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Preparations and Conventions

e We use units such that “c=h=1"

e Space-time four vector x:
contravariant form: z* = (¢, ¥)”

covariant form: z, = (t, —)" = g, 2"

with © =0,1,2,3 and metric tensor defined as

10 0 0
g |07 00
T 021 o

0 0 0 -1

Inner product:

a-b:aub”:aobo—o?-g

where, and also from now on, we use the Einstein summation convention.

Four-gradient:

d’Alembert operator:

e Four-momenta:

e Dirac- and Pauli-matrices:
1 0 0 ¢
=07 A= 7=
0 —1 -0 0
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e Useful properties of Dirac- and Pauli-matrices:

o b ot
o —Q[V,ﬂ 5

{2} = Ay = 29"

(V9" = ¥*+*)

0; 05 = iEiijk
[0i7 O'j} = 22 Eijk O
{O’i, O'j} = 252]

where ¢;;;, is the totally antisymmetric tensor with €193 = +1.



CHAPTER 1. PRELUDE

1.1. Quarks in Hadrons and Concept of “Color”

e e¢te™ annihilation into hadrons

Hadrons

FIG. 1.1: Feynman diagram of e™e~ — hadrons: The reaction is considered to be proceed through

pair production of quark-antiquark as indicated inside the dashed box.

Comparing the total cross section with that of the elementary process ete™ — utpu~

which is the analogue in pure QED:

o(ete” — Hadrons) olete” — qq) )
_ = -NY 7 1.1
i a(e*e‘ — ,u+,u_) 0'(6+6_ — M+M_) 4 ! (1)

with
_ _ 47?0[5
a(e+e — ) =3,
- ) s . (1.2)
olete” —qq) = %5 N.Z;

. 2 .
where s is the center of mass energy squared and a, = - =~ %7 is the fine struc-

ture constant. The hypothetical introduction of the “color” freedom (N, = 3) gives

consistent explanation of experimental results as shown in Fig. 1.2.
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TABLE 1.1: The electric charge Z, of each quark flavor in unit e
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FIG. 1.2: The prediction of the quark model on the total cross section (left) and the ratio R (right)

with N, = 3. The typical vector meson resonances are represented.

e Spectroscopy and quark models

According to the quark theory AT+ a particle of spin 3/2, should consist of three u

quarks with parallel spins if in a state of maximal spin projection:

AT, my=3/2) =|uTulul), (1.3)

while the Pauli exclusion principle forbids three identical fermions in the same ground
state. Therefore it was suggested that each quark has an additional degree of freedom

(three “colors”), thus avoiding violation of the Pauli exclusion principle.

ATy =3/2) = 2= el T ) (1.4)

ijk

1.2. Quarks as Dirac-Fields
e Quarks are spin 1/2 particles.
e They exist in 6 species called flavors.

e Each quark carries a 3-fold intrinsic degree of freedom (color).



e Representation of quarks in terms of fields

Yai(z)
() = (Yai(®) = | ¥ui(2) (1.5)

Vai(T)

where o = u,d, s,c,b,t and 1 = 1,2, 3 are flavor and color indices respectively.

e Each of the ,;(x) satisfies a Dirac equation in case of free quarks

[i7,0" — m]4(z) =0 (1.6)
with the mass matrix
m, 0 0 0 0 0
0 mg O 0 0O O
0O 0 mg O 0O O
m = (1.7)
0O 0 0 m. 0 O
0 0 0 0 my O
0O 0 0 0 0 my

e Explicit representation (spin projection s = +1)

v = Z / (;lTp;?’ 2—2}, [b(p, s) us(p) e 4+ d'(p, s) vs(p) eip'x] (1.8)

where E, = \/p? + m2.

e Definition: State vector of a given quark with spin s = :I:% and 4-momentum p*;

quark :  |p, 8)ai = bl;(p, 5)[0)

antiquark :  [p, s),; = dL,-(pa s)[0)




where the vacuum |0) is defined as: b|0) = d|0) = 0 with:

(bt . creation operator for a quark
b :annihilation operator for a quark

d' : creation operator for an antiquark

| d :annihilation operator for an antiquark.

e Anticommutation rules for creation and annihilation operators
{bai(p, $), bl (1, sf)} - {dm-(p, s),d,(p, sf)} = 2B,(27)36% (5 — §")0g0i;0sw  (1.10)
otherwise vanish, e.g.
{bF.0"} = {bb} ={d"d"} = {d,d} =0 (1.11)
e Normalization of state vector

(p's'|ps) =2E,021)°6* (7 — p")ss (1.12)

e Digression: Lorentz invariant phase space
d*p dE d3p
—— 21 (p* — 2:/——2 S(E* — 5% —m?
/ m 2O ) = [ Ty 2O ™)

3 _ /52 2
:/@/ dp , 0E— VP?+m?) (1.13)
2 ) (2m)3 2F
d®p

/ (2m)32E,
where E, = \/p? + m?
e Dirac equations for particle and antiparticle

(7up" — m)us(p) =0

(1.14)
(up" +m)vs(p) =0
Free Dirac spinors
Xs
us(p) =/ E,+m s
Ep+m Xs
s (1.15)
g-p
1_ X—s
Vs — —1)z—% B +m Ep+m ’
(p)=n(=1)>"" \VE, N

phase free



1 0
where Xo=l = ( ) and Xo=1 = ( ) respectively.
0 1

e Normalization of spinors

ul(p) ug(p) = 2B, b,y
'UI (p) Vg (p) = 2Ep 685’-

1.3. Quark Currents

e Dirac current density of quarks:

T (@) = P(z) v (@)
T (x) = ()7 v(x) = ¥ (2)p(2) = p(x)
(2) = ¥(2) Yo (2) = ¥ (2) 1T () = ¥ (2) d ()

|

90" (x) = L+ V- J=0

_ 0
where 1) = ¢17% and @ = ( B

Qu
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e Continuity equation:

e FElectromagnetic quark current:

T () = V(2)Qy" Y (2)

_ +2¢ for u, ¢, t or w, ¢, t
with quark charges, () = o
:F%e for d, s, b or d, 5, b

1.4. Lagrangian Density (Lagrangian) of free quarks

Lo(x) = (@) [17,0" — m] ()

e Generalized variables: fields v, 9,4, ¥ and 9,1

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)



e Action for free quark:

Sozfd%ﬁo(x):So[w, ;-]

> Stationary action principle: d Sy = 0.

e Fuler-Lagrange equations:

0Ly o 0L _
o) (0m)
oLy ., 0Ly
o (o)

e Dirac equations from Euler-Lagrange equations:

oL
oL oL - .
o = Vo VI ] =

1.5. Hamiltonian Density (Hamiltonian)

e Canonical conjugate field:

oL
m=—
O

- 9 . -
Lo=1 2'70§+W-V—mw = 7 =iy = i)'

e Canonical form of Hamiltonian as Legendre transform from Lagrangian:

= ti=
vz,
where @ = vy and [ = .
e Dirac equation in Hamiltonian form
L3 0
[—id-V+ pm]y(z) = zaqﬂ(x)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)



