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qUAST-INVARIAI{T I'{ANIFOLDS, StA6ILITY'

AI.ID GENERALIZED TIOFF EITUNCATTON

by

S. R. Fetnfeld*, P. Negrlnl**, and L. Salvador'-*
:

1. THTRCIDUCTIOIC

.:,.,.:. We, *re Lnterested ln abteLnlng en enelyals of the blfurceting perlod{c

crb{ts atlrtng tn the ge:rerallzed tlopf blfutcstlon problena ln Rtr' the

exlstencc of theee per{.odlc drblts hac often been obtalaed by uslng ruch

technLques ae the Lyepunov-Sch;rrldt methOd or topologlcal degree stBumentB

ieee tlareden end llcCrach.en t8l and Hale [6] and thelr referencea). Our sp-

pro*ehs cn tfic r:th*r ha*t!, lg baeed upon 6tsblltty propertles of the €qulll-

brlrcn polnt of the riiip*ft,tirbed eyetem. Andtonov et. al' [1] ehotred the ftult-

:lu:-:-,es=o rf tir: + rri.proer.h :i-a etrrdylng blfurcatlon problems {n R2 (f or mote

i.iice.itr p6lrcrs eee Hegr{n{ and salvadorl [9] ana Betnfeld and salvadotl [2])'

in the eeae sf R?, ln contrast to that of Rn, rt > 2, the atabl1lty sr8'ureflta

aer.r be effeet1vel), *ppllerl because of the Pol-ncatd-Bendlxson theory. Blfurea-

t{ctr pr*hi*ns tn Rn cen be reduced to that of R2 when two dlnenetonat 1n-

kncqrn tc exlst. The existeRce of such rnanlfolde oceurdt

unperturbed eyetem contalns only two purely furuglnary

varlaai tnxrril-cl d.q ar*

l#H i1i.:.*mp1E tl.:hen the

e:i.ge*rjal.irrr&.

lrr t-bfe peF*r *r:: e;irsli^ be concetned wlth the general

irr ahlrk tti* u;:pec't,-lrbed systefi may have 6ever$1 palra of

situatlon ln Rn

purely {maglnarY

*Thls rese&fch '"rss itattlerly supported by U. S. Army Reaearch Grant

0r1A$?9-80*il*0c60.
sr*H*rk perfornred under the auaplcea of rtallan councll of Reseerch (CNR) '



To be more preclset 1et ua conslder tha dlfferentlal syBt€m

= f^(p)'
U

where fo € c*fBn("0) rRtJ,

Aeeume the JacobLan rnatrlx

t* and that the renalnlng

..!!: ::1,rr;

For thoge f € C-[Bn{aO}rRn1, ft0} - 0, wtrlch are elose ta f0 (tn

afi epProptlate topology) eonsLder the perturbed eyatem

eLgenvaluer.

(1.1)

(1.2)

p

fo(0) - 0' and trfttao) - {p € Rn: fipf, < ao]'

f0t {0} haa two purely finaglnary elgenvalues

elgenvaluea tl,ll-i eattsfy X, * rnlr n ' 0r

i = f(p)'

lJe are tntereeted ln determlnlng the nu*rber of aontrlvlel perlodlc otblts

of (1.2) lytng ne6r the orlgln and havlng perlod eloae to 2n for thoee

f cloee to f0.

k

(e)

In approachlng thls prcbletn, we w111 canelder fot eny pos{tlve Lnteget

the follotrlng ProPertY:

(f) there exlsta a nelghbothood Ntt sf f0, &R ul t 0 end e nuuber

61 r 0 euch thet fof evety f € iv* there sr€ st $ost k. nontrlvlal

petLodlc crHts of {1.?} lylng in en(nl) who*e perlod te in [2n-6rr2#611;

(tt) fot eech lnteger J, 0 " J 1 k, for each a, e (0ra1) fot each

02 c (ordl) end for each nelghborhood N of fOr !{ c l{*, thete exLsts

f€Nsuchthat(1.2}heeexactlyJncntrlvlelperl"adleotbltslylng

ln fntar) whose perlod tr 1n [2n-6"rgr+62];

(!il) fcr any E € (0,*r), 6 € (0,6.1) there

of f0, F c ltJ* euch that lf f € N and tf
exlsts a nelghborhood N

Y le a periodlc orblt of



(1.2) lytns tn an{ar) whoge pertod le ln [2n-dr* 1n+6r1 then Y

llee ln BttG) wlth petlod l"n [2t -t', 2n+T]'

In contregt to (a) dnother propetty whlctr sre ecnsldet ln th{r paper t'el

(A) For any nelghborhood l{ of f0, far any l-nteget J t 0' fof

dny s€(0ra11r andforany 6>0 thereextet* f€N such

that (1.2) hae J nontrlvlal pet{cdle otblts lylng ln et(u} whoae

petlod 1s ln [2n-6rr2n*62].
:::' " i' n2, Andronov et"al. [11 proved thet property {a} ((t)'(1{)} Ls

a consequence of the or!"gln of (1.1) belng h-aeynptatlcally ateble or h-

carnpletely unetable where h le atr odd lnteger and k - +' The orlgln

of (1,1) ln Rn le eeld to be h-aeprptotlcatly stable (h-completely ulotable)

{f h ls the enallest posltlve Lnteger euch that the orlgln of (1'2) la

ed}tnptotlcallyetable(completelyunetable)forallfforwhtch

f(p) - f'(p) . o($p$h); that 1a h 1s the sne1leet posltlve lnteger euch

thet aeyrnptotlc steblltty (carnplete {netabtltty} of the orlgln for (1'1)

le tecogn{aable by lnapectlng the tenne up Eo order h ln the Taylot expan-

elon of fo (see Negrlnl atrd salvadorl [9] rar further lnfarmatlon on

asymptotlc stebtllty). In a rece$t psper Sernfelc! and gelvadarl [2] tn

entended the fesults of Andronov et.el. tll by pr*vj-ng pfoFerty (E) Le

equ{valent to the h-aayrnptotlc etabllJ-ty {k-eonplete tnateblllty) of the

otlgln of (1.1) (rshere agaLn n -+ ). It wae alec ahollln that propetty (A)

le equtvalent to the ease ln whlch the crlgln of {1"1} ls nelther h-aeymptotf

cal1y etable nor h-conpletely uneteble fot any posittve lnteger h'

The problem 1n Rn wae flrst cansidered by Chafee [5]' Uelng the

Lyapunov-$chrnldt method he obtatned a detefftltrltg equatl'on $(6 'f ) ' 0

h-

R2



where g {a a neesure of ttre arnplltude of the bifercatlng perlod crblts

of (1.2) cnd f represente th6 rlght hend eide of (1.1)' By aeeumlng that

the nultlpllctty of the sefc roct sf t,{.rf*} i.e a flnlte aumber k} he

proved that property (e) holds for thfe k.

Qur goal ln ttrle paFes le to relate the nur*ber k ltr prcperty (a)

ulth the condltlcnal aeyrnptotle stablilty prsFertLes af the ctl-gin for a

differentlal syetern which ls elcse ln eame s€nse to ths utlp€fturbed systert

(1.1). These atabll-{ty pf,op€ftLea &re precleely the h-asymptctlc stdbt-llty

(h-csmplete lnateblLlty) ef the ctlgln far a pari{cular d{fferetrtlal

cquetlon (St) Ln R2. The conetrueriorl uf iS*) *s uell ae the recogn{-

tlon of the h-aaymptotle *iablitty (h-eernplete lcetebfllty) of the ort'gln

of (Sh) cen be aecornplished by solvlng l"lneer algebrale systema. lndeedt

theee etabll{ty praperiles ean be reeognized by epplytng the claeelcal

Polncerdprocedure (cee [gJ sr l10J]. ?hue, lhe number t, t - S, cen be

determlned uatng elementary algebrele teehniqucs. ?he analyele of our problen

ls cotrpleted by observfng that when the erigln for {Sir} !"s nelther h-

ssymptotlcelly eteble nor h-ec*pletely unelcble for every tr > 0 then

propGrty (A) holds"

?he msln lngredlents sf

quasl-lnvarlent me$lfold i
h

use of the Po{neerd stdp along

ere lnltlally close ic i .
h

In eunelueLon, the quantltatl.va prabLem clf detertulnlng the number of

blfurceting perlodlc eolutlcns af the perturbed eystera tl.2] can be re-

duced tc 6ri analysls cf the qualltatlve behavlor of the flaw near the orlgltt

of e t*o d{nenelo11al e1:eteru appropriately rel"ated ts tire unpertutb€d 8y5tem

our analysis ace: {li ttre eonstruetlon of e

fer the unperitrbed syeten {1" 1} i (f*) the

e parllcular set cl solutLoris af (1.1) whlch



(1.1).Inaddl.tlon,arralgebrafeprocedurea].lgtlsfor&concreteeolutlon

to the Ptoblen.

Fl"nally,wereaarkthetansnilounc$iie::tafourresutrtewaepreeented

at a confetence tn Trentc, ltaly [3]'

2, RESULTS

'.' ,ge wl11 endow the epaee c 
*[nn{*CI} 

nRn] wlth the foll"owlng topologyl

def lne e functlot lll 'lll raapplng e-[tnie*] *Ril1 l-nLo R as

ilrlrl -ion##q
where ll r 11 

{fl denores rhe usu*l c{€}-*urr"enu:* n*rt* of f cn 6n(d0)'

Then c-[Bn(80] rRnl le s metrlc lLnear spafe u*der lll'lll ' Fcr eny veetot

u € Rf, rle ehall denote by ll"ll the Eucl{dea* narrn of ?t'

Bysnapproprlatechangeofcgordlndtegdepend{ngonfgearaywtlte

syetefis (1.1) and (tr".2) recpectlveXy ln the form

i = *Y +1*{xrY'z}

(2.1) j'* * *YO(x'Y'z)

i - AOz *Z *(xng.r-)

and

* o ttx =- SY + X{x'g ,zrf}

(2,21 i-oY*$x*Y{x'}''zni)
?, - kz * Z{xrY, znf} '

For eaeh flxed f, c and F are constants satiafylng u{fO} * 0' B(fO}'1



6nd A {e an (n-2} x in-2} ceraetant netrl-:r catisfyiag A(f*} * A0. More-

dver, fer f lxcd f , x snd Y belong to C*itrnqeO),F-I, Z be3-ongs to

C-[Sn{aO} rRn-Z]r and XrYrg *ra of ortier gt€atet tl^:*cr one" The el-genveluee

of An, {l*in-z eaulefy the c*ndltlon that 'l* * mir E o 0, t 1 ... .u- t J='- 
- r

We nor conelder ea {n-fi tifuneneicnal palynotaiel cf aon:e degree h'

":;: 
h : It glven by

': -; ' /r*i(2.3) s""'{x,:fi * $'rixry} + '", + *r-{x,y}'

where *3(xry) ls ?rcnrcge*ecus of degret j" lfe stter*pt tc deterrn{ne

t1r...r*i. ln etder tc *bt*ln elcng the gclilElstls cf {:"f}

(2.4) t* *':*{}:} 4x,y}} ]._*ih};*s:itott*t'* z*9 tx;YJ

ttrat lsr tee have la satfsfl'

{ h'r '-1a-t-#*) 
L-, - No{x,y,+th},*,uii j

rL) f rkl ""7(z.s) u -E$"|'Sr-xl Ln 
* Yo(e'ru*"" E"'y)) j

r,h) fhl " 2. 2.n12
= Ar!*t"'(xry) + E0(xr9r$'"'ixry)) + o{x-+y-}"'-.

?hla lnrplles fcr s?er-v J € i1'". " rh], SJ has L* sai{efy the partlel

dlfferent{el equati*n

(2.6) += *v*Ac*J*uJ,

trhere UJ ls *n {r-Z} dLaensional hcracgeneoue poly*c,*rJ.ai- af degree J

dependlng on tha functlons +1 ".. 6J_r" Under lhe assemptio*s cn AC

(2.6) hee e unf-q*e saLt-!lJ.a?1 snd can be solved recutslvely by *lrservlng

that *r(x'V) = S {aee faf lnata*ce Slblkov L4J} 
"



t6

be

Ttre tuo dlreenelonal surface s s +{hi {*ry; ie tangent st th€ orlgln

ti. T?rls ettface rdllthe elgen*Face corresF{:t:d{ng ta the e.tgenval-ues

eatrled a quasl*{nveti,*nt $re:tif*ld of oreier h.

Glven eny h > 0 cjefj"ne the f*I"l*w{r:g tt*",: dtsie*eianal *yeten

* = *y + xu{x*},Stn} i:e,y}}

i * u + Yo{xryrs{h}{x'yr*}"

(Th{s ls the Eysteth r*ferred to l-n tke i.ctroducticni '

He d{stlnguleh the twa pcs*{ble trsses;

I. Theteeslete h>1 {andthen h:pBsLtreq1dd} *ucht}rat xty:0

{s e{ther h-aeynrptatically etable ar h*cafi',pleteiy rrnsteri:le f ar {Sh) "

11. Cese I dces nct hcl-ti.

lJe are notr alrle to Btate cur nain resuJt"

?heg::gir !". fn Case I prr>perty {e} !r*l"ds trich

(A) holde.

If all the eLge*vslues r,.f AC lta"re reaS F€irt {rirt equ*}. Lo setot then

fcr evety h > I fh*re *xLste a elr+3- 
' 

tto-o d{men*:iorrst1. *€nier menlfcld

r*hlch wlll be denoEed by !th" ld* sctl*e that lf s - {$'{xoy} {e the equatlor

of thts ceflter xrenffal;lr t*€ r:an q*r{ie

(2.7) ${:e ,yi = *{ti} {:r,y} + *1c;+y?rirr':"

Ae € cons€quence of Thesrem 1 tke foLle"ule:i re**lt i;::ide,

c-qr_q1].sr]-y*1. Suppoee th*t el.1 t-he e!-gexvalue* cf Au h*ve real pdtt dlf*

ferent then zera" Then: {fi lf there exj'gt* an h {end h must be odd)

such that the orlgin af ehe unperturbed ayxterrr {2"i} ls elthat h-eeyrnptattcal"ly

" h-lx**T " 1r: Cese IIr Property



stable or h-cotnpletely unatable cn flH (that le, wlth tespset to ln{tla1

potnra on Hf,) then (a) holds w{th t * Yt (11} lf for evefy h > I

the orlgln fot the unperturbed sy6te$ i2"1) la nelther h-acyrnptot{cally

etable nor h-ccrnpletely unetable on 9n then tA] holds.

Under sone srore partlculat hypotheses sn the eLgenvsluee of f*t (0)

th€ Btablitty propertLee Ln Theorea ? ean be expreesed ln terms of the

unp€rturbed eystem (?" 1) wlthout atty expltelt lnvolvement al tlh' Thle

cqn b,e ptoved by the extenelon of the Pof,ncard procedure [10] Slven by

Lyapunov [71. PrecLeely the followlng result holds'

€osollerv3.$uppoeealltheelgenvalueeofAohavenegat{v€realpart.
Then (1) tf the orlgln sf the unperturbed eyetem (2.1) la elther h-

aaymptotlcally steble ar h-unstabLe (ln the whole) then (a) holds trllrh

t - I*l (il) lf fot every h > 1 the orlgln for the unperturbed gygtefl
^2
(2.1) te nelther h-aayrnptotlcally atabie nor h-unstable, then (A) holde'

t{otlce that t*e ere us{ng the concept ef tr-unetable nhose deflnltlon

le anaLogous to that of h-conrplete lnstablllty. A elmllsr theorern can

be stated trhen f't (0) has two purely irnaglnary eLgenvalues +t and the

reinaln{ng elgenvaluee hgve Fos{'tlve real part.

3. PRELII'ITNARY PROPOSITIONS

Uslng the tranBformatian

4 - z- + 
(h) (x,y),

rre cen rewrlte the unperturbed system (2.1) as



(3.1)

(3.2)

i**y**o{n}{x,yr{}

i**+t*{ir}{ery,(}
| * Aff{ * *o{n} {xoyu{},

dhl , n! e s f* rc *{h} /:"-w}l - , {h} (, ,(n} (*rri} 
"where ootn'(:tryr0) * Ho(x,yr$t*J (xry)] o tot"'{xryr0i * Y0(x'ytd

. . {1-\
Fr'Fpir, (2.4, 19e observc that *Ott'(xryr6) L* of arder gfeater than h'
,l :..:,.- ,-i -..

Analog*asly, rve csn rewrite tlie perturbed syf,eem {?"?} ds

- Fy + x{h} {*,y ,E,f}

* Fx + y{h}{*,y,[,f]

+ ig{h} (xryo{rf } u

x{x,y,+th} {o,yi *f}, Y{n} {oor**uf} * Y{xryr+(h} (*,y},r}

, Yih), H{h} ere nf arder r ?" Let ua aet

for €l*y 6 > 0" Se saw glve tlre fallotrlng propoeltlon'

xs*:t

lt*uy
r * Ar

where x(hl (*ryrorf ) =

and lor fixed r, X{h}

rs-[?**6,2d+6]

!ropeE*t.1on- l. Thete exLst c'6' L > 0

thet ghenever r € N0 end {xr9'e} € vt

af (3,2) lytng 1n tro(u) wlth '5 € 16r

and a neLghbarhood SO sf fO euch

erhere y ls anY T-Perlodl"c orblt

tt,*r, l! q ll : lqxz+yz;.

Pqq--qf . Chcose e1 € iOuafi), $, " S srtd s neight**rh*od S:. cf fO such that:

(1) det(t-eAT) * * f or f u Nj_ e:rd 'f € 1*1i iff) the soLut1one of {3"?)

through the lnttlal polnt {Srxo,9O* {ni , {x{rrxOr?ilr 60rfi , Y(LtxgrYg' 4g'f) '

€{trfi',}gr6orf)} exlst aad bel*ng ti: nn{ao} f*r all t*orYo,{c} n snter}'

f € H1 end t € [0,?n * dr1. Here I ie the {a-?} x {n*3} ldentlty

matr{x. Candlt{on {1} cen ?:e setl-sfied f$r f sSoee to fg and 6t emell

becauae ouf ssau&ptfcn* 6n the e{g*mralues cf An $'mpliee th*t

det{r-€zt*oi # o"
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We nas wsnt tc deterrrrlne txorvorio) u ante*)' f €

wh{eh aettafy tbe csndltlon

Nt and t. tO,

(3.3) q(T,xo,Y6, EO,f) -

Ftorn the thtrd equatl-on ln (3.2) tt fcllcws

equat{on F(xor36r{grTrf) ' 0, where

tl::.t .. .: - _- AT- I' nA{T-s}tg(h} (x(srxory*rL0,f }, yterx6ryg,Cgrf),F(xn,YO'[6rtrf] - (I-e"-]qo - jo

6(s rxorY6r eg' f) 'f ) lde'

slnce w(h) le of order : 2 ln (xry'€) far each f r+e hase

F(0r0r0rZr;fu) - 0 gnd let orouro,0nOr?nrfu) - det{l-ctn&} * O. then,

by the traplleit functlan thearem, there exist e E {O'1etlr 6 € (0t61lt

' ' X N^, nn-2-1, r{0rO}zilrfs} a s such that*o I Nf and o € clB"(e) * rs o'

(a) For every (xorlor4o) n g*t.), T € rd, a*d f * ilo t3'3) holds tf

end only lf to - atxorgnrtrf).
t3

(F) llo(x'r'grT,f)f, J l,tx'z+V'z) fot scme cotratent L > 0 end for a1l

",(xorto) e B'(e), T € r5r f € tto"

?he functl'on 6 {a e* la tx*'ro} and lte derlrratJ'ves ttre contLttuoua

1n sll vErlabler x'rY6r?rf . For eny t € 15 *nd f € lt' sre have

tr(0r0r0rT1f) ' CI and then s(Or0r9uf) o C' llcreoeer' det D.OF(O'0'0tT'f) -

det (t-*AT) tA 0 (beeause af (t)) anii D**F{0r0'0'T'f}'DyG (0'0t0tT'f} o 0'

whtch impllee b*Oa(0r0rT,f) o OrOu{0}U,T,i) = *. In partlcularl consLder'

sny T-pertodle solutl"on sf (3.2) lying tn nn(a) ' uulth t E 16 and t 6 NO

end denste lts orblt by fr slnce t3,2t is autoasnoue condltlrn (3'3) le

getisfled fot eny polnt {xrYrq) € Y. Thus, Proposltton I lsuaedtately followe

ftom (a) ' 
(B).

7

thet (3" 3) ia equlvelent to ths



.t!

The eubetltuflo*

{3.4) x e r cos *r Y * r *i'n 8u { * rvr

{nto t3.2} glvaa 6 syste$ u'hich we l*f,fte es

* * oiit] {fiur,v,f }ds
(3"5) 

ds _- & ^- * n{*}dsurrv,f},6=Et

rchere R{h}, R{h} e c*" the e*i-t:tiona *f {3"s} far whLch r{s} * 0 for all

g efe the orblta of e{:rr€sFa??dlag eaiiJtia!:s of {3'?}. Fi*re*ver, the orlg*n

Ls a selutlan of bath {3"?} en* {3.5i* !{e desoie by tr{t1,":tOrf)n v(0'c'vO'fi}

the saLutiers of {3.5} paeelxg thr*ugh {*"e*r'O} " Id-hen the solutlone {r(0} 'v{8} 
}

cf (3.5) are kncnn, 1he csrceep*::sing saluti*cs of {3.?) can be conpletely j

deter:alned by eolvlng the €qustxcn'

I * o{s,r(s} u''ris} *f } ,
dc

whete s i8 gf€at,er than **rire pr**ltive *1u*h*r tn a netghbarhood cf ttre arlgl::

n-1ln R*-* and fcr F *isse ta f*, E";ery ?t-pet3-odlc s*l-uLj-cn af (3'5)r

tr(g),v(g)) r*preeenta a Berl,r:dle acillt cf {3.2} t*hase perlc}d f {s glven bv

f2* ds(3.6) ?ol sG'ffi'FGT;ftJ13



t2

For any e > 0 denote by P(e) = {(rrv) € Rn-l, r ) 0, Z2 + nril2 . r21,

We nolr introduce for system (3.5) property (a') whlch eorreaponds

to property (a) for system (3.2).

(at)(t) There exlsts a ne{ghborhood N* of tO and an .1 t 0 such that

for every f e N* thete are at most k nontriv{al Zn-perlodlc orblts of

(3.5) lylns ln P(et).

(11) For each lnteger J,0 < J * k, for eaeh neighborhood N of f0'

N c N*, and for each .2 t 0 there exlsts f € N guch that (3.5) has

exact ly J nontrlvlal 2n-perl,od lc solut lons 1"ylng ln P (e r| ,

(tfl) for any s e (Orer) there exlsts a ne{ghborhood t= of f0, N; g N*

guch that lf t. *U and lf "( ls a 2n-pertodlc eolution of (3.5) lytng

tn P(er) then y ltes ln P(;).

The solutlons of (3.5) are the representatl-on ln polar coordl-nates of

the orblts of the solutlons of (3.2). It ls not clear aprlorl that (at)

lrnplles (a) because theee propertles lnvol.ve nelghborhoods of the orlgln

ln (rrv) space and of the orlgln ln (x,y,6) space respectl,vely whlle the

Eubstltutton (3.4) ls slngular at r = 0. Nonetheleas, we can prove the

foJ.lowlng proposlt lon.

Prooosltlon 2. Property (a') lmplles (a).

Proof. Wlthout loss of generallty

rf : (xry, g) * (trv), (x,y) # (0,0) ,

I^te may assume .1 . 1. Def lne the napplng

given by the substitutlon (3.4), that ls

, = ,{ry and v = r/FT|. rhen ,1,-1(p(e ,)) c sn(c.,) srnce

12 + il.rll' . er rmpltes,2 + llell2 = 12 * rzgull2 i t2 + llull2 . .r2, Each

2n-perlodlc solutlon of (3.5) lytng ln P(er) correaponds ln polar coordLnateg



r*o the orbl.t of a periodlc eo1utlon of (3.2j lylng tn Rn(cr) whose perlod

ls tncluded ln some inlerval tn.n' Let e od' l'r and No be the constants

and ne{ghbothood of fo def lneel tn Propusl't.j-orl l anri asgtrmc el < E.

In vlew of (3.6) ancl the observatlon o(8,0,0,fil) = I :: YI 
choose ol-

* .r!/t + L2. tf f c lrJ4 and

any perlodl-c orblt of (3.2) ly{ng 1rr til(ar.} vrltoss per:iad l-s {n I o then
" rlT-:--T

byPropositlon j- {'(Y)cp(i't}" tndeed'lf (x'y's)cv and re /x +y}

then (r,v) = t(xryr6) aatlsflee llvil2 + rz * )l-ilrz- n '2 'L2o2 + '2 = 
"2

1 't I ? . / \/r\ 
r

(1+L2) . ul'(l+Lz) . ,7.t. Thus, property (a) (J) f'l lows From

(a') (1) .

,. u, . .Li $*;3 and t't c ttt* such

th6t for every f € iJ wq: have: (1) th* pert.oetric Errbltc nf (3'2) lylng ltt

nn{ar), whlch corre,spond tc the 2tr-'erlocllc ort,,lte of (3-5) lying ln P(;2i

have perlod in UOr. Ttr{s-fa11or*s by using (1"6} and the fact that

0(0r0,0rf 0) : 1. 7Zl f € il funp]-les rhar ai 1 rhe 2n-per{odlc orb{ts of

(3.5) 1ylng Ln P{er) l-te ln 
l,trr. 

'fhts can be rlone in vlew of (a')(lfii'

Inviewof{al)(1i}plckf€j[!suchthat-{3"5)trasexactlyJ2t.pericx]tt:

orblts lylng ln P(;2i. If Y ls any perfadlc orhlt of (3'2) Lytng ln

fn(ar) whoee perlocl J-s in tU, then 'll(v) g P(c','l ' lrt *"ler'r of (2)

0(.r) c p(221. Thtr; compleLes the proaf of (a) ifr).

Progf of (a)(tt:l-)" Assume 
-a, 

' a ' ''r//;;-;! 
anetr |l c ff* 'quch that

condltlons (1) and (2) a'ove holr{ rul ttr N replae ed by l-/ and 62, ;2,

and ^Z replaced by O, 
-u-r, anri ; resperlively' Then' lf Y ls

a per{odlc orblt of (3.2) lying ln nn{a'} wl'th perlod ln t*r' then

U(r) t p(er) r.rhtch 1mpllee rf (r) I p(if). Tlten, ln rrlew of (1) and (2) 
'



- ,,llz-l . .- "D"7r1 :- lJ ,,u1, -t- $ t.ur

itlorrosltlo* '2.

vrith perlud ln .:cngr1-eleu llre Proof *f++ta
.t.,. l. llj-l{

A eoluri.ci: it(o),v(o/) ':f i3'i)

cslleel a (2nrv) $o1utJ.oc J.f i:{?ir} =

r-rLv:,cusly s, (2n ,v) r;r:i.trtJ-ct'.s i ihua, .'i:'r

::r 1y nt:ed l-u I rrspe+t ihe r:':f- ui i 2n,v)

cl'a io1 1-owi';r1i, tlrr..)l)os 1:{ otl ,

:l_' :tgg:!.L,{S-A__1.'l'ii:. ;'..' r:*is{-e ;in i'

and a i:unctk.itr r t' Cl-[f],;; x li,lt'

.ior e'rai:'1 {c, u.-i 'i l{,': ) *r1ii : €"tr

i.: a (|rt,vI solirt{oa tl and o;:ly

> {} tlnd it i1c i Slrl':(:rl'b'-rrtr1

-tIr r('o') t', c'"r-,{ilrf)

l.! t:i: e .,;r-, l. tl u I ..rn 1,, f I '1 .

jf o0 = tit.,.f),

rrrr I 0, 2n I r.r:!,i.l hc

2n*;icriorlic sr-rl ui- i

;1rs 2;t-its.ilodlc n

. 'tlr.f :, Irracl:t tIr' |e

trt ^{ L
tt t., r

U

= f) 5ar i C i.{,

)) t.irr:*ugl- i.i'. t

i.-:-Z{.. AB it' i-i:.r ;r:lx:i {rf Pr.)rr()8.'':lo:: 1 lt r-horltir: cr. " 5 Rnd t: "''-'

,,i uf ,, rutlr ihal ( l) rir't qi-,r2*4,: I O it'rf f {: f'li; si1ll {l.t) I't;''

i::i+r:s iri'i. ,..,t,,f ). 'i{S,'"v,r"f i) aF i3'5) exlst snd beiL}ng to P{a','t

*j-i irrir.Oi -"1: ir{r 1), ; ii i.lrr Eircl fi t= l{}"?t l. iii"r-,rn :.trf' Freci}lld eqitat:! ti't

,':i.5i lt i.'.i i;tir; iitat- t|::: cuntljtl-cn 'r(!l*rr:ov-,ii " "(, 1:; trquivl'ir-:"i 1'

t'eqr,{-letiie;:c thtrt- Ti(c rvr,. f } -' 0o 1"rtre'!"P

i'ir,.r.^rf i ' .i..*2n'1;ri;. lr,'rrn Jt*''..''it *Eltto,i.r,rc'?il ,,- 1r'ti.src'v0,i:i t 
'

i.!c racognj.ze thart Iriii,iJrf.: - U, Nsi',r, ,a'l-l flrcJf ,r.,,r"',tt,ftrit.) = det- i.]

'i'd r.j(:r:, tlr:!-r;, r;irrii r-"c thiif- s j-ttr..: nii-) is t-'i *rdef >- 2 lil v !'e oli1v 'i

r-o 1,r.rve :lriir. ::i1*l'-tot ,, 0 {'ar 61t[6,]x; {re,:cil t!r;rl- "th) 
il,i':';' i

ll.near: {:e.i:ti:r iu :), Stficr.: t tlri qOrtrrvri',.) . t} llleri I'tr nny t0 '.i

:.r(0,lov.r!-r.), v(ii'*svC,f0)) cf (1.5i satJt:J'it-r= r{0r{i,*t[i'iu] : 0 :."'

0 = [1t,2tr'1" ,i'hrrs, *j tu,0.0,f0] . 0 anc! c..ingeqrrcnf1.1" det D F(i:,r''
ittrr, '" '-' - ' -0' v0
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det(I-ezrOo) I o. Theteforel the conclusLon of PropoeltLon 3 fo110wa frotn

the lrnpltclt functlon theotem and the fact thet tr(0'o'f) - 0'

Denote by (r(0rcrf), v(grcrf)) the (2nrv) solutlon of (3'5) passlng

through(0rcrT(crf))'BecauseofProposltlon3wecenwr{te

r(orcrf) - ur(grflc * "' * un(g'f)ch + o("h)
(3'?) 

'(a n rl r tt (g'flc* "' * v' '(o'f)"h-t 
*o("lt-l)'v(orcrf) - vl(orf )c * "' * %-1

shere ur(0rf) * L, ut(0'f) - 0 for I > 1 and

(3.8) vt(O'f) ' vr(2n'f) for 1 > 1'

Coneldernottthedlsplacementfunctl.onreletl.vetothe(2rr,v)solutloas

whlch le deflned ln e t{ght lnterval of c = o and tn a ne{ghborhood of fc

(3.9)

Then the 2n-Perlodlc

We nor Prove the

V(crf)-r(2ttrcrf)-c'

to the zerog of V(crf)'

propoaltlon 4. Aseume the orlgln of (St) 
.{g 

etther h-aaymptottcally etabie

or h-completely unetable' Then h ls odd snd

golutlons of (3.5) correaPond

followlng result.

^ 
1,,

(3.10) 
#,o'fo)-0,{r

1...h-1 and q
Ac

pr_oof. subatltute (3.7) lnto the aecond equatlon

equete coefflclents of cr slnce n(h) 1o'r'0'fo)

r we flnd that vr(orfo) : o for I - 1' "' h -

oo1

0g-
(grf0) = AOvl'

(o,fo) * o'

tn (3.5) f,or f a

{s of order > h

1. Indeed'

:'

and

1ln

lrnplylng vr(orr0) - vl(0,f0)eA0e'



1
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Condltlon (3.8) and

and consequentLy,

the fact thst det11-.2noo) I
vr(0,f'i = 0. Slnce vr(0,f0)

O lmplles that vr(o , f O) - 
"u

: 0 we then have

and as

1-1.

before,

.. h - 1.

Dv^

mt furfo) = Aov,

vr(0rfO) = 0, Contlnulng ln thls manner r+e obtaLn \rt(grf') : iJ,

Thus, {n order to conpute the functlone ur(0rf') we may

the flret equation ln (3.5) for f - fO. We then obtaln theput v=0 Lnto

equat{on

*f - n(t'l (o'r'o'16) 
'

whlch ls preclsely the equatlon ln polar cootdlnates of the orblte of (St).

$lnce x = y o 0 le elther h-asymptottcally stable or h-conpletely unetable

for (sh) we have that h ls odd and

ur(0rf') = 1-, ur(2rrfo) - 0, ! = 2... h - 1, trn(2n,fO) I 0,

(see [9] for more deta{ls), thue tmplytng (3.10) holds,

Flnally, ne have the followlng result ccncernlng the roote of V(erf)

for f close to f0.

Propoeltlon 5. Agsttnte the or{gln of (Sn) ls elther h-aeymptotlcally etable rii

h-completely unetable. Then there e*let c t 0 and a nelghborhood fr' of fO

euch that: (l) V(c,f) ls deflned for any c € fo,E| ancl t e F'; Q) fot every

c, e (OrE) there exlsts a nelghborhood N c ll auch that for f € N- allc1* 
"1

roots of V(c, f ) l.ytng ln t0r;1 lle ln [O,cr] .

?he proof of Proposltlon 5 utlllzee Propoeitlon 4 ln order to shon that i lr

E t O sufflclently smaLl and c e [O,Ei ue have iV{*,f')l -t p"h for an ap

proprlate constant u > 0. the
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contlnulty of V(crf) ln c and t = fO allows us to conclude that for every
.h

"1 
.[0,;] thereexlete t*,.t .suchtl.ratfor to*.r, lv(c'f)l:!au"|

for c € ["rrEl. We leave tie ,letal-la to the resder'

4. PROOF OF THAOREil 1

If {n the transfornatlon (3.4) we dsglune r < 0 lnstesdof r>O we

obtaln a new dlsplacement functlcn i(crf) def tnecl for c < 0' l'le r.1l1l extend

the domaln of V by eett{ng V(crf) - i(crf} f'r c < 0. Lt ls easy to

recognlze that th{s extended functlon {s contlnuous and for ftxed f ls (r

ln c. In addttlon, we observe that for any 2n-pertodlc gol"utton of (3.5)

there exlet "1 
t 0, "2 " 0 euch that v(crrf) - V(crrf) * 0'

Apsume Case

3 the proof

?

of

We ehsll prove ProPertY

the flret part of Theorent

(at) holde and {a vlew of Proposltln-

L w{l-t tre comPlete.

proof of prgnerty (e!)({}-. slnce the orl.gln ls a sr:l.tttlon of (3.5) for any

f , an appllcat{on of Rol-l-ete Theorem, {n vlew of (3.10), lrnplles that thefe

exists an e, > O and a nelgtrrhorhood H*of fO euctr that for any f € il*'

V(crf) has at most h-l nonaero roots ccuntlng nulttpl{ctty ln [-er'er1'

For each posltlve root of V(crf) there ls e negatlve roat of V(crf) cor-

respondlng to the eame perlod{c orblt. Thus, there are at most k - +

nontfivlal Zn-perlodlc golutlons of (3.5i 1ylng lrr P(cr) for f € il*'

Thua, property (a') (t) holtls.

Proaf _of_-pryIe4X.-(aL (11),. We essentlally adapt to our probletn a proceedure

used ln [1]. Suppose the orlgln of st ls h-asyrnptottrcall"y etable (the case

ln whlch the orlgln or ( sn) ts h-completelY unstabl.e has a slnrllar proof) '
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(4.1)

Conslder a perturberl sYeten of (3.1) of

ir = -y * 4n)(x,y,E) *

i,***t;n'(x,v,E)+r
(h'l

i-AOG*W;"'(x,yr6),

, h-l -.-- ! 1 z .l z l, on.l A ttre cwhere 1r = ,-- , J 1s any {nteger, 11J.1 k' and "{ sre eonetants to

be determlned (the caae J = 0 follows by letttng f ' fo) ' We wlll denote

by v(crarr...rrJ) the displacement functlon relatlve to the (2tt'v) golu-

tlons of (3.5) whlch cofrespond t0 (4.1). l{e w111 denote' by s(al," .la,)

the flrst two equatlons fn (4.1) for L - 0. Slnce the orlgln ls h-esymp-

tot{cally stable for S(0,...,0) then from Propositlon 4

v(croroe...ro) - eoch +o("h)r Fg < o'

Thur, for "o 
t 0 and gufflclently small we have

exlsts an n1 t 0 such that v(c'ratr " .r"J) < 0

L = 1r... 'J. 
Flx nog n1, ,0 < a-t < o1r Then

u.-, 
"n_2)V(crarr0,...,o) = Brc" - * o(

where 81 ' 2fi41 > 0. Thls cnn tre rer:cplnlzed by replaclng the exptess{on

for r 1n (1.r1 {nto S(a,,01...,0) and taklng l'nto account that u,(2n,f) - 0

I = 1r...rh-3 (see [9] for nore detalls)' 'fhere exlets "1'0 
t "1'"0

euch that V(crrarr0r...r0) > 0 and thus, we can find 12 t 0' n2 t [1' such

that for loil t \2, | * 2'..rr-1, v(crr"1,tzr"',ar) > 0' Flx now "2 
t 0t

[ "rl . n2. Then

the form

Lz z.k*r
I B{x(x +y /

1=1

L z.z.k-t
I sryix +y ,
=l

V(cOrOr.. . r0)

for l"rl . ii,

There
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h_'l _ 
( o.h*r)V(crarrarr0,...r0) - 82" " + 0

where gg - Yna, < A' Then there exlsts *:i' 0 " tZ o t'7 such that

v(czra1ra2rOr..rr0) < 0 antl thugn we can flnd n3 t 0t *" t2 such that

for ltrl. nr, I = 3r"rrJ' v("2.'*1""'*J) < 0" contlnulng thts proceae

$e can f lnel a set of numbers ;'f-;,""'f3' t'i t i1 t "1-1 
1= t""rj

(and thus o " it+l t Et 1 = 1" "'J-1) such tltat v(ilf '41"" 'a') = 0'

l * lr,..r3. sLnce c = o {e a root of v({:'&1."..'*J) of order h - 2J

(recall ut(Znrf) - 0 { = 1"'"'h*2-1-1} nnd for each poel"tlve root' of

V(cralr...r*J)uehaveanegatlverocttthe-nwei-mmed{stel'yhavethdtthe

; I = 1r... rJ are the only ponltlve ronte of v(c'a'' " "'"J)' Moreo-ver'

I * 
r be made cl'eiee tc c - 0 by ptckln8 c0

we can obtaln thdt the ci csrfi

suf f lclently amal1' Th{'s conpletes the prcof ',f {nt} ({'{)

Tlreprorrfof(at)(t{1)lganirnmecllatr:consequenceofPropoelt.lon5.

Thus,property(a,)holetsanclsothelJ'lrgtpar:tuf.|]heoremllsproved'

tJentrwelro\'CagetrlfcllowgfrornCase.-I.linranyp<lsltlvelntegerJ!'e

&gaumetn(3"1)1",*2J+1gn<lcr:nglder1rert:rttbedsyetensrrftlreform

i * *y o r[o'(x,y,{,} "t'

!,= * * r(h){xryrr"} +

L * Ac[ * *(ti] (x,y,r,) ,

a const{xflt. We ttten hnve tirat' for tlte

the orl"glrr ls etr ther h-asymplot lt:41 1-y

b < tl nr b > 0 respcrct{verly' Thus' we

correEP{rndlng reduced

gt-able or tt-comPletelY

h;tve t:etlttcecl the Problem

tr- I
.r n

bx(xi"r-y') '
lr-.!

bvfuz+yLj*T(4.2)

r,rhere b ts

system (ut,)

unstattle tf

to Caec I.
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Since

proof

.t

of

and b are arbltrsrY' PropertY

Theorem 1.

(A) lralds, thus concludlng the

5. PROOF OT' COROLI,ARIES.

The proof of carollary 1. f ollor*,s ttsn (2.7) and Theoretn L by obaervlng

that there ts sn equtvalence between the h-aeyr:ptottc ststllllty (h-complete

lnetabtl.tty}oftlreorlglnof(3.1}onH,",anrltheh.aeymptot{cstablllty

(h-cornplete l-nstablltty) of the or{gfn of (Sn}'

Ptoof o.f CtrollarY 2.

tle observe that the orlgln eif ttre eystem (3'1)

ln the whole lf and only tf the origln of iS,.) ls

lncleed, lf the orlgln *f (Sfr) le tr-asynptotlcr'lly

consl-ant C < 0 anci a PalYnorn{ai

(note that n(xrvrO) dlffers from the <ierJv*tJvr: r:f

of (S. ) hy terme of otder greater t?rdn h + 2) '
n

a qtradratlc form {n 6, Q(4}, erch tlrat along the

(Fr

of

F(xrg otl = *2 * ,2 + l-r(x,Yr4] -F " "th(stYrf,)

1e a homoge'leorla polyrronl.el of degree 1) sur]lt thnt the derlvatlve

F al.ong ttre .4olutlone af {3' 1} certr bs writtelt as

hr.l lr+.q
. 1 t "T^- 1 4 .'t 2

F(xry,e) = c(x/+yLJ L + a (x' +y'+'ll ell 
-)

is lr-esymPtotlcallY ecable

h-asymptottcallY stable'

stable, there exlsts a

!' along the solutlone

Morecvef, there exlsts

soluf lons of EYBtem ( 3 ' f)

Ot*,r,1) = -llfll2 + x1(x'y,[) * xrix,],[)
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where *L le of order

>h+1(seetYaPunovl.

Settlng n=FsQ He

x,Ir 6 amal-L,

Z 3 end of oreler >- 2 ln ei and *z

7l far a deta{led an*I'ys{e ryf the ahr:vEr

have that along the scl.utlcne r:f system

te of order

statementa).

t3.1), for

nt*,n r41 * -fle$2 + c(x2+y2) + ,.1(x' y rr,) * o(xr}r E)

HT

h+1._T

#+ c('{2+y2} * o(x, ! rL) ,

where o ls of urder > h + 1 and lncltldes xr(x,YrE)' Then n ls positlve

deflnl.te and {ts derlvatlve a1.ong s(}1uL{ons of (3.J") {s fiegatlve def {nlte'

Thls property hol.de lf we perturb (2.1-) r*lth terms of orsler g'reatet than h'

on the other hr.lnrl, thls pr:operty r^r111 nfit hoJcl by *pproprlately c''irooeLng peffur-

batlons of nrder < h" Thtls, ttre orl'6"'ln ol' ('2'1'j 1s h-asymptotlcally Btable'

Uslng efunllar arg,uments we cafi ehnv thst lf the orlgln ls tr-agymptotlcally

stable in thc r.rhole then the crdgln 1B h..aegrnptt]ttrcal1-Y prtable on Hh'

Analog1,oualy, we can pr$ve h?re crr{gfn:!.s h-rtnstnble {n ttr+: whol.e lf and

only Lf the orltrlln of {tih} {n li-ccrmplete.ly unstnbl-e' To vlew of corollary I

thLe completes tire proai ol' Coroltrary l^



BIBLlOCRAPHY

111 A,ndronov, A. r Leontov{ch, [., Gordon, I., and Maler, A. r Theory of
blfureetlone of dynanical eystems ln the plane, larael Program of
Sclentlflc Translatl"one, Jerusaleft, (1971-).

I21 Bernfeld, S. and Salvadorl, L., Generallzed llopf b{furcatlon and h-
asymptotic etabl1{ty, J. NonlLnear Analysle, T.M.A. 4(1980), 1091-1107.

I3l Bernfeld, S., Neg,rlni, p. & Salvadorl, L., Stabtlltyandgenerallzed Hopf btfur-
catl"on through a reductlon prlnciple, Proc. r:f tlre Conf . r'llonllnear Dlf-
ferentlal Equatlona: Invarlance, Stabl1lty, and Blfurcatlonrt Trento, Hay
254A. 1980, Academlc Preee (to appear) .

t4l Blblkov, Y., Local theory of nonllnear analytie ordinary dlfferentlal
equatlone, Lecture Notes ln Mathemallce 702, $pr{nger-Ver1ag, New York
(1e7e).

t5l Chafee, N., {lenerallzed Hopf blfurcation and pertutbatlon ln a full
nelghbothood of a gtve* vector fteld, Indlana Unlr. Math. J. 27(L978),
t7 3-L94.

[6] Ha1e, J. K., Toplcs ln dynamlc blfurcctlon theory, NSF-CBMS Conferencet
Arllngton, Texae, June 16-20, 1980.

t7l Lyapunov, A. M,, Problene gdndral de le etabllttd du nouvement, Ann.
of Math Stuellea, L7, Prl-nceton Unlv. Pre6o, Prlnceton, Netr Jeraeyt
(1947).

t8l Mareden, G. antl McCracken, M., The Hopf blfurcatlon and lta appllca-
tlone, Notea tn Applled I'tath. Sct. 19, Spr{nger Verlag, New Yorkr L976,

tgl Negrlnl, P. and Salvadorl, L., Attractlvlty and Hcpf b{furcatlonr J.
Nonl.lnear Ana1. T.M.A. 3 (1979), 87-100.

[10] Sansone, G. and Contl, R,", Nonllneat different{nl equatlone, MacHlllan'
New York, (1964).


