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A quasi-probability distribution function based on the coherent state for U(3) is intro-
duced, and its properties are then investigated. With the aid of this function it is shown
that the co-operative spontaneous emission from a system of the three-level atoms can be
described as a diffusion-like process on €% In particular, the limit of validity of the semi-
classical approach is examined. The case in which the semiclassical approach is not applicable
can also be treated approximately by means of the Wiener-Hermite expansion method.

§ 1. Introduction

The semiclassical treatment has proved itself to be valid for an investigation
of the phenomena of coherence such as photon echo” and self-induced transparen-
cy.? It has also been intended to extend the semiclassical theory for studying
a spontaneous emission® in which quantum effect plays an essential role. In order
to ascertain the extent of validity of the semiclassical theory we discuss the co-
operative spontaneous emission, i.e., superradiance. Since we take this phenomenon
to be originally quantal, our standpoint is quite different from the neoclassical
theory developed by Jaynes et al.*

It is customarily believed that the system will be more classical as the photon
number in a mode or the number of atoms becomes large. However, the system
can never be either completely classical or semiclassical, since both of the pure
classical and the semiclassical theory comprise some difficulties the quantum theory
will overcome.

For such a simple system as an assembly of the two-level atoms it was

shown® *

that we could even interpret a co-operative spontaneous emission in terms
of the classical terminologies by introducing the quasi-probability distribution func-
tion (abbreviated as QPDF) of a specific form: The effects of quantum fluctuation
are completely taken into account as a spread of the QPDF at the initial stage,
and each phase point corresponding to a classical dipole moves along a classical
trajectory. If we interpret this spread of the QPDF as a result of the fluctuation
in the ensemble of the dipole moments, we can say that the total emission from the
system is given as an average of the emission from each classical dipole with

respect to the ensemble.
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Quasi-Probability for Three-Level System 1039

In the present paper the problem described above is discussed for a system
of the three-level atoms. In § 2 the Gilmore theory of coherent state for a multi-
level system” is briefly reviewed. There we introduce the QPDF based on the
coherent state and then derive some formulae to transform the operator master
equation to the equation in a c¢-number phase space. Further some of the pro-
perties of the c-number equation are discussed, especially it is shown that the
procedure of transformation to the c-number phase space is mathematically equi-
valent to taking some kind of representation of the Lie algebra u(3). In §3
an investigation of the superradiance from a system consisting of N identical atoms
of three levels interacting with electromagnetic fields is made by applying the
procedure developed in §2. With the aid of the QPDF the motion of the
system is described as a diffusion-like process on €C®. Then we readily obtain the
asvmptotic behavior for a large number N of atoms by means of this equation
of motion. Thus we find that the system can be well described by the classical
equation of motion unless one of the three levels has extremely smaller population
than the others. If this is not the case, then the quantum fluctuation exerts a
goo.d deal of influence upon the coherence properties of the system, of which we
can approximately describe by using the Wiener-Hermite expansion method. In
the last section the results are summarized and the unsolved problem of the limiting
procedure in the theory of superradiance is discussed in connection with the rigorous
result® obtained recently.

§ 2. Coherent state and quasi-probability

We begin with a brief review of the Gilmore theory of the coherent state
for a three-level system.” To be definite we consider a system consisting of N
identical atoms of three levels as shown in Fig. 1. Let EJ; be an operator of
the mth particle represented by a 3 X3 matrix whose (7,7) component is unity
and all others are zero. As is easily seen the operators E[} satisfy the commutation
relation,

[E:'}’EZL] :6mn (E:rlL ]Ic'_E;cn]6u) (21)

The operator E; (i2%j) causes a transition of the s th particle from its jth to
7 th energy level.

LEVEL 1 = wy
12
LEVEL 2 w,
I3
\ l—'
23
LEVEL 3 - w3

Fig. 1. Energy level diagram for the three-level atom.
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1040 H. Ito

Now we define the collective operators H; and Rj; for the N identical atoms
of three levels,

N
HiZmZ:IEﬁ, (Zzl, 2) 3)

N N
Ry=3Ep, Ry=XE%. (<)) 2-2)

Here H; describes the population of the ith level. The raising and lowering
operator between 7th and jth level are respectively denoted by R}; and Rj;.
The Dicke state for the three-level atoms is labeled by the pattern,”™'"*

(mlpfzzpzms)'} , 2-3)

where m,, m, and m; are positive integers or zero which prescribe the Young
frame satisfying

mi+my+my=N, m_=my=>m;—>0. (2-4)
The parameters p;, p, and q are also integers varying in the ranges,
M =P =My =P, =>my
P=a=ps . (2-5)

Hereafter we confine ourselves to the totally symmetric case, i.e., [#2,, 7,, 7124]

=[N,0,0]. We then use the abbreviation,

‘ N oo
o= » 0 )). (2:6)
q
Some of the matrix elements of the operators (2-2) with respect to state |p, ¢) are
summarized in the Appendix®~" (see (A-1)), from which we can find the physical
meanings of the quantum numbers p and g, i.e., ¢, p—q and N—p are respectively
the population of the 1st, 2nd and 3 rd levels.

Since we think of an application to superradiance, our definition of the coherent
states is slightly different from Gilmore’s: Coherent states are such states into
which the fully excited state |N, N) can evolve by a classical driving field. Let
|#,v> be a coherent state which is defined by the following equation:

|, v)=U|N, N) =exp(aR;+ SRz —h.c.)| N, N) (2-7a)
=1 +7) " exp(uRi+VRi)| N, N) (2-7b)
N! 12
=Q+7)" 3 pmy" < ST L > IN—n,N—m—n), (2-7c)
0=m R mlnl (N —m —n)!

*) We need Yamanouchi symbols in addition to the quantum numbers in (2:3) to specify
the state uniquely. See Ref. 7).
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Quasi-Probability for Three-Level System 1041

where « and 3 are the complex amplitudes of the classical driving field. The
parameters /, ¥ and 7 are related to « and (3 through the equations

p=aa 'tana, v=fa 'tana,
r=(uP+ D", a=((al*+]p1)". (2-8)

Operating the unitary operator U defined in Eq. (2:7a) on the one-particle
state (N=1), )

[1,1) ="(1,0,0), (2-9)

we can find the meanings of # and . In (2-9) # indicates a transpose, i.e., |1,1)
is a column vector. The geometrical interpretation is as follows: a stereographic
projection from south pole maps the hypersphere S* on €* (=CX C: C indicates a
complex plane). The hypersphere S*is in one to one correspondence with the set of
coherent states,” and C? is, in this case, just (#,») plane. On the other hand the
physical interpretation is that a point (#, ) corresponds to a state whose complex
amplitudes of the 1st, 2nd and 3 rd energy levels are in the ratios 1: z:.
The coherent state |x,v> bears the two significant properties such as (1)

overcompleteness,

2 2
SM:TEEJF@ Lm, >, vl (1;‘5/;/[12‘?3_;””%3 —1. (2-10)
which is readily verified by means of Eq. (2-7¢), and (2) the fulfilment of the
seven eigenvalue equations. These eigenvalue equations are summarized in the
Appendix (see Egs. (A-3)). '
We are now in a position to introduce the QPDF. Let ¢ be the density
operator. The c-number function, the so-called Q function,” is then defined as

Qu, v) =u, vio|u, v>. 21D

With the use of Eq. (2-7b) and of the eigenvalue equations (A-3) we obtain the
realization of operators Rj; etc., e.g., the differential operator, 8/01* + Nu/ (1 ++%),
can be regarded as a realization of Rj; in (A-4b). Since this procedure is quite
analogous to that developed in I, we just summarize the results in (A-4) instead
of repeating it here.

We shall briefly elucidate the mathematical background of this realization.
Let 7" be a (IN+1) (IN+2)/2-dimensional vector space whose bases are given by

vy = () W/ A+
(4, v are fixed, 7*=|x*+|°, 0=i+j<N) (2-12)

We take g= (a;;) €U(3), f&€V and consider the following irreducible representa-
tion (0, V) of U(3):

o ") =2 h(v/z, 2/2) /(L ++9)7, (2-13)
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1042 H. Ito

where
(x’ Y, Z) = (13 /l*y ))*> : (aij)y h: (1 +7‘2) ‘\tf" (214)

Differentiating the representation (2-13), we obtain the differential representa-
tion* (04, V) for the Lie algebra u(3) as

0x GO F=lim 7 (p(@) ~1)f,  Xeu(), (2-15)

which essentially coincides with (A-4). Note that Rf; etc. do not belong to 1(3)
but to its complex Lie algebra. Further, it should be noted that the factor
1/(1+7*)" is of importance, since this factor enables us to extract the classical
parts out of the generators of U(3), e.g., the second term in the operator 0/0u*
+Nyu/(1+7%) can be regarded as its classical part. This significant property is
fully utilized in the next section.

§ 3. Superradiance from the three-level atoms

Now we study the co-operative spontaneous emission from N identical atoms
of three levels confined in a small region following the procedure developed in

the preceding section. The basic Hamiltonian of this system is written as™''®

3
H=3% 0,H;+ ; Weytay+ ; GraRet + 98R7) (an+ail). 3-1)
i=1 ,a

Here a,' and a, are creation and annihilation operators of photon with momentum
k. H; denotes the population of the Zth level, and R, and R,” (o= (Z,j)) are
the operators causing the transition between Zth and jth level. Summation over
« stands for all the pairs (7,7);1<<i<j<<(3. We have neglected in Eq. (3-1) the
position dependence of the coupling constant ¢,.

Applying the Born-Markov and the rotating wave approximations and ignoring
the effects of the frequency shift as well as the thermal field, we obtain the master
equation in the interaction picture for the reduced density operator ¢ describing the

®  Let us investigate only the case in which energy

states of the atomic system.
spectrum is not degenerate (Min;y;lw;— ;| >Max,[",7").

The reduced density operator ¢ satisfies the equation

0=2] g“{[R;,aR:H [R,0,R,*1y=> L0, 3-2)
where
I'y=2z ; 10400 (01— 00), 0e=0¢n=|0;—0;|. (3-3)

Using (A-4) we transform the operator master equation for ¢ into the associat-
ed c-number Fokker-Planck equation for R defined by

*) The fact that the coherent states are closely related to some kind of differential representa-
tion is first pointed out Hioe' concerning SU(2).
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Quasi-Probability for Three-Level System 1043

R=<{p,vl0|pm,vy/A+7%)?,
ri=u|*+|v]*. (3-4)
The results are shown in the Appendix (A-7)~(A-9).

Let us first investigate the relation between our approach and the semiclassical

’  Estimating an order of magnitude of

theory developed by Chrisp and Jaynes.?
the moments, we can easily understand that the diffusion terms in the Fokker-

Planck operators (A-7)~(A-9) can be neglected, so long as the conditions
AuiHLEN,  LPHLN (3-5)
and
v/l H>LN (3:6)

are all satisfied.® We set X=N/(1+7*), Y=N|u|*/(1+7®) and Z=Ny|*/(1
+7%). These are respectively the classical parts of the population operators, H,,
H, and H,. Thus we arrive at the set of equations of motion:

X=—T,XY—-T,ZX,
Y=I,XY—-T,YZ,
Z2=I.YZ+T:ZX. (3-7)

These are in agreement with the semiclassical equations of motion.” This semi-
classical equation completely lacks the effect of quantum fluctuation, as we see from
the following discussion of the two typical cases:

Case a) X0)=N, Y(0)=Z(0)=0

No emission occurs because there exists no atomic dipole initially. On the
other hand the quantum theory involves no such difficulty, since the initial value
is always accompanied with the spread of the QPDF due to the quantum fluctuation
of the atomic dipole given by

{t,v|N, N) (N, N|g,vp=1/A+#)". (3-8)

Since we have already met such a problem in the two-level system of atoms® and
the argument for the three-level system of atoms is quite analogous, we shall not
discuss it any longer.

Case b) X(0)/Y(0), Z©0)/Y(0)~O(N)

This situation is peculiar to the multi-level system of atoms. Let us look
at what the semiclassical theory predicts. For simplicity let /'3 =0, I'p,=1"=1".
This Egs. (3:7) have another conserved quantity XZ=constant in addition to X+ Y

* In case I'iz/I"ss, I'13/T2350(1/N), we should take account of the diffusion terms in _La
when {Jz|®, {|v|*»>~0O(1/N). However such a case will not actually occur, so that we shall not
discuss it.
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1044 H. Ito

+Z=N. From this we see that the atomic energy is only partially released. This
false prediction can be revised in the quantum theory. Note that the second
condition (3:6) is no longer satisfied in this case. Hence in the Fokker-Planck
operator [, the diffusion term |v|?0®/0udu*, which is of the order of magnitude
of {|v/u|*>~O(N), should be included to describe the system correctly.
The associated Langevin equation is given by

A=ENTu(+|u* =) /A +7") +3IVEF,

y=NI"|plv/(1+7?),

F(t) =f(8) +ig(2), r"=|nl*+v]*,

S(@BgE)>=0, {F@fF()>=<g®)g)>=00—1"). (3-9)
Using the classical variables X, Y, Z and W’ENp}v*/(l—}—rz)EU—HV relating to
the dipole operator R, we rewrite Eqs. (3-9) in the following form:¥®

X=—I'XY—N'TXRe(WF), (3-102)
Z=I'YZ—N"'T'ZRe(WF), (3-10b)
W=I'W(N/2—2Z)+TZF*/2, (3-10¢)

where we have omitted the small terms in comparison with ZF*/2 on the right-
hand side of Eq. (3:10c). The expression for Y need not be considered explicitly
because the relation Y=N—X—Z always holds. From Eqgs. (3-10) we obtain the

equation

d __z2r .
o (XZ)= =" XZRe (WF). (3-11)

Equation (3-11) shows that XZ is no longer conserved but randomly modulated.
In general it is hard to solve such nonlinear Langevin equations as Egs. (3-10).
Here we treat it using Wiener-Hermite expansion method.””*® We expand X, Y,

Z., U and V as

oo t t
X0=x J ﬁ‘“ a2--didVd2’,--dif K& (61,2, i3 1,2/, )
§r=0"m—

i+J

X Fi(1,2, )G, (17,2, 7). (2-12)

We obtain the similar expansions for Y, Z, U and V. The functions Iy, I, -
and G,, G,, .-+ are defined by

Fi()=f®), F@)=fOf)—0@=1t), -,
G()=g(), G(t,¢)=g@®)g(t)—=0(=1), . (3-13)

Keeping the terms up to zeroth order of X, Y and Z, and up to first order of

# The Langevin equations (3-9) and (3-10) are assumed not to be the Ito-Doob type'™ but
to be of the Stratonovich type.'®
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Quasi-Probability for Three-Level System 1045

U and V, we obtain a closed set of the ordinary differential equations,
(X == O WN—LX)=<(Z)) ={XXZy/2N,
(Zy=(Zy(N—{X>—<Zy) —{Z)*/2N.,
(WH={WH(N/2—<2Z)),
AW (8:1) = (N=2(Z2) AW (2; 1),
AW, (¢ 8) =<Z(5))(1—1)/2,
K§(¢;1) =K (¢;1)=0, (3-14)
where ¢ is scaled by 1/I", ie., I't—>t. The expectation value (X ) is defined by

the equation
(X(2)>=Ki (2). (3-15)
The other expectation values, <Z», <U) and {V), are similarly defined. Moreover
AWi(¢,1) is defined as
AW, (¢, 1) =K5(#; 1) K5 (¢;1). (3-16)

If the atomic system is initially excited to a coherent state, for which the initial
spread of QPDF is negligible, then we can calculate the fluctuation of the dipole
moment between 2nd and 3rd level as follows:

AU V) =T V2 — (US4 <V
= Lthfé (t; D)*d1+ fIKJ{(t; N (3-17)

A typical solution of Eqs. (3-14) is illustrated in Fig. 2. The figure shows that
the atomic system loses its coherence rapidly before the expectation value of the
population deviates remarkably from the classical prediction. It is worth while

noting that such an emission is not a co-operative emission because it is induced

X,Z
d

S

Fig. 2. Time development of the

population, the dipole moment
Z and its fluctuation (per atom).
X and Z are the population
of the 1st and 3rd energy
J10 level. Their semiclassical coun-
terparts are denoted by X, and
Ze. d={|unl>"?, S=(d*
Xc = [Kutasp®)/ 1< tt2sp|*. Here pzq is
a dipole moment between 2nd
and 3rd level. S denotes the
12 square of the ratio of the vari-
ance to the mean of the dipole
moment. N=200.

0.5;

Zz0oz ¥snbny |z uo isenb Ag 980€ 16 1/8€01/7/GG/a101KE/did/Wod dno-olwapede//:sdiy Wwoly papeojumoq



1046 H. Ito

rather by quantum fluctuation. It will be further possible to evaluate the atomic
dipole Rj; or the higher order corrections.

If we are concerned only with the motion of the mean value of X, Y and Z,
then we may study a rate equation including the quantum effects as an additional
decay rate whose order of magnitude is 1/N. This approach was carried out
by Cho et al.”® but their result is slightly different from ours (Egs. (3-14)).

§ 4. Conclusion

We have studied superradiance from many three-level atoms by introducing a
QPDF based on the coherent state for U(3). We have shown that for large N
the system can be described well by the classical equation of motion unless one
of the three levels has extremely smaller population than the others (see Eqgs.
(3:5)~(3:7)). When this condition is not satisfied, the feature of the emission
is far from the co-operative spontaneous emission because the emission is induced
by quantum fluctuation. We have also discussed such an aspect (see Fig. 2).

We finally remark that there remains an unsolved problem in the limiting
procedure with which we get a classical equation of motion. We make first Markof-
fian and 1st Born approximations (the lowest order approximation of the perturba-
tion series), then let N—>oco. As pointed out by Wills and Picard,” this pro-
cedure gives rise to the difficulty of divergence which the superradiance master
equation is suffering from. The perturbation series for the density operator is,
at the same time, an increasing power series of N. Although the recent develop-
ment of statistical mechanics® clarifies the basis of Born and Markoffian approxima-
tion, such a divergence problem is not taken into consideration as yet. This isa
problem to be resolved in the future.

Acknowledgements

The author wishes to thank Professor Y. Kano for helpful discussions and
for reading the manuscript. He is also indebted to Professor H. Hasegawa and
Mr. K. Ikeda for valuable discussions and criticism to this work. Itis a pleasure,

moreover, to acknowledge the helpful information of probability theory given him
by Dr. H. Nakazawa.

Appendix

1) Matrixz elements®~*

Hi|p,9) =alp, ), Rilp, @) =Va(p—q+1)|p,a—1),

H\p, @) = (0=t a), Ralt,a) =VN—-p+D(p—-alp—1,9),

Hyp,q) = N=p)p,q), Rulp,d) =VaN—-p+Dp—1,¢-1). (A1)
Matrix elements of Rj;, Rj and Rj; are easily obtained from Ry, R and Ry by
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Quasi-Probability for Three-Level System 1047

using (Rp) " =R ete.
2) Eigenvalue equations
Let U be a unitary operator defined by |#, v>=U|N, N). Then the following

seven identities hold:
URLU Yy, vy=0, URZRU 'u,v>=0,
UHU Yy, v>=0, UHU'|\u,v>=N|u,v, (A-2)

where (7,7) =(1,2), (2,3), (1,3) and £=2,3. The explicit forms are as fol-
lows:

(H,+ 1R +yRy) |1, v) = Nlp, v),

(R + PRy + 1tvRig) | 11, vy = Nyl 1, v),

(Ri5+ Ry, + ' Rig) | 11, vy = Ny| 1, v,
(H,—1Rp) |11, 9> =0,  (Ri—vRp) |1, v>=0,

(R —uRg) |1, v) =0, (Hy—yRp)|un,v)=0. (A-3)
3) Realization of operators Rj; etc. (see Egs. (2-2).)
J
9 9 , N
R O S ] (A-4a)
_( 0 Nu
v | ROty v) = <a/7*+ rfljr—r—é)Q, (A -4b)
_ 0 0 Ny*
R — [ — %2 kxS AVEA .
u, v|Ruo| 1ty v < u ot wr et 1+r2>Q, (A-4c)
F
<y y\Rigl, vy = (= 0+ T4 )0, (A-4d)
Ny
<, V|H2(7|/-4,V>=</J*az*+ Mo, (A-de)

i Expressions for {u, Y| R0/, v), {pt, V| R0 |11, vy, {11, v| R0 | 11, vy and e, v| Hyo |11, v)
are given by exchanging # and v in the expressions (A-4b), (A-4c) (A-4d) and
(A-4e), respectively.

1)  Formula for evaluating the expectation value
Let A be an operator for the atomic system only. The expectation value of
A is given by

etz (o) = YV FDAV+2) Lo, oA

(By=tr o) = CTDNED | ool Aol A0
=(N+1)(N+2)J‘ A0 Fudy A5
EHDED | oy ady, (A-5)
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1048 H. Ito

where we have made use of the overcompleteness relation (2:9), and A stands

o

for the realization of A in the sense of (A-4). When the classical part A of A
is dominant, (A can be approximately written as

~ 2
(Ay=N+DWN+2) j AR & diy=""" j AR&udv,  (A-6)
s c? T c?

where R=0Q/(1+%)"
5) Fokker-Planck operator associated with the damping Liouvillians (3-3)
0°

(i) L {a —ar*l/zl“ o A P o
+§_.ﬁﬂ—(N+3) i 111'/1' ~ W +3)aa ’1ﬂ|”}R+cc (A-T)
(ii) L0: ¢ and y are to be exchanged in (A-7). (A-8)
(i) Lo {a %;--- p|t— aaa e+ aa y+ (N+3) aa ﬂ_”'
—(N+3)~a-6; HKZ}RHC (A-9)
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