour encloses the

poles counterclockwise at ¢ = a + (i — 1)e; + (j — 1)ea, 1,j = 1,2,....2 The integration in
eq. (C.13) can also be evaluated by deformation of the contour

> 1 i do; [ € i —m1)(p; —m~™ ij(Pij + €
Zinstt :Z(_q)kk!jgn ¢ ( + > (¢ )(¢ ) H Pij (¢ +)
k=0 i=1

2mi \ere2 ) (9 = a)(di — a+ex) 25 (dij + €1)(dij +€e2)
(C.14)
The deformed contour encloses poles clockwise at a — ie; — jeo, 1,j = 1,2,... and at the

infinity. Suppose there are [ integration variables ¢;, ¢ = 1,...,[ picking up pole at the
infinity, I = 0,1,..., k. The residue picked up by ¢; at infinity is equal to
€
— [mT +m” —2a+ei] = ro (C.15)
€1€2
The residue at infinity is evaluated following the procedure similar but not identical
to (C.31). The first ¢; can pick up pole at the infinity directly, obtaining a factor of
—roo and removed from integration completely. Or it may pick up either ¢ = ¢; + €1 or
¢1 = ¢; + €9 for another ¢;, © — 2,...,l. The combination gives
s (=) dd-a)

crea \€e1(€f —€3)  ea(e3 —¢€))

oo + ( ) = —Too — (l — 1)‘ (0.16)

The second ¢ is again given a choice of picking up pole at the infinity or taking residue
at another ¢;. The overall contribution from the pole at the infinity reads

14 . -7
“ge%—m—m=<l>.

2In general, there exists four sets of possible pole structure in (C.13) characterized by sign of e-

parameters: a = (¢ — 1)e; £ (j — 1)e2. The four sets are independent and have no mixing in between.
It is enough to consider the one with (+e1,+€2).
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The instanton partition function in eq. (C.13) for positive FI-parameter (g > 0 and negative
Fl-parameter (r < 0 are related by a crossing formula:

oo k

—Tso _ e
mst ZZ ( ) X (_q)k lZinst,—,k—l = (1 - q) X Zinsm—‘ (017)

k=0 (=0

In particular, eq. (C.17) can be verified directly since the instanton partition function
of the U(1) gauge theory with two fundamental flavors is well known [1, 91],

(a—m+)(a—m7)

Zinst,+ = (1 —q) €12 . (C.18)

Flipping the sign of the Fl-parameter (g is equivalent to the sign flip of Q-parameters
€12 — —e€1,2 and the shift of the moduli parameter a — a — €. The instanton partition
function in the negative FI-parameter chamber is

(a76+7m+)(a76+ —m™)

Zinst,— = (1 - q) c1ez = (1 - q)roozinst,+ (019)

which substantiates eq. (C.17).

The crossing formula (C.17) can be easily extended to general U(N) gauge group with
2N fundamental flavors. The fugacity is chosen to be —q. The instanton partition function
in the positive Fl-parameter chamber has the integration representation

+ .
Zinst,Jr(aa m-—,e€g, €2 q)

—a)* 20 Gij(Pij + €4)
)7{;111 2mi (QEZ) };[ i — Qq) ¢z—aa+e+ 1;[ (6i7 + €1) (i + €2) (C.20)

The contour C is chosen to enclose poles counterclockwise located at aq + (i — 1)eg +
(G—1De, a=1,...,N,i,j =1,2,.... The residue for a single integration variable ¢; at
infinity is

Too = v (Z mp 4+ m, | —2aq + e+> . (C.21)

When evaluating the contribution from pole at infinity after deformation of the contour,
An integration variable ¢; has three options: picking up pole from infinity directly, picking
up pole from another ¢, + €1, or picking up pole from another ¢, + €. The structure
of pole at infinity for general U(N) gauge group has no difference from U(1). Hence the
crossing factor of U(NN) gauge theory is identical to the case of group U(1):

Zinst+(@,mT €1, €259) = (1 — q) 7" Zinge,— (@, m™, €1, €25 q). (C.22)

C.3 More examples of crossing formulas

Let us now look at a few explicit examples:

— 60 —



C31 N=2

For SU(2) gauge theory the pseudo-measure in the normalized vev of the surface defect
U, + (2.26) can be rewritten in terms of dual character V1,

Wil [F1(T2 =T1)*  Mo(T2 —T'y)*
T K P P*
1
v Iy —ed
_ g [(

(C.23)

— M,
= 0)e” ] E [P((W — Vi)V + eV + i Vie ™ — MoVy'].
1

W = Egﬂ ebs is the character of jumps in the bulk. The dual character Vi dependence
can be written as the following contour integration by denoting Vi = >"7_; e,

2 W]

do; o o; —
%HQilg )(Z A1+1)H¢3]_62H @_b : (C.24)

with ¢;; = ¢;i—¢;. The contour C is chosen such that it only encloses poles counterclockwise

from Ag+ (i—1)¢, i =1,2,..., which generate the tail, or b, which generate the jumps.
Eq. (C.24) can be calculated by picking up poles from the other side of the contour

l - 2 W
d 1 + T 17 T bs -
271'16Zl gb Ao ) (i — A1+e) qb - @i — by
The dual contour C picks up poles clockwise at A; —ie, i = 1,2,..., and at the infinity.
Residue at infinity for a single ¢; is
1 1
g(mar +mg —Ag— A1+ e+ |Wle) = E(maL +my —ap —ai +€) =ru. (C.26)

The dual contour integration is performed in the following steps: We choose v—1[ integration
variables ¢,, n =1,...,v — [ to pick up poles at infinity.

v—l -\ W] v 2
d¢n n ¢n - s - nj
X —— (C.27
271’16 (bn—Ao) ¢n—A1+6 1;[ n — D j=£l>n¢721j_62 ( )

How to evaluate eq. (C.27) is explained as follows. First we rewrite integral with ordering

iod;j;il"'iocgﬁioﬁ' (C.28)

The first variables ¢1 can pick up poles at infinity directly. Or it can take pole at another

¢n + € with n =2,3,...v —[. The contour circulates the poles clockwise for either of the
choice. The former generate residue —r, while the second option gives

144 k

1€ ((bn"‘e )(¢n+€ 0 On + bs (¢n+€_¢j)2
T A e s 1% I G —b 2

(C.29)

=2,j#n
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Residue of variable ¢,, at infinity now becomes

%(—27«00) =1x(—7Ts). (C.30)

The factor —7r is credited to residue of ¢,, at infinity. The residue for ¢ at another ¢, +¢
is effectively 1. Combining with the multiplicity v — [ — 1, the total contribution from ¢;
at the infinity is

—Too + (v —1—1).

The integration of the remaining variables ¢,, are determined in the same trick as ¢;. The
only difference is that the multiplicity for variable ¢, is v — I — n. The combined residues
at infinity give

v—I — (W] v 2
d¢n ¢n - s - nj
X . —
v—l ?{H omi € —Ao) —A1+e 13 n — bs jzg>n ?Lj_€2
1 v—[—1 ”
- — = (1) C.31
o I et = (U_l) ©an
J=0
The remaining contour integration variables ¢,,, n =v —[+1,...,v now take poles at
Ay —ie,i=1,...,1, with the contour circulating these poles clockwise. The poles generate

the dual Young diagram in the negative FI-parameter chamber

W l

461 (61— mg)(9i = my) BTy ¢ b Po(As — je)
l‘?i\OOH%'le )(d)l A1—|—6)H 2—j H (;Sl—b H Y (A — je)

ij j=1

Finally we find the normalized vev of the surface defect ¥, 4 of the form

DB YEHL () Wtk iy~ e (©3

v=0 [=0

The fundamental matter contribution My(z) is defined by

ooy [ 7] e ()

We again see that the mismatch of the instanton partition functions can be factorized into

a crossing factor. We recover the toy model (C.12) by imposing the condition my; = A; —e.
C32 N=3

Next we consider the SU(3) gauge theory, whose normalized vev of the surface defect is

2
 To(Cup1 — D))" = My (T3 — T,)*
Tay =Y Y g 2q)' R L=t Pl “]’31* © 2. (C.33)

X {UU2}
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The dual characters V4 and V5 dependence in the normalized vev of the surface defect are

o oo
DN g Y0 > E[LoVr 4+ auLiVi + LiVs + quL5Va — MoVy — My Vs
v1=0v2=0 [Vi|=v1 |Va|=v2

< E[PWV + PVAVS — P1V1V1 PVaVy] (C.34)
3 S gy jg ’“ dcb o — 3><¢>( ) —myg) 10 o1 — o) 0 b—¢y"
01=0 03=0 -1 2mi € €( (1) )( —A1+e€) iz ¢§1) ¢(1)+ bew —¢§1)
(2 ( — (2 (2) (1) (2)
271'1 ( 2 0 )(¢<) 5 +6) 1 ¢(2 ¢<2) g0

We deform both contour Cl and Co to evaluate the integral. The integrations after deform-
ing the contour is performed according to the following steps. We start with the variables
{qbg?) }. Suppose there exists ve — [y variables qbg?) , j =1,...,v9 — Iy picking up pole at
infinity,

f‘ﬁi? ¢#)—nﬁdw@”—m{> i o) — o7 f1¢m o)+
U2—l2 27 € € ( 1)(¢§2)—A2+6) j/:1,j/¢j¢§2)—¢§?)+6 P ¢Z(1) _ ¢§2)

(C.35)

The residue picked up by the ¢§2) at infinity is computed to be

1
g(mf+m1_—A1—A2+€)+v1ZTgZ)—i-vl.

The integration in the eq. (C.35) has the same structure as in eq. (C.31), which can be
calculated by the same manner. The overall residue contribution at infinity of the quiver

(2)
— o) U1
et (78 o)
=1 (m—b)

Next the integration is performed over the remaining variables qbgz), j=va—la+1,... 09,

node Vs is given by

by taking the residues at the poles Az —ie, i =1,...,l3. Then summing over (v, l3) at the
quiver node Vs yields

Shy @ do” 1 (¢<2> mi) (@ —my)
vo—lo T'oo + U1 1
Z Z(_l) < ) l2 \%CQ\OOH 27 6 2]

22=05=0 vz —l2 J - A6 — As+e)
B gl @ e gD g
{ J

o H j L]
1 07 — 68 e ¢§”—¢§2’
D4, Z L f & d<z> 1 (@ —mf) (@ —m7)
G2\oo i 27 E(¢() Al)(¢()—A2+6)
! (2) (2) v (1) 2)
o ﬁ ¢j _¢j/ ]j:d)Z _¢j te

2 2 1 2
ymrini 0 = +einn o) — o
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We then move on to the integration of the variables {gél(l)} corresponding to the quiver
node V1. We assume there exist v; — [ variables ¢§1), 1=1,...,v9 — o, that pick up pole
at infinity. The residue picked up by the (;52(1) at infinity is equal to

)+ W | — 1. (C.36)
The integration at infinity again follows the eq. (C.31). We denote
! _
1 f ol —1 (67 — mi)(or — myg)
Bl Jenee i 2 € (o) — g)(o{) — 41 +¢)

) ﬁ ¢(1) oV b— o) +edl) — Ay + (I + 1)e
Nl P\ S A b oW M _ 4
i'=1,i"#1i ¢z (bz” € bew ¢z (bz 2+ €

Fi(lh) =

for integration over the remaining l; variables {qbgl)}, which take poles at A; — i€, 1] =

1,2,...,0r Ay —ige, ia = 1,...,ly. Summing over (v,l;) in the quiver node V7 results in
© U 1)
_ + |[W| -1
> St (F I g et
v1=01,=0 =4
o0
(1) _
= (L= qo(1 —qu)"= IR Y gl (1 — q0) Fu(ln).
11=0

The normalized vev of the surface defect for U(3) gauge theory now reads

(2)

Pat=(1—qo+ qoq)"= TWI(1 — q)r= (C.37)
X Z quqlf — )" (1 = q0 + doan) "
11=012=0
E |:Zw Fw(Ferl - Fw)* _ Zw wal(FN - Fw)*:|
Pl* Pl* Dual

) @)
=(1—qo+ qo‘h)r"i Wi - lh)r"f’

FNF;l - 22:1 FZw(sz - sz+1)*
DI |
11=012=0

2 *
X E{— it Mlez“’] .
Pl Dual
The dual characters
_ )
Iy —Ty=)» elg™ =Fs, (C.38)

I>w

label the dual Young diagram Xdual in the negative Fl-parameter chamber with [, =

l
ZlZw d‘(“) .
The fractional couplings in the negative FI-parameter chamber, are relate to the orig-
inal ones by

Goet = q0(1 — q1), 91 = qrer (1 — qoer) - (C.39)

— 64 —



C.3.3 Toy model: the effective instanton counting

Let us demonstrate that in the case of quiver gauge theories, it is not only natural but
crucial to mutate the instanton counting parameters in crossing between the chambers to
have the equality of the two instanton partition functions.

We consider the following simplified model of the SU(3) gauge group with 6 funda-
mental flavors by forcing the following conditions on the moduli parameters (sometimes
this procedure is called simply higgsing, since with such relations between the Coulomb
moduli and masses some of the hypermultiplets become massless and can be given a vev,
thereby higgsing the gauge group to a subgroup).

a0+61:m3, alsz, agzm;,

my = ap — €q, m; = ag — €; — €1, my = ag — €.

This condition forces the only surviving Young diagrams in both positive and negative
FI-parameter chambers to be the single rows in the +es direction,

X0 =T 10,0, Xgeo= 0, (T[] 0.

A co-dimension two surface defect is introduced as a Zs orbifolding. The instanton pariti-
tion function in the positive Fl-parameter (g > 0 chamber is

o
]62*610,2*261*&0*]62 ag — 2€1 — ag — Leo
Zi=) 4 H 1 —qo+ doq . (C.40)
= =1 Je az — €1 — ap — je az — €1 —ag — Leg

The instanton partition function in the negative Fl-parameter (g < 0 chamber is

(o]
]62—61 as — 261 — ag — jeo a0+261—a2—|—Leg]
Z_ = 1-— + .
LZ:O 31_11 2 a2—c1—ao—je [ q1.eff T q0,effq1,eff 4o+ €1 —as + Ley
(C.41)
In the NS-limit we focus on the surface contributions
as — 2 —ag — Le
Uay = [1 — g0+ doq1— - 2} (C.42a)
ag — € —ag — L€2
ag + 2€ — ag + Lesy
U, =1[1- . C.42b
a, [ q1,eff + 0,effq1,eff G0+ c—ayt Lo } ( )

By denoting Ag = ag +¢€, A1 = a1, Ay = as, and W = e® L2 the residues at infinity are

1
rg))—g(mg+ma—AO—A1+e):0,
1
r® = g(m +my — A1 —Ay+e) =—1.

We see that both the crossing factor and the transformation of the fractional couplings is
needed to recover the partition function in the positive FI-parameter chamber from the
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negative chamber counterpart:

W @)
(1 —qo + qoq1)™ TWI(1 — q1)"= Wa _(ao, as, €, qo cfr, 91 f)

3 +2e —ag + Le
—(1— 11— L — 20
( qo + CIOC|1) ( (h) |: q1 eff + q0,effq1,eff ag +€—ag + Leo

_ (1 —g0+d091) [1 q1 qoq1(1 —q1) ao+2e—a2+L62]
(1—q1) (1—qo+q091) (1 —qo+qoq1) ao+e€— as+ Leo

_ 1—qo+dom q1 ao + 2¢ — as + Les

= - + qoq1
1—q1 1—q1 a0+6—a2+L62

= \Ija,+(a/07a'2767 q07q1)' (044)

D Limit shape instanton configuration

In the presence of a full-type/regular surface defect, the bulk contribution is identified
with the contribution in the representation Ry_1 of Zy orbifolding. The projection mn of
the moduli space of instantons in the presence of the surface defect to the moduli space
of instantons in the bulk descends to the map 7y : PN — PN between the sets of fixed
points. Thus, a new set of Young diagrams A = WN(X) can be constructed

(@) )\Ea) + (@)
|z o

where |-] is the floor operator. The bulk partition function is a grand canonical ensemble
over the bulk intanton configuration

Zpur(a,m*.q) = > ™ ppuc(a, m*, q)[A] (D.2)
A

with the bulk pseudo-measure is of the form in eq. (2.18). The full Y (x) function is defined
on the bulk Young daigram

Y(2)[A] = [[E [—ewS;; [X]} —E [—ew(zv - me%Nfl[X])} —E [-&5*[&]} . (D3)

In the NS-limit e — 0, with ¢ = € fixed, the summation in the bulk partition
function (D.2) is dominated by a limit-shape configuration A,

Zyuk ~ 9 [AL] + -+ (D.4)

We denote Y (z) = Y (x)[A,] based on the limit shape configuration. Y () satisfies

P P
A+aT@ = X)) = (Ye+o+ T _yera+ L8 (py)
Y (x) x
Function T'(z) is a degree N polynomial. The function Y (x) can be expressed as ratio of
two entire functions
Q(z)

Y(z)= mv Qz) =E

e*S*[X,]
by

(D.6)
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In particular, function Q(z) is the solution of T-Q equation [10]

Qx+e) +qaP(2)Q(x —¢) = (1 + )T (2)Q(x), (D.7)

which matches with the 7' — @) Baxter equation of the X X X, spin chain [10, 27, 28].
See [1, 13, 21, 26] for more details on the origin of the Baxter equation in gauge theory.

The functions Y (z) and Q(x) are proven to be applicable tools to investigate the
structure of the limit-shape instanton configuration A,. The zeros of Y (z) and Q(z) are
separated by at least N columns in the limit shape X by the scaling of e — . The bulk
Q(x) function can be expressed in the context of new Young diagrams A,

r—ag

N ~ 3 _
_ (—€) = T — o — (i—1)e—Eas @
(v) = };[1 T (_m) H T —da— (-1 €ai = 62A*7i . (D.8)

€ i=1

The asymptotic behavior of &, ; = egAi(a) is restricted by the Baxter equation (D.7). {4
can be determined via a order by order perturbation expansion of (D.7) in q. In the
zeroth order

Qo(x + 6)

Tole) = Qo()

N
=Yo(x+e)=Y(z+¢)l] = H:L'—aa—l—e (D.9)

The zeroth order Qo(z) is identified to the leading Gamma function in eq. (D.8). And thus
€, are restrained to be at most of order q for all = 1,...,N and i =1,2,.... In the g
order, we take & = @q + &,,1 Which are the zeros of Q(z) function :

0= Q(da + ga,l + 26) + qP(da + 5@,1)@0(&04 —€+ fa,l)

~ 1 6
= Qolle et = O | G e o0 + € — ) € F

+ qP(aa)

which we find

B L (da)
€]ls2a(a —asg +€)(aa —dg)

(D.10)

Similar procedure applied to the other zeros of Q(z). It generates a order by order expan-
sion that determines asymptotics of &, ; by the recursive formula:
CIP(% + if)éai

6 i+l = - ‘ - v~ ‘ —; i:172’__” (D.ll)
v ngl(aoz‘i‘ (1+1)6—a5)(aa+16—a5)

Recursive relation (D.11) shows that the partition A, is very steep A( )+1 < Ai 1) , 1. e.

its dual partition At has an almost flat plateau structure. The set of jumps in the bulk
{J'} is defined by

(7 ={Tez0l AL -, =1}
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that locates where the elevation of dual partition A’ changes. Virtual character S = S [X*]
now can be separated into two parts

5’:5’ S’K Ze —l—ZZe““q q J’“ (1—q)=Fn+ PW, (D.12)
67 {J/
with A, = aq —|—eAt () The Y (z) function defined on the limit shape configuration A reads
N ~ !/ t?(O‘)
r—a —GQJ—EA*J,+1
=[[e-4) ] — et (D.13)
The bulk virtual character is of the form
. ()

Py = S[R] = Y et + 3% efgd g7 (1 - q1) = Fy + PW. (D.14)

o7 @ {J’

Our main focus lies on the normalized vev of the surface defect, which considers all
allowed surface configuration X on top of the limit-shape bulk instanton A,

(o) _ ( ) t,(c) t,(c) )
A* oS AN —c(a) = )‘w+NJ—c(a) 2 )\ijNjfc(a) AL jt_H (D.15)

The first J = 0 is special since it lacks an upper bound. We find the virtual characters
{T'y} of the form

AB(B)

(
Z o gy VO 4 S edy AN ) (1 _ 1) = Fy + PW,  (D.16a)
8 {J'}
= 5‘ e S
t,(a) 7 Al ()
Z e gy =) 4 > efeg, @ VN (1 gy~ B+ PU,.  (D.16b)
« {J/

The F,’s denote the N —2 Young diagrams Xtail = ()\Egzl, /\Eazl, . )\E;\;ﬂ)) attaching to first

J = 0 of limit shape K, which we call a tail. Each tail Young diagram A“), w =0,1,..., N—

@) Z (@) 3@

2, is the collection of row of boxes of non-negative length A; . = tail 1> Mail 2 - - ) obeying

(w)
)\talll SN-1-w;

@) o @) o
/\t:ﬂz = /\t:ﬂz—i,-l: 1=1,2,...

The jump sets {J/} are defined by
_ t(a) (a) _
{JL} = {J € Lol ANylet) ~ )‘w—',-NJ c(a) = 1}'
The jumps sets {J,} are restricted by eq. (D.15):

{1} e c{int ={J}, (D.18)
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Once the intanton configuration in the bulk is locked to limit shape in the NS-limit,
the surface defect partition function in eq. (2.17) becomes

Loy( , ko—k 7
Z = V@M Z H Ao ™™ fhgurface (A, M1, g, 2)[N] (D.19)
w=0

*

The normalized vev of the surface defect ¥, is identified as an ensemble over all
allowed surface configurations, namely the arrangements of j Jumps {3} and tail Young

diagrams A’ t(a )( ) connected to the very bottom of limit shape A.. See ﬁg 1 for illustration.

kw—k N
a - Z H Ju N 1,U'surface [)\}
w=0

*

_ ko—kn_1 ZN ) Ly(Pop1—Tw)" ZN ! My, 1(Tn—Ty)*
BN | Lt * : - (D.20)
P P

Mtail {Uw} w=0
E Details of the second Hamiltonian

We derived the second Hamiltonian from the gauge theory in (B.11), which after resetting
the zero point energy (5.30) becomes
=3 - 52 _omt s 0u) (6 —mt » E.1
2= Z T [( w) - mw+1 ] (Guwr1Uw+1) (0w) ( w — My T mw+1) (E.1)

w
with 0, = €VZ — a1 + m;ﬁrl such that the
HoU, = (1 — q)EyP,. (E.2)
By multiplying the normalized vev of the surface defect partition function with a pertur-
bative factor

Va

="

[ REARLLAE

The operator §,, becomes eV,
The second Hamiltonian of the XX X, spin chain hg is obtained from the trace of
monodromy matrix (4.17)

ilZ =Tr (g (1)> Z (=t + L) (= o + Loy) (E.3)

w>w’

= (@7 = Y)Y = ) BB

w>w’
+ 37 —q(mg Y Bur + My Y0B) + a(my, — m, + €)yu B
w>w’
+ -+
+ Z w+1 ’Yw’ﬂw’ ( M E)Vwﬁw + (mw M1 + 5)7&1/8“/
w>w’

+qm,m,, + (m My 6)(7713-1-1 —e)
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The coefficient of eQagw is obtained by considering w = w’' + 1,

82
— (9 — ’Yw'+1)(%'+1 - ’Yw’)a?il

1 , 02

T -1 (qUer — qur1Uur41) Zw'ajg/

= q(voz.;’)z - qw’+1uw’+1(vfj’)2 = a4V + Qo 1, 11V (E.4)

The cross term between 0.,0, , comes from 4 sources: 8,8/, Bu+1Buws Buwbuwr+1, and
Buw+18.r11. Coefficients are found by

(@70 = Y)W = V) = (@7 = Yoot 1) (Yot = V)

= (0Vw+1 = V) (o = Yor+1) + (@Y1 = Yoot 1) (Yoot — Vor 1)

=14 q)zwzy- (E.5)
We find the second order differential terms obeying

1+ z & z z
halpe = Tc'(evc)2 4 M|, V= zw:vw. (E.6)

For first order differentiation terms, 0., in ﬂz has coefficients:

(1—qg+ C|w+1uw+1)mz+1zw - (%H%H)m;ﬂ%

=(q - 1)’Ywmj;+1 —(q - 1)’Yw+1m;+1- (E.7)

In hg, a single 3, has coefficient

Z(m:’ﬂ —€)

(AJ/

Yo + (m:——i—l - G)Vw

Z _qm;/] Yo — My, Y +
w/

+ Z q(m;/ - m:’-ﬁ-l + 6)70.}’ + Z (m;/ - m:';/_,_l + 6)’)@,’ (ES)

w'<w w'>w

The €0, comes from 2 terms: 3, and (41, which we find

2o+ (L= a)mg o — A= a)(miy + ). (E9)

[E:—ﬂn§;+(m$+l—e)

This leads to
R 2 R R
R N 1+ H H _ H
M4h+ﬁf( 1)—HN—M(L§)+Wm—mD< 1>+~ (E.10)

Last is the constant terms. Hy has no constant term after resetting zero point energy. The

constant contribution in ho is

Z qmgm_, + (mg —e)(m, —e).

w>w’
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We have our final result as in eq. (5.43):

F Detail calculation of third Hamiltonian

Third Hamiltonian of spin chain is defined in eq. (5.49)

s =Tt (g (1’) S (e L) (s + L)~ + L) (F.1)

w1 >wo>ws
=q[(—ptar + ) (—hn 4+ £0,) (—ptass + €0) + (—pan +£0,) 00,05,
(= pn = L0, 05y + (—pag + €000, 0]
+ [(_MM - 621)(_/%)2 - egg)(_ﬂws - ggg) + (_Nwl - egl)gju;g;g
(= s+ L0 )OS, Uiy (=g — €005, 05, ]

On the gauge counter part, the third Hamiltonian is defined based on eq. (5.22) with
I = 3. The [272] coefficient of Laurent expansion of fractional fundamental gg-character
X (x) reads:

[272) X (2)

1 1
= ée?ug +eD?) — (a1 +€y) |:2€%Vu2j + elDful)] + €4 €100 11V + €0, DY (F.2)

1 _ (1
tw| — EE?VZZA - 61D£J221 + (aw —mfb —mg) (26%%%1 - 61DU(J121>
- Pw<aw)(€ll/w—1 - aw) + e%l/w_lDi}_)l] .
The Dyson-Schwinger equation restricts X, to have vanishing expectation value
0= (z?]X(z)), w=0,...,N—1 (F.3)
We again consider the linear combination U(x) = ) u,X,(z) defined in (5.20). By

resetting the zero point energy (5.30), Hs becomes:

fia =(a - 1| 3 §(6V5 ~ mi)* - 3] (£.40)

(eVE —mb1)*  ad (1)
—i-zw:euw[ 5 ~ 3 +e(DS7)

CL2
(i) €95 = md DY) — eV~ )

_ eVZ)?2 a2
e [+ mg) (25 4 552 - o))

+
— (mt. )2V + (mw+1)2(m+ e )]
w+l w 2 w1 w+1
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The <D((d1)> term can be solved by using expectation value of [x~1]X,, in eq. (B.6)

e (DY — g, )

w—1
()~ D (Va0 4 aule = — m5)(VE ) 4 4wtV — quPa(a)
- 2 w 92 qw w—+1 JulQw w w w—1 w+1 Ve Juiw(Gw

(F.5)
which solves out (5.47):
L
€1 <DLE.)1)> :q—il Z Qo Qu—nt1€Ve_n (Vi — m$7n+1 + My i)
n=0
V? 2 a2 m+ 2
+ (Vo) 2“) +mg1€VE + “’2“ ! “’2“) : (F.6)

To construct relation between hs and 1:13, we will take order by order, term by term
comparison in the derivatives. We start with highest derivative order, (VZ)3 in H; has

coefficients:

11+q 1—gq I+97% +7w+1 1—g

. _ = _ - F.7

214 (U + Q18 41) 6 5 7 6 (F.7)
and (VZ2)?VZ,:

e Tttt D (F.8a)
q—1 A
w

Last, Hs has no Ve, Ve, Ve, term when wy # wo # ws.
In h3, degree 3 differentiation 9 contribution comes from B, 8., w,, Which has coef-
ficient

q ['70.){70.127&03 - ’Yw17¢%3 + %uz%%S - ’ngf}/za} =+ [_’Yw1’7w27w3 + ’wa)/f& - 7w2'73;1 + ’YW373;1]
= (%J1 - 7002)(%02 - %Js) (q')/wg - le) : (FQ)

There are 8 possible combinations 5., Bus Buws s Buwi+18ws Buwss Bt Buws+1Bwss Buwi Buws Buws+15
6&)14—16&124—16&)37 5&114—16&)26&)34—17 Bwlﬁw2+1/8w3+17 ﬁw1+16w2+16w3+1 that give azulazwgaZwS'
The coefficient is found by

o o0 0

024, 0%y 0244

(0= 1) (Yo +1 = Yeor ) Va1 = Voo ) (Vw1 — Ves) =(q-1)V, Vi, Ve,

(F.10)
Next for azw 0., terms, when w > w’ coefficient reads:
= (A0 + Yeor1 = Vo) = Yot 1) (Va1 = Vo) (Yeor 41 — Vo)

Zw Zw
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while for w < W'

Vo' T Y41 AV + Yot
(q’Yw — Yl'+1 — Yo' '7w+1)(’7w+1*’Yw)(’Yw’-I—l*’Yw’) = |: “ P R = P = Zf;zw’-
w w
(F.12)

The hz has no 93 . We find for the highest derivative terms:

-1
(eV2) + o= (eV2)?

N 1lg+1
h3|gs = Hs|gs — [Z 52 — (U + Qg1 tiw+1) (V)

w

~ ~ 3
~ H2 H1 1 —q Hl
=H 1 F.1

with H; = (q — 1)eVZ and Hy defined in (B.11).
Let us move on to second order differentiation. The second order differential, (V?)?
in H has coefficient

1 _ _ _
- ; Z My, Yn — Z m:+17n + Z qmn Yn — quj;-t,-l’}’n + (qmw+17w - m:+1'7w+1)
i n>w-+1 n>w n<w+l1 n<w
1+q _ 1
- [’Yw-i—lmw_;_l - ’Ywmi_+1] —€— [_’Vw—&—l + Z Yn + Z CI’Yn] .
w Fw n>w n<w

The cross term VZ,VZ, w' > w, only comes from (VZD,):

1 _ q
- ;(’Yw’ + ’7w’+1)(mw/+1 - miuﬂ) - ;(
w W

On spin chain side, the second order differentiations in hs are:

BuorBuws = (Yerr = Vea) [q(m;‘g, - ml_g-s-l + €)Yus — qMy, Yoy + (mI3+1 - 6)’%1] ,  (F.15a)
Bun Bus (Vw5 — ’le)[(mujz - m:2+1 + €)Veon — My Yoy + (mIQ-H — €) Vs )5 (F.15Db)
/Bw216w3 : (’sz - ’Yw;;)[(m;l - mj.z_lJrl + 6)’7&11 - qm;ﬂm + (m:,_1+1 - 6)70-)2)]' (F'15C)
For 5,8,, the coefficient is:
(Vo =) Y [almy —mb s + ) — amp v + (M} — )]
n<w’

+ (Yo = 7) D_lmy =iy + ) — amyq + (myt ) — €]

n>w

(=) D [my = mby + v —my e + (m g — )] (F.16)

w'<n<w

The 9?2 has coefficients:
— 2 [ D oAM= DA D T = D M Y+ A Y — m:+17w+1]

n<w—+1 n<w n>w+1 n>w
et Yt 3 %] - Fa7)

— 2w [(Z m:errl - 5) Yw+1 — <Z qm;) 'Yw] — €2y
n n n<w n>w
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The cross term 9,,0, , comes from 4 terms B, Buwr, BwBu11, Bwt+1Burs and Buyt1Buw 41

(Yort1 = Yoo ) Yeort1 + %)( W+l T ;'+1 —¢)
+ 9(Yr41 = Yoo ) Y1+ Yoor ) (g — Mg — €)
+(P+®K%H1—%JWwHﬂg%l—MMWﬁgl—d)

+ (Voorg1 — %J’)(’Yerlm 'Vw( M1 6))]
= (Vo1 = %) Ver 1 — %/) Z(qm; +my g —e). (F.18)
n
Combining with 222,020, = (VZ)*(VZ,) — VZVZ,. We conclude
i, o1 i\’ () n
he —H 1 2 1 -9 1 _9e | 2 1 2
s=Wt (o= 7+ 5 (12, “lalizq) T1-4

1/ \, n () n

Ne — mt 1 2 | (1 1 _ H2
(F.19)
The order one derivative V7 in H; has coefficient:
1 m+ - +
T —(amgqy — my ) (Mg + €)Yut1 — My )
1, _
70 — (Mg —mb) [E(CI% —Ywt1) + Z m, Yn — Z(m:;“ —€)Vn
n>w—+1 n>w
+C| Z mn'Yn+qZ n+1 6
n<w+1 n<w
The first order differential in hs may come from:
/Bwl : q [m mw3’yw1 + (mI3+l - m(;:; - 6) (mI2+1 - E)’YWS

+ (mIQH - My, — G)Tn;ﬂwz] - (mIQH - 5)(m:53+1 — €)Var» (F.20a)

Bus: 4 [m LM Yewn My, (m;;_,_l — My, — G)ng]

- (mjl_l-‘rl - 6)(mw3+1 - 6)fyw2 + (mi_l-i-l - mu_)1 - 6)(Tnj.)_g-f—l - 6)7‘«’17 (F20b)
6@03 : qmczlm;z’}’ws - (m:1+1 - 6)(mj;2+1 - 6)7(.03

+ (m;_H — My, — e)(mj1Jr1 — €)Yy + (mIlJr1 — Mg, — €)My, Yo (F.20c)
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which gives coefficients of S,

a(mg )? = (mi = No® g~ a(my)? = (mif = o)?
| R

2 —qm,m,,
+(mf — Ne)(mi,, —e)+a(my)? — (mf,, — €|
+ > almty = my = emym +a(my = ) (mil . —my, =€) (F.21)
w>n>n'
T Z (Mg — ) m g —my — )y +aq(myyy —my — €)my
n>w>n’
“(mt,, —m- — + _ + _
+ Z mn’(mn+1 my, 6)’771 + (mn 6) (mn/Jrl m,, 6)’}/”/.
n>n'>w

A single differential d,, considers (,+1 and S,:

q(m;)? — (mf — Ne)? q(m,)? — (m} —€)?
“w 2 - Zn: 2 ]

+ (mI+1 —qmy, g — f)(mIﬂ’Yw — My 1Yot — €Yw)

(G~ o) [q S =4 3 (mE -

n<w+1 n<w
3 e St 0]
n>w+1 n>w
+ (Ne —m — qmc_)(mLﬂw — Mgy Ywt1) + €20 (Ne — me) — 2, (F.22)

Combining with contribution from higher derivative z20? = (VZ)? — VZ, we find

w

o NEENE T T
- - H, H 1-— H 1( H H
ha =Hg + (14 q)———— + q( 1) o 2(1 15!) 1 :

1—ql—q 6 1-—¢q - —q
1\ @ 1\ @
Ne—mb) | = [ — 2 —gm) [ —= ] - F.2
_ o m
n>n'
Hy Hy Hy
e o . _ S o 2
+ Z(e m,, )(e —m,) T4 e(Ne mC)l— € 4
n>n'
And last for the constant term in 1:132
(mf 1) | (min)? (mg1)?
Z(l ) [ 3Jlr1 + ‘;1 — (Uw + Qu+1Uw+1) 2+1 + Qup1tir1 (mby)? = 0.

(F.24)
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And constant term in hs:

Z (6 - m:’;l)(E - mju—g)(e - mj)_g) - qmu_}lm;2m033 (F25)
w1 >wo>ws

We arrive at our conclusion of eq. (5.48):

N ~ ~ 3
. I, A, 1-q( O
h3:H3+(1+q)1_2q1_1q+ 6q<1_1q> — 2

N =
VR
—
|| =
e
~—
[N}
+
[
|| =
el

N 2 . . 2 .
1 H H, (1 H Hp
Ne—m?) | 2 - - -
W H, H,
N T —e(Ne —m*T 2
+ gl(e my, )(e —m,,) —qm,m_, I—q e(Ne mC)l—q 61—q
+ Z (e = m} ) (e —mf,)) (e —mf,) — amg, mg,m,. (F.26)
w1 >w2>ws

G Calculation of the fourth Hamiltonian

We will demonstrate how it is required to consider both the fundamental and second order
qq-characters for the proper definition of the fourth Hamilton H, as a differential operator.
We only write out the highest order derivative terms for which is enough for the illustration.

G.1 The fundamental qg-characters

To construct the fourth conserving Hamiltonian of normalized vev of the surface defect

W, 4, we the consider [z73] coefficient of fundamental gg-character X, (z) under large x
expansion

1 € €
[273] X (2) :FSQ‘; + 2—1!63Df}) + iDﬂD&U +eD® + 66,02 + ...

1 2
+ qu @5:‘}1— %153711%1—)1‘*‘ %DE—)IDSZl_ elDo(JB—)l‘*‘ fl‘gw—lszl"‘ e
(G.1)
with 0, = €V — a1 + mI 41~ By the non-perturbative Dyson-Schwinger equation
<[:p_3] Xo(x)) =0. (G.2)

We only list out the highest derivative terms with - - - denoting the lower derivatives. Fourth
Hamiltonian of gauge theory is defined in (5.50)

- € 5t €2
Hi=(q-1) [Z ;<63Dw>] =D (e F i) |2+ D) Fa @D+

w w

(G.3)
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G.2 Second order gg-character

To rewrite (D&2)> into differential operators acting on ¥, 4, we use (F.3)

a(D? — D))

w—1

_la 1y, Tosts 00
= 200 — (@du D) + “Ha, + %
Jorm 1 a? al
— Qu [ - 6 ! + <5w71€1D£,21> - 7 w—1+ ?
52 2
) (B 8 D) )
= e (CP). (G.4)
We solve out:
€
(D) = 12 [(C) + 0O+ 4 ot dowia (O )
1 9 N-1
1
= =50+ DD+ =7 D Qu-ni1(0unDS) )+ (G5)
n=0

To rewrite <(D£J1))2> as proper differential operator w.r.t. z,, we will need to consider

second order gg-character (5.54). We will consider [z72] coefficient of Xﬁgw (), whose
highest derivative terms are

272 x2) () =D + D) + L

w1,w2 1 2 5

(Duoy + Day)? + (8 + 60y (DP) + D)) (G.6)

1 1
t 4 (G + 8 + 5 (0 +00) (D) + D))

1
+ oy Reoy o (V) [ - DS;)—1 + DL(JZ) + 5(—D£}11)_1 + DL(}Z))?
+ (—0wy—1 + cLJQ)(—D‘(iL1 +D?)
1 1
+ I(_‘Sm—l +0u,)" + 5(_60.11—1 + 5‘02)2(_1)5}1)71 + ]_)&))]

+ qus ng,wl (—V) |:D5J?;) _ D(3)

wo—1

1
+2(DW = DY )2+ (8, — by 1)(DE) — D)

2

1 1
# 410 = Gun) 50y = 8y 0L = D)

1
I I
2 2

4 (<01 — bup1) (=D = D))

1 1 1
+ I(_&Jl_l - 5&)2—1)4 + 5(_(50.)1—1 - 5w2_1)2(_D<,(u11)—1 _ DLEJQ)—].):| 4.
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By the structure of Ry, «,(¥) in (5.55), we may take v — oo such that Ry, ., (v) =1
for any {wi,w2}. Using (G.2):

1 1
0= (DL - @uD + J(D2 + QD2 ) + 502D, ~ 821 Dura) + 301+ ) )+
(G.7)

to simplify ([x ’Q]Xﬁf,?)wz) Define
E,=D —q,DV . (G.8)
Now we have

0 = (Eu, By + (0wy — Gy Oy — 1)0(2) + (Ouwy — qw26w2_1)00(-)21)

1
+§(52 +qw15w1 I)Ew2+ (52 +qw26w2 I)Ewl

1
~(6wy — Gy Oy — 1)(5 qu(SwZ 1)

1
+ 7(5 qw25w2 1)(5 qw1531 1) + 6

6
4(52 +qw152 71)(53; +Qw2522 1)

( qLUQ wo— 1)(5W1D£}1) +qw15w1 ID(E)ll) 1)

( qwl wi— 1)(6W2DSJ2) + qw25W2 1D¢(u12) 1) > (G,Q)

which can be decomposed into two parts

1
(Bun = Bn 1) [(C2) + (682, — by 1) + (802 D0} + G (a1 D)
+ (1 2)+-- (G.10a)
1 1
(Buy Euy) + 1(53;1 + qw15w1—1)(53;2 + Gy 0wy —1) + 5((531 + qw153;1—1)Ew2>

1
+ §<(53;2 + qW2502.;271)Ew1> + - (G.lOb)

From calculation of Hz, we know on highest order derivatives (0u, Fu,) = (Fu,)0u, +
(0w, (Ew,)). Here we only considers highest order derivatives which gives

1 1
<Ew1Ew2> = _1(52;1 + qw15w1—1)(502.;2 + qW25w2—1) - §<EW2>(5<J2.:1 + qw153171)
1
3¢
= (B )(Euy) + - (G.11)

EW1><502.}2 + qw25312—1) +oe

Multiplying matrix inverting D) — F relations we get

(DG DL)) = (DEWDL)) + -+ (G.12)

2

for all wi, and ws. In particular in our interests w; = wy = w.
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G.3 Matching Hamiltonian at highest derivative

In highest order derivative <(D£,1))2> = <D£1)>2 + -

, which consists §2 and §262,. Such

derivative terms also come from 5MD(E,2). 64, and 55DS). We instead first deal with 638,,,

which only comes from 5wDL(d2):

2
— (U + Gu1Uuy1) q d

+1

q
q=12 (tgy + qwzﬂuw,ﬂ)mqw, ol

We notice that corresponding coefficients in %ﬂgdj:

1+
_Tq + (U + Gt 18wt 1)

1(q+1)2

2(q—1)

+1

q
+ (uer + qw’—&-luw’-l-l)mqw’ ©Qul-

(DS))2 also lacks 620,0,, which also comes from 5wDo(J2):

W>sW>w: —qilzt(%y-l-%uurl),
W W > w: —q2_qlzlw('yu/+%'+1),
W>w > _ﬂ;(vw/+7w/+1)’
JS>w>W - qz_ql;(’yw/ + Y1),
w>w > — quIZi(’ywl + Yol 41)s
w>W' > — q2q21 Zi(%ﬂ + Yo 41)5
In particular we notice from %ﬂgdj:
Ww>sW>w: ﬁ;(’yw"F’YwUrl)a
> > w Zi—i;w(’w-i-’wﬂ)’
o >w> s oty ),
W w> W q:_Jrlqzlw(%' + Yort1),
w>w > q2+qi(%/+’ywl+1),
q—1 2w
w>w'>w: q:jlqzi(%ﬂ + Yo' +1)s
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(G.13)

(G.14)

(G.15a)
(G.15D)
(G.15¢)
(G.15d)

(G.15e)

(G.15¢)

(G.16a)
(G.16b)

(G.16¢)
(G.16d)
(G.16e)

(G.16f)



Fourth Hamiltonian of spin chain ha:

iL4 =TrK Z (_MM + [’M)(_Nm + £w2)(_uw3 + ﬁws)(_utw + £W4) (G'17)

w1 >wa>ws>wy

=q [(_Nm + Egl)(_ﬂwz + 432)(_/%13 + Zgg)(_ﬂm + 634)
g, 0, (= heoy + 00) (—pig, + €3,)
+ (—pon + 531)5525553(—%4 + 524) + Loy (=t — 522)£33(—Mw4 + 624)
(=t o) (o + €y oy €5, + Loy L, 00, L,
+ (_Mm + Egl)zo:g(_ﬂm - €L(1)J3)€:)_4 + &:1 (_,Uwz - 622)(_/1% - Kgg)gil]
[0, (g + €0,) (=g + L )0, + (=t — €0, )05, (= g + 0,05,
A 0 O oy (o — £0,) (= iy — €005, 00,
+ f:;_l (e, + Egg)fu_;g(_:“m - 68;4) + (= pey — 631)5325;3(—%4 - 524)
=+ 6:1652(_/“1’0-)3 - ggg)(_ﬂm - 624)
+ (e — Egl)(*ﬂwz - Egg)(*ﬂwg - 533)(*:“&04 - 68;4)}'

The highest order derivative B, BusBuwsBuss w1 > w2 > w3 > wy, has coefficient:
(Yeor = Yoo ) (Vo = Vo) (Yoo, = Vo) (@Vews = Vo) (G.18)
Coefficients of 9282, can be found by, w > w’:
2wz (Yo = Yor+1) (0 Ve — Y1) (G.19)

Coeflicient of 0., 0y Ous Oy :

(14 0) (Veor+1 = Yeor) Veont 1 = Vo) (Veogt1 = Vo) (Veout 1 = Veos) = (1 4 ) 2oy Zurg 2o Zeos -
(G.20)

Coefficients of 920, 0,

w>w' > 2z 2[00 F Y1) = A0V + Y1) = (@Y% = Ywt1)] (G.21a)

W' >w>w: szw’zw”[(’}/w’ + ’Yw’—i—l) - q(’Yw” + ’Yw”—i—l) - (q’Yw - ’Yw—i-l)] (G21b)
W > > wr zuz g (Yo Y1) = (e + Ywrsn) = (0% = Yor1)] (G-21c)
with
1+ 1-— 1+ 1
—0Vw + Ywt1 = Tq(7w+1 — V) + ?q(%u—&-l + W) = 2w Tq - i(uw + Q1 Uu+1) | -
(G.22)
From D? unrelated terms (638, and 620,/9,~), we find
R N + 1. 1. 1+
hy = H + j o Hy(0) + 5o (02)7 + — (0 4 (G.23)
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For D2 related terms, the first one is 02, whose coefficient in Hy is found to be

w

1+ 1 +
3 -4 8(uw+qw+1uw+1) ) (Z:—l) (Uw+Qw+luw+1)
1 z 11 qu,%
2(q—1) VTV Z Up, + qn+1un+l) 2(q—1) Tq_1\2 Z Up + Qp+1Unt1)
q n<w q n>w
1 1
8q <1+q+22+22q ) 21 <1+q+22+22q )
n>w n<w Fw q- n>w n<w
2
EEND N (FRFD LTS o )
n'>n n'<n w
2
q_122(1+q+22+22 ) 3
n'>n n'<n w
q+1 m+1) 1+q o
_(q_1)2 ] 22 +22 Z Zq7
n>w n<w n>w W n<w

e = S oF W”ZZQZ"Z”ZZ?’

n<wn/>n n<wn/<n n>wn/>n n>wn/<n
1 g+1

n>w “w n<w

— - Sa-17 (1+q) +2(1+q<22+22q) (Z2+Zz

n>w n<w

_ L g+l fUet1 + Gup1Uott 2
2(q_1)2 2

The coefficient of §242,, with w > w’ reads:

1+ Z 2. 1
g |2 e - Sl ) st

4 2! Zw
1 q+1 1 g+l 2
2(q—1)2 (uy + qw+1uw+1)zw/ + 2(q—1)2 (U + Q1w 11)9 o
1
+ q=17 Z (un + Gn1Unt1) (Gn - Gor1) (dn - Gurg)-
n#w,w’

We identify

—ql—q 2 I-g\l-q

. 4 . 2
l+q( H 1+q( Hy
+ 4! <1—q> + 2 1—q +

This agrees with highest derivative term in (5.34).

N A N N 2
R N H H 1-q H H
h4:H4+(1+C|)1 3 ! + 9 2 ( 1)

ZnZn/

o)

(G.24)

(G.25)

(G.26)
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