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Quasi-Measures and Walsh Series
Mikhail G. Plotnikov

Abstract: Properties of quasi-measures on the dyadic grGugnd on the product
groupGY are considered and applications of this properties to teerihof the unique-
ness of Walsh series are discussed.
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1 Preliminaries

ET G be the dyadic group[1-3]. The dyadic group is a set of sequences

t = {t}7°, wheret; = 0 or 1. The mappingp(t) = $°,ti2~'~! establishes
the one-one correspondence betw€eand the so-callechodified segment'JThe
modified segmend* = [0,1]* can be interpreted as the closed segnjért| in
which the dyadic rational points are counted twice: thet"ledint p/2¢ — 0 corre-
sponds to the infinite dyadic expansion and the right’ pqij“ + 0 corresponds
to the finite expansion. The topology @ is defined by the system of neighbor-
hoodsVix = {t = {ti} : ti = &, i < k—1}. The corresponding neighborhoodsJin
are the segmenfp/2X 40, (p+ 1) /2% — 0]. We shall identifyG andJ*.

Let {an(t)}n_o be theWalsh-Paley systemn G [2—4]. Fix naturald > 1. If
n=(ng,...,nq) € Z,, andt = (t1,...,t9) € GY, then thed-dimensional Walsh
functionan (t) is defined by

d
ah(t)z_[lah(t')-

Let .
S Gaon(t) (1)
n=0
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be ad-dimensional Walsh seriesn GY with real coefficientsc,. For N =
(N1,...,Nq) € Z; theN-th rectangular partial sum gof the serieg1) at a pointt
iS

Ni—1 Ng—1

Su(t) = Z Z Cnn(t).

n1:0 nd:O

The serieg1) rectangularly converge® sumS(t) at a pointt if
Su(t) — St) as minN;} — oo,
|
Let p € (0,1]; then the serie§l) p-regularly convergeso sumS(t) at a pointt if

Su(t) — S(t) as rTi1ir{Ni}—>oo and mir(N;/N;) > p

Consider intervals

A p1+0 p1+1 0} [

Pd pa+1
a ok + 0,

2ka 2ka

—0lc(@?®

whereks=0,1,..., ps=0,...,2% — 1. We call those intervaldyadic intervals of
rankk = (ky,...,kq). If Ais a dyadic interval of rank, then|A| denotes its Haar
measure, i.e. 2kt-+k) By regA we understand thearameter of a regularityf
the dyadic interval\ [5], i.e.

regA = min 2k' i,
ij=

Consider a point' € J*. We say that the sequengdy } of one-dimensional
dyadic intervals is théasic sequence convergent td@] if t' € Ay for all k; and
rank of A, equalsk;. Then thed-multiple sequencgAy } of d-dimensional dyadic
intervals is thebasic sequence convergenttte: (t,...,t%) e (J*)9if

Ak:Ak1><~~><Akd (3)

where{A} is the one-dimensional basic sequence convergeht to

2 Quasi-Measures orGU.

Let # denotes the family of all dyadic interval8). We consider some properties
of %-interval functionst : # — R. By a quasi-measure & we mean a finitely
additive-interval function [3]. Ifk = (kg, ..., kq), then we denote by<ahe vector
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(24,...,2%), For serie1) we define%-interval functiony associated with this
series via

W(b) = Sx (V)[4 (4)

whereA denotes the dyadic interval of rakksuch that € A. Itis known thatp is a
quasi-measure. The correspondence established by fofdutetween seriegl)
and quasi-measures is one-to-one (it is even a linear iguswn if the set of the
series(1) and the set of quasi-measures are naturally endowed wittrilngture of
a vector space). It is known that any seri&sis the Fourier-Stieltjes series for the
gquasi-measure associated with this series. The next fatddsvell-known.

Theorem 1 Let f € L1(GY), (S) be a Fourier series of the function f, agdbe the
gquasi-measure associated with this series. Then

W) = [ 1o
A
for every diadic interval.

Recall some definition [5]. Let be a quasi-measure, apde (0,1]. Upper
dyadicp-regular derivativeof the quasi-measureat a pointt € G% is defined by

= —T(A
Dgr(t)difllm% as |[A|—0, regA>p, teA.

3 A Continuity of Quasi-Measures.

Consider different types of a continuity of quasi-measukgjuasi-measure is
calledcontinuous in the sense of S4K§if

limt(A) — 0 as|A|— 0. (5)
A Z-interval functionr is strongly continuous at a pointe GY [5] if
lim7(A) — 0 as |A|— 0, teA. (6)
Let p € (0,1]; then we say that a functionis p-continuous at a point € G if
lim7(A) — 0 as |A| — 0, regA>p, teA. @)

It is clear that in the one-dimensional cd§g < (7). It is obviously that for all
p € (0,1] andt € G (5) = (6) = (7).
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4 Quasi-Measures and the Coefficients of Walsh Series

In the casal = 1 we consider the following conditions for coefficients aradtial
sums of the seriefl):

lim 27 "Spn(t) =0 (8)

n—oo

(Crittenden-Shapiro condition [8]);

lim ¢, = 0. )

n—oo

The next results follows frony).

Proposition 1 Let(S) be a series of the forrflL), ¢ be the quasi-measure associ-
ated with this series, andd G. If the partial sums $(t) of the seriegS) satisfies
the condition(8), then the quasi-measurg is strongly continuous at the point t. If
the coefficients of the seri¢S) satisfies the conditio(®), then the quasi-measure
Y is continuous in the sense of Saks. Assume that the $8yiesnverges to a finite
sum at some poirtp € G; then the quasi-measur@sis continuous in the sense of
Saks.

The next statement was proved in [9].

Proposition 2 Assume that for & 2 the serieg1) rectangularly converges to a
finite sum at every point of a 'cros§{a} x [0,1]) U([0,1] x {b}). Then the quasi-
measurey associated with this series is continuous in the sense &f Sak

In the case op-regular convergence the statements of the last theorems ca
fail to hold even for everywhere convergence of the appatprseries. This fact
follows from the next theorem [10].

Theorem 2 For everyp € (0,1] there exists a double Walsh series whictpis
regularly convergent to a finite sum everywhere dh But the quasi-measurg
associated with this series is n@f4-continuous at some poitt G. As corollary
this quasi-measure is not continuous in the sense of Saks.

The continuity in the sense of Saks was used for the solviegptbblem of
recovery the coefficients of rectangularly convergent ipldtWalsh series [11,12].
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5 24-Continuity and Uniqueness Problems for Multiple
Walsh Series.

The next type of continuity was offered in [13, 14]. Put
d
Sg={0=(01,...,04): gg=0o0rlforalli=1,....d}; |o|= Zl|oi|.
i=

Let {2} be the basic sequence of the fof&) convergent to a poirite GY. Put
DR = D1, D =D\ Dy if 0 € Zg, then A7 = AT x ... x A%
We say that a functiom is Z4-continuous at a point if

lim z (-Dlelrag) =o. (10)

1= =K e d
It can be proved that ip < 1/2 then(7) = (10) at every point € G.
Theorem 3 If d = 1 then(6) < (7) < (10).

Thus a study ob4-continuity is important only in the multidimensional case
The next theorem [13] establishes the connection betwasrtontinuity and the
coefficients of serie§l).

Theorem 4 Let(S) be a series of the forrfll), ¢ be the quasi-measure associated
with this series, ang € (0,1/2]. If the coefficients of the seri¢$) satisfies the
condition

1111

then the quasi-measung is Z4-continuous at every point¢ G4, Assume that
the serieqS) p-regularly converges to a finite sum at some poyk G; then the
quasi-measureg is Z4-continuous at every pointd G.

In the multidimensional casgy-continuity was used for a study of questions of
uniqueness fop-regular convergent multiple Walsh series. The next 'monimity
theorem’ for quasi-measures was proved in [10].

Theorem 5 Suppose that the quasi-measursatisfies
Dy1(t) >0 (11)

at every pointt € G4 except possibly a countable set L. Let the functiobe
Z3-continuous at every poirtte GY. Thent(A) > 0 for every dyadic intervad.
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The theorem 5 may be used for the proof the following fact eoming sets of
uniqueness. Recall that a deis called theset of uniquenes®r in short; aJ-set)
for a system{¢, } if from the convergence of a serigs, c,¢, to zero outside the
setL it follows thatc, = 0 for all n. The following statement fod-multiple Walsh
series was obtained.

Theorem 6 (See [10, 13]). Let a numbey € (0,1/2] be chosen. Then any finite
or countable set lc GY is a U-set for the multiple Walsh system wjikregular
convergence.

The concept oby-continuity also was used for the solving the problem of re-
covery the coefficients of multiple Walsh series [10]. Thismicept is also helpful
in the theory of the uniqueness of Haar series [14].
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