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Abstract—The purpose of this work is to demonstrate the 

quasi-phase-matching of third harmonic generation process in 

optical fibers using refractive-index gratings. We compare 

conversion efficiency calculated with analytical coupled modes 

theory and numerical approach employing system of coupled 

generalized nonlinear Schrödinger equation. Moreover, we show 

that introducing the phase matching condition that takes into 

account the nonlinear contribution to propagation constants 

significantly increases the conversion efficiency by several orders 

of magnitude. Finally we optimize the grating constant to 

maximize conversion efficiency. 

 
Index Terms—frequency conversion, gratings, optical fibers, 

optical phase matching, third harmonic generation  

 

I. INTRODUCTION 

N last years, an increasing interest in third harmonic 

generation (THG) in optical fibers is observed. The first 

experimental evidence of third harmonic generation in optical 

fiber dates from 1983 �[1]. This observation in elliptical core 

fiber reported the generation of the third harmonic line of 

pump and other spectral lines resulting from three-wave sum 

frequency process. The later investigations showed the 

correlation between the presence of various dopants in optical 

fibers, such as germanium, erbium or nitrogen, and third 

harmonic growth �[2]-[4]. In these works, THG efficiencies of 

about 10
-5

 were obtained. More recently, several studies 

confirmed the possibility of THG in photonic crystal fibers 

(PCF) employing intermodal phase matching condition, which 

greatly enhances the conversion efficiency �[5]-�[7]. The 

possibility of phase-matched THG was only demonstrated 

between the fundamental mode of pump and the higher order 

modes of TH. Unfortunately, due to high chromatic dispersion, 
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it is impossible to achieve the phase matching condition 

between the fundamental modes of pump and its third 

harmonic in conventional optical fibers and highly nonlinear 

fibers �[5],�[8]-�[10]. Even in photonic crystal fibers, in which 

the waveguide dispersion can be tailored in a very high degree, 

it is difficult to fully compensate for the material dispersion of 

the glass between the pump and its third harmonic �[11].  

In this work, we propose a concept of overcoming the 

difficulties in direct phase matching of the pump and its third 

harmonic by applying the quasi-phase matching (QPM) 

technique based on refractive index grating written into the 

fiber. The QPM concept was first proposed in 1962 by 

Armstrong et al. �[12] and based on a phase corrective scheme. 

The phase mismatch in a nonlinear optical process is corrected 

by modulating the optical constants (electric permittivity 

or/and nonlinear susceptibility) of the medium with a period 

equal to the coherence length of the process. In our case, the 

fiber grating’s constant is chosen to compensate for the phase 

mismatch between fundamental modes at different frequencies. 

The application of this idea for effective generation of the 

second harmonic has been first theoretically studied in �[13], 

�[14]. In recent works the grating-assisted generation of the 

second harmonic has been demonstrated experimentally in 

lithium niobate waveguide periodically poled by applying an 

external field in �[15], and also in potassium niobate �[16], 

GaAs–AlAs superlattice waveguide �[17] and in silica glass 

fiber �[18]. More recently, the QPM method has been applied 

to generate coherent extreme-UV light through a modulated 

hollow-core waveguide filled with various gases �[19]. 

Experimental demonstration of efficient third harmonic 

generation in barium fluoride has been reported through self 

phase matching via a travelling grating induced by two non-

collinear input beams [20-22]. In this configuration, the index 

grating leads to diffraction of the generated third harmonic. 

In the present work, we detail the results of an analytical and 

numerical analysis which validate the grating-assisted THG 

concept in optical fibers. We restrict here our discussion to the 

case of continuous wave (CW) pumping. The paper is 

organized as follows: in section II we introduce theoretical 

formulations which allow calculating efficiency of energy 

conversion using nonlinear coupled mode equations and 

coupled generalized nonlinear Schrödinger equations 

(GNLSE). Section III provides illustrative example design of 

the step-index fiber and analysis of conversion efficiency 

obtained by using analytical and numerical approaches. We 
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implement gradually the linear and nonlinear effects induced 

by the grating in both models. Section IV contains 

conclusions. 

II. THEORETICAL FORMULATION 

To analyze the process of THG in longitudinally structured 

medium we have applied two different approaches. First, 

following the considerations earlier presented for quasi-phase 

matched second harmonic generation by Suhara and Nishihara 

in �[13], we have used the nonlinear coupled mode theory. For 

comparison, we have also derived and numerically solved 

a system of two coupled GNLSEs allowing for investigations 

of THG process. 

A. Coupled mode theory 

To derive equations describing the efficiency of the THG, 

we started with assumption that only two modes: pump at 

frequency ω and its TH at 3ω propagate in the optical fiber. To 

describe the fiber in terms of material constants used in 

coupled mode theory such as electric permittivity and 

nonlinear susceptibility, we applied an appropriate conversion 

of common parameters. The electric permittivity is calculated 

as square of effective refractive index and average nonlinear 

susceptibility χ(3)
 is calculated from nonlinear refractive index 

n2 and effective refractive index n: 

 

,
3

4
= 2

2

0

)3( ncnεχ  (1) 

 

where ε0 is the vacuum permittivity, and c is a light velocity. 

The modulation of χ(3)
 is introduced into the coupled mode 

equations to describe modulation of effective mode area, 

which implies modulation of overlapping coefficients in 

frequency mixing processes. 

In coupled mode theory we treat the longitudinal 

modulation of refractive index (which is introduced by the 

fiber grating) as a small perturbation. Moreover we treat 

nonlinearity as a perturbation. Then the canonical modes are 

calculated for a fiber without nonlinearity and without 

longitudinal modulation of refractive index. Afterwards, taking 

into account the parameters of the grating such as amplitude 

and period, we are able to describe coupling between modes. 

In general, modulation of electric permittivity and nonlinear 

susceptibility of the grating with period Λ can be expressed 

with Fourier expansions: 

 

),(exp= jqKzq

q

−∆∆ ∑ εε  (2) 

,)(exp= (3)(3)
jqKzq

q

−∑χχ  (3) 

 

where K = 2π/Λ is the grating constant. We consider here 

a sinusoidal grating (see Fig. 1), which means that order q can 

take only the values -1, 0, 1. We also assume that ∆εq and 
(3)

qχ  

are real. Moreover, the fiber canonical modes are calculated 

 
Fig. 1.  (a) Modulation of relative electric permittivity ∆ε assumed in coupled 

mode approach. Average value of perturbation is zero, since fiber canonical 

modes were calculated for average ε. (b) Nonlinear susceptibility χ(3) assumed 

in coupled mode approach. The whole nonlinearity including constant 

component )3(

0χ is treated as perturbation. 

 

for average electric permittivity 
z

ε . In other words the zero 

order perturbation ∆ε0 is equal to zero and the modulation 

amplitude of electric permittivity is 2∆ε1 (see Fig. 1). 

Starting with canonical modes, one can derive the following 

system of equations in the framework of coupled mode 

theory �[23]Erreur ! Source du renvoi introuvable.: 

 

,),,()(exp),(
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where the function Aω(z) represents dependence of the pump 

amplitude upon propagation distance, A3ω(z) is the amplitude 

of third harmonic; Eω(x,y), E3ω(x,y) are the normalized mode 

profiles of electric fields in the fundamental modes at 

respective frequencies.  

The normalization relation is: 

 

( ) ,1
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1
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where subscript t denotes transverse components and H stands 

for magnetic field. 

In order to solve this system of equations, one has to know 

the expressions for polarizations Pω, P3ω. Considering all 

possible frequency mixing processes, we obtain the following 

expressions for polarization terms oscillating with ω and 3ω: 
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Using the substitutions �[13]: 

 

( )[ ],)(sin2exp)(=)( KzKjzAzA ωω κ−  (9) 

( ) ( )[ ],sin2exp)(=)( 33 KzKjzBzA ωω κ−  (10) 

 

where ωκ , ωκ3  are coupling coefficients for linear processes 

at both frequencies, we can write the following relations: 
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where ( )[ ]Kωω κκφ 332 −= , 32 3q qK
ω ωβ β∆ = − −  and 
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denote overlap coefficients for different nonlinear processes 

(THG, self phase modulation – SPM, cross phase modulation 

– XPM). This system of equations was then solved with 

MATLAB differential equation solver ode23 to obtain the 

longitudinal evolution of the amplitudes of both pump and TH. 

The coupled mode theory can be also used to derive an 

approximated closed-form expression, which describes growth 

of TH power in initial part of process. Assuming that pump is 

undepleted and value of amplitude B is close to zero, the 

system of equations (11), (12) can be replaced with equation: 

 

( ) ( )( )( ) 3

THG3
= exp 2 exp sin

q

q

q

d
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dz
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After substitution of �[13]: 

 

( )( ) ( ) ( )exp sin exp
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p
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one can rewrite equation (21) as: 

 

( ) 3= exp 2 q

d
B j j z A

dz
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where ( )(1) (0)

3 2 0 3 1
( ) ( ) ( )

THG THG
J J Jω ωκ κ ϕ ϕ κ ϕ= + − . By solving 

equation (21) one can obtain a simplified expression for 

efficiency: 
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which gives 

 
42 2A zη κ=  (25) 

 

when 0
q

∆ = . 

This expression can be used only to estimate the conversion 

efficiency for short propagation distances, since important 

nonlinear effects as SPM and XPM were neglected in its 

derivation. Comparison of efficiency calculated using 

approximated expression with an exact solution of the 

equations (11-12) is presented in Fig. 3. 

B. Coupled generalized nonlinear Schrödinger equations 

The third harmonic generation process in longitudinally 

structured fiber can be also investigated using a generalized 

nonlinear envelope equation (GNEE) �[24]. This equation has 

been successfully used to study non-phase-matched single-

mode third harmonic generation occurring simultaneously with 

fs pulse spectral broadening in highly nonlinear fiber�[9], �[24].  

The single GNEE can be expressed equivalently as 

a system of two coupled generalized nonlinear Schrödinger 

equations. This allows decreasing numerical effort by using 

lower number of points in frequency discretization.  

In our simulations, the Raman scattering was disregarded 

due to its low impact on the short propagation distance studied 

here, while we have accounted for frequency dependence of 

effective mode area using approach presented in �[26], �[27]. 

Longitudinal dependence of refractive index was incorporated 

by solving the following equations:  
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on small slices (Λ/300). In the above equations describing 

respectively the evolution of pump and third harmonic 

amplitude against propagation length �[28], the following 

notation has been applied: U(z,ω) is the forward propagating 

envelope, which is normalized in such a way that |U|
2
 yields 

the power in Watts; D(z,ω) is the dispersion operator in 

frequency domain; n2 is the nonlinear coefficient, Aeff(z,ω) is 

the effective mode area and { }4/11

effAUFU
−= , where F and 

F
-1

 denote respectively direct Fourier transform and inverse 

Fourier transform, and the subscripts 1 and 2 denote 

respectively pump and TH.  

To ensure accurate modeling, we have verified that spectral 

overlapping between pump and third harmonic fields do not 

occur but also that higher harmonic generation is negligible. 

Moreover, the relevance of coupled equations system is the 

explicit appearance of coupling terms which allows an easier 

interpretation of the dynamics involved. The equations are 

coupled by terms representing flow of energy from pump to 

third harmonic - 3

1
3

1
U , from third harmonic to the pump - 

*

2

2

1 UU  and by cross phase modulation terms. 

III. NUMERICAL EXAMPLE 

In this section, we present the result of simulations 

providing a proof of principle for grating-assisted generation 

of TH in optical fiber. Although the considered fiber was not 

optimized for maximum efficiency, the simulation results 

confirm the possibility of effective THG using quasi-phase-

matching with refractive-index grating.  

We have considered a step index fiber with germanium 

doped core, doping level of 7.34% and radius of 2.65 µm. This 

slightly different design from the standard single mode fiber 

(SMF28) allows here the study of higher modulation of the 

core index induced by the grating. We have calculated 

frequency dependence of effective index of the fundamental 

mode taking into account chromatic dispersion of pure and 

doped silica �[29] and assumed that the fiber nonlinearity 

equals a constant n2 = 2.6⋅10
-20

 m
2
/W [28]. For the coupled 

mode approach, the average nonlinear susceptibility 
)3(

SPMωχ  

and 
)3(

3SPM ωχ  were calculated applying formula (1), explicitly: 

 

,
3

4
= 2

2

0

)3(

SPM ncnωω εχ  (28) 

,
3

4
= 2

2

30

)3(

3SPM ncn ωω εχ  (29) 

 

 

TABLE I 
VALUES OF PARAMETERS APPLIED IN CALCULATIONS 

 

where nω and n3ω are the mode effective indices at respective 

frequencies. The susceptibilities 
)3(

THGχ
 

and 
)3(

XPMχ  were 

calculated as geometric average of 
)3(

SPMωχ  and 
)3(

3SPM ωχ , 

explicitly: 

 

( ) ,= 4 )3(

3SPM

3)3(

SPM

)3(

THG ωω χχχ
 (30) 

( ) ( ) .= 4 2)3(

3SPM

2)3(

SPM

)3(

XPM ωω χχχ  (31) 

 

The values of all parameters applied in the calculations are  

gathered in Table I. 

Knowing the parameters of the fiber, we were able to 

perform simulations of conversion efficiency η, which is 

defined as the ratio of the power in third harmonic to the initial 

pump power. In the simulations, we assumed that the fiber is 

pumped with CW laser of 10 kW power at λ = 1.5 µm. This 

power level is presently achievable only for pulse pumping, 

however we can treat CW pump as approximation of pulse 

pump with ns or ps pulse duration. Moreover, the stimulated 

Brillouin scattering nearly ceases to occur for such short pump 

pulses [28]. 

A. Fiber without grating 

For the fiber without refractive index grating, the non phase 

matched THG process is observed with low maximal 

efficiency and oscillations with period equal to the coherence 

length calculated from the following relation: 

 

 
Fig. 2.  Conversion efficiency η against propagation distance z in the fiber 

without grating calculated over 3 coherence lengths. 

Symbol 

Value at pump 

frequency 

(grating variation in %) 

Value at TH frequency 

(grating variation in %) 
Unit 

 n2 2.6⋅10-20 2.6⋅10-20 [m2/W] 

 n 1.45031 (±0.132 %) 1.47426 (±0.167 %) [1] 
)3(

SPMχ  1.9365⋅10-22 (±14.96 %) 2.0000⋅10-22 (±2.98 %) [m2/V2] 

 Aeff 31.07 14.18 [µm2] 

 fSPM 0.03219(±14.96 %) 0.07052 (±2.98 %) [µm-2] 
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( )ωω ββπ 32 3COH −=L  (32) 

 

where β stands for the propagation constant at respective 

frequency. As it is shown in Fig.2, the results obtained for both 

models are in excellent agreement. 

B. Fiber with linear effects of grating 

The grating inscribed in the fiber core changes its refractive 

index. We have calculated effective refractive index assuming 

that maximum increase of the core index induced by the 

grating fabrication is equal to 0.005. This value is achievable 

for germanium doped fiber with UV inscribed grating, which 

was hydrogen loaded before inscribing process �[30]-�[31].  

Assuming that only effective refractive index was changed 

by inscribing the grating (a case of linear grating) and that 

grating’s constant K fulfils the following quasi phase matching 

condition: 

 

033 =−− Kωω ββ , (33) 

 

we have obtained the efficiency of THG presented in Fig. 3. 

We have calculated efficiency also with approximated closed-

form equation (25). As expected the initial (up to 0.5 cm of 

propagation distance) growth of TH is described accurately, 

however this expression fails to predict the maximum 

efficiency. We specify that small oscillations induced by the 

QPM technique have been averaged for better clarity in 

Fig. 3-7. 

The maximum efficiency achieved is about 250 times 

greater than in the fiber without grating. The analytic and 

numerical models give similar results for the growth rate of 

TH power, however slight discrepancies appear both in the 

position and the maximum value of efficiency. This difference 

between both models is studied in details in the following. In 

this configuration, the achieved maximum efficiency is low 

and reaches only about 2×10
-5

, because the quasi-phase 

matching condition represented by (33) does not take into 

account nonlinear change of refractive index.  

Indeed, to achieve greater conversion efficiency than 

presented in Fig. 3, a nonlinear correction should be included 

in the condition (33). Since nonlinear effects change the 

propagation constant, we should introduce nonlinear 

propagation constants expressed in the following way [28]: 

 

,2++=
~

3XPM

2

SPM

2

ωωωωω
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ββ Pf

c

n
Pf

c
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,
3

2
3
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2

3SPM3
2
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ββ Pf

c

n
Pf

c
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where Pω and P3ω stand for power in pump and in its third 

harmonic, and the f coefficients denote overlap integrals 

defined in the same manner as in [28], �[32]. Assuming that 

power in the third harmonic is low and can be neglected in the 

above relations, we obtain the simplified nonlinear phase 
 

 
Fig. 3.  Conversion efficiency η against propagation distance z in the fiber 

with linear refractive index grating satisfying linear phase matching condition 

(33) 

 

 
Fig. 4.  Conversion efficiency η against propagation distance z in fibers with 

linear refractive index grating satisfying nonlinear (36) phase matching 

conditions. 

 

matching condition: 

 

( ) .02
3

SPMXPM
2

3 =−−+− KPff
c

n
ωωωω

ω
ββ  (36) 

 

In Fig. 4, we present the results of calculations obtained for 

the above nonlinear phase matching condition. It clearly 

proves that applying corrected phase matching condition 

results in significant increase of the conversion efficiency 

(more than one order of magnitude over the same distance). 

C. Fiber with linear and nonlinear effects of grating 

The analysis presented so far does not take into account that 

the change of the core refractive index has influence not only 

on the propagation constant but also on mode field diameter. 

Consequently, the grating introduces modulation of the fiber 

nonlinear parameters related to the mode effective area and the 

overlapping coefficients.  

To evaluate the effect of modulation of nonlinear 

parameters on conversion efficiency, we have calculated the 

mode effective areas for extreme values of refractive index in 
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the grating and we have assumed that the inverse of effective 

mode area (i.e., the overlap coefficient fSPMω or fSPM3ω) changes 

sinusoidally between the extreme points (see Table I). This 

assumption can be incorporated in the coupled GNLSEs 

numerical solution by accounting for Aeff(z) dependency. It 

means that in the considered model the mode effective area 

varies both with frequency and propagation distance. 

Incorporating of sinusoidal modulation of the inverse of 

mode effective area into the coupled modes theory is not 

straightforward because in this approach nonlinearity of the 

material is represented only by nonlinear susceptibility. 

Knowing the values of effective area in extremes of the 

grating, we have determined the relative change in the inverse 

of effective area (given in Table I) and introduced equivalent 

variation of nonlinear susceptibilities into the coupled modes 

approach by setting respective values of )3(

SPMωχq
, )3(

3SPM ωχq
, 

)3(

THGqχ , and )3(

XPMqχ  for q = -1, 1. 

The results presented in Fig. 5 were obtained for the linear 

phase matching condition (33). It appears that also accounting 

for modulation of nonlinearity leads to significant increase of 

the conversion efficiency reaching two orders of magnitude 

compared to the linear grating discussed in the previous 

section, see Fig. 3. Here, it turns out that grating induced 

nonlinearity modulation impacts more significantly the THG 

process than the linear refractive index modulation. This is 

simply due to higher relative modulation of the effective mode 

area compared to refractive index modulation as reported in 

Table I. The QPM technique is indeed highly sensitive to the 

modulation amplitude of optical constants of the medium. 

Similarly to the case of the linear grating both models give the 

same results for initial growth rate of the TH. A slight 

difference is still observed for the maximum conversion 

efficiency. 

In Fig. 6, we show the results obtained taking into account 

nonlinearity modulation introduced by the grating and 

nonlinear quasi phase matching condition represented by (36).  

 

 
Fig. 5.  Conversion efficiency η against propagation distance z in the fiber 

with nonlinear refractive index grating satisfying the linear phase matching 

condition (33). 

 
Fig. 6.  Conversion efficiency η against propagation distance z in the fiber 

with nonlinear refractive index grating satisfying the nonlinear quasi phase 

matching condition (36). 

 

Conversion efficiency in the range 5-10% over propagation 

distance below 20 cm is obtained. This distance corresponds to 

about 9000 periods of the grating. The values of maximal 

efficiency and its position predicted by both models are not 

exactly the same. This can be related to the fact that coupled 

mode theory does not integrate combined effects of both 

dispersion and nonlinearity in the same way than coupled 

GNLSEs. Consequently, a slight phase-mismatch seems to be 

cumulated during the propagation. Indeed, when the grating 

constant is shifted by the same small absolute value in either 

model we then obtained an excellent good agreement between 

both models, as shown in Fig. 6. The small correcting term 

used is equal to 5 m
-1

 (1.66×10
-5

 of the total phase mismatch). 

D. Optimization and discussion 

Previously we assumed that TH power can be neglected in 

the relation defining the grating period. A more rigorous study 

would take into account the impact of both pump depletion 

and TH amplification during propagation on the relation (36), 

this leads to investigate longitudinal variations of the grating 

period and then considers more complex chirped gratings. 

However, one may ask if better efficiency can be simply 

reached by adding a small shift ζ  in the phase matching 

condition corresponding to the third harmonic contribution: 

 

( ) .02
3

3 SPMXPM
2

3 =−+−+− KPff
c

n
ς

ω
ββ ωωω

 (37) 

 

We have performed numerical optimization of TH conversion 

based on this last phase matching condition by using the 

coupled modes theory (see Fig. 7). Finally we have found that 

a maximum conversion about 20% is obtained for ζ = -23 m
-1

 

over 45 cm of propagation. This optimization value 

corresponds to about 10-20% of the nonlinear contribution 

induced by the pump power in the relation (37), which is of the 

same order than the conversion efficiency, thus confirming the 

influence of TH power. These results have also been 

confirmed by the coupled GNLSEs model.  
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Fig. 7.  Conversion efficiency η against propagation distance z in the fiber 

with nonlinear refractive index grating satisfying the nonlinear quasi phase 

matching condition (37). 

 

These last results highlight the high sensitivity of the THG 

process to slight phase shifts in this configuration. This effect 

is mainly due to the narrow bandwidth allowed by the QPM 

technique based on constant grating period. Such a constraint 

could be relaxed by using chirped gratings which 

simultaneously enable very high efficiency with broadened 

phase matching bandwidth �[13]. 

IV. CONCLUSION 

We analyzed efficiency of energy conversion from pump to 

its third harmonic in conventional step index fiber based on 

grating-assisted quasi-phase matching technique. For this 

purpose, we developed analytical formulation in the 

framework of coupled mode theory, which allows accounting 

for modulation of both linear and nonlinear parameters of the 

fiber with longitudinal modulation of refractive index in the 

core. For comparison, we also used a fully numerical model 

employing coupled GNLSEs. In both approaches we have used 

continuous wave pumping. The results predicted by both 

models are in good agreement. 

Our simulation results show that the grating must satisfy the 

nonlinear quasi-phase matching conditions represented by 

(36), (37) in order to reach maximum efficiency. Moreover, 

including in the simulation a modulation of the grating 

nonlinear parameters leads to significant increase of the 

conversion efficiency. For the optimum period of the nonlinear 

grating, the efficiency reaching 20% over the propagation 

distance of 45 cm can be achieved, whereas in fiber without 

grating the maximum efficiency is only 10
-7

. A possible way of 

further improvement of the efficiency could be application of 

microstructured fiber owing to its small mode area and high 

nonlinearity. Moreover, increase of efficiency is expected by 

application of high power femtosecond pump pulses, however 

in this case a special fiber design matching the group velocity 

at pump and TH frequencies is necessary to avoid the effect of 

pulse walk-off. 

In this paper we have focused only on grating-assisted THG 

process as a possible solution of the phase mismatch problem 

encountered in conventional fibers. It is worth to mention that 

similar approach can be also applied to enhance other 

processes of wavelength conversion like four wave mixing and 

supercontinuum generation.  
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