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Quantum entanglement, quantum discord, and EPR-steering are properties which are consid-
ered as valuable resources for fuelling quantum information-theoretic protocols. EPR-steering is
a property that is more general than Bell-nonlocality and yet more restrictive than entanglement.
Quantum discord on the other hand, captures non-classical behaviour beyond that of entanglement,
and its study has remained of active research interest during the past two decades. Exploring the
behaviour of these quantum properties in different physical scenarios, like those simulated by open
quantum systems, is therefore of crucial importance for understanding their viability for quantum
technologies. In this work, we analyse the behaviour of EPR-steering, entanglement, and quantum
discord, for two-qubit states under various quantum processes. First, we consider the three noisy
channel scenarios of; phase damping, generalised amplitude damping and stochastic dephasing chan-
nel. Second, we explore the behaviour of these quantum properties in an entanglement swapping
scenario. We quantify EPR-steering by means of an inequality with three-input two-output mea-
surement settings, and address quantum discord as the interferometric power of quantum states.
Our findings are the following. First, we show that some of the relatively straightforward noisy
channels here considered, can induce non-trivial dynamics such as sudden death as well as death
and revival of EPR-steering and entanglement. Second, we find that although noisy channels in
general reduce the amount of correlations present in the system, the swapping protocol on the other
hand displays scenarios where these quantum correlations can be enhanced. These results there-
fore illustrate that quantum processes do not exclusively affect the quantum properties of physical
systems in a negative manner, but that they can also have positive effects on such properties.
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I. INTRODUCTION

Quantum features such as coherence and correlations play a fundamental role in quantum foundations as well as in
practical matters like the development of quantum technologies [1–4]. In particular, quantum optics stands out as a
key field of research, due to photonic devices allowing for the experimental implementation of quantum information-
theoretic protocols, where quantum correlations can be detected, tested, and exploited [5–7]. There exists nowadays a
whole zoo of different quantum properties which are deemed as potential resources1, and which can be broadly classified
as: i) entanglement-based correlations, meaning correlations which necessarily require the presence of entanglement
for them to exist and ii) above-entanglement correlations, which aim at capturing non-classicality beyond that of
entanglement. Entanglement-based correlations include properties like: a) Bell-nonlocality, which is arguably the
most restrictive amongst these properties [8], b) EPR-steering, which is conceived as the possibility of remotely
generating ensembles of quantum states not obeying local hidden state (LHS) models [9], and which has become of
great research interest due to its usefulness for device-independent protocols [7, 10], and c) usefulness for teleportation,
which provides information on how useful a state is for the standard teleportation scheme [11]. Above-entanglement
correlations on the other hand consist on properties which are more general than entanglement. Quantum discord, as
named by its discoverers [12], is one of such correlations [13]. Theoretical and experimental developments on quantum
discord have remained of great research interest during the past two decades, with a plethora of different measures
being proposed for its quantification [14]. Another type of quantum property beyond entanglement which has recently
been introduced is the quantum obesity, which relates to the volume of the steering ellipsoids of bipartite quantum
states [15, 16].

These quantum properties have been explored in various different setups and physical systems, for instance, in the
generation of X-form quantum states on quantum computers [4]. The exploration and analysis of the behaviour of
these quantum properties, under different physical scenarios, continues to be of relevant research interest, this, mostly
due to the ongoing efforts to better understand and harness these quantum properties, which has been reflected in
a great diversity of techniques for quantification, detection and manipulation [17, 18]. Optical systems, for instance,
have extensively been used as a platform to experimentally investigate quantum properties such as EPR-steering
[19, 20] and quantum discord [21, 22].

In this work we concentrate our efforts to explore three quantum properties: i) entanglement, ii) EPR-steering,
as an entanglement-based correlation, and iii) quantum discord, as an above-entanglement correlation, in bipartite
two-qubit states affected by various quantum processes. Specifically, we report on the dynamics of EPR-steering
by means of the Costa-Angelo criterion [23], quantum discord quantified by means of the interferometric power of
quantum states [24], and entanglement quantified by the concurrence [25]. We present a systematic analysis of these
quantum features under different noisy channel scenarios, as well as under entanglement swapping protocols. First,
we show that relatively straightforward noisy channels can still induce nontrivial dynamics in the form of sudden
death as well as a death and revival of EPR-steering and entanglement. Second, we show that whilst noisy channels
generally reduce the amount of quantum properties present in the system, swapping protocols on the other hand
can increase the amount of such properties, even to the maximal amount allowed by quantum theory. These results
therefore illustrate how quantum processes can affect the quantum properties of physical systems in both negative
and positive manners.

This document is organised as follows: in Section II, we introduce measures for quantifying EPR-steering, entan-
glement and discord. In Section III we briefly describe the operator-sum-representation formalism, the set of noisy
channels here considered, and the entanglement swapping protocol implemented to discuss the behaviour of these
quantum properties. In Section IV, we present an analysis and discussion on the behaviour of these quantum prop-
erties under the different quantum processes, and focus on the amount of EPR-steering, discord, and entanglement
that is possible to be transmitted over these processes. Finally, we derive conclusions in Section V.

II. QUANTUM STEERING AND QUANTUM DISCORD

Quantum states can be described by means of the density operator formalism. For the bipartite (two parties) case,
we denote the density operator as ρ ≡ ρAB , living in a Hilbert space HdA ⊗HdB , where dA(B) is the dimension of the
subsystem (party) A(B), respectively. In this work we consider two-qubit states, meaning dA = dB = 2. The three
quantum properties as well as the set of quantum states of interest in this work are introduced as follows.

1 It is worth noting that, in addition to properties of states, properties of quantum objects like channels and measurements can also be
considered as potential resources.
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A. Entanglement by means of the Concurrence

A bipartite quantum system is said to be entangled if its state cannot be written as a statistical mixture of tensor
product of local states of each composing party. One unambiguous quantifier of entanglement for general two-qubit
states is the entanglement of formation, that is conceived as the minimum amount of pure entangled states required
in the decomposition of the state of interest. However, an auxiliary quantity that is commonly used to quantify
entanglement is the concurrence, which is a monotonic function of the entanglement of formation [25]. For mixed
states, concurrence is computed as:

C = max
{

0,
√
λ1 −

√
λ2 −

√
λ3 −

√
λ4

}
, (1)

where λ1 > λ2 > λ3 > λ4 are the eigenvalues of ρ(σy⊗σy)ρ∗(σy⊗σy), and ρ∗ is the complex conjugate of the density
operator. C ∈ [0, 1] and, in particular, C = 0 for separable states, while C = 1 for Bell (maximally entangled) states.

B. EPR-steering by means of the Costa-Angelo criterion

EPR-steering is a quantum property less restrictive than Bell-nonlocality and yet more restrictive than entangle-
ment. In the (2,2,2)-scenario, meaning two parties, two measurements, and two outcomes per measurement, it turns
out that the EPR-steering inequality related to this scenario and its maximum violation for two-qubit systems leads
to the same result that the well-known CHSH-inequality [23]. In the next particular scenario where the steering part
has access to three measurements, an additional non-trivial steering inequality appears, which we address here as the
F3-inequality [26]. In the two-qubit case, the Costa-Angelo criterion [23] establishes that a general two-qubit state
violates the F3-inequality if and only if:

s21 + s22 + s23 > 1, (2)

with {s1, s2, s3} the singular values of the correlation matrix T = [Tij ], with entries Tij = Tr[ρ(σi ⊗ σj)], and σi,
i = 1, 2, 3 the Pauli matrices. As an indicator of how much steerable a quantum state is, we compute the quantifier
[23]:

F3(ρ) = max

{
0,

√
s21 + s22 + s23 − 1√

3− 1

}
. (3)

Interestingly, EPR-steering has allowed for the development of a geometric technique to visualise states of two qubits
by means of a concept called “steering ellipsoid”, which is constructed with all the possible states that Bob can “steer”
to Alice after carrying out local measurements on his party. Through the properties of this ellipsoid, like volume,
orientation and shape, it is possible to geometrically interpret various aspects of entanglement and discord [16].

C. Discord as the interferometric power of quantum states

Quantum discord is considered amongst the most general forms of quantum correlations known so far, and has
received a lot of attention during the last two decades (see e.g., [12, 27–30]). Many quantifiers of discord have been
proposed according to the bona fide criteria for quantum correlations [14]. In this work, we make use of a definition
of discord as the interferometric power of quantum states proposed in the context of quantum metrology [24]. It is
defined as

IP(ρAB) = min
HA

F (ρAB ;HA), (4)

where F is the quantum Fisher information (QFI) [31] and the minimum is taken over all local Hamiltonians with
non-degenerate spectrum. For the case in which one system’s party is a qubit, Eq. (4) reduces to

IP(ρAB) = ζmin[M ], (5)

where ζmin[M ] is the smallest eigenvalue of the 3× 3 matrix M with elements

Mm,n =
1

2

∑
i,l;qi+ql 6=0

(qi − ql)2

qi + ql
〈ψi|σmA ⊗ 1B |ψl〉〈ψl|σnA ⊗ 1B |ψi〉 , (6)
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with {qi, |ψi〉} being the eigensystem of ρAB . In particular, Eq. (6) vanishes if and only if ρAB is either a classical-
classical or a quantum-classical state. The operational interpretation of this discord is as follows: a zero-discorded
state cannot guarantee a precision in parameter estimation in the worst case scenario, while discordant states are
suitable for estimating parameters encoded by unitary transformations [24, 32].

D. Quantum states of interest

We consider a X-form structure for the density operator in order to discuss the behaviour of the aforementioned
quantum properties:

ρX =

 a 0 0 w
0 b z 0
0 z∗ c 0
w∗ 0 0 d

 , (7)

where it is required that a+ b+ c+ d = 1. An interesting thing here is that Eq. (7) allows nice close formula for both

concurrence; C = 2 max
{

0, |z| −
√
ad, |w| −

√
bc
}

and EPR-steering; F3 = max

{
0,

√
(a−b−c+d)2+8(|w|2+|z|2)−1√

3−1

}
.

In spite of its simplified form, Eq. (7) still represents an infinite set of quantum states. Hence, we pay particular
attention to the following X-form quantum states, which we address here as Almeida et. al. states [33], but which
are also known as “partially entangled states with coloured noise” [34], and are given by:

ρ(k, θ) = k
∣∣φ+(θ)

〉〈
φ+(θ)

∣∣+ (1− k)ρA(θ)⊗ (1/2), (8)

where |φ+(θ)〉 = cos θ |00〉 + sin θ |11〉, ρA(θ) = TrB [|φ+(θ)〉〈φ+(θ)|], and 0 ≤ θ ≤ π/4. States in Eq. (8) can be
obtained by applying local filters on one party (party B in this case) of a Werner state [33]. It is worth noting that
local filters lead to enhancement of some quantum properties such as nonlocality and steering [1]. Almeida et. al.
states are partially quantum correlated with probability k (mixture parameter), while reduces to a classical state
with probability k − 1. In the particular case of k = 1 and θ = π/4, Almeida et. al. state reduces to the maximum
correlated (Bell’s) state |φ+(π/4)〉 = 1√

2
(|00〉+ |11〉). Another important aspect of the Almeida et. al. states Eq. (8)

is that it admits a local-hidden-state (LHS) model when the following condition is satisfied for θ and k [35]

cos2(2θ) ≥ 2k − 1

(2− k)k3
. (9)

In other words, Almeida et. al. states are unsteerable when condition Eq. (9) takes place.

III. QUANTUM PROCESSES

In this section we present two kind of quantum processes which we consider to affect the set of quantum Almeida
et. al. states in Eq. (8). At a first instance, we consider three noisy channels; phase damping, generalised amplitude
damping and stochastic dephasing channel. All of them described in the operator-sum representation. On the second
stage, we explore a quantum information transferring process, that is, the well-known entanglement swapping protocol.
As in the latter process, it is needed four parties, we assume to have a couple of two-qubit systems in the same Almeida
et. al. state.

A. Noisy channels

Operator-sum representation is used to describe the effect of the three considered quantum noises. Thus, a quantum
state ρ is transformed as [36]:

ρ′ =
∑
i

KiρK
†
i , (10)

where Kraus operators Ki satisfy the closure relation
∑
iK
†
iKi = I, and in the context of open quantum systems,

contain the information of the environmental effects on the system of interest.
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1. Phase damping (PD)

describes the loss of quantum information, for instance, photon scattering, without loss of energy. This is also
known as phase flip channel. For a single qubit, Kraus operations can be written as [37]:

K1 =

(
1 0
0
√

1− p

)
K2 =

(
0 0
0
√
p

)
, (11)

where p ∈ [0, 1] determines how coherence is loss as it increases to 1. As our setup is composing of two qubits, we
assume each of them to be affected equally by a PD noise; the corresponding four Kraus operators are constructed
through tensor products as: Ki ⊗Kj , with i, j = 1, 2.

2. Generalized amplitude damping (GAD)

describes dissipation of a system to its environment at a finite temperature, for example, relaxation of a spin due
to its interaction with a bath or lattice at a temperature much higher than spin’s temperature. Kraus operators, for
a qubit, can be written as [38]:

K1 =
√
p

(
1 0
0
√

1− γ

)
, K2 =

√
p

(
0
√
γ

0 0

)
, K3 =

√
1− p

(√
1− γ 0
0 1

)
, K4 =

√
1− p

(
0 0√
γ 0

)
. (12)

where p, λ ∈ [0, 1], λ is interpreted as the probability of losing a photon, while p stands for the stationary state
probability; ρ∞ = diag{p, 1−p}. Again, in the case of two qubits, tensor product combination is required to generate
the 16 Kraus operators.

3. Stochastic dephasing channel (SDC)

describes relaxation of a couple of two-level emitters interacting with a stochastic field [39]. For some quantum
states, it has been shown frozen entanglement [40] and sudden death/birth of discord [39] under the effects of this
sort of noise. The Kraus operators associated to this noise are [41]:

K1 =


√

1− p 0 0 0
0 1 0 0
0 0 1 0
0 0 0

√
1− p

 , K2 =


√
p 0 0 0

0 0 0 0
0 0 0 0
0 0 0 −√p(1− p)

 , K3 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 p

√
2− p

 . (13)

Parameters involved in the distinct noisy processes are usually related to the properties of the physical system.
For instance, in the case of stochastic dephasing, parameter p is associated to the phase relaxation time through
p = 1− e−t/T . Thus, evolution from t = 0 to t→∞ is encoded in p = 0 to p = 1, respectively.

B. Swapping process

Entanglement swapping is a way of creating entanglement between a pair of particles that come from different
sources and have never interacted with each other in the past. The general protocol was initially introduced in [42]
and verified experimentally with photons in [43]. Similarly, individual photons have been entangled across a distance
of 143 km by means of entanglement swapping [44]. In terms of quantum correlations, CHSH Bell-nonlocality has
been demonstrated to be activated by means of entanglement swapping [45]. The swapping process works as follows;
we consider two pairs of qubits in the states ρ12 and ρ34, from different sources S12 and S34, respectively. Qubits
1 and 4 are sent far away from each other and from us, while qubits 2 and 3 keep at hand. Then, we perform a
joint Bell measurement on S23. Hence, after the measurement, we ask for the amount of quantum resources; steering,
entanglement, and discord shared between qubits 1 and 4. The post-measurement state ρ14 is computed as:

ρ14 = Tr23

[
Mi ρ1234M

†
i

Tr [Mi ρ1234M
†
i ]

]
. (14)

where Mi = 12 ⊗ |φi〉〈φi| ⊗ 12 and |φi〉 stand for the four Bell states: |φ1〉 = 1√
2
(|00〉+ |11〉), |φ2〉 = 1√

2
(|00〉 − |11〉),

|φ3〉 = 1√
2
(|01〉+ |10〉) and |φ4〉 = 1√

2
(|01〉 − |10〉).
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IV. RESULTS

FIG. 1. (a) EPR-steering, (b) entanglement and (c) discord as the interferometric power of quantum states as functions of θ
and k for Almeida et. al. states. Dark gray zone in (a) represents states that obey a LHS model according to Eq. (9).

As the starting point of our discussion, we describe the behaviour of EPR-steering, entanglement and discord as
function of the two parameters involved in the Almeida et. al. states in Eq. (8).

As can be seen in Fig. 1, almost all Almeida et. al. states have quantum discord, this property only disappears for
the extreme lines at k = 0 and θ = 0. However, for entanglement, Almeida et. al. states are divided in two regions;
entangled states for k > 1/3 and arbitrary θ, and separable states with k ≤ 1/3 and any θ. It is worth noting here that,
as expected, θ does not determine the frontier between separable and entangled states, but only the mixture parameter
k does. EPR-steering, the more restrictive amongst these quantum properties, is also separated in two zones for the
considered states; unsteerable states (gray plateau) and states violating the F3-inequality and therefore displaying
EPR-steering. In this case, the frontier is determined by a function between θ and k. It can be compared with the
condition for unsteerable states given in Eq. (9). It is worth bearing in mind that EPR-steering (F3) determines the
amount of steering resource a quantum state has. However, condition F3 = 0 does not imply that the state obeys a
LHS model. This is illustrated in Fig. 1(a), where the dark gray zone on plane F3 = 0 represents the unsteerability
criterion (9), and it can readily be seen that it does not match the F3-inequality violation frontier given by the greenish
surface. In other words, states in the light gray zone do not satisfy the unsteerability criterion, but neither are caught
by the violation of the F3-inequality for EPR-steering. Either proving unsteerability or demonstrating the maximal
violation of EPR-steering inequalities for quantum states continues to be a very active area of research [34, 46]. We
now analyse the effect of various quantum processes on the amount of EPR-steering, discord, and entanglement that
the states possess. We start by analysing the effect of selected noisy channels.

A. Phase damping (PD) noise effects

Phase damping noise effects (11) on Almeida et. al. states (8) are illustrated for a fixed value of the noisy parameter
p (Fig. 2) and as a function of p and mixture parameter k (Fig. 3).

For a direct comparison with Fig. 1, the behaviour of quantum properties is shown in Fig. 2 in terms of Almeida
et. al. state parameters, for the particular noisy case of p = 0.4. Quantum steering (entanglement) is affected in such
a way that its gray zone increases, i.e., some states become unsteerable (separable) due to the effect of the noise. On
the other hand, discord continues being presented in all the range of parameters, but decaying a bit faster than in
Fig. 1. Furthermore, it is worth pointing out that the maximum value achieved by the three properties is considerably
lower than the corresponding value in Fig. 1.

On the other hand, when parameter θ is fixed, the particular phenomenon of correlation sudden death is exhibited
by EPR-steering (panel (a)) and entanglement (panel (b)), as shown in Fig. 3. The profile of both quantities is
such that when p increases to 1, they decay to zero at a finite value of p < 1. Entanglement is more robust against
the sudden death than EPR-steering, with the sudden death taking place for fixed θ as a function of both k and p.
However, for fixed k, the phenomenon occurs at the same value of θ (see Fig. 10 in Appendix B). Quantum discord
decays faster but does not display the sudden death phenomenon.
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FIG. 2. (a) EPR-steering, (b) entanglement and (c) interferometric power under PD noise. Noisy parameter p = 0.4. Despite
the similar behaviour of the three properties with respect to the corresponding ones in Fig. 1, all of them achieve lower values
due to the noise.

FIG. 3. (a) EPR-steering, (b) entanglement and (c) interferometric power under PD for θ = π/4. In terms of the noisy
parameter, the fact that steering and entanglement decay at finite values of p < 1 is interpreted as the phenomenon of sudden
death.

B. Generalised amplitude damping (GAD) noise effects

Generalised amplitude damping (Eq. (12)) also leads correlations to decrease and remains quantum discord to be
the most robust correlation. However, the behaviour of EPR-steering, as shown in Fig. 4 (panel (a)) for k = 0.9 and
γ = 0.3, can be interpreted as a recovering behaviour, or, as usually referred to as originally for entanglement; a death
and revival phenomenon. Although the amount of steering in this case is low, it is possible to see a small region (close
to θ = π/4) where steering decays to zero, but after a p-period it increases again. For the set of states here considered,
this behaviour occurs for some few configurations, e.g., steering disappears quickly by moving dissipative parameter
γ, while the death and revival phenomenon starts to appear for entanglement (see Fig. 11 in Appendix B for γ = 0.6
and same k). Discord is not included in Fig. 4 as neither sudden death nor revival phenomena are exhibited by this
property.

C. Stochastic dephasing channel (SDC)

Stochastic dephasing channel (Eq. (13)) evidences decoherent effects similar to the PD noise. Fig. 5 shows the
behaviour of the three properties in terms of initial state parameter k and the SDC parameter p. All the properties
decay faster than the respective ones shown in Fig. 3 for the PD noise. This can be understood due to the quadratic
dependency of the density matrix elements introduced by the SDC noise on parameter p (see Eq. (A3) and compare
with the linear dependency in Eq. (A1), in Appendix A). Despite the sudden death of discord reported in [39] for some
states under SDC noise, we do not find any scenario in which that kind of behaviour takes place for the considered
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FIG. 4. (a) EPR-steering and (b) entanglement under GAD with k = 0.9 and γ = 0.3. Another unusual phenomenon named
death and revival appears for both properties at different noisy configurations (distinct noisy parameter values).

FIG. 5. (a) EPR-steering, (b) entanglement and (c) interferometric power under SDC for θ = π/4.

quantum states.
On the other hand, sudden death of steering and entanglement also is revealed by noisy effects due to SDC as

shown in panels (a) and (b) of Fig. 5. Similarly, for fixed k the phenomenon occurs for both quantum properties
but at different facets; for entanglement, it happens at the same value of p and arbitrary θ, while the phenomenon’s
profile appears as a function of both parameters for steering (see Fig. 12 in Appendix B).

D. Swapping protocol effects

Swapping protocol effects on the three quantum properties here considered can be explored in several distinct setups
by tailoring the considered states for sources S12 and S34, and the set of measurements applied on the pair in S23.
We consider the following particular setup: ρ12 = ρ34 = ρ(k, θ) and measurements on S23 to be Bell measurements
as in Eq. (14). EPR-steering, entanglement and discord are shown in terms of the initial state parameters. Fig. 6
considers the projectors M1,2, and Fig. 7 the projectors M3,4.

First, we analyse the case for Fig. 6 where projectors M1,2 are implemented. We start by highlighting that the
swapping protocol allows for completely non-correlated pairs of particles to become correlated. In Fig. 6, even though
the amount of correlations being generated are less than the amount shared by the initial states ρ12 = ρ34 = ρ(k, θ),
they are still strictly different than zero for some region. This makes the effects of swapping protocol to stand in
contrast difference to the case from the noisy processes. In short, that despite the behaviour of the three quantum
properties of the system in S14, the system in general benefits from the swapping process as a whole.

A natural follow up question to ask is then, how much correlated could the final system ρ14 become? In Fig. 7 we
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FIG. 6. (a) EPR-steering, (b) entanglement and (c) interferometric power of states ρ14 after swapping. Initial states are
considered to be the same ρ12 = ρ34 = ρ(k, θ) and the projectors defined with |φ1〉 and |φ2〉.

FIG. 7. (a) EPR-steering, (b) entanglement and (c) interferometric power for states ρ14 after swapping. Initial states ρ12 =
ρ34 = ρ(k, θ) and projectors defined by means of |φ3〉 and |φ4〉.

report a scenario where the correlations of the final state ρ14 surpass the ones of the initial states ρ12 = ρ34 = ρ(k, θ).
In Fig. 7, the case for k = 1 and arbitrary θ displays a scenario where the final state is the maximally entangled state
of two qubits (the singlet state up to local unitaries). This is a bit more general result than the original entanglement
swapping protocol that transfers maximally entangled states to maximally entangled state, and it is in complete
agreement with some results reported in [42, 47].

More interestingly, in Fig. 7, the general case of k 6= 1 evidences that the amount of swapped quantum properties
can be larger than the shared by the initial states. In particular, when k → 1, all the quantum properties quickly
increase to a value very close to 1 as functions of θ (to better illustrate this behaviour, we have added some 2D
curves on the steering’s surface for values from k = 0.95 to 1 - panel (a), with a similar behaviour being exhibited by
entanglement and discord). Hence, comparing Fig. 6 and Fig. 7, we have that Bell’s projectors M3 and M4 allow for
the generation of larger amount of quantum properties than the Bell’s projectors M1 and M2, and than the amount
of the respective properties in the initial states ρ12 and ρ34 (compare with Fig. 1). This therefore highlights the
importance of the Bell measurement to be implemented and particularly, the post-selected state to be chosen after
the swapping process. In this case, projectors M3 and M4 are useful (as there is an increment on the amount of
correlations), whilst M1 and M2 are not useful (since they generally degrade correlations).

As in the general case of partially-correlated mixed states, the post-measurement quantum properties in the swap-
ping protocol exhibit distinct behaviour depending on the implemented Bell’s projector, it is important to address
the probability of occurrence of each result. In particular, for EPR-steering, we compare the effects of projecting on
|φ1〉 and |φ3〉. In Fig. 8, we have EPR-steering of the initial state (red), final state (black), and swapping probability
(dotted blue), for k = 1 and arbitrary θ. In Fig. 8 (a) we address the projector φ1, and we have that the swapping
process generally degrades the correlations. In Fig. 8 (b) we address the projector φ3 and the swapping process
happen to further increase the amount of EPR-steering, taking it to the maximum possible amount for all θ. This
however, at the expense of the swapping probability decreasing and going to zero when θ → 0. These results evidence
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FIG. 8. EPR-steering of initial state ρ(k, θ) (red), final state ρ14 (black), and swapping probability Prob(ρ14) (dotted blue), as
functions of θ. (a) Swapping using the projector |φ1〉〈φ1|, and (b) the projector |φ3〉〈φ3|. with k = 1.

the existence of a trade-off between the extractable amount of quantum properties (EPR-steering in this case) and
the swapping probability.

FIG. 9. EPR-steering of initial state ρ(k, θ) (red), final state ρ14 (black), and swapping probability Prob(ρ14) (dotted blue), as
functions of θ. (a) Swapping using the projector |φ1〉〈φ1|, and (b) the projector |φ3〉〈φ3|. with k = 0.93.

In Fig. 9, we have the same scenario but with k = 0.93, i.e., initial mixed states, and arbitrary θ. As shown in Fig. 9
(a), projector φ1 degrades the quantum property of EPR-steering, and in contrast to the result in Fig. 8 (a), some
initial states are swapped to unsteerable states (θ < 0.4). In Fig. 9 (b) we address the projector φ3 and although
pretty narrow, there is still a zone where the amount of EPR-steering enhances with respect to the shared one by
the initial states. Despite the trade-off between the amount of correlations and the probability of occurrence, it is
worth noting that the probability of having after-swapping correlations larger than initial correlations, continues to
be significant (∼ 10− 15%), thus this correlation enhancement being feasible to be detected in experimental setups.

A more elaborated discussion about swapping scenarios as well as local filtering effects on quantum non-nonlocality,
steering, usefulness for teleportation and the quantum obesity [15, 16] is part of an upcoming work [48].

V. CONCLUSIONS

We have discussed in detail the behaviour of three quantum properties which are of relevance for nowadays quantum
technologies; EPR-steering, entanglement and quantum discord. For doing so, we have considered two distinct
processes on a set of two-qubit states; on the first hand, we have explored these quantum properties under three
different types of noisy channels. Particularly, we have taken into account effects of phase damping, generalised
amplitude damping and stochastic dephasing channel. On the second hand, we have also explored the protocol of
entanglement swapping to analyse the amount of quantum properties that can be transferred to two spatially-separated
qubits.
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Regarding the noisy processes, we have evidenced that both dephasing noises produce similar losses on the three
quantum properties. In particular, EPR-steering and entanglement exhibit the phenomenon of sudden death which
appears at an earlier stage for EPR-steering. Comparing both noises, SDC is more detrimental than PD. On the other
hand, a richer behaviour is shown for the generalised amplitude damping (GAD), where the phenomenon referred to
as death and revival is also displayed by EPR-steering and entanglement. We highlight that this phenomenon does not
take place for the two previous noises. These results therefore evidence that, whilst the noisy channels here considered
generally reduce the amount of properties of the system, this happens in a non-trivial manner for some scenarios, as
evidenced by the sudden death as well as the death and revival of EPR-steering and entanglement induced by the
GAD.

Additionally, the process of transferring quantum properties by means of swapping is also discussed for the three
aforementioned quantum properties. Although the behaviour of all of them is such that the initial amount of quantum
properties for ρ12 = ρ34 is not completely transmitted to the final state ρ14, it is worth noting that this process can
always be seen as a generator of quantum properties, as the parties 1 and 4 are initially independent to each other
and therefore no correlated whatsoever. Another important point is that after swapping process has taken place, the
final state of ρ14 can display a different behaviour depending on the Bell’s projector being used in the intermediate
measurement. Interestingly, and in sharp contrast with the previous scenarios with noisy channels, the process of
swapping can enhance the three quantum properties here considered in a range close to k → 1, meaning that it
allows for more quantum information to be shared, between parties ρ14, than the initially shared by parties ρ12
and ρ34. Furthermore, we analyse a scenario where the swapping process allows for the generation of the maximal
possible amount of correlations, meaning that initial partially correlated states can be swapped to final states that
maximally display EPR-steering as well as entanglement, meaning the final state is the single state, up to local unitary
transformations. Interestingly however, this maximal extraction is effectively limited by the swapping probability
with which the phenomenon can take place and consequently, evidencing a trade-off between the transferring of these
quantum properties and the probability with which this can happen. A more elaborated discussion with more general
entanglement swapping and various other quantum properties is a part of an upcoming work [48].
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Appendix A: Quantum states after noisy effects

In this Appendix we show the explicit form of states after the action of the three considered noisy processes.
After the action of PD noise, states (8) are transformed (ρ(k, θ) → ρPD(k, θ, p)) as shown in Eq. (A1) (the

coherences - non-digonal elements are linearly affected by the noisy parameter p).

ρPD(k, θ, p) =


(1+k) cos2 θ

2 0 0 k(1− p) cos θ sin θ

0 (1−k) cos2 θ
2 0 0

0 0 (1−k) sin2 θ
2 0

k(1− p) cos θ sin θ 0 0 (1+k) sin2 θ
2

 . (A1)

On the other hand, the transformation given by the GAD noise (ρ(k, θ) → ρGAD(k, θ, p, γ) is more complex than
the dephasing one. In this case, all the density matrix’s elements are affected by the noise as shown in Eq. (A2).

ρGAD(k, θ, p, γ) =

 M1 0 0 k(1− γ) cos θ sin θ
0 M2 0 0
0 0 M3 0

k(1− γ) cos θ sin θ 0 0 M4

 , (A2)

where M1 = 1
4 (k(1−γ)2 +(−1+γ−2pγ)2−(1+k)(γ−1)(1+(2p−1)γ) cos (2θ)), M2 = 1

4 (1−k(1−γ)2−(1−2p)2γ2 +

(γ−1)(−1+k+(1+k)(−1+2p)γ) cos (2θ)), M3 = 1
4 (1−k(1−γ)2−(1−2p)2γ2+(γ−1)(1−k+(1+k)(2p−1)γ) cos (2θ))

and M4 = 1
4 (k(1− γ)2 + (1 + γ − 2pγ)2 − (1 + k)(γ − 1)(−1 + (2p− 1)γ) cos (2θ))

Finally, the transformation throughout the SDC noise (ρ(k, θ) → ρSDC(k, θ, p)) is shown in Eq. (A3). The ef-
fects are quite similar to those of the PD with the difference that the noisy parameter dependence is quadratic.

ρSDC(k, θ, p) =


(1+k) cos2 θ

2 0 0 k(1− p)2 cos θ sin θ

0 (1−k) cos2 θ
2 0 0

0 0 (1−k) sin2 θ
2 0

k(1− p)2 cos θ sin θ 0 0 (1+k) sin2 θ
2

 . (A3)

Appendix B: Correlations for initial state under noisy PD, GAD and SDC

As supplementary information to the results shown in the main text, we present another scenarios for the behaviour
of the three analysed quantum properties. In Fig. 10 the effects of PD are shown for k = 4/5 and in terms of the noisy
parameter and θ. Fig. 11 shows the death and revival phenomenon for entanglement whilst EPR-steering remains
zero during the whole set of parameters. And, Fig. 12 presents SDC effects for a fixed k and in terms of θ and noisy
parameter.
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FIG. 10. (a) EPR-steering, (b) entanglement and (c) interferometric power under PD noise. fixed k = 4/5.

FIG. 11. (a) EPR-steering and (b) entanglement under GAD with k = 0.9 and γ = 0.6. Comparing to Fig. 4 in the main text,
the revival phenomenon in this case is exhibited by entanglement instead.

FIG. 12. (a) EPR-steering, (b) entanglement and (c) interferometric power under SDC noise. fixed k = 4/5.
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