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The perihelion-motion of Mercury depends on the fourth-order potential in quantum field
theory; it is a “Lamb shift”. In spite of the unrenormalizability of the theory, we have
extracted a finite and physically meaningful quantity, a fourth-order potential, from fourth-
order graphs. We have also discussed briefly renormalization of the Newtonian potential in
the fourth-order perturbation.

The Hamiltonian obtained is the same as the classical one and so it cannot explain the
Dicke-Goldenberg experiment.

We have calculated fourth-order potential also in Q.E.D.

§ 1. Introduction

In constructing a quantum theory of gravitation there are two main problems:
One is to formulate it consistently and the other is to describe gravitational pheno-
mena correctly by it.

The former includes, for example, maintaining unitarity, Lorentz invariance
and gauge invariance, and the removal of divergences. In the covariant forma-
lism™'?® which we use in this paper this problem has been resolved except for
the removal of divergences. Since the quantum theory of gravitation is unrenor-
malizable by standard criteria, almost nothing is known about how to remove the
divergences.

Concerning the latter problem, before predicting new effects quantatively we
should first describe correctly classical phenomena including three famous tests.
Here by classical phenomena is meant the phenomena which we can describe
correctly even in the limit 2—0. In this paper we want to discuss particularly
the perihelion motion of Mercury in the framework of quantum theory, since the
other two tests have been much discussed elsewhere and can be easily explained
in the framework of quantum theory.”

As will be discussed in § 2, the perihelion motion depends on fourth-order
gravitational potential. In other words it is a kind of “Lamb shift”” and in the
case of Mercury the magnitude of the energy shift 4E/E is of the order 1075,

*) Some of the material of this article has been discussed briefly in a recent letter [Y. Iwasaki,
Lett. Nuovo Cim. 1 (1971), 783]. We will repeat a few points here, in order that the present article
be completely self-contained.
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1588 Y. Iwasaki

So it is not obvious whether quantum theory predicts it to be the same as c-
number theory. Moreover it is not clear whether we can indeed obtain finite
physically meaningful quantities from fourth-order Feynman diagrams, since the
quantum theory of gravitation is unrenormalizable as stated above. It will be

shown that in spite of the unrenormalizability we can obtain a finite physically.

meaningful potential. We will also discuss briefly the renormalization of the
Newtonian potential by the fourth-order perturbation.

On the other hand it was believed for a long time that the experimental
value and the theoretical value resulting from Einstein’s theory for the perihelion
motion of Mercury are in excellent agreement. However, Dicke and Goldenberg®

have observed the oblateness of the Sun and have concluded that if we take into

account the quadrupole moment of the Sun, Einstein’s theory predicts 8% excess
in the value of the perihelion motion of Mercury. Therefore we want to discuss
also the question of whether or not we can explain the value obtained from the
Dicke-Goldenberg experiment in quantum theory.

Since our primary interest in this paper is whether the quantum theory of
gravitation gives in principle the same result for the perihelion motion as clas-
sical theory, we will deal with the two-body problem between scalar particles
and between Dirac particles. If quantum theory gives the same results as clas-
sical theory for both cases, it is probable that quantum theory gives in general
the same result. At the present stage, however, we have no rigorous proof that
it gives in general the same result. We will briefly discuss the case of celestial
bodies in §4. ‘

Even if there were to exist a formal proof that quantum theory gives the
same result, it would be another matter to show that the perturbation calculation
really gives the same result on account of the existence of a closed loop: The
Ward identity, for example, for the axial-vector current does not hold in pertur-
bation theory.”

One of the problems we have discussed above is whether quantum theory
predicts the same fourth-order potential which does not contain Planck’s constant
h as classical theory. Since, at present, we have no prescription for what cases
it does predict the same result, we must examine by calculation whether it does
or not in other cases. In Q.E.D., for example, this fourth-order potential means
that of the type e¢*/c*r*-1/m. In classical theory the potential is rigorously given
by the retarded coulomb potential and does not contain terms of the type &'/c%*
x1/m. Whether fourth-order diagrams in Q.E.D. predict a zero potential of the
type e*/c’r?-1/m is the question which we are discussing. A discussion of this
“Correspondence Principle” is also given in § 2.

We will perform the detailed calculation in the case of gravitation taking
the scalar field as the matter field in §3. The proof of one equation in §3 is
given in Appendix 1. The calculation in the case of gravitation taking the Dirac
field as the matter field is briefly given in Appendix 2. The calculation in the
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Quanium Theory of Gravitation vs. Classical Theory 1589

cases of Q.E.D., is briefly given in Appendix 3. Section 4 will be devoted to
conclusions and discussion. '

§ 2. Perihelion motion and fourth-order gravitational potential

Correspondence principle in quantum field theory

The motion of the perihelion of a planet is described in Einstein’s theory
of gravitation by the Hamiltonian

g P _ P _kmM _ 3kMp  EmM?

2m  8c*m® Ia 2ctmr 202

@-D

if we choose harmonic coordinates” and expand the Hamiltonian up to the order
—2

¢™®  The extension of Eq. (2:1) to the two-body problem is given by®

H: l<ﬁ+ﬁi> _w}___<p14 + p24 > —ﬁ7n1m2

2\ my oy 8 \ms  m r

3 kmymy [3<< 1 >~2+ < Pa >2> B 7p1p2_ (pir) (Par)] +k2m1m2(m1—|— ms)

20 m My Mg mamar’ 2c?
(2-2)

from which we can obtain the Einstein-Infeld-Hoffmann equation. In this paper
we want to discuss the question whether Hamiltonians (2-1) and (2-2) are the
same in quantum theory.

To obtain the value 0 of the ratio of the perihelion-motion using the Hamil-
tonian, we regard v

2
as a unperturbed Hamiltonian and
4 2 2 2

8m’c*  2c*mr 2%
as a perturbation. Then the three terms of Eq. (2-4) are the same order, be-
cause p°/2m~e+kmM/r, where ¢ is the unperturbed energy. Thus Eq. (2-1)
is essentially the same as

2 /7 2 2

P ~kmM_3kmM (2-5)

2m r cirt

for the purpose of calculating the ratio of the perihelion-motion. From Eq. (2-5)
we can easily obtain

67kM
ca(l—eé?

eEinst =

, (2-6)

where a is the semi-major diameter and e is the eccentricity of the orbit. If the
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Hamiltonian is

2 4 2 2 2
g2 _ P _kmMlelkijlekn:]\Zl

2m  8c*m? r cimr cr

2-7)

instead of Eq. (2-1), then the value 6 is given by
0:%("]2;”‘211"“&2)61‘,&“- (2'8)

The essential point in the previous paragraph is that the term quadratic in
%k is the same order as the velocity-dependent A-linear term. In quantum theory
the potential linear in £ corresponds to the second order graph, while the poten-
tial quadratic in £ corresponds to the fourth-order potential.

Here we want to point out that there seems to exist an erroneous belief*)*#®
that only tree diagrams contribute to the classical process. Contrary to this be-
lief, the quadratic term in % corresponds to fourth-order diagrams each of which
contains a closed loop; it is a ““radiative correction” term. Since the quantum
theory of gravitation is unrenormalizable by standard criteria, almost nothing is
known® about how to extract finite and physically meaningful radiative corrections
from the results in higher order. We will extract a meaningful term as fourth-
order potential.

Although usually the effect of the perturbation is described by the value of
the perihelion-motion, for this value can be obtained from the observation, we
can estimate the effect by the energy shift as the same as in Q.E.D. Then this
energy shift 4E/E is of the order 10~® which is the order »%/c’.

On the other hand there seems to exist an argument that the quantum theory
should coincide with the classical theory in the classical limit because both are
invariant with respect to the general coordinate transformation. As has been
pointed out by Fock,” however, the invariance with respect to general coordinate
transformation is not a strong constraint. If we choose harmonic coordinates,
there remains only Lorentz invariance. We can indeed prove that the equation
of motion derived from Eq. (2-2) is Lorentz covariant up to the approximation
considered above irrespective of the numerical factor of the last term of Eq.
(2-2).

We want to emphasize that by classical theory is meant only “c-number”
theory here which is not completely established by classical observations except
for the Newtonian potential. If we assume that quantum field theory is more
fundamental than c-number theory, then there is a possibility, in principle, that
quantum field theory describes correctly experiment and that c-number theory

%) E. Corinaldesi® said that he could obtain the Einstein-Infeld-Hoffmann equation only from
the second order graph. His calculations are incorrect. We obtain using his linear theory x=~%%m;x/c?r*
(8msy+4m,) instead of his equation (28) x=Fkimox/c%rt- (dma+5my). This paper has been quoted by
several authors.

*%¥) The statement that only tree diagrams contribute to classical process is given in several places,

e.g., in Ref. 2).
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Quantum Theory of Gravitation vs. Classical Theory 1591

does not.

This is quite different from the situation in quantum mechanics. There a
potential is given and under the potential the motion of a particle is the same
as in classical mechanics in the limit 2—0. In short the Correspondence Prin-
ciple holds in quantum mechanics and should do since classical mechanics is well
established in a given potential.

Here, however, the situation is quite different. We are calculating a poten-
tial, the type and the strength of which is not well established by experiment.
So there is no reason a priori from either experiment or theory to expect that
the perihelion advance be predicted to be the same in the two approaches.

§ 3. Calculation of the potential®

Let us calculate explicitly the fourth-order potential from quantum theory in
order to answer the questions mentioned in §2 in the following steps: (i) We
construct the Lagrangian; (ii) we calculate the fourth-order S-matrix in the mo-
mentum representation; (iii) we integrate over the energy variable of a closed
loop by means of the contour method; (iv) we expand the result in terms of the
inverse of the two masses m; and m,; (v) by Fourier transformation we obtain
the r.representation; (vi) we finally extract the potential of the form k'm®/c’r®
From the resulting potential we must subtract the second Born term using an
expansion up to the order ¢~

Perhaps it is appropriate to remark here the following: In general we can-
not define a potential uniquely from the S-matrix but we can from a Green-
function; in general we cannot use the Feyman gauge in bound state problem
but we must use the Coulomb gauge in Q.E.D. The fourth-order potential to be
obtained is, however, of the form £*n®/c*»* which is independent of momentum
and so we can obtain uniquely the fourth-order potential from the fourth-order
S-matrix. On the other hand when we extract the second-order momentum-
dependent potential, we must take note of the above remark. Later we will show
how to obtain it.

As we have stated in Introduction, we calculate the potential in the cases
of the scalar field and the Dirac field. Hereafter we will discuss mainly the
calculation for the case of the scalar field, since the calculation is similar in the
case of the Dirac field (see, Appendix 2).

3.1 Lagrangian

We start with the general coordinate transformation invariant Lagrangian
density

*) We put ¢=1 and ~=1 in the calculation and write explicitly ¢ and % only in the resulting
potential, since we can easily count the powers of ¢ and % in the results by means of a dimension
analysis.
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L= = o VIR =T 0,80.09" + ), @D

where g= —det(9,,) and R is the scalar curvature, and expand it in powers of
the gravitation constant by substituting®:®

Gur =04+ KDY, (expansion F) (3-2)

where %,, is the field of the graviton and &’=32zk.
There are infinitely many ways at defining the field of the graviton, for ex-

ample,

9" s =0+ ERG (3-3)
or

99" =0+ Ehpuiays (3-4)

among these we choose the type of (3:2) for the sake of convenience. They
are all equivalent because of the S-matrix equivalence theorem. We calculate
also the case?

VI =0 py+ Kl (expansion G) (3-5)

to check the calculations.

The method for obtaining such a Lagrangian from the viewpoint of particle
physics will be presented in detail in a separate paper."

Then we write down explicitly the Lagrangian up to the order which is ne-
cessary to calculate the fourth-order potential. In the case of expansion I we

obtain
L") = — 50,00, +m’?), (3-6)
L(7*) = —%{hon,chor,e — 2har, oPapn+ 2o, s P g0 — Poar, oPiss, 0} 5 (3-7)
L) = £ 10,00, = 5 Pon Grsg + e, (3-8)

1 1
- E hph, o‘h/m,o' - h)d.,pho‘p,o‘ + '_Z“kkk,phtro‘,p}

L) = hue o s
+ h/i» {h’pk,phm,» - 2hﬂ7~,ﬂhumh =+ Z}leh,phuh,p + Zhn,ﬂhﬂp,v

- Z}LM,/JZM,F + 2h>~#,)~hpp,v - th,.ahpp,v -+ ZhKP,Xkﬂv,F - 4h>~/ﬂ,pkw,u}] s
(3-9)

2
1
Ly =~ [}zﬂph,pfhgﬂ@v@ o010,

t (Shadis= o) OB+ m'e) . (3-10)
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where hag,=0h,s/0x, and L(h™$") means the part of the Lagrangian with A,,
raised to the power m and ¢ to the power n (z=0 or 2).

3.2 S-matrix and potential

First we mention the method for obtaining the S-matrix from a Lagrangian.

In QED. it is
S=T exp <i jL,d‘*x), (3-11)

where T is the time ordered operator and L; is the interaction Lagrangian.
In the quantum theory of grav1ty the answer is not so simple as (3-11) and
it is not even

S=T* exp(i j L,d4x>, (3-12)

where T* is the time ordered operator which commutes with the derivative of
the L;.

The fact that Eq. (3-12) is not right for the quantum theory of gravity was
first pointed out by Feynman.® The right formula is®

S=T* exp<i ILI*d‘ix), (3-13)
where
L*=L;+L,, (3-14)
and
Ly=—1Tr In{0, + [2w3+ (0ahgn— 30l 60)
X (042040,8+ 052050,6 — 0ap0,) 11} . (3-15)

Thus the fourth-order Feynman graph consist of the usual Feynman graphs
some of which are represented in Fig. 1 and an additional graph which is similar
to Fig. 1(e), with fictious quanta running around a loop.

Using Eq. (3:13), the propagator for the graviton

i 1.1
Fiﬂz "1"2( ) (2 )4 k2 2

(0:“1“16/"2”2 + 6”1”26ﬂ291 6!"1#261’1"2) b (3 ' 16)

and the propagator for the scalar particle, we can calculate the S-matrix.
On the other hand with a given potential V() which may in general depend
on the momentum, we obtain the S-matrix

S=1—27i0 (E;—E){ f|V]i>— 2mid (E E><f”2”><g‘v‘> . (3-17)

If we denote the incoming and the outgoing momenta of particle 1 and 2 by
P1, P, g1 and @, respectively and normalize the state vector by
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Fig. 1. Some of the fourth-order diagrams. The wavy line represents the graviton and the solid
line matter.

(P2l p1g1) = (2)°0® (1 — pa) (27)*0® (g1 —q0), (3-18)
then

(122l VIpigr) = Cr)*0® (p1+ g1 — p2—qa) J V(e dr. (k = p1— P2)

(3-19)
If we write the S-matrix obtained from a Feynman graph as
S=1-i(2n)*0Y (pr1+aq1—pr—aq») T (k), (3-20)
then we obtain from Egs. (3:17) and (3-19)
1 )
V) = jT E)e " dk, (3-21)
(r) @ (k)

for the contribution from each graph except graph a.
To obtain the contribution from graph a, we must subtract from Eq. (3-20)
the second Born term, the third term of Eq. (3:17) where V is of the order &’

3.3 Second order potential

In order to calculate the second order momentum-dependent potential we must
take note of the remark made in the second paragraph of this section. As is
stated in Appendix 3, the use of the Coulomb gauge for calculating the Green-
function in Q.E.D. is equivalent to assuming

11 1 k- (pi+p) k- (qi+qs)
2 Amomac® (E*? o

(3-22)
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up to order ¢
If we use the radiation gauge also in the quantum theory of gravity, we
may obtain again Eq. (3-22). Using Eq. (3-22) we arrive at the S-matrix,

1 4 p’+p’  q’tqd
§= —i @R~ dkymums [ fu+ 5 (Pl + 12

_(P1+Pz) (q:+q») k'(P1+Pz)k'(Q1+q2)]

| :
mﬂngcz f - 4m17’71202(k2)2 (3 23)

from which we can obtain using Eq. (3-21)

2

kmym, 3 /0 &N\ T7(pg (pn)(gn) r
V=- r [1 2¢7 (mlz T mf) T 2mumact 2mumac’ ] <n=7>

(3-24)

We have used the equations

1 1 —ikr 78 1
— dhk=— 3-25
(2r)® kge‘ 4zr ( )
and
1 kikj _ikr 1 1 < x,:x-)

e | L e e = (05— 7. 3-26
@y ) ay’ an 2 VT (8:26)

Now we proceed to calculate the fourth-order potential from the diagrams
(¢), (d), (a), (b) and others, which amounts to starting with the simplest case
and then moving on to more difficult cases.

3.4 Contribution from graph 1(c)

As parts of the Lagrangian L(h¢*) and L(A’$*) we take the first term of
Eqgs. (83-8) and (3-10), respectively, then

2 .
L= —g—k,w@,,@ﬁaugﬂ “%hﬂpkvpalbwav(p . (3-27)
If we represent momenta as Fig. 2, we obtain
1 £\ d*l
S= _64 all B a «
O Vapatazingin\5) 7 oy L2220 (021

X LD (Bds + (02)s (2 [ @) (g + (2. @,J[ “‘"’2“8) : 0")’2“” X 2],

(3-28)
where (40, af) =0,a0,6+ 0ug0pe —0us0ap and ps=pi+1.
Expanding the S-matrix in terms of the inverse of the two masses m, and
m,, we find the leading term is of order m®. So it is possible to put a=g8=7y
=0=p=y=4 and (py),=im;, etc. Then we integrate over the energy variable
Iy, by means of the contour method and obtain
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d'l
[ sl [ (k=1 —ic] [ (p+ 1)+ mi—ie]
1 du 1 _
=2mi o | +o<_m_12->. (3-29)

Now the S-matrix becomes

S=—i(2m)'0*( )[* m1;m2 <§>4(2ir)3

o i) eom. o
Fig. 2. Details of graph 1(c). P(k—1) (m*. ( )
Using
1 1 i 1 1
; ” — Al A= (3-31)
@n)° J Ik 4n?
and £*=32nk, we obtain :
2 2
Vo _ 2kmim, (3-32)

c'r?
Similarly we obtain as a contribution from the second term of Eq. (3-10) and
the first term of Eq. (3-8) V= —2m,"m’/r’. Since there are no other contri-
butions, we finally obtain as a contribution from graph 1(c) after symmetrizing
m; and m, :

Ve _ ap M (mat ma) (3-33)

it

3.5 Contribution from graph 1(d)

As an example we take
aEI - g—hﬂuaﬁgﬂa”(p + _I“Zc—h"‘”hl‘m;#hpk, vy <3 : 34)

and denote the momenta as in Fig. 3, then

S=—0() ————1——‘<£>4—1— J‘ %, (Prabsp+ PrpPsa)
‘ \/2?102(1102?202420 2 ll<312 k22k32(?’32+ mlz) e

(aB, pA) (0, o) (ek, 1v) )
)= 5 5 (k)u (k) . (3-35)

X (PSr?% +P3spzr) ((leqg,c—?‘ 1T 2e

Changing %, %k, and %, cyclicly, we obtain six similar expressions in total.
If Eq. (3-35) contains a term like (%,p) (ksp):--, then there are also terms like
(ksp) (kap)--+ and (kip) (kapp) .

Since the leading term is proportional to m°® as in the case of graph 1(c),
we may put a=f=y=0=¢==4 and (p)s=imi, etc. In doing so, the term
like (kyp) (ksp)- - becomes (ky)o(ks)em®. As k=0 in the c.m. system, we may
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put &,=0, because we are calculating momentum-independent potential. Then
kgo = klO -+ kgo—%kgg, kmkzo“‘;o, klokg()—)O, kgokgo _‘>k20k20. On the Other hand
j lLldld’l _0 ( 1 >
(12 _Zo‘2 —i€> I:(k - 1)2 — (ko - Zg)2 " 7:5] [(p + 1)2 - (po‘{‘ Z0)2 + m2 - 7:8]

m

(3-36)
Thus the term like (k3p) (ksp) -+ does not contribute p
to the fourth-order potential, but the term like 7 e
(ksks) (p2) (pg) -+ does. |
As the term kyky does not contribute to the - ;
potential, we may put (ksks) >k;ks. Changing ki, k, ky :
and k; cyclicly we obtain 2 (k.ks+ bk, + Eiky) = — (k. ke B

+ k4 k7). | K

First we discuss the term k,*. In this case the &

int 1b
ttegral becomes Fig. 3. Details of graph 1(d).

j kid%d(k) 1 (dU (3-37)
k22k32[<]92~k3)2’|“ mlz] my r ’

and so the S-matrix is given by

1 (d¥
S’V/C4m12mzz2 *—'l—g‘ (3 . 38)
to order m®. The contribution from the term k,® is the same as the term k.

Since the integral

1= |41 | (3-39)

is linearly divergent and is independent of k, we cut off the integral and express
it by a constant 4. As the momentum dependence is given by 1/k? the corre-
sponding potential is given by

Vo ErmtmaA M Gemud), (3-40)
r r

which is of the same type as the Newtonian potential. So we must renormalize
it, but we cannot renormalize it as we did the gravitational constant, for it de-
pends on m,;. The unique solution is to renormalize it as a mass renormalization.
Then there is the problem of whether this renormalization is consistent with the
renormalization of the self-energy graph. This problem will be discussed in a
separate paper (it can be solved formally by using the Ward identity).

The term k,® is cancelled out by 1/k and the S-matrix becomes the same
as graph 1(c) as follows:

S=—i@m0O| = (L) mim, o [P (‘f’_l W]’ (3-41)
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and

2 2
V= ’L”%”ﬂ. (3-42)

For each term of the 13 terms of Eq. (3-9) we obtain similarly the corre-
sponding potential. If we number them 1 to 13 from left to right, we obtain
the result in Table 1.

Table I. The coefficient of the potential k2mymg (m1+mg) /c?r? from each term of graph 1(c).
The number is ordered according to Eq. (3:9).

number 1 2)3 45 6 7]8|9|10 | 1 12 1ol

coefficient | —1/2 [+1'}+1f—1]-1 +12 | —1-1 a4l 1] 41 ] 2| 41 !

Thus we finally obtain as the contribution from graph 1(d)

Ve Ermymy (my+ ms) ) (3:43)

627,_ 2

3.6 Contribution from graph 1(a)
The S.matrix of Fig. 4 is given by

4
R—
v 2102102 p202G350 \ 2
> J‘@Hl M(py, pr+15 g, i =DM (pi+1, P25 01— 1, g3) (3-44)
F—=1[(p+ 0 +mi ] (=D +m’]
where
M(p1, 25 @1 @) =2{(1q0) ($3g2) + (£1g2) (paqr) — (P112) (q1g2)
— (p1p2) ma* — (quqz) mi* — 2my*my" . (3-45)
Hereafter we calculate the S-matrix in the c.m. sys-
% Pa tem and represent p, simply by p. We can do this
o~ without losing generality, because we are calculat-
ing the potential which is independent of the mo-
% Py mentum.
AN The leading term of Eq. (3-44) is of order m’
which is cancelled out by the second Born term,
% P while the next term is m* which is cancelled by the

Fig. 4. Details of graph 1(a).  contribution from graph 1(b). So the remaining term
is m® which we want to calculate. ‘

Then we expand MXx M in Eq. (3-44) in terms of ¢~' up to the order ¢*
as follows:

M(py, pr+1; a1, i — L) M(pi+1, p2; g1 —1, q2) =4m*ms' N, (3-46)
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where

dpt  Apt AL 4L @prDY (ptpt D (g

N: 1 — 2
+ miict - myc’ T mic  msC MaMsC? MAMC
If we assume in general

1 1 2p+ D'+ Cp+1+ k) l l
N:1+”1%<m3+ 2>+n2<p P__F‘JrnS(aL o>

My dmymac? mic mac
(p+D'—p* /1 1 P+ (k=011 1 3.8
+ 714 P ( me mﬁ) -+ 15 P2 < m12+ m22> ( )
and put km,m,=1, then we obtain

2

V= j 2[(—1/2+n1—n3/2—~2n4) <L+L> +2<_n1_|_ n3+2724)4~- 1 j|.

«r My My M+ Mg
(3-49)

The proof of Eq. (3:49) is given in Appendix 1.
As in this case n;=4, n,=1, n;=4 and n,=n;=0, the contribution from
graph 1(a) is given by
Vo 3 Emuma(mitm) (3-50)
2 r?
3.7 Contribution from graph 1(b)
The S'matrix of Fig. 5 is

1 K 4
S=0*() e
'\/2;010261102]5202(120 ( 2 >
P(k=17[(p+1)+m [ (g+1~k)+m] ’

where M is defined by Eq. (3-45). The poles of [, are located at

Li=+|lFie,  +|k—1|Fic, —potV (p+ 1)+ m Fie
and

“Qo+k0i \/(q+l—k)2+m22:}:i€,

T2 Pe li,_— plane
k-{
q+1'k p+[
. AR AR
{ AR RAK
ql p1

Fig. 5. Details of graph 1(b). Fig. 6. The contour of the [; integration of graph 1(b).
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and we take the contour shown in Fig. 6. Then the two poles of — p,— v(p -+ k) + m®
+7e and —q0+ko—«/zq+l—k)2+ ms'+ie do not contribute to the fourth-order
potential considered here, because the poles are of the order m'. There is a
contribution only from the -poles, —|I|+ie and —|k—1|+ie, and so it is suf-
ficient to expand N up to the order ¢™!. Here N is defined by Eq. (3-46)
and is given by

N’:1+n3< b Z°> (3-52)

mMiC  MacC
for this graph, if N is given by Eq. (3-48) for the graph of Fig. 3.

Now the leading term of the contribution from the S-matrix (3-51) is of
order m* and is cancelled out by the contribution from Fig. 4. The term of
order m® is given by

2 . -
Ve A _n3<1 N 1>, (353)

crt 2 \my my

where A=kmm, and n;=4 in this case. Thus the contribution from graph 1(b)
is given by

Vo 2R mamy (ma+ my) (3-54)

crt

3.8 Contribution from all graphs

By estimating the order of the mass, we can easily show that there are
no contribution of the type £’#°/c’r* from other graphs, including the graph of
the fictitious quanta. So the total contribution from all the fourth-order graphs
to the fourth-order potential is

V= _}_ . k*mymy (my+ my)
2 cr?

; | (3-55)

adding Egs. (3-33), (3:43), (3-50) and (3-54).

It is worth mentioning that the terms quadratic in %2 and trilinear in m are
given exactly by Eq. (3:55); the terms such as E*m,"m,’/c*»*-1/(m,-+ m;) do not
appear because —n;+7;-+2n,=0 and also the terms such as AB*m®/c*r®xf(h/pr)
do not appear, where f is an arbitrary function other than a constant.

Combining the second-order potential (3-24) and the kinetic energy with the
fourth-order potential (3-55), we finally obtain the Hamiltonian

H— b + P 1 <P14 . j)z‘*)_kmlmz

2m, 2my 8¢ \m® m,’ r

B kmym, [ << 1 >2+ < Da >2> B Tpip: B (pir) (pzr)] R*mymsy (my+ ms)

2c*r m My M1 Mmamar? 2ch? ’
(3-56)
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which is exactly the same as Eq. (2-2). Thus using the quantum field theory
of gravitation we have obtained the two-body Hamiltonian up to order ¢~?, which
is the same as the classical one.

§ 4. Conclusions and discussion

On the basis of quantum gravitational field theory we have derived the two-
body Hamiltonian, Eq. (3-56), for scalar particles using the Lagrangians (3-6)
~(3-10).

First we want to emphasize that we are able to extract a finite and physi-
cally meaningful radiative correction in spite of unrenormalizability of the theory:
As we have mentioned in §2, the last term of the Hamiltonian can be under-
stood as a radiative correction in our approach. There are no ultraviolet or in-
frared divergences in the quantities calculated. This is to be expected; the for-
mer should not exist if the theory works, since the fourth-order diagrams are the
lowest order which can contribute to the potential of the type =%, and the latter

2

also should not exist to order c¢~? since the form of radiation of gravitational

waves contains a factor ¢™°. The ultraviolet divergence appears in the quantity
which corresponds to the potential of the type »~'. This is the same type as
the Newtonian potential and so we must renormalize it. The consistency of re-
normalization will be discussed in a separate paper.

Secondly we want to point out that the derived Hamiltonian is exactly the
same as the classical one, Eq. (2-1). This result does not depend on the
expansion I’ or G as indeed it should not. We have also performed similar cal-
culations in the case of the Dirac field and have obtained the same spin-averaged
Hamiltonian. (These results including others which will be discussed later are
shown in Tables II and III.)

The fact that we have obtained the same Hamiltonians both in the cases of
scalar and Dirac fields suggests that iz general quantum theory gives the same
Hamiltonian in any cases. At present, however, we have no rigorous proof of

this. The important point is whether there is a possibility that quantum theory

Table II. The contribution from graph 1(a). n;~n; are defined in Eq. (3-48). (—ny+#s
+2ny) and (1/24n;—n3/2—2n,) are the coefficients of the potential Z2m2m2/c2r2 %
1/ (my+msz) and k2myme (m1+ms) /c®r2, respectively. We put 1=0 in the case of gravity with
Dirac matter field.

‘ 71 i 7y ‘ 73 7y 7 —n1+ng+2ny —1/24+n;—n3/2—2n,
gravity scalar 4 4 4 0 0 0 3/2
(tensor) Dirac 4 | 4 | 3/2|5/4|—3/8 0 1/4
scalar 1 1 1 0 0 0 0
Q.E.D.
Dirac 1 1 1/2 1/4 | ~-1/8 0 —1/4
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Table III. The contributions from graphs to the potential. FEach box represents the numerical

factor of the potential of the form of myms(mi+mg) F2/c?r%. We enumerate in the column

. &’ the value which we subtract the second-Born term from the contribution from graph
a. The symbol )X denotes that there are no corresponding graphs.

a’ b ¢ d J[ total
F 3/2 2 —4 1 1/2
scalar ——
0.G.D G 3/2 2 —1 -2 1/2
F 1/4+2 3/44+ A —3/2—22 1 1/2
Dirac _—
G 1/4+2 3/4+2 +3/2—24 -2 1/2
OED scalar 0 1/2 —-1/2 X 0
Dirac —1/4 +1/4 X X 0

does predict a different Hamiltonian in other cases. We want to conjecture that
there is no such possibility.

If there were to exist differences between classical and quantum theory, then
the choice of a theory and a model would be quite significant in applying the
results to a real problem. To complete the argument here, however, we discuss
the perihelion-motion of Mercury using the results obtained. There are two ap-
proaches; in one we regard the Sun and Mercury as structure-less bodies as in
the Newtonian mechanics and treat them as scalar particles, and in the other we
regard them as composed of many elementary particles (e.g. protons, neutrons,
electrons and mesons) and calculate the potential as a sum of the potentials be-
tween elementary particles. The former approach is not so strange as it seems
to be at first sight, since the absolute mass and the absolute size of the stellar
object do not matter but only the relative quantities.

The latter approach is, however, more natural to elementary particle physics.
In this approach we should really take account of the fact that elementary par-
ticles in stellar objects or nuclei are not free. For example, -the magnetic mo-
ments of the proton and the neutron in nuclei are not the same as those of free
particles because of Fermi statistics. The total electric charge, however, is not
changed in nuclei. The difference between the electric charge and the magnetic
moment is that the former is conserved, while the latter is not.

In this paper we are discussing a quantity related to the conserved energy-
momentum tensor. So we may expect that the situation is similar to that con-
cerning electric charge; since the electric potential between nuclei is the same
as that in the case where we treat the nucleus as a unity having the total charge,
the gravitational potential between stellar objects may be the same-as that in
the case where we treat the stellar object as a unity having the total mass.

After this work was completed, Hiida and Kikugawa'® have calculated the
potential as a sum of the potentials between the elementary particles, assuming
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that we can treat them as free particles. They have clarified the importance of
the three-body potential in their approach and adding the three-body potentials
to the fourth-order potential, they have obtained the same Hamiltonian as ours.
We want to comment that even in their approach the finiteness of the fourth-
order potential is very important.

Now we proceed to discuss the Dicke-Goldenberg experiment. As we have
obtained the same result as the classical theory, we cannot explain the experi-
ment at least in the tensor theory. Several alternatives®®% have been proposed
to Einstein’s gravitational theory. If the Dicke-Goldenberg experiment is correct,
an alternative, say, the Brans-Dicke theory is better than Einstein’s theory at ex-
plaining the motion of the perihelion of Mercury. We have pointed out, how-
ever, in a previous paper™ a difficulty in quantizing of a scalar-tensor theory.
Thus we cannot explain the experiment on our fundamental assumption that
quantum theory is able to describe correctly classical processes in the classical
limit. This is a serious problem.

We have discussed Q.E.D. in Appendix 3. The fourth-order potential of
the type e*/cr*-1/m does not exist as in classical theory. This fact has not
been clearly stated elsewhere. ‘
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Appendix 1
Proof of Eq. (8-49)

We assume that the S.matrix is given by

=0 ) 52 | o
\/2?’10241102?202%0 PRI+ 1)+ ml][(qn— 1)+ my’] ,
, - (A-1-D)
where
P11 Cp+1’+ 2p+1+k) L b
N=1+n1 Cg <m12+ m22>+n2 4m1m202 -+ 725 <m1€~m20>

4££H;3iﬁL+iﬂ+mP+%_W<l Jﬂ. (A-1-2)

+n
c me " my c me ' my

Before integrating over the energy variable /,, we represent the integrand
by a quotient N/D, where 1/D is common to all interactions (e.g. Q.E.D. and
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quantum theory of gravity) and all types of fields

Lo~ plane (e.g. scalar field and Dirac field) and N depends

on the type of interaction and the choice of field.

x xx xl_ We discuss separately the contributions from N and
1/D.

The positions of the [ypoles are 4 |l|Fie,

+ [1—Fk|Fie, —putV(pi+k)+miTFic and g+

Fig. 7. The contour of the I, in- v (qi—k)’'+ ms® Fie, and we take the contour indi-
tegration of graph 1(a). cated in Fig. 7.

A.1.1 Contribution from 1/D

1° Contribution from the pole |I| —i¢
We find that the contribution is zero, after integrating over the momentum
variables.
2° Contribution from the pole |k—1|—ze
It is zero as in the case of 1°.
3° Contribution from the pole —po+ v (p+ £+ m*—ic

T(k) — (4717k)2 17y (m12+ m1m2+m22) pz j d’l .
my+ my @r) J PE-D[(p+1)—p]
(A-1-3)
To obtain this result we must expand 1/v2py- in terms of ¢' up to the or-
der ¢ N
4° Contribution from the pole ¢,+ v (g —k)’+ my’

It is zero, for g,+ \/(q—k)2+ My~ 2m,.

So we obtain Eq. (A-1-3) as the contribution from 1/D. Then we must
subtract the second Born term from Eq. (A-1-3). Since the first-Born term

corresponding to 1/D is
: <1¢ E-(pit+pk-(q:+q) p’+pd q12+q22>

|k dmymac® | k| T odmit 4dmyic

(A-1-4)

the second Born term is given by

2 2 2 3
Tk = (4 k2m1m2(m1 +mumat+my’) P J d°l
( ) (4 ) s+ 73 (271.)3 12(k_l)2[(P+l)2_p2]
1 (4zk)? J‘ d’l A-1-5
+ > mama (my+ my) Cr JPE_D ( )

using Eq. (3-17).
Subtracting Eq. (A-1-5) from Eq. (A-1-3) we obtain

I . ATR)? d*l o
T(k) = Zmlmz(ml—!— 2) 2y flz(k—«l)z . (A-1-6)

Thus we finally obtain
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1 AT 2
V=— Emﬂ?’lz(ml‘{‘ mz)cz p

(A-1-7)

as the contribution from 1/D.7 »
This result can be stated as follows: If the second-order static potential
has the form of 1/r, then the fourth-order potential contributed from 1/D is

\ V

Voo 11, 1) 2 s
- : 2\my  my/cr?

A.1.2 Contribution from N
If N is given by (A.1.2), then the corresponding term N of the second

Born term is : :

+ (p+1)? 1
Nowa=1+ e p (p )<m it )
1

2 et My’

P PR l“r(l'c—l)”<7i2 12>_ (A-1-9)

+n
4mmac? re c’ My

We can indeed check the form of Eq. (A-1-9) by calculation in all cases con-
sidered in this paper. Then by subtracting Eq. (A:1-9) from Eq. (A-1-2) we
obtain DR

- 11 I 1
NN /24 L0 =P (s o)+ 2 (=)
) - o ) m;/c Mg C ‘ C ml Mg
(A-1-10)
As the contribution from the poles /,=|l| —Z¢ and Zo~|l k| —ie, we obtain
oy ,‘
V=4 [_. ”?( 1,1 >+2n3~1—], O U(AA1-1D)
' C2r2 2 my - Ms o Myt ‘

and as the contribution from the pole Z,= —po+ v (p+ 1"+ m’ —ie

Ar [(nl 2n4)<1 | 1>_+2( ﬂ1+2ﬂ4)~_|1_ ] (A-1-12)

my - Mg iz

Since there is no contribution from the pole ky=go+ \/m, we ob
tain as the contribution from N :

1

: ‘ . . |
= "l—‘[(nl ny/2 — 2ny) <—+ )t+2('—n1 + 725+ 2”4)—1——“—"].
c r 1 iz . M+ Mg

. (A-1-13)

A.1.3 Contribution from N and Z/D

Combining Eqs. (A-1-8) and (A- 1-13), we obtain
L1z mmnyz—an (St o) r2(mtbmt 2n |

my Yz M1+ Mg

(A-1-14)
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Appendix 2
Gravitational potential in the case of the Dirac field (spin averaged one)

Since the method of calculating the potential is the same as in the case of

the scalar field, we will only sketch the outline of the calculation and state the
results.

1° Lagrangian
The parts of the free graviton Lagrangian and the three graviton interaction
Lagrangian are given by Egs. (3:7) and (3-9), respectively. Equations (3-6),
(3:8) and (3-10) are replaced by

Lpp)=~¢[(7:0,)+m]¢, (A-2-1)
L) = —g—hmﬂ((n@»)) — 28, ((120:) + m) 1 (A-2.2)

and

L (h2{b—¢) == %[Ba((rpex»ﬁbhpahm ~ %‘J(Tﬂ?’u'f'x — T?\.Tvrﬂ) ¢hﬂph»n,x

—~zw<max>>¢hm“], (A-2-3)

respectively. Here (7,0,)=1/4 (rpﬁh“éth+Tx5p~5pTx) and 4 is an arbitrary con-
stant. We obtained Eqs. (A-2-2) and (A:2:3) by the method of Wyss.® The
Lagrangian is given uniquely except for the 1 dependence.

2° Second-order potential

2 2

- Emims [1+ 3 < P q > Tpq (pr) (qr)]

r 2 m1202+m2’c’ T 2mumac® T 2mamacir?
, .
+ 3% ( 1,1 )00, (A-2-4)
2¢c My M

which is the same as Eq. (3-24) except for the last §-function term.
3° Fourth-order potential
3a° Contribution from 1(a) .
If 2=0, then n,=4, n,=4, 7,=3/2, n,=5/4 and n,= —3/8, where #n,~n; are
defined in Eq. (3:48). From Eq. (3-49) we obtain

Ve 1 Emamy (my+ ms,) .

A-2.5
4 c’r? ( )
Taking into account the A-dependence we obtain
2
V= (/44 pEmmlmtm,) (A-2-6)

cr

3b° Contribution from 1(b)
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As 7n3=3/2 at A=0, we obtain from Eq. (3-53)

V= 3 Bmma L (A-2-7)

4 7t

Taking into account the A-dependence we obtain

2
V= /4+ 0 K ). (A-2-8)
- | .

° Contribution from 1(c)
After similar calculation to that of § 3.4, we obtain

2
V= (=8/2=20) 2 s 4 ). (A-2.9)
r

3d° Contribution from 1(d)
After calculation similar to that of § 3.5 we obtain

Ve Elmam,

627,2

(my+m,). (A-2-10)

Combining Egs. (A-2-6), (A-2:8), (A-2-9) and (A-2-10) we obtaln finally
the fourth-order potential

2
Ve LB sy, (A-2-11)

2

It is perhaps worth mentioning that the final result (A- 2- 11) does not depend
on A.

Appendix 3
The potential in the case of Q.E.D.

Since the method of calculating the potential is the same as in the case of
quantum theory of gravitation, we will only sketch the process of the calculation

and state the results. We calculate the potential both in the cases of the scalar
field and the Dirac field of the matter.

A.3.1 The case of the scalar field

1° Second-order potential :

Taking note of the remark made in the second paragraph in the §3 in the
text, we calculate the off-the-mass-shell S-matrix in which we do not use the mass
relation p’= —m® and use the Coulomb gauge. After the Fourier transformation
(3-21) we use the mass relation. This procedure is the same as using

1 1 k'(P1+P2)k'(q1'|‘q2) .
~k—2 - —Z:_2 + 477’117’}136'2 (k2)2 . (A ) 3 ’ 1)
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up to the order c¢7?, throughout the calculation.””

Then the S-matrix of the second-order is up to the order ¢*

Amymac* (K)’ dmimyc’ K
(A-3-2)
from which we obtain
V= e’ <l_——i———[(PQ)+(Pn) (qn)]), <n:L> (A-3-3)
4TE r 2m1m2027- -

2° Fourth-order potential
As there is not 1(d) graph, there are contributions only from 1(a), 1(b)
and 1(c).
2a° Contribution form 1(a)
As my=1, ny=1, ny=1, ny=n;=0, where n;~n; are defined in Eq. (3-48),
we obtain from Eq. (3-49)

V=0. (A-3-4)
2b° Contribution from 1(b)
As nz=1, from Eq. (3:53)
4
y=1 f 2<_L+L>, (A-3-5)
2 c¢'rim,  my

2¢° Contribution from 1(c)
After calculation similar to that of § 3.4, we obtain

4
Vz_lL<i+L>_ , (A-3-6)
2 Fr*\m,  my
Combining Egs. (A-3-5) and (A-3:6) we obtain as the total fourth-order
potential
V=0. (A-3-7)

A.3.2 The case of the Dirac field (spin-averaged potential)

1° Second-order potential

2

V= L{}“—————l—* [(pg) + (pr) (qn)]} -

dr Lr  2mymac’r

1 1
Bl o

My

(A-3-8)

which is the same as Eq. (A:3-3) except for the last §-function term.
2° Fourth-order potential v '
As there are no (1.c) and (1.d) graph, there are contributions only from
1(a) and 1(b).
2a° Contribution from 1(a)
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As m=1, ny=1, ns=1/2, n,=1/4 and n;= —1/8, we obtain from Eq. (3-49)

V:-—-—l—i-<—1_+—1~). (A-3-9)

4 Fr®*\m,  my

2b° Contribution from 1(b)
As n,=1/2, we obtain from Eq. (3-53)

4
v= 1 ﬁ_( 1 +L>, (A-3-10)
4 Fr®\my my
Combining Egs. (A-3:9) and (A-3-10) we obtain
V=0. (A-3-11)
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