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A B S T R A C T

T h is  p ap er  d e scr ib es  a fin ite  e le m e n t  app roach  to q u a si-T E M  a n a ly s is  o f  sev era l d ifferen t  

ty p e s  o f  iso la ted  an d  co u p le d  m ic r o w a v e  tr a n sm is s io n  lin e s . B o th  th e  first and  h igh er-ord er  

o rd in a ry  e le m e n ts , a s  w e l l  as  s in g u la r  an d  in fin ite  e le m e n ts  are u sed  to  s o lv e  fo r  th e  p o ten tia l and  

fie ld  d is tr ib u t io n s  in  th e  c ro ss -se c t io n  o f  th e  lin e . N e x t , th e  c r o s s -s e c t io n a l fie ld  d is tr ib u tio n  is  

in ser ted  in  a v a r ia tio n a l ex p ressio n  to  co m p u te  th e  cap ac itan ce  per u n it  len g th  o f  th e  line and  th e  

e f fe c t iv e  p e r m it t iv i t y  an d  ch a ra cte r is tic  im p ed an ce  o f  th e  lin e  are o b ta in ed  fro m  th e  cap ac itance  

v a lu e . A  p er tu rb a tio n a l approach  is d ev e lo p e d  fo r  e s t im a tin g  th e  lo s se s  d u e  to  con d u cto r  and  

d ie le c tr ic  d is s ip a t io n  and  co m p u tin g  th e  a tten u a tio n  c o n s ta n t.

L in es  tr ea ta b le  b y  th is  m eth od  m a y  co n ta in  an  a rb itra ry  n u m b er  o f  a rb itra r ily  sh ap ed  

co n d u c to r s , in c lu d in g  a s y s te m  o f  c o n d u c to r s  e ith er  p laced  a b o v e  a s in g le  grou n d  p lan e  or b e tw een  

tw o  p a ra lle l g ro u n d  p la n es , and  in h om o gen eo u s  d ie le c tr ic  reg ion s th a t  can  be ap p ro x im a ted  lo c a l ly  

b y  a n u m b er  o f  h o m o g en eo u s  su b reg ion s.

T h e  r e su lts  o b ta in ed  u s in g  th e  fin ite  e lem en t  p roced u re  h a v e  been  com p ared  fo r  v a r io u s  ty p e s  

o f  m ic r o w a v e  tr a n sm is s io n  lin e s  and  h a v e  been  fo u n d  to  agree  w e l l  w ith  a v a ila b le  th eo re tica l and

m easu red  d a ta .
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I. IN T R O D U C T IO N

The accu ra te  p red ic tion  o f  th e  ch a ra cte r is t ic  im p ed an ce , a t ten u a tio n , c o u p lin g , c ro ss ta lk , e tc .,  

in m ic ro str ip s , s tr ip lin e s  and  s im ila r  tra n sm is s io n  lin e s  is im p o r ta n t in m ic r o w a v e  and  m il lim e te r  

w a v e  in teg ra ted  c ir cu its , d ig ita l c ir cu it  d es ig n , c o m m u n ic a t io n  an d  o th er  a p p lica tio n s. T h e o b jec tiv e  

o f  th is  p ap er is  to co n s id er  m ic r o w a v e  tr a n sm is s io n  lin e s  w ith  ra th er  a rb itra rv  con figu ra tion  and  to  

p resen t  a co m p u ter -a id ed  a n a ly s is  th a t  a l lo w s  s im p le  an d  a ccu ra te  ca lcu la t io n  o f  it s  d esign  

p a ram eters .

In  t h e  p a s t ,  m i c r o w a v e  t r a n s m i s s i o n  l i n e s  h a v e  b e e n  t h o r o u g h l y  i n v e s t i g a t e d  b y  m a n y  a u t h o r s  

a n d  m a n y  a p p r o a c h e s  to  a n a l y z i n g  t h e m  h a v e  b e e n  d e v is e d ,  e .g . ,  t h e  G r e e n  s  f u n c t i o n  te c h n iq u e s  

[1 ]  -  [6 ] , c o n f o rm a l  m a p p in g  [7 ]  -  [9 ] , v a r i a t i o n a l  m e th o d s  [ lO ] ,  [ l l ] ,  F o u r i e r  t r a n s f o r m  m e th o d  

[ 1 2 ] ,  [1 3 ] , F o u r i e r  in te g r a l  m e th o d  [1 4 ] , s p e c t r a l - d o m a in  m e th o d  [1 5 ]  -  [1 7 ] ,  b o u n d a r y  e le m e n t  

m e th o d  [ 1 8 ] ,  [1 9 ]  a n d  f in i te  e le m e n t  m e th o d  [2 0 ] , A l l  o f  t h e  a b o v e  m e th o d s ,  w i t h  t h e  e x c e p t io n  o f  

t h e  la s t  tw o  a r e  r e s t r i c t e d  in  t h e i r  a p p l i c a t i o n  to  t r a n s m i s s i o n  l in e s  in  w h ic h  t h e  c o n d u c t o r s  a r e  th i n  

s t r i p s  o r  t h e  d i e le c t r ic s  i n s e r t s  h a v e  p l a n a r  in t e r f a c e s  o r  b o th  r e s t r i c t i o n s  a p p l y .  I n  c o n t r a s t ,  th e  

f in i te  e l e m e n t  m e th o d  (F E M )  is  c a p a b le  o f  h a n d l i n g  t r a n s m i s s i o n  l in e s  w i t h  r a t h e r  a r b i t r a r y  

c o n f ig u r a t i o n s ,  s in c e  t h e  l in e s  t r e a t a b l e  b y  t h i s  m e th o d  m a y  c o n ta i n  a n  a r b i t r a r y  n u m b e r  o f  

c o n d u c t o r s  o f  a r b i t r a r y  s h a p e  a n d  in h o m o g e n e o u s  d ie le c t r ic  r e g io n s  t h a t  c a n  b e  a p p r o x im a t e d  

l o c a l ly  b y  a  n u m b e r  o f  h o m o g e n e o u s  s u b r e g io n s .  B e c a u s e  o f  t h e  g e n e r a l i t y  o f  t h e  F EM  a p p ro a c h  

th e  f in i te  e le m e n t  m e th o d  is  e m p lo y e d  in  t h i s  p a p e r  f o r  t h e  a n a l y s i s  o f  s e v e r a l  r e p r e s e n t a t i v e  

m ic r o w a v e  t r a n s m i s s i o n  l in e s  o f  p r a c t i c a l  i n t e r e s t .  T h e  a n a l y s i s  is  b a s e d  o n  a  q u a s i - T E M  m o d e l  

w h ic h  is  o f t e n  a d e q u a t e  f o r  m ic r o w a v e  f r e q u e n c i e s  in  c o m m u n i c a t i o n  a p p l i c a t i o n s  a n d  f o r  ty p ic a l  

p u l s e  r is e  t im e s  o f  i n t e r e s t  in  h ig h  s p e e d  d i g i t a l  c i r c u i t  d e s ig n .

B o th  t h e  f i r s t -  a n d  h i g h e r - o r d e r  o r d i n a r y  e le m e n ts ,  a s  w e l l  a s  s i n g u l a r  a n d  in f in i te  e le m e n ts ,  

a r e  u s e d  in  th e  F EM  a lg o r i t h m  to  s o lv e  f o r  th e  q u a s i - s t a t i c  p o t e n t i a l  a n d  t h e  c o r r e s p o n d in g  fie ld  

d i s t r i b u t i o n  in  a m i c r o w a v e  t r a n s m i s s i o n  l in e . T h e  c a p a c i ta n c e  p e r  u n i t  l e n g th  o f  th e  l in e  is 

o b ta in e d  f r o m  a v a r i a t i o n a l  e x p r e s s io n ,  a n d  th e  e f f e c t iv e  d ie le c t r ic  p e r m i t t i v i t y ,  c h a r a c t e r i s t i c



2

im p ed a n ce  an d  p h ase  v e lo c it y  are  a lso  c a lc u la te d . F in a l ly ,  a p ertu rb a tio n  m eth o d  is  u sed  to 

co m p u te  th e  lo s se s  d u e  to  b o th  th e  co n d u c to r  and  d ie le c tr ic  d is s ip a t io n s .

T h e  ch a ra cte r ist ic  im p ed an ce  an d  lo s s  ch a ra c te r is t ic s  h a v e  b een  ca lcu la ted  fo r  v ar io u s  

tr a n sm is s io n  lin e s  o f  in te re st  an d  v e r y  good  a g reem en t w ith  a v a ila b le  th eo re tica l an d  ex p er im en ta l  

d a ta  h as been  ob ta in ed .

n .  F IN IT E  E L E M E N T  M O D E L  O F  A  M IC R O W A V E  T R A N S M IS S IO N  L IN E

C on sid er  a m ic r o w a v e  tra n sm is sio n  lin e  w ith  an  a rb itra ry  cro s s  se c tio n  c o n s is t in g  o f  a n u m b er  

o f  a r b itr a r ily  sh ap ed  co n d u c to r s  an d  in h om o g en eo u s  d ie le c tr ic  reg ion s w h ich  can  be ap p ro x im a ted  

lo c a l ly  b y  h o m og en eo u s su b reg io n s  (F ig . 1 ). L et u s a s su m e  th a t th e  lin e  is u n ifo rm  a lon g  its  

lo n g itu d in a l ( z )  a x is  and  le t € and  M ( =  po ) d en o te  th e  p e r m it t iv ity  an d  p e rm ea b ility , r e sp e c t iv e ly ,  

o f  th e  m ed iu m  in each  h o m og en eou s su b reg ion .

V /e  a s su m e  a q u asi-T E M  m o d el, i.e .. th a t  th e  d o m in a n t m od e  p rop aga tin g  a lon g  th e  lin e  is a 

T E M -m od e. U n d er  th is  a p p ro x im at io n , th e  p rob lem  is redu ced  to  th a t o f  find in g  th e  sca lar  

p o ten t ia l fu n c t io n . 0 ,  s a t is fy in g  th e  P o isson 's  eq u a tio n

A 0  =  -  iL
* € (1) 

su b jec t  to th e  (a p p ro p ria te ) b o u n d a ry  co n d it io n s

0  =  0 O on T i QL ss 0  on T2. ^
U a j

w h e r e  p is  t h e  v o lu m e  c h a r g e  d i s t r i b u t i o n ,  e is  t h e  d ie le c t r ic  p e r m i t t i v i t y  a n d  a n d  I \  a r e  

c o m p l e m e n t a r y  p o r t i o n s  o f  t h e  b o u n d a r y  T o f  t h e  d o m a in  S  in  w h ic h  E q n . ( l )  is  d e f in e d .

In  o r d e r  to  a p p l y  t h e  f in i te  e le m e n t  a p p r o a c h  to  t h e  p r o b le m  a t  h a n d  w e  f o r m u l a t e  i t  in 

v a r i a t i o n a l  t e rm s .  T h e  c o r r e c t  s o l u t i o n  o f  E q n . ( 1 )  is  o n e  t h a t  m in im iz e s  t h e  e n e r g y  f u n c t i o n a l

F =T- [ e - ¡ r i ds  (2)

E q n .  ( 1 )  is  t h e  E u l e r  e q u a t i o n  o f  th e  f u n c t i o n a l  E [ 2 7 ]  s a t i s f y i n g  t h e  e s s e n t i a l  b o u n d a r y  c o n d i t io n  

o f  D i r c h l e t  t y p e ,  v iz . .
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F ig u r e  1. C r o s s  s e c t io n  o f  a m ic r o w a v e  t r a n s m i s s i o n  l in e .
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0 =  0o on r lf

and  th e  n a tu ra l b o u n d a ry  co n d it io n  o f  N ew m a n  ty p e , i.e .,

=  0, on r-,.
2

(2 a )

(2 b )

A cco rd in g  to  th e  FEM  p roced u re , th e  cro ss  se c tio n  o f  th e  lin e , d o m a in  S. is  su b d iv id ed  in to  

f in ite  e le m e n ts  in an  a rb itra ry  m an n er  p ro v id ed  th a t  a ll  th e  d ie le c tr ic  in te r fa c e s  co in c id e  w ith  th e  

e lem en t  s id es . A lth o u g h  a v a r ie ty  o f  d iffer en t e le m e n ts  can  be ch o sen , th e  tr ia n g u la r  f ir s t -  or  

h ig h er -o rd er  [21 ] e le m e n ts  are ad op ted  in  th is  s tu d y .  It h a s been sh o w n  [2 1 ]  th a t th e  a ccu ra cy  and  

effic ien cy  o f  co m p u ta t io n  can  be s u b s ta n t ia l ly  en h a n ced  v ia  th e  u se  o f  th e  h ig h -o rd er  e le m e n ts  a s  

com p ared  to  th e  case  w h e re  o n ly  th e  fir s t-o rd er  e le m e n ts  are e m p lo y e d , i f  th e  sam e n u m b er  o f  

n o d es  is u sed . O n th e  o th er  h and , a large n u m b er  o f  s im p le  e le m e n ts  is c le a r ly  a d v a n ta g eo u s  w h ere  

a co m p lica ted  b o u n d a ry  sh ap e  n eed s to  be m od eled .

H o w ev er , w h e n  th ere  are field  s in g u la r it ie s  cau sed  b y  ed g es  in th e  c ro ss  se c t io n  o f  th e  lin e , a 

v e r y  fine m esh  o f  f ir s t -  o r  h ig h -o rd er  e le m e n ts  is  req u ired  to ob ta in  an accu ra te  s o lu t io n . H o w ev er ,  

in ord er  to im p ro v e  a ccu ra cy  and  red u ce  th e  n u m b er  o f  n ece ssa ry  n o d es , s in g u la r  e le m e n ts  [2 2 ]  are

u sed  in th is  s tu d y .  A  s in g u la r  e lem en t  w ith  lab e led  n od es  an d  a sso c ia ted  tr ia n g u la r  p o lar  

co o rd in a te  s y s te m  (p . cr) is sh o w n  in F igure  2.

T he g lo b a l C artesian  co o rd in a tes  are then

*  -  x  i +  p  [ U 2 -  x  i )  +  cr 0 c 3 -  * , ) ]  

y ~ y  l +  P [ ( ? 2  ~  J i )  +  cr ( y 3 — y 2)]

T h e  s c a l a r  p o t e n t i a l  d i s t r i b u t i o n  f u n c t i o n  t h a t  t a k e s  in to  a c c o u n t  t h e  f ie ld  s i n g u l a r i t y  a t  th e  

n o d e  1 ( p  — 0 )  h a s  t h e  f o l l o w in g  f o rm ;

0  -  (1  -  pK) +  <i>2p^  ( l -  cr) +  <J>-,pV. _L <  A <  i , v
2 ’ f i b ;

w h e r e  c o e f f ic ie n t  K is  c h o s e n  in  a c c o r d a n c e  w i t h  th e  M e ix n e r  e d g e  c o n d i t i o n  [2 3 ] ,  a n d  4>,. $ 2. <fi3 a r e  

c o r r e s p o n d in g  n o d a l  p o t e n t i a l s .  T h e  l i n e a r  v a r i a t i o n  o f  t h e  s c a l a r  p o t e n t i a l  a lo n g  th e  s id e  2 - 3  is 

p r o v id e d  so  t h a t  th e  e l e m e n t  is  c o m p a t i b l e  w i t h  f i r s t - o r d e r  o r d i n a r y  e le m e n ts .



l i g u r e  2 . S i n g u l a r  e le m e n t .
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A lth o u g h  o p e n -ty p e  tra n sm is s io n  lin e s  can  be trea ted  b y  th e  co n v en tio n a l f in ite  e lem en t  

m eth od  w ith  th e  sh ie ld in g  far  a w a y  fr o m  th e  region  o f  in te re s t , th e  co m p u ta tio n  e ffic ien cy  can  be 

s u b s ta n t ia l ly  im p ro v ed  if  in fin ite  e le m e n ts  [24 ] are u sed . C on s id er  first th e  lin e  co n s is t in g  o f  a 

n u m b er  o f  c o n d u c to r s  a rb itr a r ily  p laced  b e tw een  tw o  p a ra lle l g ro u n d  p lan es  (F ig . 3a ).

T h e  en t ir e  d o m a in  can  be d iv id e d  in to  th e n ea r-f ie ld  reg ion  (n . f . ) .  w h ic h  is th e  reg ion  o f  

in ter e st  and  th e  fa r -f ie ld  reg ion  ( f . f . )  w h ic h  is  u n b o u n d ed . T h ey  h av e  a co m m o n  b o u n d a ry  

referred  to  a s  th e  fa r -f ie ld  b o u n d a ry  ( f . f .b ) .  T he n ear fie ld  ( n . f . )  reg ion  is th en  d iv id e d  in to  fin ite  

tr ia n g u la r  e le m e n ts  in th e  u su a l m a n n er , w h ile  th e  f . f .  reg ion  is  d iv id e d  in to  in fin ite  e lem en ts .

Each in fin ite  e le m e n t  has tw o  com m o n  n o d es  ( ly in g  on  f . f .b )  w ith  an  o rd in a ry  fir s t-o rd er  e lem en t  

and  tw o  s id e s  p a ra lle l to th e  x -a x is .

C o n s id er  th e  in fin ite  e lem en t w ith  n od es 1 an d  2 (F ig . 3 b )  an d  in tro d u ce  n o rm a liz ed  

coo rd in a tes

y - y  l 
y 2 - y i  ’

x l  <  X <  c o . y i v->
(4 a )

S in ce in th e  first a p p ro x im a tio n  th e  fa r - f ie ld  o f  th e  s y s te m  is  e q u iv a le n t  to a d ip o le  fie ld , th e  

e lec tr ic  sc a la r  p o ten t ia l w ith in  th e  e lem en t  is  chosen  in  th e  f o l lo w in g  w a y :

0 = i[4>,(l-q) + $2r,] (4b)

w h e r e  ^>l a n d  <I>2 a r e  p o t e n t i a l s  o f  n o d e s  1 a n d  2 , r e s p e c t i v e l y .

T h e  n e x t  t y p e  o i o p e n  r e g io n  p r o b l e m s  is  a s y s t e m  o f  c o n d u c t o r s  a b o v e  a  g r o u n d  p la n e .  T h e  

p r o c e d u r e  is  s im i l a r  to  t h a t  in  t h e  p r e v io u s  c a se . T h e  e n t i r e  d o m a in  is  d i v i d e d  in to  n . f .  a n d  f . f .  

r e g io n s  (F ig . 4 a )  T h e  n .f .  r e g io n  is  d i v i d e d  in to  t h e  u s u a l  t r i a n g u l a r  m e sh  a n d  th e  f . f .  r e g io n  is  

d iv i d e d  in to  in f i n i t e  e le m e n ts  o f  tw o  d i f f e r e n t  t y p e s .  1 a n d  II. T h e  in f i n i te  e l e m e n t  t y p e  I is  t h e  

e le m e n t  p r e v i o u s l y  d i s c u s s e d .  C o n s id e r  n o w  th e  in f in i te  e l e m e n t  o f  t y p e  II w i t h  n o d e s  1. 2  a n d  

r a d i a l  s id e s  i n t e r s e c t i n g  a t  p o in t  ( * ,  y „ ) (F ig .  4 b )  a n d  i n t r o d u c e  t r i a n g u l a r  p o l a r  c o o r d in a t e s  p . t r  

w h ic h  a r e  r e l a t e d  to  th e  g lo b a l  C a r t e s i a n  c o o r d in a te s  b y  t h e  r e l a t i o n s
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F ig u r e  3 a . L in e  c o n s i s t in g  o f  a s y s t e m  o f  c o n d u c to r s  p la c e d  

b e tw e e n  tw o  g r o u n d  p la n e s .
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f i g u r e  3 b . I n f in i te  e le m e n t  t y p e  I.
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F ig u r e  4 a . L in e  c o n s is t in g  o f  a s y s t e m  o f  c o n d u c t o r s  

p la c e d  a b o v e  g r o u n d  p la n e .



F ig u r e  4 b . I n f i n i te  e le m e n t  t y p e  II.
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x ~ xo + p [ ( x  \“~X0 ) +  ( r ( x  2- X  i )  3

y - y o  +  P  ( (y i - y 0 ) +  <r(y2~ y  1) ]

( 5 a )

T h e  s c a l a r  p o t e n t i a l  d i s t r i b u t i o n  w i t h i n  t h e  e l e m e n t  is  a p p r o x im a t e d  b y

0  =  — [ cr) +  0 2(J ]
( 5 b )

w h e r e  <I>2 a r e  n o d a l  p o t e n t i a l s ,  f o r  e le m e n t  t y p e  I la  x0 , y 0 =  0 .

F o r  b o t h  t y p e s  o f  i n f i n i t e  e l e m e n t s ,  t h e  l i n e a r  v a r i a t i o n  o f  t h e  p o t e n t i a l  f u n c t i o n  a lo n g  t h e  

s id e  1 -2  ( c o m m o n  s id e  w i t h  a  c o r r e s p o n d in g  o r d i n a r y  e l e m e n t )  is  p r o v id e d .  T h e s e  e l e m e n t s  a r e  

c o m p a t ib le  w i t h  o r d i n a r y  f i r s t - o r d e r  e l e m e n t s  a n d  s a t i s f y  c o m p le te n e s s ,  f in i t e n e s s  a n d  r a d i a t i o n  

c o n d i t i o n s  [2 4 ] ,

O n c e  t h e  p o t e n t i a l  d i s t r i b u t i o n  is  k n o w n ,  t h e  c a p a c i t a n c e  p e r  u n i t  l e n g th .  0 ,  is r e a d i l y  

o b ta in e d  f r o m  th e  v a r i a t i o n a l  e x p r e s s io n .

w h e r e  W  is  t h e  e n e r g y  p e r  u n i t  l e n g th  o f  t h e  l in e  a n d  V  is  th e  c o n d u c t o r  p o t e n t i a l .  T h e n  th e  

e f fe c t iv e  ( d i e l e c t r i c )  p e r m i t t i v i t y  is

w h e r e  C  is  t h e  c a p a c i t a n c e  o f  t h e  a c t u a l  l in e .  C„ is  t h e  f r e e - s p a c e  c a p a c i t a n c e  o f  th e  l in e . T h e  p h a s e

( 6 a )

( 6 b )

v e lo c i ty  is

c

( 6 c )

w h e r e  c is t h e  v e lo c i ty  o t l ig h t  in I re e  s p a c e . 1 h e  c h a r a c t e r i s t i c  im p e d a n c e  is

( 6 d )
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T h e  e x p r e s s io n s  g iv e n  in  ( 6 a )  ( d )  a r e  f o r  a  s in g le  l i n e ,  b u t  t h e  s a m e  p r o c e d u r e  c a n  b e  a p p l ie d  

to  f in d  t h e  c a p a c i t a n c e  a n d  c h a r a c t e r i s t i c  im p e d a n c e  f o r  e v e n -  a n d  o d d -m o d e s  o n  tw o  c o u p le d  l in e s  

o r  to  f in d  c a p a c i t a n c e  a n d  im p e d a n c e  m a t r i c e s  f o r  a  s y s t e m  o f  n - l i n e s .  T h e  e le c t r o m a g n e t i c  f ie ld  

d i s t r i b u t i o n  c a n  a l s o  b e  o b ta in e d :

s . — ' v t . a . — l E x i  ( 7 . )

w h e r e  z  is  u n i t  v e c t o r  in  t h e  z  d i r e c t i o n  a n d  7) is  t h e  i n t r i n s i c  im p e d a n c e  o f  t h e  m e d i u m  -

V ~  ( ^ 0  ) ' ( 7 b )

N e x t ,  w e  e m p lo y  a  p e r t u r b a t i o n a l  a p p r o a c h  to  s o lv e  f o r  t h e  a t t e n u a t i o n  c o n s t a n t s  d u e  to  d ie le c t r ic  

a n d  c o n d u c t o r  lo s s e s

<*</
( 8 a )

w h e r e  PfJ is  th e  t im e - a v e r a g e d  p o w e r  f lo w  a lo n g  t h e  l in e ,  a n d  Pd a n d  Pc a r e  t h e  t im e - a v e r a g e d  

p o w e r s  d i s s ip a te d  in  th e  d ie l e c t r i c s  a n d  c o n d u c t o r s ,  r e s p e c t i v e l y .

D ie le c t r i c  lo s s e s  a r e  c a l c u l a t e d  u s in g  t h e  f o r m u l a

Pj =  o>€tan8  f  I Et> i 2dS

N/w ( 8 b )

w h e r e  t h e  lo s s  t a n g e n t ,  t a n  S . is  a s s u m e d  to  b e  s u f f ic ie n t l y  s m a l l  so  t h a t  t h e  p e r t u r b e d  f ie ld s  c a n  be  

a p p r o x im a t e d  b y  th e  f ie ld s  f o r  t h e  lo s s le s s  c o n d i t io n  E(, ,H „ .  (a =  2a f  is  th e  a n g u l a r  f r e q u e n c y  

a n c* 8’/iW is  th e  a r e a  o t c r o s s  s e c t io n  c o v e r e d  b y  th e  d i e le c t r ic .

l o s s e s  d u e  to  th e  i m p e d e d  c o n d u c t o r s  a r e  o b t a i n e d  v ia  th e  c o n v e n t i o n a l  p e r t u r b a t i o n  

f o rm u l a  [2 5 ] :

/> = * , /  i , t di
c ( 8 c )

w h e r e  Ps is  th e  s u r f a c e  r e s i s ta n c e ,  a n d  \Ii„ l Mn? is  th e  m a g n i t u d e  o f  th e  t a n g e n t i a l  m a g n e t ic  f ie ld  

a t  t h e  c o n d u c t i n g  s u r f a c e s  ( l i n e  C )  l o r  th e  lo s s le s s  c a se .
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T h e av era ge  p o w e r  p rop aga tin g  a lo n g  th e  lin e  is  g iv e n  b y  

Pn = Re f  (E0 X H 0*) ■ z dS
s ( 8 d )

w h e re  S is  th e  c o m p le te  cro ss  se c tio n  o f  th e  line .

For th e  c o n d u c to r  lo s s  c a lc u la t io n , sp ec ia l fin ite  e le m e n t  m a tr ic e s  h a v e  b een  d er iv ed  [26 ]. 

C on sid er  a h ig h -o rd er  e le m en t  w h ere  v e r t ic e s  are la b e led  as  n od es  i. j. k  (F ig . 5 ) .

S u p p o se  th a t  th e  s id e  j -k  is an  im p er fe c t  co n d u c to r  o f  su r fa c e  r e s is ta n ce  . T h en  th e  lo s se s  in th a t  

s id e  can  be ex p re ssed  as

Pi  =
Rs_

i f
P, cot 0 , +  Pj cot 9j + Pk cot 9k $

W here [4>] is  a c o lu m n  v ec to r  o f  n od a l p o te n t ia ls  fo r  th e  e le m e n t . 9k are th e  in c lu d ed  a n g le s

at v e r t ic e s  1. j ,  k . r e sp e c t iv e ly  and  P , . P , , Pt are m a tr ic es  o f  th e  n u m er ica l coeffic ien ts  w h ich  do  

n o t d ep en d  on  th e  tr ia n g le  sh ape .

m . N U M E R IC A L  A N D  E X P E R IM E N T A L  R E S U L T S

O n  th e  b a s i s  o f  d e s c r i b e d  f in i te  e l e m e n t  p r o c e d u r e s ,  tw o  d i f f e r e n t  c o m p u t e r  s o f tw a r e  p a c k a g e s  

h a v e  b e e n  d e v e lo p e d  f o r  s o l v in g  th e  p r o b le m  a t  h a n d .  T h e  f i r s t  o f  th e s e  is  e m p lo y e d  f o r  

s e m i a u t o m a t i c  m e s h  g e n e r a t .o n  o f  f i r s t -  o r  h i g h - o r d e r  o r d i n a r y  e l e m e n t s  in c l u d in g  s i n g u l a r  a n d  

in f in i te  e l e m e n t s  i f  n e c e s s a r y .  T h e  s e c o n d  p a c k a g e  c a l c u l a t e s  t h e  p o t e n t i a l  a n d  f ie ld  d i s t r i b u t i o n s ,  

c a p a c i ta n c e  p e r  u n i t  l e n g th ,  c h a r a c t e r i s t i c  im p e d a n c e ,  e f f e c t iv e  p e r m i t t i v i t y ,  a n d  a t t e n u a t i o n  d u e  to  

c o n d u c to r  a n d  d i e l e c t r i c  lo s s e s . T h e  l i n e a r  s y s t e m  o f  e q u a t i o n s  d e r i v e d  f r o m  th e  a p p l i c a t i o n  o f  t h e  

F E M  m e th o d  is  r a t h e r  s p a r s e  a n d  s p e c ia l  t e c h n iq u e s  f o r  th e  s o l u t i o n  o f  s u c h  e q u a t i o n s  c a n  be  

e m p lo y e d  to  a c h i e v e  e n h a n c e d  c o m p u t a t i o n a l  e f f ic ie n c y .  T w o  s u c h  t e c h n i q u e s  a r e  d i r e c t  e n v e lo p e  

a n d  b a n d  m e th o d ,  w i t h  n o d e  r e o r d e r i n g ,  w h ic h  a r e  u s e f u l  f o r  s m a l l e r  p r o b l e m s  w i t h  a f e w  

h u n d r e d  n o d e s .  F o r  la rg e  s y s t e m s  o f  e q u a t i o n s  ( a  f e w  t h o u s a n d  n o d e s ) ,  th e  c o n ju g a t e  g r a d i e n t  

m e th o d  is  s u g g e s te d  b e c a u s e  i t  r e q u i r e s  th e  s to r a g e  o f  o n l y  n o n - z e r o  e le m e n ts .  P r e c o n d i t io n in g  is



14

F ig u r e  5 . O r d i n a r y  t r i a n g u l a r  e le m e n t .
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a ccom p lish ed  v ia  in co m p le te  C h o le sk y  d eco m p o s it io n  [2 7 ]  w h ic h  lead s to  th e  acce lera tio n  o f  th e  

iter a t io n  p roced u re .

T o d em o n str a te  th e  q u a lity  and  th e  a ccu ra cy  o f  th e  fin ite  e lem en t  m eth o d  a n a ly s is  o f  th e  

p rev io u s  se c t io n , th e  s o lu t io n s  fo r  sa m p le  p ro b le m s  are  g iv e n  an d  are com p a red  w ith  a v a ila b le  

th eo re tic a l an d  e x p er im en ta l d a ta , as  w e l l  a s  w ith  m easu red  r e su lt s .

T h e  first ex a m p le  con sid ered  is  th e  p ro b lem  o f  a sh ie ld ed  m u lt i la y e r e d  th ick  s tr ip  

tra n sm is sio n  lin e  sh o w n  in  Fig. 6 . T h e  corre sp on d in g  tr ia n g u la r  m esh  fo r  on e  h a lf  o f  th e  lin e  is  

p resen ted  in  Fig. 7 . T h e  ch a ra cte r is tic  im p ed a n ce  o f  th e  lin e  is  ca lcu la ted  fo r  a f e w  d if fe r en t  

th ic k n esse s  o f  th e  s tr ip , t /b ,  as  a fu n c t io n  o f  ra tio  2 a /b  ( w id th  and  h e ig h t o f  th e  sh ie ld in g )  and  is 

rep resen ted  b y  th e  so lid  lin e  in F ig. 8 . C orre sp on d in g  r e su lt s  o b ta in ed  b y  th e  G reen 's fu n c t io n  

m eth od  [3] are d en o ted  b y  th e  d ash ed  lin e  and  good  a g reem en t  b e tw een  th e  tw o  s e t s  o f  r e su lt s  is 

e v id e n t . It is fo u n d  th a t  th e  in flu ence o f  th e  s id e  w a l l s  on  th e  ch a ra cte r is tic  im p ed an ce  is n eg lig ib le  

w h en  th e  w a l l s  are su ff ic ie n t ly  rem oved  fro m  th e  s tr ip , 2 a /b >  5.

T h e  n e x t  e x a m p l e  is  a n  i n v e r t e d  m i c r o s t r i p  w h o s e  g e n e r ic  c r o s s  s e c t io n  ( s e e  [ 1 7 .  1 9 ] )  is  s h o w n  

in  F ig . 9 . C a l c u l a t e d  r e s u l t s  f o r  th e  c h a r a c t e r i s t i c  im p e d a n c e  a s  a  f u n c t i o n  o f  a s p e c t  r a t i o  2 w / h .  

d e n o te d  b y  t h e  s o l i d  l in e ,  a r e  c o m p a r e d  w i t h  t h e  n u m e r i c a l  r e s u l t s  o b t a i n e d  v ia  t h e  b o u n d a r y  

e le m e n t  [B EM ] m e th o d  [1 9 ] . s h o w n  b y  t h e  d a s h e d  l in e  in  F ig . 10 . G o o d  a g r e e m e n t ,  w i t h i n  5% . is 

o b ta in e d .  D a ta  f o r  V ^ T ’ o f  t h e  l in e  a s  a  f u n c t i o n  o f  a s p e c t  r a t i o  2 w / h  a r e  p r e s e n te d  in  F ig . 11 . 

F in i t e  e le m e n t  r e s u l t s  a r e  d e n o te d  b y  s o l id  l in e s  a n d  B EM  r e s u l t s  b y  d a s h e d  l in e s . T h e  m e a s u r e d  

p o in ts  s h o w n  in  t h e  s a m e  f ig u r e  w e r e  o b ta in e d  v ia  t im e - d o m a in  r e f le c to m e t e r  m e a s u r e m e n t s  [2 8 ] ,  

I t  c a n  b e  n o te d  t h a t  F E M  r e s u l t s  a r e  c lo s e r  to  t h e  e x p e r im e n t a l  r e s u l t s  t h a n  t h e  B EM  d a t a .  F o r  th e  

s am e  e x am p l e ,  a t t e n u a t i o n  c o n s t a n t s  d u e  to  c o n d u c t o r ,  a ,  . a n d  d i e l e c t r i c .  a d . lo s s e s  a r e  c a l c u l a t e d  

a s  f u n c t i o n s  o f  a s p e c t  r a t i o  2 w / h  a n d  s h o w n  in  F ig . 12  a s  s o l i d  c u r v e s .  T h e s e  d a t a  a r e  c o m p a r e d  

w i t h  B EM  [1 9 ]  a n d  s p e c t r a l - d o m a in  m e th o d  [ 1 7 ] r e s u l t s  s h o w n  in  t h e  s a m e  f ig u r e  a n d  a v e r y  g o o d

a g r e em e n t  is f o u n d .
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F ig u r e  6 . T h i c k - s t r i p  t r a n s m i s s i o n  l in e  w i t h  m u l t i d i e l e c t r i c  

l a y e r s  a n d  s h ie l d in g  s t r u c t u r e  

h \ — h  ̂ — 0 . 4 6  , h 2 — 0 . 2 6  , 2 w  =  0 . 5 6  ,

€ 1 =  € 3 =  €» . € 2 =  9 . 3 5 € 0 .



F ig u r e  7. T r i a n g u l a r  m e sh  f o r  t h i c k - s t r i p  t r a n s m i s s i o n  l in e  

w i t h  1 5 3  n o d * s  a n d  3 5 1  e le m e n ts .



2 a /b

F ig u r e  8 . C h a r a c t e r i s t i c  im p e d a n c e  Z  o f  t h i c k - s t r i p  t r a n s m i s s i o n  l in e .
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F ig u r e  9 . G e n e r ic  c r o s s - s e c t i o n  o f  in v e r t e d  m i c r o s t r i p  w i t h  

s h ie l d in g  s t r u c t u r e

h =  () . 3 8 1 m m  . h x -  0 . 5 0 8 mm , t  =  0 .

2 a =  1 0 m m  . b =  1 0 m m  . € =  3 . 7 8 € 0 .
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2w/h

I ig u re  10 . C h a r a c t e r i s t i c  im p e d a n c e  Z  o f  s h ie l d e d  i n v e r t e d  

m i c r o s t r i p  l in e  v e r s u s  s h a p e  r a t i o  2 w / h .
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F ig u r e  11 . v e . - /  o f  s h ie l d e d  i n v e r t e d  m i c r o s t r i p  l in e

v e r s u s  s h a p e  r a t io  2 w / h .
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2w /h

F ig u r e  1 2 . D ie le c t r ic  a n d  c o n d u c t o r  lo s s e s  o f  s h ie ld e d  i n v e r t e d  

m i c r o s t r i p  l in e  v e r s u s  s h a p e  r a t i o  2 w / h .

(w
/g

p
)p

D
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It sh o u ld  be p o in ted  o u t  th a t  th e  a ccu ra cy  o f  th e  c a lc u la t io n , e sp e c ia lly  o f  th e  lo ss  

c a lc u la t io n s , can  be s ig n if ic a n tly  en h a n ced  v ia  th e  u se  o f  s in g u la r  e lem en ts . T h e  o d d -  an d  e v e n -  

m o d es  p rop aga tin g  o n  cou p led  lin e s  can  be trea ted  b y  th e  sam e fin ite  e lem en t  p roced u re . S om e o f  

th e  r e su lt s  fo r  co u p le d  lin e s  are  p re sen ted  in  [29 ].

In ord er  to v e r i f y  th e a ccu ra cy  o f  th e  fin ite  e le m e n t  p roced u res, th e  ch a ra cte r ist ic  im p ed ance  

and  lo s se s  o f  a sh ie ld ed  m ic ro str ip  lin e  h a v e  been  m ea su red . T h e  ex p er im en t h as  been d o n e  on  th e  

lin e  w h o se  cro ss  s e c t io n  and  th e  d im en s io n s  are sh o w n  in  F ig. 13 . B y  u s in g  a HP 8 5 1 0  N e tw o r k  

A n a ly z e r , t im e -d o m a in  ref lec to m eter  m ea su rem en ts  o f  ch a ra cte r is tic  im p ed an ce  (F ig . 1 4 ) , an d  

fr e q u e n c y -d o m a in  m ea su rem en ts  o f  th e  S „  p a ram eter  o f  o p en - an d  sh o r t-c ir c u ite d  lin e s  (F ig . 1 5 )  

h av e  been d o n e . T h e  m easu red  v a lu e  o f  ch a ra cte r is tic  im p ed a n ce  is 4 8  o h m s  w h i le  th e  c a lcu la ted

v a lu e  is 4 8 .1  o h m s. E x ce lle n t  ag re em en t b etw een  m easu red  and  c a lcu la ted  v a lu e s  o f  th e  S „  

p a ram eter  o f  th e  lin e  is fo u n d .

IV . C O N C L U S IO N S

In  t h i s  s t u d y ,  a  f in i te - e le m e n t  p r o c e d u r e  f o r  q u a s i - T E M  a n a l y s i s  o f  m i c r o w a v e  t r a n s m i s s i o n  

l in e s  is  p r e s e n t e d .  T h e  m e th o d  is  c a p a b le  o f  h a n d l i n g  m ic r o w a v e  t r a n s m i s s i o n  l in e s  w i t h  r a t h e r  

a r b i t r a r y  c o n f ig u r a t i o n s .  B o th  f i r s t -  a n d  h i g h - o r d e r  t r i a n g u l a r  e l e m e n t s  a r e  e m p lo y e d .  In  t h e  c a s e  

o f  o p e n  r e g io n  p r o b l e m s  ( c o n d u c t o r s  o v e r  o n e  o r  b e tw e e n  tw o  p a r a l l e l  g r o u n d  p la n e s )  a n d  e d g e  

s i n g u l a r i t y  p r o b l e m s ,  a c c u r a c y  a n d  e f f ic ie n c y  o f  t h e  m e th o d  a r e  e n h a n c e d  v ia  th e  u s e  o f  in f i n i t e  a n d  

s i n g u l a r  e le m e n ts .  F o r  th e  s o l u t i o n  o f  f in i te  e le m e n t  l i n e a r  e q u a t i o n s ,  t h e  b a n d  o r  e n v e l o p e  m a t r i x  

m e th o d  ( w i t h  r e v e r s e  C u t h i l l -M c k e e  r e o r d e r i n g )  is  u s e d  f o r  s m a l l e r  s y s t e m s  a n d  t h e  in c o m p le te  

C h o l e s k y - c o n ju g a t e  g r a d i e n t  m e th o d  f o r  la r g e  s y s t e m s .

C o m p u t e r  s o f tw a r e  f o r  s e m i a u t o m a t i c  m e sh  g e n e r a t i o n  a s  w e l l  a s  f o r  c a l c u l a t i o n  o f  

c a p a c i ta n c e  p e r  u n i t  l e n g th ,  e f f e c t iv e  p e r m i t t i v i t y ,  c h a r a c t e r i s t i c  im p e d a n c e  a n d  a t t e n u a t i o n  d u e  to  

c o n d u c t o r  a n d  d ie le c t r ic  lo s se s  h a s  b e e n  d e v e lo p e d .

R e s u l t s  o b ta in e d  f o r  v a r i o u s  t y p e s  o f  m i c r o w a v e  t r a n s m i s s i o n  l in e s  a r e  in  v e r y  g o o d  

a g r e e m e n t  w i t h  a v a i l a b l e  t h e o r e t i c a l  a n d  e x p e r im e n t a l  d a t a .



F ig u r e  13. S h ie ld e d  m i c r o s t r i p  lin e .

2 a  =  4 8 0  m i ls ,  b  =  2 0 0  m i l s ,  h =  3 0  m i l s .  2 w  =  9 3  m i ls ,  t =  0 .8  m i ls , 

e  =  2.2e„. t a n è  =  9  x  1 0 - ,p  =  1 .7  x  1 0 -  Ohm =  2 .9 7  inches
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S u  Re

REF 0 - 0 Un i t s 

^  5.0 mUn i ts/

V 4.6911 mU.

50 OHM LINE MAY 21

S u  log MAG

REF 0.0 dB 

A  1 0 . 0  d B /

4 -29.749 dB

START 150.0 p s 

STOP 1.2 n s
START 0.045000000 GHz 

STOP 18.045000000 GHz

F ig u r e  14 . T im e - d o m a in  m e a s u r e d  r e s u l t s .
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2 6

S u  log MAG
REF 0.0 dB 

0.25 dB/

START 0.045000000 GHz 
STOP 10.045000000 GHz

H g u r e  15 . F r e q u e n c y - d o m a in  m e a s u r e d  r e s u l t s  o f  S H p a r a m e te r .
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T h e  m eth o d  p resen ted  is  b o th  v e r sa t i le  an d  accu ra te . It can  be r ea d ily  ex ten d ed  to  th e  lin e s  

w ith  a n iso tro p ic  m ed ia . S im ila r  3 -D  fin ite  e le m e n t  a n a ly s is  w o u ld  be a p o w e r fu l to o l for  

c a lc u la t io n  an d  d es ig n  o f  co n n ec to r s  or  lin e s  w ith  d is c o n t in u it ie s .  In fu tu r e  w o r k , th e  a u th o r s  p lan  

to  e x ten d  th e  FEM  p roced u re  to  a f u l l - w a v e  a n a ly s is  o f  m ic r o w a v e  tr a n sm is s io n  lin e s .
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