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Abstract: The paper deals with a quasilinear Dirichlet problem involving a competing (p,q)-Laplacian and
a convection term. Due to the lack of ellipticity, monotonicity and variational structure, the known methods
to find a weak solution are not applicable. We develop an approximation procedure permitting to establish
the existence of solutions in a generalized sense. If in place of competing (p,q)-Laplacian we consider the
usual (p,q)-Laplacian, our results ensure the existence of weak solutions.
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1 Introduction

The object of the paper is to study the following quasilinear problem with homogeneous Dirichlet boundary
condition

{—Apu + Agu = f(x,u, Vu) in Q, O

u=0 on 0Q

on a bounded domain Q ¢ R¥ with the boundary Q. In the left-hand side of (1), we have the sum -4, + A4
of the negative p-Laplacian A, and of the g-Laplacian A, with1 < g < p < +o00. The operator -A, + A; hasa
completely different behavior in comparison to the operator —A, — A4, which is the (negative) (p, q)-Lapla-
cian. Note that in -A, + A, there is competition between —-A, and -A, taking their difference and thus
destroying the ellipticity in contrast to what happens in the case of -A, — A,. The right-hand side f(x, u, Vu)
of equation (1) is a so-called convection term meaning that it depends on the point x € Q in the domain, on
the solution u and on its gradient Vu. The convection term is expressed through the Nemytskii operator
associated with a Carathéodory function f: Q x R x R¥ — R, i.e., f(x, s, ) is measurable in x ¢ Q for all
(s, &) € R x RN and is continuous in (s, &) € R x RY for a.e. x € Q. The function f will be subject to appro-
priate growth conditions (H1)—-(H2) in Section 2.

Such a problem without any available ellipticity but with a variational structure that prevents to have
convection was studied for the first time in [1]. Specifically, in [1] the following particular variational
version of (1) was investigated:

)

—Apu + Aqu = g(x, u) in Q,
u=0 on 0Q,
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with a Carathéodory function g : Q x R — R. In order to highlight the core of the problem we have skipped
the nonsmooth formulation in [1]. The difference between problems (1) and (2) consists in the fact that the
reaction term f(x, u, Vu) of (1) depends on the gradient Vu which is excluded in (2). This is an essential
feature because the (somewhat) variational approach in [1] for (2) cannot be implemented for (1).

We briefly discuss some major characteristics of problem (1). Here we continue the study in [1] setting
forth a nonvariational counterpart. The main aspect for the relevance of this work in comparison with the
existing literature is the lack of ellipticity for the operator —-A, + A, in the principal part of (1). As pointed

out in [1], taking a nonzero uq € Wé’p(Q) and a number A > O it turns out that

(=Dp(Aug) + Ag(Auo), Augy = AP [[Vuollh — A7(|Vuo 13

is not of constant sign, being positive for A sufficiently large and negative otherwise, thus the ellipticity is lost.
For this reason we call the operator —A, + A, the competing (p, q)-Laplacian. We also note that the left-hand
side of the equation in (1) is in the divergence form -A,u + Agu = —div(a(|Vul)) with a(t) = tP~2 - t4-2 for all
t > 0. A minimal condition of ellipticity for an operator in divergence form —div(a(|Vul)) (see, e.g., [2]) is to
have, among other things, a(t) > 0 for all ¢ > 0, which is not satisfied in the case of a(t) = tP=2 — t9-2,

Another important aspect of problem (1) is the presence of the convection term f(x, u, Vu). It represents
areal challenge with respect to [1] treating (2) because any variational method is inapplicable to (1). In [1] it
was possible to build for (2) a variational approach through Ekeland’s variational principle on finite
dimensional spaces despite the lack of ellipticity. This is not anymore possible for (1), so here we proceed
totally different using nonvariational arguments. A systematic study of nonvariational methods applied to
elliptic problems can be found in [3]. However, such methods cannot be directly implemented in the case of
problem (1) taking into account the lack of needed ellipticity. We overcome this difficulty by resolving finite
dimensional approximated problems and then passing to the limit in an appropriate sense.

Moreover, in problem (1) there is a lack of any monotonicity property for the driving operator A, + A,.
This is the reason why the surjectivity theorem for pseudomonotone operators (see, e.g., [4, p. 40]) cannot
be applied. A striking difference between the operators —-A, — Ay and —-A, + A, is that the operator —-A, - A,
is strictly monotone and continuous, so pseudomonotone, whereas this fails for —A, + A;. Let us note
that even the linear continuous operator A on H}(Q) = W}(Q) is not pseudomonotone. For any sequence
u, — u in HYQ) with lim supy,_c{Auy, u, — u) <0, the pseudomonotonicity of A would mean that
lim inf,_, o {Au,, u, — v) > {Au, u — v) whenever v € Hé(Q), in particular (with v = 0), lim inf,,_, .o{Aty,uy, Y >
{Au, u). Note that lim sup,_,,{Auy,, u, — u) < 0 is always true being equivalent to lim inf, ., |Vu, "il(g) >
||Vu||%2(m that holds thanks to the weak lower semicontinuity of the norm. Besides, lim inf,, ., ., {(Auy,, u,) >
{Au, u) is equivalent to lim sup,_., [|[Vu, IIi2 @ < IIVuIIi2 @’ which entails the strong convergence u, — u since
the space H}(Q) is uniformly convex. Thus, we reach the contradiction that every weakly convergent sequence is
strongly convergent, which proves the claim.

Due to the deficit of ellipticity, monotonicity and variational structure, there are no available techni-
ques to handle problem (1). A fundamental idea of the paper is to seek a solution to (1) as a limit of finite
dimensional approximations. To this end, we develop a finite dimensional fixed point approach and then
generate a passing to the limit process to get generalized solutions. Our assumptions on the convection term
f(x, u, Vu) are general and verifiable comprising solely conditions (H1)-(H2). Under a stronger assumption
instead of (H1) and with (H2) as it is we are able to prove the existence of a generalized solution in a stronger
sense. Finally, we observe that the same procedure applied to a problem driven by the ordinary (p, g)-Lapla-
cian -A, - A, and under the same hypotheses leads to the existence of a weak solution.

The rest of the paper consists of sections regarding mathematical background and hypotheses, approx-
imate solutions and existence of generalized solutions to problem (1).

2 Mathematical background and hypotheses

In a Banach space, the strong convergence is denoted by — and the weak convergence by —. The Euclidean
norm on the Euclidean space R™ for anym > 1is denoted by|-|, while the standard scalar product is denoted
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by . For every real number r > 1, we set r' = r/(r — 1) (the Holder conjugate of r). In particular, for
l<g<p<+oowehavep' =p/(p-1)<q =q/(@-1).

Given a bounded domain Q ¢ R¥, the Sobolev spaces Wé’p(Q) and Wé’q(Q) are endowed with the norms
IV()lrr and [[V(-)llzeq), respectively, where | -|l7q) stands for the usual L"-norm. The dual spaces of W(}p(Q)
and Wé’q(Q) are denoted W’””(Q) and W’l’q'(Q), respectively. In order to avoid repetitive arguments, we
assume that N > p. The case N < p is simpler and can be handled along the same lines. Under the assump-
tion N > p, the critical exponent is p* = Np/(N — p) with the conjugate (p*)’' = p*/(p* - 1).

We recall that the negative p-Laplacian —-A, : WiP(Q) - WP (Q) is expressed as

(=Apu, vy = I [Vu(x) [P2vu(x)-Vv(x)dx forall u,v ¢ Wé’p(Q).
Q

It is a strictly monotone and continuous operator, so pseudomonotone. The only linear case is when
p = 2 giving rise to the ordinary Laplacian. Similarly, we have the negative g-Laplacian —-A; : W&’q(ﬂ)
— W9(Q). Due to the assumption 1 < g < p < +co there is a continuous embedding WrP(Q) — Wr4(Q).
Consequently, the differential operator —A, + A, in the left-hand side of (1) is well defined on WyP(Q).

Next, we turn to the nonlinear term f(x, u, Vu) in the right-hand side of equation (1). Such a term
depending on the function u and on its gradient Vu is often called convection. It prevents to settle a
variational structure for problem (1). Our hypotheses on the convection term are as follows:

(H1) There exist a nonnegative function o € L(p*)/(Q) and constants b > 0 and ¢ > 0 such that
If(x, s, &) < o(x) + bls|P"! + c|é|P-1 for a.e. x € Q, all s€R, &RV,
(H2) There exist constants cg < 1, g > 0 and a € [1, p) such that

fix,s,6)s <colélP +q(ls|* +1) for ae. x€Q, all se R, £€ RV,

We provide a simple example of function verifying (H1) - (H2).

Example 2.1. The function f: Q x R x R¥ — R given by

s
1+ 2

f(x,s, &) = |s|*2s + (1€P~1 + h(x)) forall (x,s,&) € QxR x RY,
with a constant a € [1, p) and some h € L®(Q) satisfies conditions (H1)-(H2).

The next lemma will be useful in the sequel.

Lemma 2.2. Under assumption (H1) one has the estimate
_[f(x, u, Vivax | < CAl0ly gy + Il L+ 1VUlEg) 19Vl
Q

for all u, v e WyP(Q), with a constant C > 0.

Proof. Assumption (H1) and Hélder’s inequality lead to
If(x, u, Vu)vdx | < _[ lo]lvldx + b f [ulP"~Yvldx + ¢ _[ [VulP~1v|dx
Q Q Q Q

*_1 -1 1,
< ”O-”L(I’*)’(Q) VI + b||u||f,;(0) VI gy + cIVulllng, IVr@), Yu, v e WeP(Q).

Now it suffices to invoke the Sobolev embedding theorem for obtaining the stated conclusion. O
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We introduce the notion of solution to problem (1) whose existence can be established under hypo-
theses (H1)-(H2).

Definition 2.3. Assume that hypothesis (H1) is verified. A function u € Wé’p(Q) is said to be a generalized
solution to problem (1) if there exists a sequence {u},>1 in Wé’p(Q) such that

@) u, — uin WyP(Q) as n — oo;

(b) —Apun + Agun — (-, Un(+), Vip(:)) — O in WP(Q) asn — oo;

(©) i | (=Bt ty = ) + Bty = W) = [ FOX Un0), Vitn00) (a0 = ux))lx | = .

n—-oo

Lemma 2.2 ensures that Definition 2.3 is correctly formulated.

Lemma 2.2 shows that the Nemytskii operator N; : Wé’p(Q) — WP '(Q) corresponding to the Carathéodory
function f: Q x R x RN — R, namely

Ni(w) = f(-, w(-), Vw(-)), Yw € WyP(Q),

is well defined. Moreover, again by Lemma 2.2, there exists a constant C > 0 such that the following estimate
holds

IN W)l < C U0l 07 ) + ||W||fpf(;) + IIVWIpr_(}))), vw € WyP(Q). 3)

We focus a bit more on the integral term _[Q fOx, un(x), Vun(x)) (ua(x) — u(x))dx strengthening the growth
condition in (H1).
(H1)' There exist constants ¢, > 0,6 >0, r € [1,p*), n € [1,p"), »n € [1, p) and a nonnegative function

o € L (Q) such that

-
If(x,s, &) < 0ox) + qls|t + c2|£|r§’ for a.e. xeQ, all se R, £c RY,

Remark 2.4. Condition (H1)’ implies condition (H1) because ifr, € [1, p*) and r, € [1, p), thenr > (p*)’ and
r, > p', which yields
P_p

nooe)

With (H1)' in place of (H1) we consider the existence of a solution to problem (1) in a stronger sense.

<P
!

=p -1 and E, =p-1
2 P

Definition 2.5. A functionu ¢ Wé"’(Q) is said to be a strong generalized solution to problem (1) if there exists
a sequence {Uy}ps1 in W&’p(Q) such that (a) and (b) in Definition 2.3 are satisfied together with (c)’

(c)’ lim (-Apu, + Aglin, Uy — uy = 0.

n—oo

Our existence results for generalized and strong generalized solutions are given in Theorems 4.1 and 4.2 of
Section 4.

We end this section with the following consequence of Brouwer’s fixed point theorem that will be an
essential tool in our approach. For a proof we refer to [5, p. 37].

Lemma 2.6. Let X be a finite dimensional space with the norm |-||x and let A : X — X* be a continuous
mapping. Assume that there is a constant R > 0 such that

(A(v),v)y 20 for all veX with ||v|x =R.

Then there exists u € X with |lullx < R satisfying A(u) = 0.
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3 Finite dimensional approximate solutions

Since the Banach space Wy?(Q) with 1 < p < +oo is separable, there exists a Galerkin basis of W*(Q), which
means a sequence {X,},>1 of vector subspaces of Wé”’(Q) satisfying

(i) dim(X,) < co, Vn;

(il) X, € Xpy1, Vn;

(i) UX, = WaP(Q).
n=1
Fix a Galerkin basis {X,}»=1 of Wy(Q). The notation |Q| stands for the Lebesgue measure of Q.

Proposition 3.1. Assume that conditions (H1)-(H2) are fulfilled. Then for each n > 1 there exists u, € X,
such that

(=Dpun + Aqup, v) = If(x, uy(x), Vu,(x))v(x)dx for all v € X,,. (4)
Q

Proof. For each n > 1 we introduce the mapping 4, : X, — X, by

Anw), vy = (=Dpu + Agu, v) - '[f(x, u(x), vux))vix)dx forall u,v € X,.
Q

On the basis of assumption (H2), Hélder’s inequality and Sobolev embedding theorem we find the estimate

(Ap(v), vy = I (IVvlP — [V — f(x, v, Vv)v)dx
Q
> I (1= co) VP = [Vvld — ¢(|vI* + 1))dx
Q
> (1 - co)lWIEng, - %" IVWITr g = GUVVIgg, +1), Vv e Xy,

with a constant ¢ > 0. Using that p > g, p > a and ¢y < 1 we conclude that
(An(v),v) > 0 whenever v € X, with |Vv|rq =R
provided R > 0 is sufficiently large. Lemma 2.6 can thus be applied for X = X, and A = A,. Therefore, there

exists u, € X, solving the equation A, (u,) = 0, which is just (4). The proof is complete. O

Corollary 3.2. Assume that conditions (H1)-(H2) are fulfilled. Then the sequence {uy}n>1, with u, € X,, con-
structed in Proposition 3.1, is bounded in Wy?(Q).

Proof. Insert v = u, in (4). Through hypothesis (H2), Hélder’s inequality and Sobolev embedding theorem, it
gives

p-q9 ~
”Vun "fIJ(Q) = ”Vun "(II}I(Q) + J-f(xy v, vun)undX < |Q| L4 "Vun ”%P(Q) + CO "Vun”i]p(g) + Cl (Hvun ”%P(Q} + 1)9
Q

with a constant ¢ > 0, or

p-q ~
(1 - CO) ”Vun ”fP(Q) < |Q| L4 "Vun”gp(g) +q (Hvun”%p(g) + 1)'

Recalling that p > g, p > a and ¢y < 1 we achieve the desired conclusion. O
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4 Existence of generalized solutions
The statement below constitutes our existence result for generalized solutions to problem (1).

Theorem 4.1. Assume that conditions (H1)—(H2) hold. Then there exists a generalized solution to problem (1)
in the sense of Definition 2.3.

Proof. By Corollary 3.2, we know that the sequence {u,},>; constructed in Proposition 3.1 is bounded in
Wé'p(Q). Since the space W&’p(Q) is reflexive, along a relabeled subsequence we have that

u, — u in WyP(Q) (5)

for some u € WyP(Q).

From estimate (3) we infer that the Nemytskii operator N; : W&'p(Q) — WP /(Q) is bounded (in the
sense that it maps bounded sets into bounded sets). Taking into account (5) it holds

{Nf(un) }ns1 is a bounded sequence in W7 Q). (6)

Since —A, + A4 : W&’p(Q) — W’l’p'(Q) is also a bounded operator, by (6) it follows that the sequence
{=Apun + Agun — Np(uy) }nx1 is bounded in w-Lp /(Q). Thanks to the reflexivity of wLp /(Q), we can pass to a
relabeled subsequence finding that

~Aplty + Aguty — Ne(up) — 1 in WP(Q) @)

for some n € W P(Q).
Let v € [Un>1 Xy. There is an integer m > 1 such that v € X;,. Applying Proposition 3.1, we see that
equality (4) holds true for all n > m. Letting n — co in (4) entails

{n,vy =0 forall ve X,

nx1

We deduce that = 0 because | J,=1 X, is dense in WyP(Q) (see requirement (iii) in the definition of Galerkin
basis in Section 3). Consequently, (7) becomes

—Aputy + Dty — Nr(up) — 0 in WP/(Q). 8
Set v = u, in (4), which provides
IVunlfrg) = 1Vl + _[f(x, Un(X), V(X)) Up(x)dx, Vn = 1. 9)
Q
On the other hand, by (8) we get
(=Dpun + Aquy — Ne(uy), uy — 0 as n — oo. (10)
Combining (9) and (10) it turns out

Hm(-Apun + Aqun - Ivf(un)’ Up — u> = 0. (11)

n—oo

If we gather (5), (8) and (11), we obtain that u € Wy?(Q) is a generalized solution to problem (1) in the
sense of Definition 2.3. The proof is thus complete. O

Next we state our second existence result.

Theorem 4.2. Assume that conditions (Hl)’—(H2) hold. Then there exists a strong generalized solution to
problem (1) in the sense of Definition 2.5.
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Proof. In view of Remark 2.4 we are allowed to use all the formulas in the proof of Theorem 4.1. By (H1)' we
are able to write

jf(x, Un, Vip) Uy — u)dx
Q

- P
< J [f (x, up, Vuy)|lu, — uldx < J (o(x) + Cllunl%l +0 IVunlr’z)Iun — u|dx.
Q Q
Through the preceding estimate, in conjunction with Hélder’s inequality, we arrive at

Jf(x, Un, Viy) (U — u)dx
Q (12)

P
5

A
< llollyq) lun — ullr@) + allunll lun = ullri) + & IVUunlizhg, Iun — ull2g), Vn = 1.

7@

The boundedness of {u,},>1 in W&’p(Q) (see (5)) implies that {u,},>; is bounded in LP*(Q) and {Vup}ps1 is
bounded in (L?(Q))N. Then (12) renders

If(x, Un, Vtp) (Uy — Wdx | < M(lluy — ullr) + lun — ullyg) + llun — ullzq)), vn=>1, (13)
Q
with a constant M > O.

By the Rellich-Kondrachov theorem we know thatr € [1, p*),n € [1, p*),» € [1, p) in (H1)' and (5) ensure
the strong convergence u,, — u in L'(Q), L%(Q) and L(Q) as n — oo. Then from (13) we derive

nlim f(x, uy, Vuy) (u, — u)dx = 0. (14)

Q
On the basis of (11) and (14) we find that

lim (-Apup, + Agup, Uy — uy = 0. (15)

n—oo

Altogether (5), (8) and (15) show that u is a strong generalized solution to equation (1), thus completing
the proof. O

Finally, we note that contrary to what happens for problem (1), our notion of strong generalized
solution in the case of the problem

{—Apu - Aqu = f(x,u, Vu) in Q, (16)

u=0 on 0Q

coincides with the classical notion of weak solution. Specifically, under hypothesis (H1)’, a function
ue W&’P(Q) is by definition a strong generalized solution to problem (16) if there exists a sequence {up}n>1
in Wy*(Q) such that u, — u in WyP(Q) as n — oo,

~Dptin = Bgltn = f(-, Un(-), Vitn(-)) = 0 in WP(Q) as n — oo (17)
and

lim (-Apu, — Aguin, Uy — uy = 0. (18)

n—oo
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We claim thatu € Wé’p(Q) is a strong generalized solution to problem (16) if and only if it is a weak solution
to problem (16), that is,

(~Apu - Dgu, vy = Jf(x, u(x), Vu(x))v(x)dx forall v e WyP(Q). (19)
0

Indeed, ifu € W&'p(Q) is a weak solution to problem (16), then posing u, = u it is clear that u is a strong
generalized solution to problem (16). Conversely, assume thatu € Wy*(Q) is a strong generalized solution to
problem (16). Hence, there exists a sequence u, — u in Wy?(Q) asn — oo for which (17) and (18) hold. From
(18), the monotonicity of —-A, and the weak convergence u, — u in Wé”’(Q) it follows that

lim sup{-Apuy, up — uy < lim {-Apuy — Aguy, up — uy = 0.

n—oo n—-oo

As the operator —A, on WyP(Q) fulfills the (S,)-property (see, e.g., [4, p. 45]), we infer the strong con-
vergence u, — u in WyP(Q). Then the continuity of the operators —A, : WEP(Q) — WP'(Q), -A, : Wy9(Q) —

W9(Q) and Ny : WrP(Q) — WP(Q) enables us to deduce from (17) the validity of (19), thus u is a weak
solution to problem (16).

Remark 4.3. Proceeding as in the proof of Theorem 4.2 one obtains under Assumptions (H1)'-(H2) that
there exists a strong generalized solution to problem (16). Thereby, in view of what has been said in the
preceding comments, under Assumptions (H1)'—(H2) there exists a weak solution to problem (16).
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