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ABSTRACT: In this work we study a more restricted class of quasi-topological gravity
theories where the higher curvature terms have no contribution to the equation of motion
on general static spherically symmetric metric where g;;g,» # constant. We construct such
theories up to quintic order in Riemann tensor and observe an important property of these
theories: the higher order term in the Lagrangian vanishes identically when evaluated on
the most general non-stationary spherically symmetric metric ansatz. This not only signals
the higher terms could only have non-trivial effects when considering perturbations, but
also makes the theories quasi-topological on a much wider range of metrics. As an example
of the holographic effects of such theories, we consider a general Einstein-scalar theory and
calculate it’s holographic shear viscosity.
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1 Introduction

Einstein gravity theory extended with higher order curvature terms plays a relevant role
among modified gravity theories. It’s predicted by string theory that Einstein gravity
should be corrected by an infinite series of higher curvature terms [1, 2]. Higher curva-
ture terms have also attracted attentions in holography, they may introduce various new
phenomena on the boundary theory. For example, it’s shown that including higher curva-
ture terms can lead to the violation of the Kovtun-Son-Starinets (KSS) shear-viscosity-to-
entropy bound n/s > 1/4w [3-5]. Holography has also been used to determine the physical
bounds of higher curvature couplings by demanding the consistency of the dual CFT [5-7].

However, gravity theories with higher curvature terms are generally hard to study. One
common way to study a gravity theory is through its black hole solution, however for higher
curvature gravities the equations of motion are usually fourth-order differential equations,
making analytical solutions hard to come by. It’s thus of interest to construct higher curva-
ture theories that admit analytical black hole solutions. On the other hand, the linearized
equations of motion of these theories around maximally symmetric spacetimes typically
contain fourth derivatives too, so besides the usual massless spin-2 graviton mode, two extra
massive modes might appear, the scalar mode and the ghost-like spin-2 mode [8]. The exis-
tence of ghost-like mode signals instability of the AdS vacua and causes unitarity breaking of
the dual CFT, it is thus mandatory to decouple (set the mass to infinity) the ghost-like mode
when studying holography. The well-known example where these extra modes are absent is



Lovelock gravity [9, 10]. Lovelock term of order k vanishes identically when D < 2k —1 and
becomes a total derivative that does not contribute to the equations of motion for D = 2k.
A total derivative further reduces to a surface term in the action and only contribute topo-
logical characteristics, so higher curvature term of this kind is also called topological term,
no physical effects could emerge when introducing such higher curvature terms.

Quasi-topological gravity (QTG), on the other hand, is a more intriguing theory in
that the equations of motion are drastically simplified when evaluated on some special
metric ansatz, and also gives non-trivial contribution at perturbation level. In the broader
literature, such theory is defined by that it admits Schwarzschild-like solutions, i.e., the
special spherically symmetric (SSS) metric!

1
f(r)

and the equation of f(r) is algebraic. Cubic quasi-topological gravity was first constructed

ds? = — f(r)dt* + ——dr? + r?dSh_,, (1.1)

in [11], it’s holographic properties was later studied in [12]. Higher order ones also exist
and they have been studied extensively [13-16]. Besides quasi-topological gravities, there’s
another closely related class of theory worth mentioning, known as the generalized quasi-
topological gravity (GQTG), satisfying [17, 18]
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where Sy denotes the action evaluated on the SSS metric, and €% = 1//]g[65/8gap is the
equation of motion. It can be shown that quasi-topological gravity satisfies this condition
and thus is a subclass of GQTG. Features of GQTG have been studied comprehensively
at present [18-27]. In particular, (1.2) implies [26] the equation of f(r) is at most second

0, or & =¢&" (1.2)

order, the existence of Schwarzschild-like solutions, and most importantly, the decoupling
of the extra massive modes.

We are more interested in quasi-topological gravities whose higher curvature terms do
not contribute to the equation of motion when evaluated on some special metric ansatz. We
refer to such class of theories as EOM-trivial quasi-topological (ETQT) gravities, mean-
ing they have trivial equation of motion (EOM) contributions. These theories obviously
satisfy (1.2) and thus ghost-free. They are first considered in [28] for Ricci polynomials,
where ETQT terms were constructed up to tenth order in Ricci tensor both on the SSS
metric and general spherically symmetric (GSS) metric

1
f(r)

The advantage of this definition of quasi-topological gravity is that black hole solutions in

ds® = —h(r)dt* +

dr?® 4+ r2dSh_y (1.3)

the original gravity theory in the form of (1.1) or (1.3) simply continue to be solutions when
the corresponding quasi-topological terms are introduced. This could be relevant when
matter are included, where even with the equation of f(r) being algebraic, the inclusion

1Unless otherwise noted, when we say spherically symmetry, we actually mean spherically, planar, or
hyperbolic symmetry, corresponding to the curvature of dX? being positive, zero, or negative, respectively.



of matter terms could make the system unintegratable. In this work we are specifically
interested in ETQT gravities on GSS metric (1.3), but not just limited to Ricci gravities.
Such metric is the most general ansatz for spacetimes with spherical/planar/hyperbolic
symmetry, thus could include a wider range of solutions. An important class of GSS metric
is black hole with scalar hair. Hairy solutions typically have a rich phase structure and in
holography they may be used to describe superconductors [29, 30]. It was shown that even
Einstein gravity with a minimally coupled self-interacting scalar field could result in a hairy
solution [31]. It’s thus interesting to investigate the effects of including higher curvature
terms in these solutions. There has been works on the hairy solutions with conformally
coupled scalar in higher curvature gravities [32, 33].

In this work we focus on ETQT gravities on GSS metric? and construct such quasi-
topological terms up to quintic order in Riemann tensor, including dimension-generic ones
and dimension-specific ones. For the latter only D > 3 is considered since at D = 2
the Riemann tensor has only one non-zero component. We also find it possible to con-
struct dimension-independent combinations at quartic and quintic order. We then notice
that these theories satisfy a much stronger condition: the ETQT terms vanish identically
when evaluated on the non-stationary spherically symmetric metric! That is, metric of the
following form

ds? = —h(t,r)dt? + 2b(t, r)dtdr + dr? + %S} _, (1.4)

1
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On the one hand, this further restricts the effects ETQT term could possibly have, such
as no thermodynamics contribution. This possibly simplifies the problem since introduc-
ing ETQT terms won’t lead to any new phase transitions. Thus one may only seek for
non-trivial effects of ETQT terms by considering perturbations. On the other hand, this
indicates that ETQT terms are also quasi-topological on a much wider range kinds of met-
rics, e.g., Friedmann-Roberson-Walker metric, making it simpler to study, e.g., the effects
of ETQT terms on cosmic perturbations.

This paper is organized as follows. In section 2 we construct explicitly the EOM-trivial
quasi-topological gravity theories, up to quintic order. In section 3 we discuss the basic
properties of the obtained theories, mainly the implications of the vanishing of ETQT terms
evaluated on the metric (1.4). As an example to study the physical effects of ETQT terms,
in section 4 we consider a general Einstein-scalar theory extended with ETQT terms and
calculate its holographic shear viscosity.

2 Construction of the theory

For a general Lagrangian constructed from metric and Riemann tensor L£(ga, Raped) the
equation of motion can be written as [34]

1 68 1 oL
gab L] = Y _ pe Rbcde = ab£ QVCV Pacdb Pabcd —
[ ] \/@ 5gab cde 2 g + d ; 8Rabcd

In the rest of the paper we’ll simply refer to ETQT gravity on GSS metric as ETQT gravity, unless

(2.1)

noted explicitly.



where S = [dPz/[g|L is the action. An ETQT term Q in the Lagrangian satisfies that
it does not contribute to the equation of motion when evaluated on (1.3), namely

Q)| = &mQlly; =0 (2:2)
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which is equivalent to

oo =y [ =0 s

where ... |, r denotes . .. evaluated on the metric (1.3). At a given order, we first write down
the most general Riemann polynomial of that order with undetermined coefficients and
substitute the ansatz (1.3) into it. The non-zero Riemann tensor components of (1.3) are

gir_ fORZ0) = R [f'(r)I(r) + 2/ (r)h"(r)]
’ 4h2(r)
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where ijkl are indices of the (D — 2) dimension subspace, and equivalent components are
not shown. By varying and integrating by parts with respect to h(r) and f(r) we get two
algebraic equations containing the undetermined coefficients, we then further convert them
into a linear system about the undetermined coefficients by regarding them as polynomials
in 7, h(r), f(r) and their derivatives and requiring all coefficients vanish. The solution space
is given by the null space of the resulting linear system. For dimension-generic solutions,
we take null space directly, and for dimension-specific ones we substitute the dimension
first and then take null space, since there may be more linear independent solutions at
lower dimensions.

2.1 Cubic order
There are 8 Riemann scalars at cubic order and the most general cubic Riemann polynomial
is given by their linear combination

0¥ = e1R, R R+ 2Ry Ry R j™ + e3Rapea R, R™ + e4Rapca R R
+ e5Rapca R“R" + eg RERSR® + e7 RERIR + egR® (2.4)

We found only one dimension-generic solution in this case, the coefficients e; are given by

3D? 15D
e1=22-26D+9D? — D% ep=" - "= 44 e3=-3(D-3)(D-1)

4 4
3(D -3
642(2), es=3(D?*=5D+8), e=6D—14, er=3-3D, eg=1 (25)



D {e'}
(-8,5,-12,0,0,0,0,1)
(—2,2,-4,0,0,0,1,0)

DRI
3 (0,3,-3,0,0,1,0,0)
(-1,%,-1,0,1,0,0,0)

(0,1,—4,1,0,0,0,0)
(16, —8,36, —3, —24, —8,0,1)
(2,-1,5,—%,-4,-2,1,0)
5 (—8,4,-24,3,24,16,—-12,1)
(64, —14,60, —3, —48, —8,0,1)
(6,—3,7,—1,-6,-2,1,0)

Table 1. Dimension-specific solutions of cubic ETQT gravity.

As mentioned earlier, ETQT gravity is a subclass of generalized quasi-topological gravity,
so the solution (2.5) must be a special case of cubic generalized quasi-topological gravity.
In fact, by setting

3D? _ 15D

c1=22—26D+9D* — D3 ¢y = 5 the=-3D-3)(D-1)

in (2.6) of [17] we get our solution (2.5). As there’s only one solution, it’s not possible to
construct dimension independent solution at cubic order.

Now we turn to dimension-specific solutions. First we found that for D > 6 the number
of independent solutions is always one, meaning they are covered by the dimension-generic
solution, so we only need to consider 3 < D < 6. We get two linear independent solutions
at D = 4 and D = 6 respectively, five solutions at D = 3 and one solution again at D = 5.
The solutions are given in table 1. However, not all solutions are non-trivial. It could
happen that some solutions vanish identically on any metric, just like Lovelock terms in
D < 2n, this is possible for dimension-specific cases. Firstly we note that all the solutions
in table 1 have included the cubic Lovelock term, especially the five dimensional solution
which simply coincides with it. So we are left with 4 solution for D = 3, one solution for
D =4 and D = 6 respectively.

Besides Lovelock terms themselves, another kind of combinations that vanish in lower
dimensions may be constructed from their equation of motion. For example, in D < 4, the
4D Lovelock, or Gauss-Bonnet term

X®W = R?2 — 4R, R™ + Rapeq R%? (2.6)



is topological, so its equation of motion contribution should vanish
EPx®] = 15/dD.ZL‘ [lgla®
V191 0gab

1

= —4R"R; + 2R"R — AR“R" "y + 2R* Ry, + 59X W =0 (27)
we can thus construct another vanishing Riemann polynomial
1
EPXDRy = —ARIRYRS + 4Ry, R™R — 5R?' —4RPR“R 4 pq
1

— 51%“’)“11!%0&,@,1% +2R®R “®*Ry4. = 0 (2.8)
It can be shown that the space spanned by (2.8) and 4D Lovelock term is isomorphic to

the D = 4 solution in table 1, thus both solutions are trivial. In three dimensions, the
Gauss-Bonnet term vanishes, there are three more vanishing Riemann polynomials?

RXW,

a‘)((4) ac pbd aX(4) cde ab
aRabcdR R ’ aRabcdR fR@f (29)

Again, the space spanned by these three terms, (2.8) and 4D Lovelock, is isomorphic to the
D = 3 solution in table 1, which means they are all trivial. This result is also consistent
with [35], which states non-trivial GQTG of order less than six in curvature does not exist
in D = 3.

In summary, only one (linear combination) of the D = 6 solution in table 1 is non-
trivial. This 6D solution is also covered by the dimension-generic solution (2.5). We finally
conclude that cubic ETQT term is completely given by (2.5) and it’s only non-trivial for
D > 6.

Before moving on to higher orders, it’s worthy to compare the definition of ETQT
gravity on GSS metric (2.2) with ETQT gravity on SSS metric, that is

gtt[QSSS]’

= 5”"[9555}] =0 (2.10)
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Such class of gravities is already known, a D = 4 example is the density C given in (2.16)
of [17]. One can expect the condition (2.10) is weaker than ours (2.2). In fact, after
repeating the above computation on cubic order using this condition, we find the solutions
are almost the same, the only difference is an extra non-trivial solution at D = 4

_ 1 1
QSSS,D—4 — §RZR2R . 2RaCRbdRabcd . ZRRabcdRade + RdeRabcdRabce (211)

which is exactly the density C, and it’s easy to check that it gives non-vanishing equation
of motion contribution when evaluated on the GSS metric (1.3).

3£ = 0 implies dL/OR*? = 0 if the identity 0L/0gmn = (BL/IR ) (DR /Dgymn) gives no less
equations than the independent components of d£/dR***? | which is true for D < 3.



2.2 Higher orders

The method of solving higher order ETQT terms is exactly the same as we used in the
cubic case. The only difficulty is enumerating all possible Riemann scalars, as the number
of independent Riemann scalars grows rapidly in higher orders. We get 26 scalars at quartic
order [36] and 85 scalars at quintic order.

For quartic case we get 12 linear independent dimension-generic solutions, and at
D=3, D=4and D=8 we get 22, 15 and 13 solutions respectively, all other dimensions
have the same number of solutions as dimension-generic case. Again, the extra solution at
D = 8 is the 8D Lovelock term. Using the method explained in appendix A.1, we found
that the D = 3 solutions are all trivial, making it in consistency with [35], this is also true
for the quintic case below. The explicit list of solutions is lengthy and given in appendix.
Remarkably, we also found 3 dimension-independent solutions

* abc e € 1 €
QW+l — Rabed (Ra IRy Ragpn — Ry RA Ragpn — S R Ry ghRefgh> (212)
* e QA0C 1
QW2 — R ¢l gabed (RceghRdfgh - QRCC;?"Refgh) (2.13)
1 1
QU3 = RabRed (Raecf Ricip = 5 Rac”! Rbdef> ~ G RURR Regey (2.14)

The situation is similar for quintic case, we get 61 dimension-generic solutions and 80,
67, 62 dimension-specific solutions at D = 3, D = 4, D = 10 respectively, for dimension-
independent case we get 29 solutions. However as the solutions of the quintic case are too
lengthy, we only present some representative solutions in the appendix and the full solution
set can be found in the supplementary material.

3 Properties and discussions

Having constructed the desired theories we now move on to their physical effects. The first
property we noticed is the ETQT term vanishes when evaluated on the metric (1.3)

o) 0 (3.1)

h.f
The free energy can be obtained by evaluating the Euclidean action with compactified time
direction. Since our metric is static, the Euclidean action only differs from the Minkowski
action by a minus sign, (3.1) implies the vanishing of the free energy contribution from
ETQT term, which then further implies the entropy and thermodynamic energy contribu-
tion should also vanish, thus ETQT term completely has no thermodynamics effects.

To verify the consistency of the above conclusion we need to evaluate the Wald entropy
and thermodynamic energy. The Wald entropy is given by [37]

oL
SWald = —27 ?{ pabede 1 e.qdY, pabed — (3.2)

B a]“?vabcd

where the integration is taken at the horizon, €4, is the binormal to the horizon, d¥ is the
volume form of the horizon surface. Using the method similar to [18] one can show that



Q(n)’h,f = 0 implies
Q™
8]%abcd hf

=0 (3.3)

thus the Q™ contribution to (3.2) must also vanish. It remains to calculate the energy,
which can be done holographically by calculating the ¢¢ component of the boundary stress
tensor T = (2/+/]h])dS/5hy where hgp is the boundary metric. The surface term and
counter term also need to be taken into account, but since Q™ vanishes, no new diverges
appear, the counter term contribution is zero. The surface term can be constructed by
introducing an auxiliary field ®q, = Paepann® [38]

1 _
So=g- - dP=Ya\/|h| B K, (3.4)
where n® is the normal vector of the boundary, K, = V.n, is the exterior curvature

and gy = Gap — Nans. Note that when varying this term, ®% should be kept fixed. So
we immediately see from (3.3) that the surface term contribution to T should vanish.
Furthermore, because Q™ vanishes on (1.3), it’s invariant under the variation h(r) —
h(r) + 6h(r), so we have §1/]g]Q"™ /6hy = 0. We thus conclude the energy obtained via
holography also vanishes.

As mentioned earlier, we actually found a much stronger conclusion than (3.1), that
is Q™ also vanishes when evaluated on the general non-stationary spherically symmetric
metric (1.4). It’s straightforward to evaluate a given ETQT terms on (1.4) and check that
it vanishes. In practice, the check was done using an equivalent metric

I vi(t,r)
f(t,r)  h(t,r)

The advantage of it is the components of the inverse metric contain no fraction, reducing

ds? = —h(t,r)dt* + 2b(t, r)dtdr +

dr? + r?dS_, ), (3.5)

the computation cost. The check was done for all cubic and quartic ETQT terms, but
at quintic order we encountered extreme computation difficulties so we ended up only
checked the solutions listed in (A.5). We could then conjecture that the condition for
ETQT terms (2.3) implies that they vanish when evaluated on (1.4).

The vanishing of Q™ on (1.4) makes it quasi-topological on a much wider range of
metrics, e.g. the FRW metric

dr?
1 — kr?

ds? = —dt* 4 d?(1) [ + r2dQ2] (3.6)

after defining a new radial coordinate r’ by " = ra(t) we get

kr'? + %4 — a2 r'aa a?
2 2 / 2 2 2
ds? = T A ot s dr (3.7)

which has the same form as (1.4). Another example implies Q™ has no a-charge contribu-
tion. In 2n dimensional CF'Ts, the central a, ¢ charges appears as coeflicients in the trace
of the stress tensor [39]

<T5> ~ —aX® 43" 1 (3.8)



2n . . .
IZ-( ) are conformal invariants in 2n

where X2 is the 2n dimensional Lovelock term,
dimensional space. Generally the central charges can be calculated holographically by
evaluating the action on the FG expansion metric and identifying the p~! term as the
trace anomaly [40], but to solely extract the a-charge one may use a specific metric with
conformally flat boundary, e.g., an S [41]

L? dr?
ds® = 472dp2 + f;p) < : _Trz + r2dQ%2> (3.9)

again, by redefining » — r/p/f(p) this metric can be put into the form of (1.4), thus o)
also vanish on (3.9), it doesn’t contribute to the a-charge.

The vanishing of Q™ on the more general metric (1.4) largely reduces the possible
effects it could have when introduced to some gravity theory. To seek for non-trivial effects
one may only consider the perturbations of it around the metric (1.3), which in holography
includes shear viscosity and heat current, corresponding to perturbations hg, ., and hig,
respectively. In the next section we’ll consider the holographic shear viscosity as an example
to study.

4 Holographic shear viscosity

We consider a general Einstein-scalar theory with the Lagrangian

Los = o | R = 5 Va0V~ V(9) (1)

we are interested in the non-extremal® asymptotic AdS black hole solutions of (4.1), so we
consider the following planar black hole ansatz

b
f(r)
Note that there’s one gauge freedom in the three functions f(r), o(r), U(r). Near the

boundary we have f(r — 0o) = U(r — oo) = 72/L?, o(r — 00) = 0, where L is the AdS
radius. The horizon is at r = ry,, satisfies f(r,) = 0.

ds? = —f(r)e " Mde2 + ——dr? + U(r)di? _, (4.2)

The reason for considering a hairy black hole solution instead of a simpler Schwarzschild
solution is that we think the shear viscosity of hairy solution may have some unique features
comparing to Schwarzschild solution. Also, as the metric of hairy solution is GSS metric
but not SSS metric, and ETQT term has vanishing equation of motion contribution on
GSS metric, we think it’s worthy to consider a hairy solution. Besides, we can easily go
back to Schwarzschild case by substituting

2

T Th 2 'I"2
f(r)zpll—()], o) =0, Ul) =15 6()=0 (13)

r

into the result.

4The extremal limit 7' — 0 and hydrodynamic limit w — 0 generally don’t commute, which will compli-
cate the discussion.



The temperature and entropy density are respectively given by
T= L fm)e ™2 5= 0P ) (4.4)
Assuming ¢ only depends on r, the equation of motion gives
(D=2)fU'¢' +U (2f'¢' — fo'¢' +2f¢" —2V') =0
(D2 — 7D + 10) FU? +2(D - 2)U (fU +2fU") + 20> (f¢’2 + 2v) =0
20 [(D = 2)U"(r) + U(r)¢] + (D = 2)UU"s" — (D = 2)U™ = 0
U(—=(D=4)f'U"+ f((D—3)0’U" +2U")) + (D —4)fU"
+U? (=2f" +3f'0’ ~ f (0 = 20")) =0 (4.5)
The last equation can be integrated to give a radially conserved quantity, as in [42]
Q=e"PUPP2((f — fo') U — U] (4.6)
Evaluating it at the horizon gives
Q = e 22PN F (ry) = 167T's (4.7)

To calculate the holographic shear viscosity we employ the pole method as proposed in [43].
Define a new radial coordinate z by r = r,/(1 — z), (4.2) becomes

ds? = q i’%z)zlf(}fz)df—f(lihz) exp [—a(lThZ>}dt2+U<lr_hz> di%_, (4.8)

Now add perturbation to (4.8) by shifting the basis dz! — da! 4 ee~*!da?, substitute the
resulting metric into the Lagrangian and expand it to quadratic order in €. Note that the

perturbation should be kept second order in the metric, and since the perturbation only
involves spatial components, the matter sector of the Lagrangian (4.1) has no contribution.
The shear viscosity can be calculated from the residue of the Lagrangian at z =0

0= —8xT lim [e=oVIgll

w,e—0 82w2

(4.9)

Note that the above expression for the shear viscosity is linear in £ so we can compute
the contribution to the shear viscosity of different terms in the Lagrangian separately, but
keep in mind only the summed result has physical meaning. For the Einstein-scalar theory
in (4.1), the contribution is given by

n© = %UD/Z—l(Th) (4.10)
which results in the standard shear-viscosity-to-entropy ratio n(®) /s =1/4m, i.e., the exis-
tence of the scalar hair have no effect on the shear viscosity.

Next we introduce ETQT terms to (4.1) by defining the new Lagrangian as £ =
Lgs + (A\/167)Q™) | the equations of motion aren’t altered by Q™ and it’s straightforward

~10 -



to evaluate (4.8) on them and then apply (4.9) to obtain the shear viscosity, the results
are expressed in f(r), o(r), U(r) and their derivatives at r = 7. Interestingly, by making
use of the radially conserved quantity (4.6) we are only left with o(ry), o’(r4), U(rp) and
its derivatives. The contribution from Q®) is given by®

. A3
NoB) = 167 16
X {(D + 2)U’2(rh) — 2U(rh)U”(rh) — U(rh)a’(rh)U’(rh)} (4.11)

(D —5)(D — 4)(D — 2)2Q%?rWu=P2=1(p)

Notice that this result is only non-zero for D > 6, otherwise the ETQT term is trivial, as
discussed earlier. The shear-viscosity-to-entropy ratio in this case is given by

no® _ 1 3A 212 0 v Jur U
1o _ 2 )14+ 2%(p - —4)(D — ol | ua
. 47r{ + (D= 5)(D = 4)(D = 20%Q%" |(D+2) 7 —27-—0 (4.12)

where all functions are evaluated at the horizon. In Schwarzschild solution this reduces to

No®)
S

1 3\ 9 9
- {1 (D= 5)(D — 4)(D— 2(D ~ 1(D + 1)} (4.13)
This indicates a possible violation of the KSS bound. This is expected, since there’s already
a lot of examples of higher curvature theory that violates KSS bound. Indeed, to confirm
that (2.5) violates the bound requires determining the physical bound of the coupling
constant A\, we will not discuss it here.

For quartic and quintic case, we found that the D = 4 solutions are all analytical
at z = 0 when evaluated on the metric (4.8) and thus does not contribute to the shear
viscosity. For the dimension-generic solutions, we found their shear viscosity contribution
can written in the form

o = %e%laQ”_lU—l_%DU’”_g (aU” + bUU'S’ + 20U0") (4.14)

which in Schwarzschild solution reduces to

R A oot ~1,.D—2 7 —D—2n+4
Mg |Schwarzschild = m2n (a + b)(D - l)n Th L n+ (4‘15)
For a specific ETQT term, the coefficients a, b only depends on the dimension D, their
explicit values are given in the appendix.

5 Conclusions

ETQT gravities can be thought as a class of higher curvature gravity theories whose higher
curvature terms give no contribution to the equations of motion when evaluated on the
metric (1.3), but could have non-trivial perturbations around it. In this case black hole
solutions of the corresponding Einstein gravity continues to be solution when the higher
curvature terms are included, making it much easier to study its higher curvature effects.

SWe use 7 to denote a “partial” shear viscosity.
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In this work we constructed such theory up to quintic order in the Riemann tensor. Most
remarkably, we found that all ETQT terms we constructed actually vanish when evaluated
on the most general non-stationary spherically symmetric metric (1.4). On the one hand,
this makes these terms have no contribution on the thermodynamics and holographic a-
charge. More importantly, on the other hand, this makes them quasi-topological on a much
wider kinds of metrics, e.g., the FRW metric and the Vaidya metric. This opens a large
gate of possible applications of such ETQT gravity theories, such as one could study the
effects of these terms on the cosmic perturbations.

As an example to study the non-trivial effects of the ETQT terms we calculated the
holographic shear viscosity of a general Einstein-scalar theory. The results can be put into
a simple form (4.14). As expected, the KSS bound could possibly be violated due to the
nature of higher curvature gravities.

Acknowledgments

I thank Yi Ling and Hong Lii for helpful discussions, I am also grateful to Ying Chen for
supporting my own study projects. This work is supported by the National Natural Science
Foundation of China (NNSFC) under Grants No.11935017, No.12070131001 (CRC 110 by
DFG and NNSFC) and No.12293065.

A Quartic and quintic EOM-trivial quasi-topological gravities

In this section we list all solutions of quartic and quintic ETQT terms. The full set of
solutions is also available in the supplementary material, in the form of Mathematica .wl
file, with further instructions included in the usage messages.

A.1 Quartic order

For quartic order, the most general Riemann polynomial is

OW = 1 R* + €2 R?R™ R,y + e3RRIRPRS + e4(R™Ryp)? + es RIRVRSRY
+ e RR™R" Rypeq + e R RER“ Rypeq + es R2R™ Rypeq + eg RR™ R Rypee
+ e10RRap R Reges + €11 RPRER™ , Ryofe + €12 RPRR | R fpa
+e13RPRR I, Reeje + 1R RUR, ! Reppa + e1s RR R, Refea
+ e16RRY R Ryeqr + e17R R, RYI Re gq + e1s R RI R 7 Retg
+ e RO pedef RS, Ragps + e20( Rabed Rabcd)2 + g1 Rabed Ry.° nghd Rjghe
+ €99 ROV Rabef Refgh Reagh + €23 Rabed Rabef R, " Ragqh + €24 Rabed Rabef RS Ragsh

T eos Rabed Raecf Regfh Rigan + €26 Rabed Raecf Regbh Ry qdh (A.1)

There are totally 12 dimension-generic solutions, their coefficients e; ; are listed in table 2
below, where ¢ labels different solutions and j labels the 26 coefficients of one solution.
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Table 2. Coefficients of dimension-generic quartic ETQT gravity solutions. Zero coefficients are
omitted.

There are also dimension-specific solutions for D = 3 and D = 4, given in table 3 and 4
respectively.
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Table 3. Coeflicients of quartic ETQT gravity for D = 3.

However, the D = 3 solutions must be trivial otherwise it contradicts with the obser-
vation made in [35]. To check this, we can expand the solutions into the six independent
components of the three dimensional Riemann tensor under some tetrad

Ri212, R1213, R1223, R1313, 1323, R2323 (A.2)

Although on a generic tetrad this introduces metric components, which are not independent
from the Riemann tensor, the metric components can be treated as the flat one 9;;. This is
because it’s always possible to choose an orthonormal tetrad where the metric component
matrix is diagonalized with components being either 1 or —1

ds® = gijdxidxj = nijﬁiﬁj (A.3)

where ' is the dual tetrad, n = diag(—1,--- ,1,---). We can then further transform 1i; into
0;; by multiplying some basis vectors by a factor of 4, similar to Wick rotation. This turns
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Table 4. Coefficients of quartic ETQT gravity for D = 4.

some components in (A.2) into imaginary numbers, but does not affect our results. Apply-
ing this method to the solution in table 3 and also the quintic case below, we found the D =
3 solutions are all trivial, that is, vanish identically when evaluated on any D = 3 metric.

A.2 Quintic order

For the quintic order, we first need to enumerate all the possible Riemann scalars since the
explicit list is never mentioned in the literature. We employ the following inefficient but
straightforward way: first enumerate all possible scalars that can be formed by the contrac-
tion of their indices, taking into the account the symmetries, but not the cyclic identity.
Then for each resulting scalar we replace each of its Riemann tensor factor respectively
with the cyclic identity

Rabcd + Racdb + Radbc =0 <A4)

with each replacement two new terms are obtained. If both terms are contained in the
Riemann scalar list then this term is equivalent to the already known scalars by the cyclic
identity and should be removed.

As mentioned in the text, we get too many solutions at quintic order, so we are not
going to present the full set of them here, which is included in the supplementary material.
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Instead, we only present a small portion of the dimension-generic solutions below.
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B Results of holographic shear viscosity

In this section we present the values of the coefficients a, b in (4.14) for dimension-generic

quartic and quintic ETQT terms. The coefficients for quartic case are given in table 5 below.

For quintic ETQT terms, we only present the coefficients of the terms presented in the
previous section in (A.5).

- 29 —



(D—4)(2D%—29D7+145D%—245D°—101D* 4226 D3 +1362D%—1984D+304)
ar | — 16(D—2)(D—1)D(D3—9D2+26D—22)
b (D—4)(2D7—33D%+188D5—375D*—224D3+1722D2—1744D+304)
1 16(D—2)(D—1)D(D3—9D?426D—22)
(D—4)(D®—15D7+98D%—344D%+573D*+-9D3 1376 D>+1366 D—152)
az | — 8(D—2)(D—1)D(D3—9D2+26D—22)
b (D—4)(D7—15D%+108D5—481D*+1303D3—1930D2+1246 D—152)
2 8(D—2)(D—1)D(D3—9D2+26D—22)
(D—4)(D®—13D"+45D5+51D°—466 D*+178 D> +1828 D> —2248 D+304)
as | — 16(D—2)(D—1)D(D3—9D2+26D—22)
b (D—4)(D7—16D5%+71D5+38D*—1002D3+2452 D% —2008 D+304)
3 16(D—2)(D—1)D(D3=9D2+26D—22)
a (D—4)(D5—8D*+17D3+3D?—37D+4)
41~ 2(D—2)(D—1)D
b (D—4)(D*~10D3+32D?—37D+4)
4 2(D—2)(D—1)D
a (D—4)(D°—8D*+17D3+3D?—37D+4)
5~ (D=2)(D—1)D
b (D—4)(D*~10D3+32D?—37D+4)
5 (D=2)(D—1)D
ae | —(P=H*(D=3)(D+1)
6 4(D=2)
(D—4)*(D=3)
b 4(D=2)
(D—4)(D—2)2(4D3—9D%—55D+8)
a7 32D(D3—9D2+26D—22)
(D—4)(D—-2)%(D3+3D?—40D+8)
b7 | — 32D(D3—9D?126D—22)
(D—4)(D—2)2
as 16D
_(D-4)(D-2)*
bs 16D
a 3(D—5)(D—4)(D—2)%(D?+5D—2)
9 32(D3—-9D2+26D—22)
b _ 3(D-5)(D—4)(D—2)%(2D-1)
9 16(D3—-9D?+26D—22)

Table 5. Coefficients a, b of the shear viscosity contribution from quartic ETQT terms. Each
entry corresponds to the solution with the same index in table 2. Entries with zero coefficients are
omitted.
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Table 6. Coeflicients a, b of the shear viscosity contribution from quintic ETQT terms. Each entry
corresponds to the solution with the same indices in (A.5). Entries with vanishing coefficients are
omitted.
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