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_ A new microscopic model which takes into account both the static and dynamic triaxial 
deformations in the high·spin states of odd-A nuclei is developed. The model is based on the rotating 
shell model and treats the quasiparticle-vibration couplings in the uniformly rotating frame of 
reference. Effects of the static and dynamic triaxial deformations on the signature splitting of the 
quasiparticle energies and on the signature dependence of B(M1), B(E2; I -+ I -1) and B(E2; 1-+ I - 2) 

for the transitions within the unique·parity bands in odd-A nuclei are discussed. Numerical exam
ples are presented for odd-Z nuclei 157Ho, l59Tm and 161,165Lu, and for odd-N nuclei 161Dy,167Er and 
16l,l63,l67Yb to which experimental data for B(M1) and B(E2) are available. 

§ 1. Introduction 

The main purpose of this paper is to extend the traditional quasiparticle

vibration coupling model for non-rotating nuclej!},2} into the case of rapidly rotating 

nuclei by formulating it in the reference frame which is uniformly rotating with 

rotational frequency Wrot. It is intended to use this model for analyzing the 

dynamical interplay in odd-A nuclei between aligned quasiparticle excitations and 

vibrational excitations in the near-yrast region with large angular momentum. In 

this paper, among the various vibrational modes, we focus our attention on the 

"gamma" vibrations which represent dynamical shape fluctuations in the gamma 

degree of freedom. Since we treat odd-A nuclei whose equilibrium shapes are (in 

general) triaxial and which are rotating, the "gamma" vibrational modes do not have 

definite K quantum number and may contain the components corresponding to the 

wobbling modes3
} characteristic to nuclei having static triaxial shapes. We, there

fore, call these vibrations "generalized-gamma vibrations" in order to distinguish 

them from the familiar gamma vibrations with K = ± 2 which represent the shape 

fluctuations away from the axially symmetric equilibrium shape. 

The motive for developing this model lies in the recent experimental progress4
}-l3} 

in measuring both the stretched and non-stretched E2 transition probabilities as well 

as the Ml transitions between very high-spin states in odd-A nuclei in the rare-earth 

-region. As was pointed out by Hamamoto and Mottelson,14}.15} these experimental 

data contain information useful to identify the static and dynamic triaxial deforma

tions and their relations to rapid rotations. 

Our model is based on the rotating shell model (RSM)16},17) which is an extension 

of the familiar cranked shell modePS},19} in that the variation of the pairing gap L1 and 

the deformation parameters «(3, y) as functions of Wrot is taken into account for each 

r--
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Quasiparticle- Vibration Couplings in Rotating Triaxial Odd-A Nuclei 837 

rotational band. One of the merits of our microscopic approach is that it can be 

easily applied to high-spin states involving many aligned quasiparticles. On the 

other hand, its main limitation is that the generalized-gamma vibrations are treated 

within the small-amplitude approximation of the RPA. Thus, our microscopic model 

may be best suited to the description of rotational bands in the near-yrast region of 

odd-A nuclei which have rather stable minimum somewhere in the «(3, r) plane. 

The formulation of our model consists of the following four steps: 

1) Our first task is to construct a diabatic quasiparticle representation for a de

formed single-particle potential which is uniformly rotating about the x-axis with 

rotational frequency (i)rot. The diabatic basis for the RSM enables us to unam

biguously specify individual rotational bands in which internal structures of the 

quasiparticle state vectors smoothly change as functions of (i)rot.
19

) 

2) The residual interactions between quasi particles are treated by means of the RP A 

in the rotating frame. This step determines the normal modes of vibration in even

even nuclei. 

3) Then we treat the couplings in odd-A nuclei between the aligned quasiparticles 

and the generalized-gamma vibrations (obtained above) in the same manner as in the 

traditional quasiparticle-vibration coupling models.1
),2) 

4) The most crucial point of our approach is the treatment of the "N ambu-Goldstone 

modes", r t and r, in the RP A, which reorient the angular momentum of the collective 

rotation. We extend Marshalek's prescription20
) into odd-A nuclei and replace these 

modes with the exact angular-momentum operators. This replacement corresponds 

to the fact that the state vectors in the laboratory frame are constructed in a direct 

product form of the rotational and the internal wave function in just the same mariner 

as in the well-known particle-rotor modeP) Thus, our model may also be regarded 

as a particular version of the particle-rotor model, in which the basis of the internal 

state vectors is determined by the RSM as a function of (i)rot. 

Details of the formulation in each step mentioned above are given in § 2. In this 

section, we also give microscopic expressions for the intrinsic E2 and M1 operators. 

These formulae may be useful to the analysis of 1) the effects of static and dynamic 

triaxial deformations on the B(E2) values with ill = 1 which connect the favoured 

bands to the unfavoured bands (and v.v.), and 2) the effects of aligned quasiparticles 

on B(M1) values. Details of the computational procedure are described in § 3. 

Some typical results of numerical calculation are presented in § 4 for 1) nuclei with the 

hll!2 odd protons and 2) nuclei with the i 13/2 odd neutrons. Concluding remarks are 

given in § 5. 

§ 2. Formulation of model 

2.1. Diabatic quasiparticle basis for use in the rotating shell model 

We start from a single-particle potential hsp which is deformed with respect to 

both the pairing and the quadrupole degrees of freedom: 

(2·1) 
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838 M. Matsuzaki, Y. R. Shimizu and K. Matsuyanagi 

where hdef is the modified-harmonie-oscillator potential defined by 

hdef= hsPh(x-,> X, p), (2'2) 

(2'3) 

Here, P and N are the conventional nucleon-pair and nucleon-number operators, 

respectively. They are treated separately for protons and neutrons. In Eq. (2'2) the 

notation X-'> X means that the coordinates xi(i=l, 2, 3) are replaced by the doubly 

stretched coordinates Xi=(W;jWO)Xi. We consider triaxial quadrupole deformations 

so that the frequencies Wi with i=l, 2 and 3 ofthe modified-harmonie-oscillator are 

not equal in general. 

Let us consider a situation where the nucleus is uniformly rotating with rotational 

frequency Wrot about the x-axis (the 1st axis) defined with respect to the single-particle 

potential hsp. To describe such a uniformly rotating nucleus, we consider a time

dependent state vector whieh has a form familiar in the Hartree-Bogoliubov theory: 

(2'4) 

where I cf>o> is the BCS ground state for h sp and e = Wrod. We expand the unknown 

one-body operator C in a power series of Wrot, i.e.,. 

(2'5) 

and successively determine c(n) so as to satisfy the following basie equations: 

::1110 

(i) 1= - _U_<J1,_ 

OWrot 

with j{'=<cf>ole-il;(hsp-Wrot]x)eiGIcf>o> , 

(ii) o<cf>ole-iG(hsp-Wrot]x)eiGIcf>o>=o, 

(iii) 

(2·6) 

(2'7) 

(2·8) 

The above basie equations are derived by applying the selfconsistent-collective

coordinate method21
) to the partieular problem under consideration. A method of 

solving this set of equations is described in detail in Ref. 22) (see also Ref. 23)). It is 

found23
) that a cutoff of the wrot-expansion in Eq. (2·5) results in a diabatie level 

diagram (in place of the adiabatie one) for the quasiparticle energies in the rotating 

frame. As is well known, the diabatie basis enables us to unambiguously specify 

individual rotational bands whose internal wave functions smoothly change as func

tions of Wrot.19
) In this way, we obtain asingle-particle Hamiltonian h'sp describing 

independent quasiparticle motions in the deformed potential hsp whieh is now rotating 

with the rotational frequency Wrot: 

(2'9) 
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where (aZ, al') and (at, aji) are the diabatic quasiparticle creation and annihilation 

operators with signature a=1/2 (r=e- i1Ca =-i) and a=-1/2 (r=+i), respectively. 

They are determined, together with their energies EI' and Eji, as smooth functions of 

(Orot. *) 

To describe individual rotational bands, we have to carefully identify the 

quasiparticle configurations across the band-crossing region such that their internal 

structures smoothly change as functions of (Orot. This is done in the following way. 

Let us denote the quasiparticles defined with respect to the yrast configuration I <py) by 

( 
°t Ot) _ 

a 1', au; I.e., 

(2'10) 

where I <py) is constructed to be the lowest-energy configuration at a given value of (Orot. 

Then, the quasiparticle configurations describing individual rotational bands take in 

general the following form: 

n+ n_ 

I ¢hand) = (n d Z)( n d t)1 <py) for (O~~l < (Orot < (O2{.l . 
1'=1 u=1 

(2'11) 

Note that the explicit form of I <Pband) changes whenever the rotational band under 

consideration crosses with another band; for instance, the configuration corresponding 

to the g-band changes as 

0::::;; (Orot::::;; (Om, 

(O~Vt::::;; (Orot::::;; (Om , 

(O~~::::;; (Orot::::;; (O~:g , 

On the other hand, the configuration for the s-band changes as 

0::::;; (Orot::::;; (Om, 

(Om::::;; (Orot::::;; (O~tl , 

(2'12) 

(2·13) 

Here the suffices A, B, ... are the familiar notations24
) labelling the quasiparticle states 

with unique-parity. 

The equilibrium deformations are determined as functions of (Orot for each 

rotational band in even-even nuclei to simultaneously satisfy the following self

consistency conditions: 

for both protons and neutrons, (2'14) 

(2'15) 

*) Their precise definitions are given by Eq. (2 '19) below. 
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840 M. Matsuzaki, Y. R. Shimizu and K. Matsuyanagi 

under the volume-conservation condition WI effwzeff W3
eff

= wo
3
, where W/ff= j w/- W~ot 

for i = 2 and 3, and WI eff = WI. Equation (2 ·15) results from the semiclassical require

ment that the velocity distribution in the rotating frame be isotropic in average.Z5
) 

This equation determines the frequency Wi of the potential, from which the ordinary 

deformation parameters (/3, y) are immediately obtained.z5
) 

In this way, we obtain the diabatic quasiparticle representation whose equili

brium deformations are selfconsistently determined as functions of Wrot. 

2.2. The RPA in the uniformly rotating frame 

The residual interactions that are consistent, in the sense of the Landau-Migdal 

theory, with the single-particle Hamiltonian (2·9) are given by 

for both protons and neutrons, 

fj, - 1.. ~ K (+)Q- (+)tQ- (+)_ 1 ~ K (-)Q- (-)tQ (-) 
QQ- - 2 K=O,I,Z KKK 2" K=I,Z KKK , 

(2·16) 

(2 ·17) 

(2·18) 

where P='P-<¢bandIPI¢band> and QK(±) are the quadrupole operators that are defined 

in terms of the doubly stretched coordinates x/' associated with the rotating deformed 

potential, i.e., X/'=. (W/ff/WO)Xi. At the equilibrium deformation where Eq. (2·15) 

holds, we have the properties <QK(±»=O for all K. 

To describe vibrational excitations built on a given rotational band I¢band> in 

even-even nuclei, it is convenient to use the quasiparticle operators (aZ, a~) defined 

with respect to this band: 

,u=1, 2, "', Q-nB, 

v=l, 2, "', Q+ nB, (2·19) 

where nB is the blocking number of this band. These new quasiparticle operators are 

obtained from those defined by Eq: (2 ·10) through the following procedure. I6
),I7) Let 

2Q be the total number of single-particle states. Then, as is well known, the 

Hartree-Bogoliubov equation has 4Q solutions. If we identify Q positive-energy 

solutions as physical solutions for both signature sectors ((11=1/2 and -1/2), the 

quasiparticle vacuum coincides with the yrast configuration. Let (np, nv) be the 

occupation numbers of the quasiparticles (dZ, d~) in the configuration I¢band>. Then 

the quasiparticle operators defined by (2·19) are obtained from the original quasiparti

cles by the following replacements: 

( - E p, Vp, Up)--" (E'HP, U1HP, V.!HP) , } 

(-E v, VII, UII )--,,(E1HII, U,HII, V.!HII) 
(2·20) 

for the states with n p=l and nv=l, respectively. The other states with np=nv=O 

remain the same. Thus, the annihilation operators d p( d v) for the states with np = 1 

(nv=l) are now replaced by the creation operators a-hP(alHII) with negative energies 

and with opposite signature. 
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Quasiparticle- Vibration Couplings in Rotating Triaxial Odd-A Nuclei 841 

The RP A excitation operators Xn (±) t are constructed in terms of the new 

quasiparticle operators as 

(2·21) 

where (a!J)=(flr;) for the a=O (r=+l) sector, and (a!J)=(fl))) or (jIr;) for the a=l 

(r= -1) sector. The excitation energies 1iwn(±) and the amplitudes, rPn(±)(a!J) and 

CjJn (±)( a!J), are determined by solving the RP A equation of motion [ ii'sp + Hint, Xn (±) t ]RPA 

=1iwn(±)Xn(±)t and by the normaliz.ation condition <¢bandl[Xn(±), XAi:)t]I¢band)=Onn" 

In this way, we obtain normal modes of vibration built on a given rotational band 

I¢band). 

2.3. Quasiparticle-vibration couplings in the rotating frame 

For the description of rotational bands in odd-A nuclei, it is always possible to 

a=-~ 
2 

a= +~ 
2 

(0) 

a=+~ 
2 

1 
(X=+-

2 

Fig. 1. Diagrammatic illustrations of the coupl· 

ings between the quasiparticies (solid lines) 

and the generalized·gamma vibrations (wavy 

lines). The signatures a of these modes are 

indicated. 

adopt a basis constituted by one

quasiparticle excitations from rotational 

bands of even-even nuclei. Namely, the 

basic state vectors of the rotating shell 

model can be always written in the form 

aZI¢band), where the quasiparticle 'opera

tors and their vacuum I ¢band) are defined 

by Eq. (2·19). We now consider the 

couplings between the quasi particles aZ 

and the RP A normal modes Xn (±) t 

defined by Eq. (2·21) with respect to the 

rotational bands in even-even nuclei (see 

Fig. 1). Following essentially the same 

procedure as in - the well-known 

quasiparticle-vibration coupling models for non-rotating nuclei/),2) we can derive 

from the original Hamiltonian, H'= ii~p+ Hint, an effective Hamiltonian for odd-A 

nuclei in the rotating frame: 

+ ~1iwn(+)Xn(+)t Xn(+) + ~1iwnHXn(-)t X n(-)+ HCOUP1, 

n n 
(2·22) 

where*) 

HCOUPI = ~~" An(+'(fl)))(Xn(+)t aZav+ Xn(+)a~al') 
n I'v 

(2·23) 

*) The double primes attached to ~ denote that when the component (f!.Il) is summed, its signature 

partner (jifJ) should also be summed. 
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842 M. Matsuzaki, Y. R. Shimizu and K. Matsuyanagi 

Explicit expressions for the quasiparticle-vibration-coupling vertices A n(±) are 

(2·24) 

where QK(±)(n) are the quadrupole transition amplitudes associated with the 

vibrational modes Xn (±) and are given by 

QK(+)(n)= ~{if;n (+)(f.1. r;)QK(+)(f.1. r;) - ( -1)K(j?n (+)(f.1. r;)QK(+)(f.1. r;)} , 
pJJ 

(2'25) 

In the above equations, QK(±)(f.1.V) and QK(±)(f.1. r;) are the quasiparticle matrix elements 

of the (doubly-stretched) quadrupole operators QK(±) and are defined as 

(2'26) 

QK(+A) = ~QK(+)(f.1. r;)(AJ17+( -1)K A p 17) , } 
pJJ 

QK(-A) = L!"QK(-)(f.1.v)(AJJJ -( -1)KApJJ) , 

(2'27) 

P<JJ 

(2'28) 

where 

(2'29) 

We note that the operators QK(±A) can be rewritten in terms of the RPA normal modes 

as follows: 

(2'30) 

with QK(±)(n) being defined by Eq. (2·25) above. The quasiparticle-vibration

coupling Hamiltonian iicouPI has been derived from the cross terms between the above 

QK(±A) parts and the QK(±B) parts of the quadrupole operators (2'26) when they are 

inserted into the quadrupole-quadrupole interaction (2'18). In fact, there are contri

butions to the coupling vertices (2· 24) also from the residual pairing interaction 

(2 '17). Although we actually take into account these contributions in this work, they 

are omitted in the expression (2' 24) since they are not important for the generalized

gamma vibrations on which we focus our attention hereafter. 

The quantities (Ep , N,(()n(±), An(±» and the operators (aI', X n(±» appearing in the 

above equations are defined with respect to a given band I¢band), and are functions of 

(()rot. It is important to notice that An(-l(r;f.1.)*An(-)(f.1.r;). 
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Quasiparticle- Vibration Couplings in Rotating Triaxial Odd-A Nuclei 843 

In this paper, we are particularly interested in the couplings to the generalized

gamma vibrations that evolve from the ordinary gamma vibrations (built on the 

ground states). Due to the effects of the triaxiality of the static single-particle 

potential and also due to the Coriolis couplings in the rotating frame, the generalized

gamma'vibrations do not have definite K quantum number but still contain the IKI=2 

components as the largest components in the angular-momentum region investigated 

here. Neglecting the other vibrational modes and denoting the generalized· gamma 

vibrational modes with the signatures a= 0 (r = + 1) and a= 1 (r = - 1) as Xi and xf, 
, respectively, the internal state vectors of odd-A nuclei can be written as superposi

tions of the quasiparticle and the generalized-gamma vibrational excitations: 

IXn(wrot» = ~ <Pn (l)(J.l)aZI ¢> 
p. 

for the a=1/2 (r= - i) sector, ' (2'31) 

where the generalized-gamma vibrations are taken into account up to double excita

tions. The internal state vectors for the a= -1/2(r= + i) sector take a form similar 

to above, except that the suffices J.l are to be replaced by iI. The amplitudes <Pn(1)(J.l), 

<Pn(3)(J.lY), etc. are determined by treating the quasiparticle and the vibrational modes 

as fermions and bosons, respectively, and by diagonalizing the Hamiltonian (2'22) in 

the model space (2·31). The diagonalization is carried out for each signature sector 

(a= + 1/2 and -1/2) separately. 

It is important to note that the state vector (2· 31) contains, in general, many 

quasiparticles that are defined with respect to the yrast configuration, i.e., the 

quasiparticles (dZ, db-). For instance, it contains three such quasiparticles when the 

s-band (which involves two quasiparticle excitations from the g-band) is adopted as 

the vacuum I¢band> for the quasiparticles (aZ, ab-). When we discuss experimental 

data in § 4, we use the familiar terms like one-quasiparticle (lqp) bands and three

quasiparticle (3qp) bands by counting the number of quasiparticles defined with 

respect to the g-band before the first band crossing. 

2.4. Microscopic expressions for the intrinsic E2 and Ml operators 

In the previous subsection, we constructed the internal wave functions defined in 

the rotating frame. In order to calculate the E2 and M1 transition probabilities, 

however, we have to construct the total wave functions defined in the laboratory 

frame. We do this in a manner similar to the familiar particle-rotor model. Name

ly, we construct the state vectors in the laboratory frame in a direct product form of 

the rotational D-function IIM/C> and the internal wave function IxnCwrot»: 
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844 M. Matsuzaki, Y. R. Shimizu and K. Matsuyanagi 

(2·32) 

Note, however, that the projection K is defined here with respect to the x-axis which 

coincides with the rotation axis in the rotating shell model. 

It is convenient to adopt the Holstein-Primakoff-type boson representation for the 

D-functions, which were invented by Marshalek.26
) In this representation, for 

instance, the rotational D-functions IIMK> can be written in the subspace K=Iin the 

following simple form: 

IIJ.I>=_l-eiu-IO)<P 1 (bt)I-IolJ.J.J.>. 
o I2i /(1-Io)! 000 

(2,33) 

Here the boson operator b t transfers LlM = -1 and the operator ei<P transfers LlI = LlM 

=LlK=+1. The angular-momentum shift operator i-(Iab) with respect to the labora

tory frame is expressed as 

1_(Iab)= ly(lab)_ ilz(Iab) 

(2·34) 

As is evident from the above expressions, the Holstein-Primakoff~type boson represen

tation is suited to an expansion in terms of 1/10 • 

rt is here very important to distinguish three frames of reference; the laboratory 

(lab) frame, the principal axis (PA) frame and the uniformly rotating (UR) frame.27) 

They are related by 

(2,35) 

where 6i~b), 6i~R) and 6i~A) are the tensor operators of rank ;\ defined in the lab-, UR

and PA- frame, respectively. Thus, for instance, we have the following relations for 

the quadrupole operators: 

Q~~~)=ei<PQ~~f)=ew~:~15~IKQ~~A) . (2·36) 
IC 

Expanding the 15-operator in terms of 1/10 and retaining the terms up to the 10 -
1

/
2 

order,*) we obtain 

If 
I (UR) I (UR) 

Q
-mR.':::::: __ -_Q-(PA) __ +_Q-(PA) + Q-(PA) 

2-1 2 10 20 10 2-2 2-1, (2·37) 

where 

(2,38) 

In order to calculate the E2 transition probabilities, we need to know the microscopic 

expressions for the intrinsic operators Q~~A), Qt-1) and Q~~1) acting on the internal 

wave functions IXn(wrot». For this aim, we extend Marshalek's treatmeneO
) of the 

*) Up to the order 10-1/2, they are given2o
),26) by 

15"'2:::::0,15"11 :::::0, 15"l0:::::/ffi· j _ (lab) /10 , 15",-,::::: e- i
<>, 15"'-2::::: - e-2i

<> j /'ab)/lo . 
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Quasiparticle- Vibration Couplings in Rotating Triaxial Odd-A Nuclei 845 

"Nambu-Goldstone modes" (r t and r) to odd-A nuclei. These are the modes that 

reorient the angular momentum of the collective rotation: 

(2'39) 

where Ie = < J x> and the superscript denotes that they are evaluated in the RP A. *l 

Hereafter, the expectation values are taken with respect to the RPA vacuum I¢band>. 

These modes appear among the RPA normal modes. The quadrupole operator QZ-l 
is then expressed in terms of the RPA normal modes {Xn(-lt, Xn(-l, r t

, r} and the 

quasiparticle operators (B ;i!, Bpi!) as follows: 

(2'40) 

where Q~~rl and Q~~l are the vibrational and quasiparticle terms, respectively, 

(2·41) 

(2·42) 

with 

'(2'43) 

(2'44) 

The subscripts in the above notations refer to the x-axis except for Qi--2 1,z(n) and 

Qk-2 1,z('u iJ) where K denotes the z-component. Marshalek cliscussedzol a formal 

unitary transformation which replaces the "N ambu-Goldstone modes" (r t, r) with 

the exact angular-momentum operators (1-, L) j./2Ie. Extending his argument to 

odd-A nuclei, we now assume that the following replacements are possible: 

r t
-----,> b( 1-(URL J _ (qPl) , } 

v2Ie 

r-----'>_l_(j (URl_]- (qPl) 

hIe + +, 

(2'45) 

where J ±(qpl are the angular-momentum operators acting on the odd quasiparticles 

(aZ, a~). A similar ansatz was previously adopted by Hara and KusunoZ8l for the 

case Wrot=O. Then, Eq. (2'40) may be rewritten as 

*l Note that 10 for odd·A nuclei differs from Ie for even· even nuclei by <I x(qPl> =10- Ie, which represents 

the contribution from the last odd quasiparticle. We assume that the difference is small in comparison with 

_ 10 itself so that it is possible to expand the functions of 10 in terms of < I x(qPl> /Ie. 
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846 M. Matsuzaki, Y. R. Shimizu and K. Matsuyanagi 

Q~I!!;.A)= < Qzo> If. Ie (L {URL J -(qP» - < Qzz> L (L (UR) - J + (qP» 

(2'46) 

We now require that the above Q~I!!;.Al should be equivalent to the 10 -l/Z order approx

imation of Q~':!:~), Eq. (2'37). It should be recalled here that our microscopic calcula

tion is done in the UR frame and that the RPA takes into account the Ie -l/Z order 

corrections to the independent-quasiparticle limit of the rotating shell model. By 

comparing the coefficients in Eqs. (2'37) and (2'46) of the angular-momentum opera

tors j ± (UR), we obtain the microscopic expressions in the RPA order for the intrinsic 

operators Q~tA) to be used in the expression (2' 37) for Q~':!:~): 

Q~bA)=<QzO> , 

Q~~1)=<Qzz> , 

Q~~1) = Q~~lr) + Q~'!Il) - < Qzo> If. L J -(qp) + < Qzz> L J + (qp) • (2'47) 

In the same way, we can derive the microscopic expressions for the intrinsic M1 

operators pf~A) defined by 

pf':!:~)= ei<l> pf~r) = ei<l>~D':lIcpf~A) . (2'48) 
IC 

Expanding the D-operator i~ terms of 1/10 and retaining the terms up to the 10 -1/Z 

order,*) we obtain 

i/{UR)_ i/{PA)+_l_l I- (UR) j,CPA) 
.... 1-1 - .... 1-1 /2 10 - .... 10 • (2'49) 

On the other hand, the Ml operator [i1-1 i_s represented by the RPA normal modes in 

the UR frame as 

-CRPAl __ 1_< - >rt + -(Vlb)+ -Cqp) 
fl.l-1 - rT fl.x fl.1-1 fl.l-1, 

" Ie 
(2'50) 

where pf~r)and pf'!.l'{ are the vibrational and quasiparticle terms, respectively, 

(2'51) 

(2'52) 

with 

(UR)( )-<[X (-) - ]> fl.-I n - n, fl.1-1 , 

(2·53) 

As before, the components of [i refer to the x-axis. In deriving Eq. (2'50), we have 

*) Up to the order 10-112
, they are given2o

),26) by 

D':ll~O, D':I0~ L(lab)/ /210, D':l-l~e-i", 
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Quasiparticle- Vibration Couplings in Rotating Triaxial Odd-A Nuclei 847 

used the identity <fix>l/i: =<[r, fiI-I]>. Following the prescription (2·45) for the 

replacement of the "Nambu-Goldstone modes", we can rewrite Eq. (2·50) as 

fif~A}=. }z<fix> Ie (i-(URL J -(qP))+ fif~r}+ fif~2 . (2·54) 

Requiring that the above fif~A} should be equivalent to the 10 -liz-order approximation 

of fif':!:~}, Eq. (2·49), we obtain 

fif~A}=<fix> , 

fl.
- rPA} = fl.- rY1b} + fl.-(qP} - n...~ ]- (qp) 

I-I I-I I-I ~ru-A -I , (2·55) 

where 

[JRpA = < fix> lIe (2·56) 

and J-I(qp}=J-(qp}/J2. Microscopic expressions in the RPA order for other 

components of the E2 and M1 operators, QZl' and fill', can be obtained in a similar 

manner. 

After obtaining the explicit expressions for the intrinsic operators, it is straight

forward to calculate the B(Ml) and B(E2) values by using the total wave function 

defined by Eq. (2·32) with K=I. 

2.5. Effects of triaxial deformations on B(E2; I ---+ I -1) 

In this subsection, we discuss the effects of triaxial deformations on the B(E2; 1---+ 

1.,.-1) values between the signature partners in the odd-A, unique-parity bands. As is 

evident from the expressions (2·36) and (2·37), the intrinsic operator Q£~1} is respon

sible for such signature-changing transitions withLlI = 1. Let us rewrite this operator 

into a form, by means of which we can easily identify the effects of static triaxial 

deformation on the E2 transitions. Expressing the expectation values of the qua

drupole operators <Qzo> and <Qzz> in terms of Qo=<Q}t20> and Qz=<Q}t2z>/J2, whose 

components are defined with respect to the z-axis, and using J ±(qP) = J/qp}± iJz(qP}, the 

intrinsic operator Q£~1} in Eq. (2·47) is rewritten as 

_Q(PA} =_Q£Yib} +_Q~qp} _ _Q _z __ + Q 2 z y +_z __ 1 - 1 - 1 - If]- (qp) (.]- (qp) ]- (qP)) 

i Z-I i -I i -I 2 0 Ie Z Ie Ie' (2·57) 

w~ can eliminate iJ/qP} from the above expression by making use ofthe approximate 

relation 

(2·58) 

where Ii denotes the angular-momentum of the initial state. Here LlE is defined by 

LlE=E(a=1/2)-E(a= -1/2) and represents the signature splitting of the quasiparti

cle energies associated with the unique-parity orbit j. The phase factor (-1)£'-; in 

the above relation is obtained by assuming the normal phase rule LlE=( -l)i+l!ZILlEI, 

and implies that it is positive (negative) for the transitions from the favoured 

(unfavoured) states whose angular-momentum Ii= j + even (odd). The relation (2·58) 
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848 M. Matsuzaki, Y. R. Shimizu and K. Matsuyanagi 

is easily derived14
) by taking the quasiparticle matrix elements of the commutator 

between the cranking Hamiltonian h~p= hsp- Ghat] x and the operator] z, and holds 

almost exactly in the axial symmetric limit except for the small corrections resulting 

from the doubly stretched [2 and [- s terms. Inserting (2 -58) into (2 -57), we obtain 

~Q~~1)= ~ Q~:'!t)+ ~ Q~~)+{ -!tQo+Q2(1+2(-1)I·-jl n~:J)} ]fP) . 
(2-59) 

The above expression clearly shows that the signature dependent effect arises when 

the static triaxiality Q2 is non-zero. The phase factor ( -l)I·-j implies that the B(E2; 

l;--~ 1i-1) values are enhanced for the transitions from the favoured (unfavoured) 

states to the unfavoured (favoured) states when Q2 is negative (positive). According 

to Bohr and Mottelson's definitions3
) of Yo, i.e., tan yo == < QJt22> / < Q5t2o>, yo is positive 

(negative) when Q2 is positive (negative). Note that this sign convention for Yo is 

opposite to that of the Lund convention.14
) If the vibrational and the quasiparticle 

contributions, Q~:'!t) and Q~~), are neglected, Eq. (2-59) reduces to the expression 

derived by Hamamoto and Mottelson14
),15) when j=1/2 because IL1EI=nwrat in this 

special case. 

In addition to the static triaxial deformation Q2=1=O, the vibrational term Q~:'!t) 

also brings about signature dependent effects in the B(E2; I ---> I -1). This is caused 

by the mixings of the generalized-gamma vibration with signature a=l (r= -1) in 

the one-quasiparticle states, illustrated in Fig. l(a). Microscopic structure of the 

coupling vertices A n(±) appearing in Fig. 1 and defined by Eq. (2-24) will be investigat

ed in detail in a separate paper.29
) We here only mention that they involve the matrix 

elements of Qk-21 and Qk-22 between the aligned quasiparticle states with different 

signatures, for which an approximate relation 

(2-60) 

holds under certain conditions. The above relation plays a role similar to the 

relation (2-58) between i])qP) and ])qP) in deriving a phase rule for the signature 

dependent effects. It should be emphasized here that such an interplay between the 

K = 1 and 2 components of the quadrupole motion is an interesting new feature of the 

generalized-gamma vibrations created in rotating triaxial nuclei.30
) 

Thus, we expect in general that the signature dependence of B(E2; I ---> I -1) is 

very sensitive to whether effects of static and dynamic gamma deformations result in 

constructive coherence or destructive coherence. The degree of the competition (or 

the cooperation) between the static and dynamic effects depends, of course, on the 

magnitude of the Yo and the strengths of the quasiparticle-vibration-coupling vertices 
AH. 

2.6. Effects of aligned quasi particles on B(Ml) 

The intrinsic operator pf~1) defined by Eq. (2 -55) is responsible for the M1 

transitions between the signature-partner bands. This operator may be rewritten as 
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Quasiparticle- Vibration Couplings in Rotating Triaxial Odd-A Nuclei 849 

in terms of the expressions pf'!!'2=gz li1P)+gseff s~'¥') and J~1P)= li1P)+ s~'¥'). The g

factor of the RP A vacuum, gRPA, appearing in the above equation is defined by Eq. 

(2·56) and may be rewritten into a more explicit form,3l)-33) 

(2·62) 

where R=<J x)g, i=;=<J x)-<J x)g, gRR=<fix)g and g;i=<fix)-<fix)g, with the suffix g 

denoting the expectation value with respect to the g-band configuration. We see 

from the expression (2·62) that gRPA decreases (increases) when the i13/2 neutron (hll/2 

proton) alignment takes place, since gi is negative (positive) in this case. This 

change in the {/RpA value associated with the alignment will, in turn, bring about a 

remarkable change in the M1 transition probabilities under consideration. Thus, in 

the case of odd-Z nuclei with the hll/2 odd proton, the B(M1) values will increase 

(decrease) when one goes from the 1qp band to the 3qp band involving the aligned i13/2 

neutrons (hU/2 protons). On the other hand, for odd-N nuclei with the i13/2 odd 

neutron, the B(M1) values will increase (decrease) when the hll/2 proton (i13/2 neutron) 

alignment takes place. 

§ 3. Details of numerical calculation 

The procedure of numerical calculation is basically the same as in Ref. 17) except 

that the new method of constructing the diabatic quasiparticle representation22).23) is 

used for the first time in this work. We adopt the second-order approximation with 

respect to the power of the a./rot expansion for determining the operator iG in Eq. (2·5). 

The parameters VZs and Vll of the modified-harmonic-oscillator potential are taken 

from Bohr and Mottelson's textbook.3) The three major shells with Nose=3, 4, 5 (Nose 

=4,5,6) are explicitly taken into accont for protons (neutrons),*) and the ilNose=2 

Coriolis coupling terms are neglected in the calculation. The equilibrium deforma

tion parameters (/30, Yo) are determined by using the same method as in Ref. 25).*) 

This method makes use of the semiclassical requirement that the velocity distribution 

should be isotropic in average when seen in the rotating frame. 

The pairing-force strengths used are Gn=2.64/A and Gp=3.51/A in units of nwo. 

These values are determined by the requirement that the calculated pairing gaps at 

nWrot=O reproduce the odd-even mass differences between 165Lu and its even-even 

neighbours. The pairing gaps iln and ilp are selfconsistently calculated as functions 

of Wrot in each quasiparticle configuration for even-even nuclei. It turned out, how

ever, that the iln for the s-band configuration rapidly decreases in the region nWrot 

~O.3 MeV. In such a case, we simply set the pairing gaps to be constant in such a 

region in order to avoid the difficulty associated with the pairing phase transition. 

These constant values are shown by thin dash-dotted lines in Fig. 4. 

The quadrupole-force strengths KK(±) are determined in the following way. In the 

*) The contributions from the nucleons outside the model space are taken into account in the same way 

as in Ref. 25). They are indispensable for reproducing the experimental data for flo in the calculations. 
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850 M. Matsuzaki, Y. R. Shimizu and K. Matsuyanagi 

RPA calculation for the vibrations built on the g-band, we determine the values of KiJ(+) 

and K2(+) in each nucleus so as to reproduce at nmrot=O the average excitation energies 

of the lowest K =0 and 2 vibrational states in the neighbouring even-even nuclei. On 

the other hand, the values of Kl(±) and K2(-) are determined at nmrot=O so as to restore 

in the RPA the rotational symmetry broken by the deformed single-particle potential 

fidef. Since the equilibrium deformation parameters (Po, Yo) are different between the 

g-band and the s-band configurations, the strengths KK(±) of the residual quadrupole

force are also slightly different between these configurations. In the RP A calculation 

for the vibrations built on the s-band, we assume, for simplicity, that KiJ(+) = Kl(±)= K2(±) 

=K and determine the value of K at nmrot=0.2 MeV such that the excitation energy 

nmNG of the "N ambu-Goldstone mode" (that reorients the angular momentum of the 

. collective rotation) is correctly reproduced in the calculation at nmNG=nWrot. 

In the treatment of the quasiparticle-vibration couplings, we take into account the 

lowest 10 quasiparticle states (with unique-parity) for each signature sector, a= ±1/2. 

Thus, we diagonalize the 60 x 60 matrix for each signature at every value of mrot. 

The M1 and E2 transition matrix elements are evaluated at the average value of 

mrot'S between the initial and the final states.*) In the calculation, the effective spin 

g-factor of gseff=0.7g/ree is used, but no E2 effective charge is used. The rotational 

g-factor, gR, appearing in Eq. (2·62) is usually calculated in a microscopic way .. 

However, for the cases where it is apparent that a better agreement between calculat

ed results and experimental data is obtainable if we phenomenologically modify the 

gR value, we shall present the results of calculation using the phenomenological gR 

values. These cases occur in nuclei involving the i13/2 odd neutrons, and are explicitly 

mentioned in § 4. 

It should be emphasized that we are going to do calculations which essentially 

contain no adjustable parameter. Since our major purpose in this paper is to exam

ine the general characteristics of the prediction of the microscopic model formulated 

in § 2, we shall not attempt, except for a few cases mentioned above, in the next 

section to phenomenologically search for the optimal parameters entering in the 

numerical calculations. Of particular important one is the triaxiality parameter Yo 

characterizing the single-particle potential fidef. Since we use in this paper a very 

simple method of evaluating Yo, there is room to improve the calculation especially 

with regard to the determination of the most appropriate values of yo for individual 

bands. We leave such a task of elaborating our calculation in order to make a 

detailed comparison with experimental data for a future work. 

§ 4. Some examples of numerical calculation 

In this section, we present some results of numerical calculation for the unique

parity bands of odd-Z nuclei, l57Ho, 159Tm, 161,165Lu, and of odd-N nuclei, 161Dy, 167Er 

and 161,163,167Yb for which experimental data for B(M1) and/ or B(E2) are available. 

Before presenting these results, we first test our theoretical values of gRPA in 168W, since 

a result of direct measurement of the g-factors of both the g-band and the s-band has 

*) Since the wave functions in the diabatic basis change only smoothly as functions of (Oro" we expect that 

this is a good approximation. 
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Quasiparticle- Vibration Couplings in Rotating Triaxial Odd-A Nuclei 851 

recently been reported34
) for the first time for this nucleus. 

4.1. g-factors of the g-and the s-band in 168W 

Calculated and experimental values of theg-factors for the g- and the s-band in 

168W are compared in Fig. 2. As expected, the g-factor for the s-band suddenly 

decreases to about - 0.2 due to the alignment of the i13/2 neutrons. The calculation_ 

successfully reproduces this change in the g-factors before and after the band cross

ing. Equation (2·61) indicates that the B(M1) values of odd-A nuclei sensitively 

depend on the g-factors of the even-even "core". Thus, the agreement displayed in 

Fig. 2 is quite encouraging to proceed to the discussion on the B(M1) and B(E2) 

values in odd-A nuclei. 

4.2. Nuclei with the hll/2 odd-proton 

Figure 3 presents the deformation 

parameters (/30, Yo) for the 1qp and 3qp 
bands in 157 Ho, 159 Tm and 161,165 Lu. 

These deformation parameters are 
equivalent to the (/3(pot), y(Pot» defined in 

Ref. 25) that characterize the deformed 

potential in . fidef for the even-even 

"cores" (the averages of the neighbour

ing even-even nuclei) of the odd-Z nuclei 

under consideration. These values are 

calculated by means of the semiclassical 

method described in § 2, and are used in 

the quasiparticle-vibration coupling cal

culations for evaluating the M1 and E2 

0.5 

! 
168 

9 
74 W94 

+ 
----.. 

2 
109 

4 
0 

~8 
125 

o 0.3 
!iwrot(MeV) 

Fig. 2. Comparison of the calculated values of gRPA 

with the corresponding experimental data34
) in 

16SW. The calculated deformation parameters 

(/30, Yo) are /30=0.177~0.186 and Yo=L1°~9.3° 

for the g-band, and /30=0.182~0.187 and Yo 

=0.8 0 

~4.2° for the s-band, in the range 0.1:'S 

nCOrot:'S0.3 MeV. 

y 1~§Tm9o fl 
021 1(ii- - Q21 

r~Y -

p
----~---)~------------T----· 

P ••• • ..... •• 5 

o .. g---- l. .19 

----=--= Y 

(j'- ~ - ...... --)il---------)~ 019 

rl __ -~' 
.. ---- 1 1 ·1 

y fl 

10' 

::<-
0.19 

-- 1 ---------
O' 1 fl ~ 0.17 

9 l· l 

l ------------- y 
--------

1 1 1 

0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5 
liwrot(MeV) 

. Fig. 3. Calculated deformation parameters (/30, Yo) . for the g-band and the s-band configuration are 

plotted as functions of COrOI. These'values c4aracterize the deformation of the "cores" (the 

averages of the even-even neighbours) of the odd-Z nuclei; l57Ho, '59Tm, '61Lu and '65Lu. Note that 

our definition of the sign of Yo is opposite to the Lund convention. 14) 
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1.5 ~_. ___ ._.~._ 

1 159 

tOr Jon 69 Tm90 1.0-
6 n . 157Ho l 67 90 

~--------
~_J _______ s_ 

0.5t-

lOr 

I I I 

g~-----= 
1 
6n 

l --_._._. __ ._._._._. 

5 

0.5r I 
I 

0.1 0.2 0.3 0.4 

5 

0.51-' 
I I I 

0.5 
I I I 

0.5 0.1 0.2 0.3 0.4 0.5 

Fig. 4. Calculated pairing gaps (Llp , Lln ) for the g-band and the s·band configurations are plotted as 

functions of Weat. These values characterize the pairing deformation of the "cores" (the averages 

of the even-even neighbours) 6f the odd·Z nuclei; I57Ro, '59Tm, I6ILu and 165Lu. 

transition properties within the unique-parity bands. 

It is seen in Fig. 3 that the /30 values do not significantly change when one. goes 

from the g-band to the s-band. On the other hand, the sign of Yo changes, in the case 

of the N =90 isotones, from positive to negative due to the excitation of the aligned 

i13/2neutrons. (N ote that our definition of the sign of Yo is opposite to the Lund 

convention14l). 

Results of the numerical calculation for the ratios B(Ml)/B(E2) in the N=90 

isotones, 157Ho, 159Tm and 161Lu, with the hll/2 odd-proton are displayed in Figs. 5~7. 

In these figures, the solid (broken) lines show the results of calculation in which the 

coupling effects with the generalized-gamma vibrations are taken into account 

(neglected). The solid triangles and the solid circles with error ·bars denote the 

experimental data before and after the first band crossings, respectively. In the 

upper parts of these figur~s, calculated values for the signature splittings LiE of the 

quasiparticle energies are compared with the experimental data. 

A remarkable feature of the observed Ml transition properties in these nuclei is 

that the B(Ml) values increase when one goes from the lqp band to the 3qp band. 

The reason for this enhancement is easily understood from the expression (2, 62): 

The g-factor associated with the aligned i13/2 neutrons, gi, is about -0.18 so that the 

[JRpA values considerably decreases when one goes from the lqp band to the 3qp band. 

This reduction of {JRPA, on the other hand, brings about an enhancement of the B(Ml) 

values under consideration, as is easily seen from the expression (2,61). 

It is furthermore seen from Figs. 5 ~ 7 that the calculated values of the ratio 

B(Ml) /B(E2) for the 3qp bands increase as Z increases from 67 to 71. There are two 

causes for this trend. One is the slight increase of the B(Ml) values associated with 

the decrease of the [JRpA values; i.e., [JRpA= -0.029, -0.045 and -0.062 at nWrot=OA MeV 

for 157Ho, 159Tm and 161Lu, respectively. The other cause is the decrease of the B(E2) 

values associated with the decrease of the deformation parameter /30; i.e., B(E2; I 

~ I -2)=0.83,0.77 and 0.67 [e 2 b2
] at nW~ot=O.4 MeV for 157Ho,159Tm and 161Lu, re

spectively (see Fig. 3 for the /30 values). The theoretical result that the ratio 
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Quasiparticle-Vibration Couplings in Rotating Triaxial Odd-A Nuclei 853 

B(Ml)/B(E2) in the N=90 isotones increases with increasing Z is in agreement with 

the experiments. On the other hand, the theoretical pattern as a function of W;ot is 

qualitatively similar for these isotopes, and do not explain the variations that are seen 

in the experimental data when one goes from one isotone to another. 

As is well known/4
) the signature dependence of the B(Ml) is closely correlated 

with the signature splitting LlE of the quasiparticle energies. On the other hand, this 

quantity LlE is a rather sensitive function of the triaxiality parameter Yo. Our Yo 

values used in Figs. 5 ~ 7 are qualitatively consistent with those evaluated by Frauen

dorf and May,35) and by Hamamoto and Mottelson.14
) However, quantitatively, the 

absolute magnitudes of our Yo are much smaller than their values. As mentioned in 

§3, there is room for elaborating our calculation especially with respect to the 

determination of Yo. For .example, the polarization effects of the odd quasiparticle 

are not fully taken into account in the present calculation (since our «(30, Yo) values are 

evaluated in the neighbouring even·even nuclei), although apart of such polarization 

effects may be taken into account in our model through the quasiparticle-vibration 

200,------,-----77"1 

l~?Ho 90 

0.5 

Fig. 5. Ratios B(Ml; 1-> I -1)/B(E2; 1-> I -2) and 

the signature splittings ilE for 157Ro, plotted as 

functions of Wrot. The solid (broken) lines 

represent the results of calculation with (with. 

out) taking into account the couplings with the 

generalized·gamma vibrations. The. solid trio 

angles and the solid circles with error bars 

denote the experimental ratios4
),8) before and 

after the first band crossings, respectively. 

The experimental data for the signature split· 

ting ilE are shown by the bold lines in the 

upper part of this figure, where all lines are 

drawn by smoothly interpolating the exper

imental and theoretical values. 

200,------;r-------, 

0.5 

Fig. 6. Same as Fig. 5 but for 1S9Tm. Exper

imental data are taken from Refs. 7) and 8). 
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~ 
~ 
w 
<l 

200,--------,---------, 

exp 

100 

o 

lJ. 

(
\(+ . 

1q \.J\jr t t t " " t • \ \t I \ :::t . 
I I I I 
IlL I 

V \1 
li \: 
2 j 

I 

exp 

ill. 
2 

o~-~-~~~-~ 

0.1 0.2 0.3 0.4 0.5 

Fig. 7. Same as Fig. 5 but for 161Lu. Exper

imental data are taken from Ref. 8). 

couplings. 

100,--------------, 

0.1 0.5 
11wro l(MeV) 

Fig. 8. Same as Fig. 5 but for 165Lu. Exper

imental data are taken from Ref. 9). Note 

that the experimental data for nWrot;(:OA MeV 

might correspond to the 5qp band.')·36) 

A similar theoretical pattern is also seen in 165Lu with N =94 (see Fig. 8). In this 

nucleus, the magnitude of the ratios B(M1; I ~ I -1) /B(E2; I ~ I - 2) is somewhat 

overestimated. The calculated values for the collective g-factor, gR defined in Eq. 

(2,62), are 0.32~0.27 in the range 0.1::5nwrot::50.3 MeV. The experimental ratios can 

be reproduced, however, if we use the phenomenological value 0.4 adopted in Ref. 14) 

in place of the microscopically calculated gR, except for the 3qp band in the region 0.2 

::5 nWrot::5 0.3 MeV where the experimental values are remarkably smaller than the 

calculated values. In this nucleus, it seems likely that the experimental data for nWrot 

;;:;0.4 MeV correspond to the M1 transitions associated with the 5qp band. This 

possibility was discussed in Ref. 9) and in our previous paper.36) 

It is seen from Figs. 5 ~ 8 that the main effect of the couplings with the 

generalized-gamma vibrations on the M1 transition properties is to decrease the 

magnitudes of the B(M1) values to some extent. A direct origin of this reduction is 

that the 1qp amplitude ¢n(1)(fL) in Eq. (2·31) becomes less than one due to the coupling 

effects. This reduction effect is found to be stronger in the 1qp band than in the 3qp 

band. Some numerical examples for the amplitudes characterizing the internal wave 

function defined by Eq. (2·31) are presented in Table I. 

Calculated E2 transition rates for 157Ho and 159Tm are presented in Figs. 9 and 10, 

respectively. Comparing the solid lines (in which the coupling effects of the 

generalized-gamma vibrations are taken into account) with the broken lines (where 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/7

9
/4

/8
3
6
/1

8
6
1
6
0
2
 b

y
 g

u
e
s
t o

n
 2

0
 A

u
g
u
s
t 2

0
2
2



_...J 

Quasiparticle- Vibration Couplings in Rotating Triaxial Odd-A Nuclei 855 

Table 1. Calculated values for the amplitudes of the internal wave functions, defined by Eq. (2'31), valid 

for the 1qp and the 3qp band at naicOl=0.26 MeV in 159Tm. Only the major amplitudes (among the 60 

components) are listed. 

1qp band 3qp band 

amplitudes a=1/2 a=-1/2 a=1/2 a= -1/2 

(unfavored) (favored) (unfavored) (favored) 

¢(1)(f1) or ¢(1)(Ji) 0.889 0.780 0.989 0.992 

¢(3)(f1r) 
0.141 0.416 -0.010 -0.014 

or ¢(3)(fir) 

¢(3)(fif) 
-0.250 0.048 0.110 0.092 

or ¢(3)(f1 f) 

¢(5)(/LYr) 
0.019 0.175 -0.003 -0.003 

or ¢(5)(firr) 

¢(5)(f1 ff) 
-0.045 -0.007 0.015 0.012 

or ¢(5)(fiff) 

¢(5)(firf) 
-0.110 0.034 0.001 0.001 

or ¢(5l(f1rf) 

these effects are neglected), we see a drastic effect of the generalized-gamma vibra

tions on the B(E2) values with ill = 1 which comiect the unfavoured states to the 

favoured states with one aligned proton in the hll/2 orbit .. The signature dependence 

of the B(E2; ill = 1) follows the rule expected from Eq. (2·52) when the vibrational 

contributions are neglected. For l57Ho and 159Tm where the chemical potentials are 

situated about the middle of the Nilsson states associated with the hll/2 orbit, we have 

found that the vibrational effects are always such that the transitions from the 

favoured states are enhanced in comparison with those from the unfavoured states. 

This signature dependence of B(E2; 1 ~ 1 -1) is in agreement with the experimental 

data. The major origin of this signature dependent effect can be attributed to the 

mixing of the generalized-gamma vibrations with the signature a=1 in the unfavour

ed states. The microscopic mechanism of this signature dependent effect will be 

discussed in detail in a separate paper.29) The vibrational effects clearly seen in the 

lqp band are much reduced in the 3qp band, becau~e the collectivity of the 

generalized-gamma vibration becomes weaker in the 3qp band. 

Experimental values4
) for the ratio QP) /Q~2) in 157Ho are greater than one, and thus 

much larger than the calculated values shown in Fig. 9. The experimental signature 

dependence is also stronger, about a factor of two, than the calculated result. It is 

hard, however, to obtain such large values for this ratio in the theoretical calculation. 

In this connection, we note that our calculation well reproduces the magnitudes of the 

E2-transition moments with ill =2 in the neighbouring nucleus159Tm (see Fig. 10) for 

which both the stretched and unstretched E2-transition rates have been determined 

recently by life-time measurements.7) 

Calculated results for the ratio Qt (1) /Qt (2) of the unstretched and stretched E2-

transition moments in 165Lu are displayed and compared with the recent experimental 

data8
) in Fig. 11. It is seen that the calculation correctly reproduces the experimental 

magnitudes of this ratio. It is also seen that the signature dependence is weak in this 

. nucleus with N =94. 
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~ 
~ 05 
N 
w 
ill 

t d 
11 t + +I7 +t 
2 2 29 

2 0L-__ -l ____ J-____ ~ __ ~ 

0.1 0.2 0.3 0.4 0.5 
1'lwrot(MeV) 

Fig. 9. B(E2;I --> 1 -1) and B(E2; 1 --> 1 - 2) for 

IS7Ho, plotted as functions of (Oral. The solid 

(broken) lines show the results of calculation in 

which the coupling effects of the generalized

gamma vibrations are taken into account 

(neglected). The solid triangles and the solid 

circles with error bars denote the experimental 

data4
) for the 1qp and the 3qp band, re

spectively. The B(E2; 1 --> 1 -1) values are 

shown in units of the rigid-rotor values (5/167r) 

x <eQo)2<1, 7/2,2011 -1,7/2)2 in order to clear

ly exhibit the signature dependence. The 

experimental values for this quantity are lar

ger than one and thus off scale. 

10 

35 
2 

Or---~----~Ll--L---~ 

10 

OL-__ ~ ____ -L ____ -L __ ~ 

0.1 02 0.3 0.4 0.5 
1'lwrot(MeV) 

Fig. 10. E2-transition moments Q,(l) and Q,(2) for 

IS9Tm, plotted as functions of (Oral. They are 

defined by 

Q (,1f.)_ , -
r7(1'--:6-7r/=5'"")B=--(-=E"C"2;--=1--->-=1 --~£11=-) 

<1K20t1 - £11, K)2 

The value K =7/2 is used. Other notations are 

the same as in Fig. 9. Experimental data are 

taken from Ref. 7). 

We note here that the calculated results presented above are consistent with those 

of Ikeda37) and Onishi et al.,38) who previously pointed out the importance of the 

contributions from the gamma-vibrations to the Ml and E2 transition matrix ele

ments by treating them within the framework of the macroscopic Bohr-Mottelson

type collective models. 

In the calculation presented in Figs. 9 ~ 11, it is possible that the vibrational 

effects are overestimated. The crucial quantities determining the magnitudes of 

these effects are the quasiparticle-vibration-coupling vertices defined by Eq. (2·24). 

It is known39
),40) that the RPA calculation using the 5-major shells significantly 

overestimates the B(E2) values between the gamma-vibrational states and the ground 

states in rare-earth nuclei. On the other hand, it seems reasonable to require that the 

calculated coupling vertices should be independent of the truncation of the Nilsson 

model space.41l Then, it can be argued42
) that the 3-major shell calculation overes

timates the magnitude of these vertices via the use of the force-strengths KK(±) (that 

reproduce the experimental excitation energies of the j3 and r vibrations within this 

truncated model space) about 50% larger than those for the 5-major shell calculation, 

even when the calculated E2 transition matrix elements QK(±)(n) correctly reproduce 
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2.0 

5 
35 
"""2 

165 ' 
71 LU94 

" 1.0 
29 
2 

b 

OL----L--~~--~----~ 

0.1 0.2 0.3 0.4 0.5 
hWrot(MeV). 

Fig. 11. Ratio Q, (I) /Q,<2) of E2-transition moments 

for '65Lu, plotted as' a function of Wrot. The 

value K=9/2 is used. Other notations are the 

same as in Fig. 9. Experimental data are 

taken from Ref. 8). 

(within the 3-major shells) the exper

imental B(E2) values between the 

gamma band and the g-band. 

Experimental data' for the M1 and 

E2 properties at a higher angular

momentum region are becoming avail

able,S) where various kinds of 5qp 

configurations may come into play. In 

this region of angular momentum, the 

transition from the superconducting to 

the normal phases of the pairing correla

tion is expected to take place. It 

remains to be an interesting subject to 

examine the applicability of the 

quasiparticle-vibration coupling model 

presented in this paper to such a transition region by taking into account the contribu

tions from the pairing vibrational modes as well as the generalized-gamma vibrations. 

4.3. Nuclei with the il3!2 odd neutron 

The deformation parameters (/30, Yo) calculated for the g-band coilfigurations in 

161Dy,167Er and 161,163,167Yb are presented in Figs. 12 and 14. These values are used in 

the quasiparticle-vibration-coupling calculations for the unique-parity bands associat

ed with the i13/2 odd neutron. For these 1qp bands, the triaxiality parameter Yo is 

-026 

- 13 

-0.24 

5'1- ___ • ______________ . _________ . 13 - 0.26 

Y ~-J3 
~ . 1~JEr99 

0'1- I Y I . I - 0.24 

5'- 1~6yb93 

Y ~ 
0'- Y 

. I I I 

-0.22 

- 0.20 

Fig. 12. Deformation parameters (flo, 'Yo) for the g

band configurations calculated as functions of 

Wrot. These values characterize the deforma

tions of the "cores" of the odd-N nuclei; '6IDy, 

'67Er and 163,167Yb. Note that our definition of 

the sign of 'Yo is opposite to the Lund conven

tion.14
) 

1.0 - ==-=---=--=---=--=---=--=---=c--=--=-= ~~ 

I:; 

IMeV) 1~~DY95 

0.5-
I I I 

1.0 I- ----------------------------- I:;p 

1:;~l:;n 
IMeV) 167

E 68 r99 

0.51- I I I 

1.51-

I:; 
IMeV) 

1.01-

1~6Yb93 
I:; P.----__________________ _ 

!'!.n-----

" 

I I 
I:;p--------'------_________________________ _ 

1:l-l:;n _________ 

IMeV) 1~6 Yb
97 

0.5, I I I 
0,.,.,05:------=-0,'--1-----=-0'--.15:-----,-0'--.2----'0.25 

tiWrol{MeV) 

Fig. 13. Pairing gaps (LIp, LIn) for the g-band 

configurations calculated as functions of Wrot. 

These values characterize the pairing deforma

tions of the "cores" of the odd-N nuclei; '6IDy, 

'67Er. and 163,167Yb. 
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0.20. 

Y 
Y 

.----------------- f3 
f3 

0' 0.18 

1.5 

I':, I':,p -------___________ 

(MeV) 

1~bYb91 
I':,n 

1.0. 

0..1 0..2 0..25 0..3 
flwrol(MeV) 

Fig. 14. Same as Figs. 12 and ,13 but for l6lYb. 

---, t 
• -.- -------.=.:,.----- ------

'b 21- t 
~ 25 

~ll-~T 
ill 11 

2" ( I I 

0.05 0.1 0.15 0.2 0.25 
tiwro\(MeV) 

Fig. 16. B(E2; I --. I -1) and B(E2; 1--. i - 2) for 

l6lDy, plotted as functions of Wrot. The solid 

circles with error bars denote the experimental 

data.lO) Other notations are the same as in 

Fig.9. 

200 

>= 
~100 
W 
<l 

o 

0.3 
~z 

~ 

~ 
.~ 0.2 

~ 
CD 

0.1 

~ 
~exp 

161 
66 DY95 

+ 
11 
2" 

0.05 0.25 

Fig. 15. B(M1; I --. I -1) and the signature split

tings LlE (absolute magnitudes) for l6lDy, plot

ted as functions of WrOI. Notations are the 

same. as in Fig. 5. Experimental data are 

taken from Ref. 10). Theoretical B(M1) val

ues are those calculated by using gR=0.21. 

The sign of LlE is negative, since the favoured 

signature (If is + 1/2 for the il 312 odd

quasiparticle in contrast to the h lll2 odd

quasiparticle for which it is -1/2. 

positive (negative in the Lund conven

tion) and gradually increases as a func

tion of COrOi, but its magnitude remains 

small in the angular momentum region 

under consideration. 

For the stable nuclei/61 Dy and 167 Er, the B(Ml; I -> I -1), B(E2; I ~ I -1) and 

B(E2; I -> I - 2) values are separately known by Coulomb excitation experiments.lO),ll) 

Calc;ulated results for these quantities are shown in Figs. 15 ~ 18 and compared with 

the experimental data. Concerning the calculation of the B(Ml) values, we remark 

that the microscopically calculated values for the collective gR-factor defined by Eq. 

(2'56) are 0.37~0.36 for 161Dy and 0.32~0.28 for l67Er in the rotational-frequency 

region under consideration. However, for the magnitude of B(Ml), we find that 
'I 

much better agreement with the experimental data is obtainable if the 

phenomenologically determined values, 0.21 for 161Dy and 0.18 for 167Er, are used in 

place of the microscopically calculated gR. (The possible origins of decreasing the gR 

values in these nuclei are discussed in the textbook of Bohr and Mottelson.3
» Thus, 

the B(Ml) values obtained by using the phenomenological gR are presented in Figs. 15 

and 17. It is seen that the signature dependence is well reproduced in the calculation. 

Figures 16 and 18 clearly show that the magnitudes of the calculated B(E2; 

I -> I -1) and B(E2; I -> I - 2) are in good agreement with the experimental data. In 
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:> 20 ., 
-'" 
W 
<J 

0 

1~Er99 
0.3 

~ -------...... _----.. ................... .. \, 

\ 

"I 
o--t 

t 
,!., 0.2 

I 
23 

11 T i z 
00 t 

t 0.1 

0.05 0.25 

Fig. 17. Same as Fig. 15 but for 167Er. Exper

imental data are taken from Ref. ll). Theor

etical B(M1) values are those calculated by 

using gn=0.18. 

500 

:t 
-'" 

!g 250 

Jt 

~ 

~ 
::E 

00 

0 

1§. 

l~b Yb91 
2 

0.3 

0.2 

0.1 

0.1 0.2 0.25 0.3 
1\wro\(MeV) 

Fig. 19. Same as Fig. 15 but for 161Yb. Exper

imental B(M1) values are those12).13) obtained 

by assuming appropriate values for B(E2; 1-> 

1-2). Theoretical B(M1) values are those 

calculated by using gn=0.2. 

,. 
~1 
w 
iii 

0.05 

......... 
.......... 

~ -23 
---- 2 

II f ' 
2 

0.25 
1\wro\(MeV) 

Fig. 18. Same as Fig. 16 but for 167Er. Exper

imental data are taken from Ref. ll). 
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:> 
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0.2 

0.1 

1~6Yb93 

12. 
2 

21 Oz 

0.05 0.1 0.15 0.2 0.25 
1\wro\(MeV) 

Fig. 20. Same as Fig. 19 but for 163Yb. 

the calculation we find that the signature dependence of B(E2; 1-4 I -1) is weak in the 

case of 161Dy and l67Er. This is because the static triaxiality Yo is small and also 

because the coupling effects from the generalized-gamma vibrations are weak in these 

nuclei. To test this result of calculation, we need more accurate data for B(E2; 1-4 

I -1) in 167Er. Of course, exp~rimental data for the M1 and E2 properties of the 3qp 

bands in these odd-N nuclei are very much desired. 
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Figures 19 ~ 21 show the calculated 
results for B(M1; I ~ I -1) in 161,163,

167Yb. 

In these calculations, the phenomenol

ogical value gR =0.2 . is used for the 

rotational g-factor. We see that the 

calculated signature splittings LiE 

decrease as the neutron number in

creases from 91 to 97, In agreement with 

the experimental trend. The signature 

dependence of the B(M1) values is also 

well reproduced in the calculation. The 

decrease of LiE is a simple consequence 

of the increase of the deformation pa

rameter [3 with increasing N (see Figs. 

12 and 14). 

Fig. 21. 

§ 5. Concluding remarks 

We have developed a microscopic model which takes into account both the static 

and dynamic triaxial deformations in the description of high-.spin states of odd-A 

nuclei. The model is based on the rotating shell model and treats the quasiparticle

vibration couplings in the uniformly rotating frame of reference. With the use of this 

model, we have discussed the effects of the static and dynamic triaxial deformations 

on the signature splitting of the quasiparticle energies and on the signature dependen

ce of B(M1), B(E2; I ~ I -1) and B(E2; I ~ I -2) values for the transitions within the 

unique-parity bands in the rare-earth odd-A nuclei to which experimental data are 

available. 

It has been shown that both the static and dynamic triaxial deformations bring 

about characteristic signature dependences in the E2-transition matrix elements. 

Thus, the B(E2; I ~ I -1) values are, in general, sensitive to whether these signature

dependent matrix elements add coherently or destructively. It has also been shown 

that the major effects of aligned quasiparticles on the B(M1) values are easily taken 

into account through the change in the {/RpA values. In particular, the increase of the 

B(M1) values associated with the alignment of the i13/2 neutrons in odd-Z nuclei is 

qualitatively reproduced in the calculation: Thus, the microscopic model developed 

in this paper is useful to study the relation between the alignment and the triaxial 

deformations as well as their effects on the M1 and E2 transition properties at 

high-spin. 

It is certainly a very interesting subject to further refine the microscopic model 

described in this paper; for instance, by taking into account higher-order 

quasiparticle-vibration-coupling diagrams. In view of the present· status of exper

imental data, however, it seems for us more important to carry out a systematic 

comparison between theoretical calculations and experimental data within the frame

work of the model presented. More accurate and systematic data for the signature 

splittings, B(M1), B(E2; I ~ I - 1) and B(E2; I ~ 1-2) are needed in order to identify 
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the static and dynamic triaxial deformations and to understand their roles in char

acterizing the high-spin spectra in the near-yrast region. 
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Note added in proof: 

1) The operators jj~v used in Eq. (2'35) are equivalent to the jj~p operators of Ref. 20). 
2) The quadrupole matrix elements, Qk-)(tLv) and Qk-)(n), appearing in Eqs. (2'43) and (2'44) should be 

distinguished from the doubly stretched ones appearing in Eqs. (2'24)~(2'30), although the same 

notations are used for these different quantities. 
3) In.the actual numerical calculation, the angular momentum 10 defined by Eq. (2'33) is used in place of 

the Ie"='< J ,) appearing in the expressions for the intrinsic E2 operator Q~~A). This replacement may 
be allowed for the Ho, Tm and Lu nuclei, in which the difference (10- Ie) arising from the aligned 
angular momentum of the hll/2 proton is rather small (1 ~21i). When this difference cannot be neglect· 

ed, more careful treatment of these quantities will be required. 
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