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0. Introduction

This paper grew out of our study of the paper of S. Donaldson and D. Sullivan “Quasicon-
formal 4-Manifolds” [DS]. In that paper the authors develop a quasiconformal Yang—Mills
theory by studying elliptic index theory with measurable coefficients in four dimensions
via the Calderén-Zygmund theory of singular integrals. Other approaches to index the-
ory on quasiconformal manifolds have been found by N. Teleman [T] and there are related
results due to D. Freed and K. Uhlenbeck [FU] and others. We soon realized that there
were many other applications of these ideas to the general theory of quasiconformal
mappings. In this paper we present just a few of them.

(Y)Research supported in part by a grant from the U.S. National Science Foundation, DMS-9007946
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A principal feature of our methods is that they are quite explicit and closely mimic
the two dimensional theory as developed by Ahlfors [A1], Boyarski [B] and Lehto [Le].
(Because of this we review a little of that theory.) Moreover, precise calculations can be
made. Indeed we have found integral formulas for all the operators involved and given
estimates of their norms. The case of dimension 4 is especially interesting and we have
dealt with it in some detail in an appendix. Indeed it was the calculations we first made
there that led to our results below.

In many respects quasiregular mappings are a part of PDE theory. This is again
borne out in our paper which in many ways unifies some earlier approaches [BI2] [R3].
Let us recall some basic definitions and give a brief sketch of the theory leading to the
governing equations. We refer the reader to §1 for the notation we use. For an extended
survey, see [I1].

Let €2 be an open subset of R” and f: Q—R™, f=(f, f?,...,f"), be a mapping of
Sobolev class W, (2, R™). Its differential DfeLf, (2, GL(n)) is given by the Jacobian

Joc loc

Df(z)= (gij)”

We define D* f(z) as the transpose of Df(z) and J(z, f) is the Jacobian determinant.

matrix

Definition 1. A mapping f: Q—R" is said to be K-quasiregular, 1< K <00, if

(1) fEW,})lOC(Q,R”),

(ii)) J(z, f)=0 a.e. or J(z, f)<0 a.e.,

(iil) max|pj=; [Df(z)h|<K minp =1 [Df(z)h| a.e.
The number K is called the dilatation of f. If in addition f is a homeomorphism, then
f is called K-quasiconformal.

Development of the analytic theory of quasiregular mappings depends upon ad-
vances in PDE’s, harmonic analysis and (in dimension 2) complex function theory. The
first equation of particular relevance to the theory of quasiregular mappings is the n-
dimensional Beltrami system

D'f(z)Df(z) = J(z, )*/"G(z) (0.1)

for mappings f with non-negative Jacobian. The matrix function G:Q—S(n) is sym-
metric and, in view of the dilatation condition (iii) above, satisfies

K* " (G ()¢, )" < K2 (0.2)

for (z,()€2x S™""! and det G(z)=1. In general G need not be continuous, the case when
G is only assumed measurable is the most important for quasiconformal analysis.
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If G(z)=Id, the identity matrix, then
D! f(z)Df(z)=J(z, f)*"1d (0.3)

is called the Cauchy-Riemann system. Recall that a M6bius transformation of R™ is the
finite composition of reflections in spheres or hyperplanes. Then we have the well known

L1ouvILLE THEOREM. FEvery 1-quasiregular mapping of a domain QCR"™, n23, is
either constant or the restriction to Q of a Mébius transformation of R™.

Thus the only conformal mappings of subdomains of R®, n>>3, are the Mobius trans-
formations. This theorem was first proved by Liouville [L] in 1850 for diffeomorphisms of
class C*(2) using differential geometric techniques. For general 1-quasiregular mappings
the result was established by Gehring [G1], Boyarski and Iwaniec [BI1] and Reshetnyak
[R1]. We give examples to show that W, (2, R") solutions of equation .(0.3) need not
be Mobius for 1<p<n/2. Actually we show in even dimensions that p=n/2 is the critical
exponent for the regularity theory associated with this equation, see Theorerm 1.

In dimension 2, the equation (0.1) reduces to the linear complex Beltrami equation

of af
== 04
9z w23, 0z 04)
where p is referred to as the complex dilatation of f. It is a measurable function satisfying
K-1
< <1. 0.5
W< (05)

Many analytic problems of the two dimensional theory of quasiconformal mappings even-
tually lead to the study of the singular integral

w(¢) d¢nd¢ d¢nd
- / / wme (0.6)

which is known as the complex Hilbert transform or the Beurling—Ahlfors transform.
One can characterise this operator by the symbolic equation

= §o - (0.7)

connecting the Cauchy-Riemann derivatives. Like other Calder6n-Zygmund type opera-
tors the complex Hilbert transform is bounded in LP(C) for all 1 <p<oo. Many regularity
results for quasiconformal mappings depend on the p-norms of S. A pressing task is to
identify these norms. Simple examples show

l[SlIPZmax{p—ii,p—l}, 1<p<oo. (0.8)

It is conjectured that (0.8) holds with equality. An affirmative answer would imply (in 2
dimensions) Gehring’s conjecture [G3]:
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CONJECTURE 0.9. If f is a K-quasiconformal mapping, then feW,, (Q,R") for
every p<nK /(K -1).
In the plane it was shown by Boyarski [B] that the condition
K-1
—_— 1 2 0.10
ISl <1, p> (0.10)

is sufficient for f to be in the class W},

(Q,R3?).
In the other direction, one might consider the relationship between regularity and

dilatation. We therefore make a definition.

Definition 2. A mapping feW;,loc(Q,R") is said to be weakly K -quasiregular if f
satisfies the conditions (ii) and (iii) of Definition 1.

In 2 dimensions Lehto {Le] has proven that if fe qu)loc(Q,Rz) is weakly K-quasi-
regular and if 1<g<2 is such that

K-1
g /ISl <1 011)

then f is K-quasiregular.
The other major type of equation considered in the theory of quasiconformal map-
pings is the second order Lagrange-Euler system.

div Az, Df) = (2": 6‘9 Aif(z,Df)) —0 (0.12)

j=1 m.7 i=1,2,...,n

where A: QxR"—GL(n) is defined by
Alz, M)= (G} (@)M, )" D126 Y z)M

for (x, M)e2x GL(n). This equation is in fact the variational equation of the conformally
invariant integral

1= [ (6 @D f(a). D o) da.
o
Each component u=fi(z) of f satisfies a single equation of degenerate elliptic type
div A(z, Vu) =0 (0.13)

which in the case of a conformal mapping (K=1) reduces to the well known n-harmonic
equation
div(|Vu|""2Vu) =0, (0.14)
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see for instance [BI2], [R3], and [GLM].

We shall see that all of these equations are special cases of many more equations
related to quasiregular mappings which we shall derive in §4. Some of these equations
arise in dimension n=2I as linear relations (with measurable coefficients) between the
determinants of Ix! minors of the differential Df(z) of a quasiregular mapping. For
instance if f is 1-quasiregular, then D f(z) is pointwise a scalar multiple of an orthogonal

madtrix A B
pi&)=(g 1)

where A, B,C, and D are the [ x[ submatrices. When J(z, f) >0, these relations are
det A(x) =det D(z)

det B(z) = (—1)" det C(x)

which generalize the Cauchy-Riemann equations. (It is an interesting exercise to directly
verify these equations for orthogonal matrices!) The other identities are obtained from
these by permuting the rows and columns of Df(z). It is at this point that our theory
really begins.

Previously, in order to get the integrability and regularity theory of quasiregular
mappings off the ground it was necessary to integrate the determinant of the Jacobian
matrix, thus the usual hypothesis f EWzlz,loc(Q’Rm)- These identities (and the fact
that there are so many and that they are linear!) show that it is really only necessary
to integrate determinants of the /x! minors, thus reducing the necessary integrability
assumptions (determinants are null-Lagrangians and their integrability theory is well
understood). This enables us to establish the following Caccioppoli type estimate for
weakly quasiregular mappings in dimension 21.

/ 2(2)*|Df(2)|* dz < C(n, K) / (@)1 (@)~ fol* dz (0.15)
0] . 1]

for some se&(l, 21). Here n€ C§°(R) is a test function and fo€R*. As far as we are aware,
this is the first time integral estimates have been obtained with s<n for quasiregular
mappings. This estimate is enough to derive higher integrability results for the differen-
tial of f. We shall use (0.15) to prove removable singularity theorems for quasiregular
mappings.

For the basic geometric properties of quasiregular mappings we refer to the founda-
tional papers of Martio, Rickman and Vaisdld [MRV 1-3], the books of Reshetnyak R3]
and Vuorinen [V)], and the forthcoming book of Rickman [Ri4].

3-935201 Acta Mathematica 170. Imprimé le 29 avril 1993
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Statement of results. Our first main theorem is the following sharp generalization of
the Liouville Theorem, see §5.

THEOREM 1. Every weakly 1-quasiregular mapping f of Sobolev class W,I,IOC(Q, R%),
I>1, is either constant or the restriction to Q of a Mobius transformation of R%. The
exponent | of the Sobolev class is the lowest possible for the theorem to be true.

Our Theorem 1 is part of a more general spectrum of results concerning the inte-
grability theory of quasiregular mappings. The precise results are formulated in terms
of the p-norms of a singular operator S which, because of the strong analogy with the
two dimensional case, see [AB], we call the Beurling-Ahlfors operator, see too [IM2].
Formally S is the operator

Sw=(d6—~bd)o A" w

where d is the exterior derivative and 6 is the Hodge opefator. Thus S maps m-forms
to m-forms for all m. In spin geometry this operator is called the signature operator,
see for example [LM]. In §8 we give the explicit forms of the Fourier multiplier and
the convolution formula for this operator. This is possible because the entries of the
multiplier of S are spherical harmonics of degree 2 and we can apply the Hecke identities
as in [S] to produce this formula. This operator plays an essential role in what follows
and is an extension of an operator introduced by Donaldson and Sullivan. Our next main
result (cf. (0.11)) is the following (see §7 for the definition of Beltrami coefficient).

THEOREM 2. Let f be a weakly quasiregular mapping of Sobolev class W (2, R*)
with 1<p<2. Let ps(x) be the Beltrami coefficient of f, |pusl<1. If

lest ISl <1,

then f is quasiregular. That is fEWJ, ,.().

I,loc

Again we show by example that Theorem 2 is qualitatively best possible. Indeed we
conjecture Theorem 2 is sharp. Because of Theorem 2, the calculation of the p-norms
||S||p seemns an important problem in higher dimensions. We obtain the estimates ||S}|2=1
and

1 1
max{p_l p—l} <||SHP<C(n)max{ﬁ,p—1}, 1<p<oo,

where C(n) is a constant which depends only on the dimension (it comes from the weak
L' norm). We give other estimates for ||S||, in §8. We point out that good estimation
of the p-norms provides interesting geometric facts about quasiregular mappings. Our
conjecture regarding the sharpness of Theorem 2 would follow from the conjecture that
the lower bound we gave above for ||S||, is sharp. (More recently we have established the
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estimate ||S||, <(n+1)A,, where A, denotes the p-norm of the two dimensional Beurling—
Ahlfors operator [IM2].) In even dimensions n=2I the Beltrami coefficient x can be
estimated in terms of the linear dilatation K. In particular a sharp estimate (independent
of the mapping) is
1
W< e

and so we could have phrased our result in terms of K. However in that case it is un-
likely to be sharp (the reason being that we expect the dilatation of the radial mapping
z—xz|z| /K to be extremal for many of these problems. As for extremal Teichmiiller
mappings, the radial mapping has constant norm |u(z)|=(K —1)/(K +1) and so the esti-
mate above is not sharp for this mapping when {>1). Next, because ||S||2=1, Theorem 2

gives us (via an interpolation argument) an estimate for Gehring’s Integrability Theorem
[G2] (cf. (0.9) and (0.10)).

THEOREM 3. Let f be a quasiregular mapping with Beltrami coefficient p1y. Then
FEW ) 10c(Q,R?) for all p>2 such that |ug|[|S),<1.

Related to Theorems 2 and 3 we shall outline a considerably simpler proof of the
following result in a remark in §9 (see [I2], [LF], [Ma] and [R2] for a proof of this result
in all dimensions).

THEOREM 4. Let f be a quasiregular mapping with Beltrami coefficient
py € CH(Q,RY).

Then feCk+1o(Q, R2).

Perhaps one of our most important results concerns the removable singularity
theorems for quasiregular mappings. A closed set ECR™ is said to be removable un-
der bounded K -quasiregular mappings if for every open set QCR"™, any bounded K-
quasiregular mapping f: Q\ F—R" extends to a K-quasiregular mapping f:Q—R". We
stress here that the mapping f need not be (even locally) injective. The simplest result
of this type is the classical result of Painlevé that any set E of linear measure zero is
removable under bounded holomorphic mappings (thus K=1 and n=2). The p-norms
of our operator S give a sufficient condition for removability.

THEOREM 5. Each closed set ECR? of Ip-capacity zero, 1<p<2, is removable
under bounded quasiregular mappings f whenever |ug] | S||p<1.

It is important to notice that as ||S}|, is continuous, ||S|j2=1 and |us|<1, Theorem
5 implies that there are nontrivial removable sets whatever the dilatation of f may be.
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We again show these results to be qualitatively best possible and we actually prove
a slightly better resuit by weakening the hypothesis that f is bounded to an integrability
condition.

Notice too that as a consequence of Theorem 5 closed sets of Hausdorff dimension
k are removable under bounded quasiregular mappings as soon as |uf|<é=06(k,l), a
constant depending only on % and the dimension. We show too that 6(k,l)—1 for
fixed k as l—o0o. Indeed it is immediate that sets of Hausdorff dimension zero are
always removable for bounded quasiregular mappings in even dimensions (actually all
dimensions, see {I5]).

There have been no earlier results along the lines of Theorem 2 and Theorem 5 in
dimension greater than 2 (except for the semiclassical fact that sets of n-capacity zero
are removable [MRV2](?)).

Qualitatively our Theorems 2 and 5 amount to the principle

smaller dilatation = better regularity => larger removable sets.

Indeed our results suggest the following:

CONJECTURE. Sets of Hausdorff d-measure zero, d=n/(K+1)<n/2, are removable
under bounded K -quasiregular mappings (defined in subdomains of R™).

For related questions, see [AB], {Tu] and [P].

There are of course many related results of interest which we shall have to post-
pone. For instance obtaining better and dimension free estimates for the p-norms of the
operator S. The operator S seems closely linked with the index theory of even dimen-
sional manifolds (it permutes the signature operators d* and d~) and should be a useful
tool in that study (as realized by Donaldson and Sullivan [DS, Appendix 2] who give
an alternative (and simpler) proof of Teleman’s main results [T]). Our results also have
applications to the study of quasiconformal structures on even dimensional manifolds.

There is also the nagging question of odd dimensions. Despite some efforts we
have not yet been able to extend our results even to dimension 3 (though of course we
conjecture that all of our results hold, with obvious modifications, in all dimensions). It
seems entirely new methods are necessary to establish the highly non-trivial estimates
that stand in the way. There have been earlier attempts to find higher dimensional forms

*(2)Some related results have been communicated to us by M. Vuorinen and P. Jérvi concerning
the removability of certain selfsimilar Cantor sets [JV], and also independent results by P. Koskela and
O. Martio [KM] concerning removability of certain Cantor sets of Hausdorff dimension zero. Both of
these approaches are in all dimensions. In response to this work, S. Rickman has constructed Cantor sets
E in R® of arbitrarily small Hausdorff dimension and bounded quasiregular mappings f: R3\ E—R3.
The set E is necessarily a nonremovable set for such f [Ri3].
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of the Cauchy-Riemann operators. For instance the Linear Cauchy—Riemann operators
introduced by Ahlfors [A2]

Sf= %(Df+th)—%(Ter) Id and Af= -;—(Df—th)+%(Ter) Id

have found applications to linear elasticity theory, quasiconformal semiflows and sta-
bility estimates for quasiregular mappings with dilatation close to 1 [Sa]. However as
first degree (linear) approximations of the nonlinear system of equations for conformal
mappings, the Ahlfors operators are rather difficult to use. Some new ideas in the nonlin-
ear theory of elasticity have produced differential equations which although of a formal
nature may be useful in generalizing our results to odd dimensions [I3]. Perhaps even
nonlinear potential theory via the p-harmonic operator (see [GLM] and [I4]) will lead to
interesting results in odd dimensions.(3)

With these future developments in mind we have tried as much as possible to give
a reasonably detailed and accessible account. Thus various parts of this paper can be
viewed as an elaboration, refinement or extension of aspects of the paper of Donaldson
and Sullivan. Besides the interest of the results we obtain we hope too that our paper
partly serves as a complement to their beautiful paper.

Acknowledgement. We would like to thank the people at the Institut Mittag-Leffler
for their hospitality during our stay there, during which time this research was completed,
and in particular to Seppo Rickman for his advice and encouragement.

1. Notation

In the sequel we shall be concerned with the following spaces of functions and distribu-
tions defined on an open subset 2 of R"™.
LP(Q) and LY (9): For 1<p< oo, the usual L? spaces with respect to Lebesgue measure.

loc

C>(Q): The complex space of infinitely differentiable functions.

C§e(2): The subset of C*°(€?) consisting of functions whose support is com-
pact in €.

D'(Q): ' The dual space to C§°(Q), that is the complex space of Schwartz
distributions.

LP (Q): For 1<p<oo, m=0,1,..., the subspace of D'(2) consisting of all

distributions whose mth order derivatives are in LP(£2). This space
is equipped with the semi-norm

(3)In fact very recently the first author, using the p-harmonic operator, has extended many of the
results herein (in a qualitative form) to all dimensions [I5].
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e ([ (5 o))"

lv|=m

The regular distributions are those which are represented by locally
integrable functions on Q. That is LL (Q2)CD’'(9).

GL(n): The space of nxn matrices with real entries and non zero deter-
minant.
S(n): The subset of GL(n) consisting of the positive definite, symmetric

matrices whose determinant is equal to one.

We recall two results. The first is classical, the second can be found for instance in
[M].

WEYL's LEMMA. If Au=0 for some u€D'(Q), then u is harmonic in the usual

sense.
LEMMA 1.1. C*®(Q)NLE (Q) is dense in LE ().
The Sobolev space is then defined as
W) = {L5():k=0,1,2,...,m}.

We also use the subscript loc in the obvious fashion as for instance in W, ,.(Q).

If X is a linear space, then the symbol D'(€, X) is used to denote those distributions
on §2 which take their values in X. Similar notation is used for the other classes of function
spaces. If X is a normed space, then L2 (£, X) has an obvious semi-norm which is a
norm for LP(Q2, X).

2. Some exterior algebra

Let e',€2,...,e" denote the standard basis of R™. For each [=0,1,2,...,n denote by
/\l=/\l (R™) the complex space of l-vectors on R™, A\°=C, A!=C". Then /\l consists of
linear combinations of exterior products

el =€l e AL AeY, (2.1)

where I=(i1,%2,...,%;) is any [-tuple. The standard basis of /\' is {e/} where I is an
ordered I-tuple, 1<7; <i2<...<4;<n. The complex dimension of the space /\l is

dim A= (7;) (2.2)
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see [F, §I1]. For =", pfe! and A=3", Me! in A', the scalar product of X and p is
= M, (2.3)
1

where of course the summation is over all ordered I-tuples. We denote the volume form
on R™ by
Vol=e*Ae?A...Ae™ € A" (R™). (2.4)

To simplify notation it is often convenient to speak of /\I(R") for each integer [. Thus
for 1¢{0,1,...,n} we set \'(R™)={0}. The exterior product of ac \' and B A"

anB=(-1)"*Brae \'TF. (2.5)

Let A:R"—R" be a linear transformation, i.e. an nxn matrix A=(a}). If a1, a2, ...,an €
A'(R™)=C", then (see [F, §11, 2.2])

Ao AAog A AAay, = (det A)ag AagA...Aap,. (2.6)

The Ith exterior power of A is the linear operator

!
Ag: N = A
defined by
A#(all\az/\.../\al):Aal/\Aaz/\.../\Aal, (27)

for ay, aa,...,an € /\1 and then extended linearly to all of /\l. In particular, for an ordered
l'tuple j:(jlaj2a ---ajl)

Ag(e’)=Ae" ANAe2 ... A AT
(Z all 11> (Z iz zz) AN (Z alt lz>

1= =1 2= 1 1= 1 (2 8)
= E ata®? .. a“e“/\e”/\ ek
J1792

:ZAJe
I

where the summations are over all ordered I-tuples I'=(4;, %2, ...,%) and A5 is the deter-
minant of the [ x/ minor obtained from A4 by deleting all the ith rows with i¢ I and all

the jth columns with j¢J. Thus Ay is represented by the (}) x (7) matrix of minors

Ay =(4}). (2.9)

The following lemma is immediate (see also [F, §II, 2.4]).
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LeEMMA 2.10.  For matrices A, BEGL(n),

() (AB)4=A4By,

(i) (A™")p=(A%) 7 =A45" if det(A4)#0,

(iii) (A*)p=(A4)'=AL (where A* is the transpose of A),

(iv) ag(wAn)=(Agw)A(Agn) for weA?, ne AT
It then follows that if the matriz A is the identity, orthogonal, symmetric, diagonal or
invertible, then so too is the matriz Ay.

The Hodge star operator is a linear operator *: /\l—+ /\"_l defined by the rule

fAsA=(\, ) Vol for all g,Ae AL (2.11)

In order to aid calculation we need to introduce the notion of complementary index. For
an [-tuple I=(41,12,...,%/) the complementary index is the (n—I)-tuple N—1I obtained
from N=(1,2,...,n) by deleting those entries i €I. Then of course

xe! =g(I, N-I)eN~ 1

where o (I, N—-I)e{—1,1} is the sign of the induced permutation which is either odd or
even. As o(I, N—I)=(-1)!("=Dg(N—1I,1) we see

wx=(—1)H=D op AL (2.12)
LEMMA 2.13. For any matriz A€GL(n)

Alx Ay = (det A): AT = A"

Proof. Let ue A"~ and Ae \'. We compute

(Alyx Ay, p) Vol = (xAg A, Agp) Vol
=ApfinxxApd=AgIAAp+x)
= Ap(BNAxx Ay = A (xA, p) Vol
= (det A)(xA, u) Vol.

Hence (A% *xAg)A=(det A)x\ and the lemma is proved.

Next we want to discuss those linear mappings which are conformal from the
usual structure on R™ to another given conformal structure on R™ defined by Ge€S(n).
Here G is a symmetric, positive definite nxn matrix with det G=1. A linear mapping
A:R™—R" is said to be G-conformal if

AAt =|det(4)* "G (2.14)
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(compare with (0.1)). For m=1,2,...,n—1 we introduce the notion of m-dimensional
sectional distortion Kgec(m) of a G-conformal mapping. Let E be the ellipsoid E=

(G¢,6)=1,

max{Vol,,(ENIL,,):II,, an m-dimensional hyperplane}

K, sec = < _ " .
(m) min{Vol,,(ENIL,,):II,, an m-dimensional hyperplane}

Here we choose the hyperplanes to pass through the origin and so Kge.(m) is the ratio
of the largest and smallest volumes of m-dimensional sections of E (see Figure 1). One
can easily derive the formula

Kieo(m) = T2Yn—Loo Tnomid (2.15)
M7Y2 - Tm

where v2<¥2<...<72 are the eigenvalues of G. K =K;.(1) is commonly referred to as
the dilatation of a G-conformal map,

Ko max{|Ah|: |h| =1}
"~ min{jAh|:|n|=1}"

The two estimates
Keee(m) < K™ and  Keeo(k) S K¥ ™ Koeo(m) for m<k

follow directly. (In practice A will be the transpose Jacobian matrix of a mapping f
which is conformal in some measurable structure G(z) and we will define the pointwise
m-dimensional sectional distortion in the obvious manner.) It is a simple, but interesting,
fact that if [n/2] denotes the integer part of n/2, then K.([n/2]) is the largest of all
the sectional dilatations. Thus, in even dimensions, control of the middle dimensional
sectional distortion gives good geometric information.

Next\we introduce the operator u (which will play the role of the complex dilatation,

see §7) by the definition
_ Gyu-1d

i 1
= : g 1
1 G# d /\ /\, (2 6)

where Id is the identity on /\l. Notice that since G+1d is symmetric, positive definite
and hence invertible, so too is Gx+Id. As a consequence of Lemmas 2.10, 2.13 and
(2.14) one easily derives

Gux Ay =|det AP/ (det A)Ayx

on /\l. Consequently we have the following
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Df(x) £
-
X QNN
// 7
(G¢,6)=1

Fig. 1

LEMMA 2.17. Let A be a G-conformal transformation of R?. Then A#:/\l—>/\l
satisfies
G#*A#=A#* 7,f detA>0

and
GuxAp=—Azx if det ALO.

In particular, if O is conformal (so G=1d), then

and
x04 =—04x if detO<O0.

We next want to discuss the + and — eigenspaces of the Hodge * operator. In this
case we must restrict the dimension to n=2l. Then, in view of the identity **=(—1),
the eigenvalue problem *w=cw, 0#we /\l, c€C, has a solution only for ¢>=(—1)!. That
is c=414!, i=y/—1. The positive and negative eigenspaces of /\l are defined by

AT ={weA i w=iw} and A ={weA:+w=—iw} (2.18)

Let us remark that for /=2 our choice of /\+ and A~ is opposite to that chosen by
Donaldson and Sullivan [DS].
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We have the natural orthogonal decomposition

AN=AToA”

dim At =dim A~ = % (2;) = (2ll”1>.

For we/\Z we denote by w, and w_ respectively, the positive and negative components

and

(w+(—1) *w)

(w—(=1)'xw).

e (2.19)

N= Nl

w_ =

Thus w=w; +w_. It is clear that A" is spanned by {el} and that A\~ is spanned
by {el}. We remark that if F is a maximal family of ordered [-tuples such that € F
implies N —I¢F, then the vectors {e! :7€F} and {e’:I€F} are orthogonal bases for
A" and A~ respectively (each vector has the constant length 1/v/2).

The action of the operator y on the eigenspaces of the Hodge star will be of particular
interest to us.

THEOREM 2.20. In dimension n=2I, the operator u: /\l—> A permutes the spaces
At and \™. Its norm is

— i_
Keo(l)=1 _ K'-1

=071 S KT

Proof. To compute the norm of the operator p we diagonalize. Let G=0T20? where
O is an orthogonal matrix and

Y1 0 0 0
0
= v O 0
0 . . . 0
0 0 0 Yau

with v,>0, i=1,2,...,2l and v;7v2 ... v21=1. We may then diagonalize y as

o F;—Idot
p=0p=g——0%.
I";;+Id

As Oy and O, are isometries which either both preserve the spaces At and A or both
permute these spaces (Lemma 2.17), we may simply assume that

T%-1d

u____.
I%+1d
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and so g is diagonal. On the orthonormal basis
{el: I = (i, 40, ....01), 1 <1 <idg < ... <@y 21},

i acts by

n_Yare-va-l ;_2i-1,
we)=—=— 2. 1€ T2 1%
Vi Vo Yt i+
where ¥7="4;,7:, ---Vi,- Then the coefficient of ¢/ above is

y3-1 _M=N-1 _vi/IN-171
Y+l  yi+yN-1 vi/Yn-1+1

If we now look for the maximum over all multi-indices I we obtain the formula for the
norm. Next, given an I-tuple I as above, let J be the [-tuple so that el =e”. Then

2 2
=1 5 _1-77 I I
e’ = xe' )= —x*pu(e'),

nixe")=p(e”) =
because y;ys=1. Hence from (2.19) we find that

2
iy_ -1
.u(e:t)" ,7¥+1 e:F

which shows u permutes the spaces A* and A™.

We next define the operators A; and Ag: A=A by the rules
Afw=(Agw)y and Ajw=(Apw)-.
LEMMA 2.21. Let A€GL(2l) be G-conformal. Then
(i) ALZ=pAy on A\~ if det(4)>0,
(ii) A;zuA; on N\~ if det(A)<0,
(iii) Az=pA} on AT if det(A) >0,
(iv) AL=pAy on AT if det(A)<0.
Proof. Suppose det A>0. From Lemma 2.17 we have G+ Ay =Ayx* as operators in
/\i. Thus
(G +10)(Apw) (G~ 1) (Agw) -
= 1(Gp+1d) (Agw+(—i) *Agw) — H(Gg —1d) (Apw—(—i) x Agw)
= Apw+(—i)Cy*Ayw = Agw+(—i) Ag+w
=2Agw; =0, forweA".
This proves (i). The case det A<0 is similar. The other identities are also clear.

As a point of interest we observe the following corollary.
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COROLLARY 2.22. If O is a 21x2l orthogonal matriz, the operator Og: \'— A is
an isometry which preserves AT and A\~ if det O=1 and permutes them if det O=—1.
We conclude this section with the following lemma.

LEMMA 2.23. Let A:R¥—-R2 be G-conformal. Then
|Al'|w| < K'|Agw|

for all we \'.

Proof. By homogeneity we may assume that det A=1 and |w|=1. Then AA*=G
and Ay AL, =G4. We diagonalise G to I'? as in Theorem 2.20. Then

A" = Ylax < K min{yy : I any I-tuple}
< K'Tyw| =K' Agw|,

where v,,.x denotes the largest of the numbers vy,7s, ..., Y21

3. Differential forms in L?,(Q, A™)

Let QCR™ be an open set and let A*(Q)=D'(2, A*). Then a€ ¥ () has the represen-
tation

azZaI dz! (3.1)
I

with coefficients which are complex valued distributions a/€D’(Q2) and I is an ordered
k-tuple. If af € LY (Q) for each I, then the exterior algebra of k-vectors applies at almost

loc

every point z€€2. There are the corresponding subspaces C5° (€2, A*) and LZ, (€, /\k)
This latter space has the semi-norm

el = (Z{IZ ID”aI(a:)IZ})p/2da:)l/p,

I v|l=m

We shall make extensive use of the exterior derivative operator

& A" 1 Q) - A (@)

for £=1,2,...,n+1 and the Hodge operator

(O B (1))
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for k=0, 1, ...,n defined by §=(—1)"("~%) xd+. The Hodge operator § is the formal adjoint
of d. More precisely, if a€C®(Q2, A*) and S€C® (2, A**"), then

/(a,&ﬂ) dx:-/(da,ﬁ) dz (3.2)
0 Q

provided that one of these forms has compact support. A calculation shows that the
Laplacian
A =dé+6d: \¥(Q2) — AF(Q) (3.3)

acts only on coefficients of the k-form a. That is if @=Y"; a’/dz’, then

Aa= Z Aol dz?!
I

where Aa! is the usual Laplacian on functions. We shall need the following lemma.

LEMMA 3.4. Let aeL’l’(R",/\k_l) and ﬂEL‘{(R",/\kH) with 1<p,g<oo0 and
1/p+1/q=1. Then

/ (da, 63) dz=0.

Proof. Using a standard modifying argument we find that LY(R")NC>(R") and
LIR™NC=(R") are dense in LY(R") and L{(R") respectively. Thus we may assume
that o and 8 are smooth. Then for each test function e C§°(R™) we have

w(88,da) dz = p(darx68) = d{panx63) —dpAar*6[.

Thus by Stokes’ Theorem

1/" w(da, 63) dx

= l/ _andpndsp

Let R>0 and @eC§°(B(0,2R)),0<p<1,90=1 on B(0, R) and
2
<=.

Clearly we may replace a by a—ag, where ap is any constant coefficient form ag € /\k_l.
Now by Holder’s Inequality and the usual Poincaré Lemma we have

2
< 'R“:3||L‘{(R<l:v|<2R)||a_a0”LP(|a:|<2R)

'/ o(da, 63) dx

<C(n,p, k)”ﬁ”L‘l’(H<)zl<2R)”a“Lf(R")~
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Now let R—o0. The lemma follows from the Lebesgue Convergence Theorem which, in
this case, implies ||| L1(r<|z|<2r)—0-

Next let Q be a domain in R™ and f:Q—-R”, f=(f1, f,..., f*), be a mapping of
Sobolev class W, 1,.(€) with p>1. Then f induces a homomorphism

f*: C® (Rn, /\l—l) N Lﬁ,c (Q, /\l—l)
called the pull back. More precisely, let aeC®(R*,A\'!), a=3, a’dz’. Then

(fe)(@) =3 ol (f(2)) df* ndf™= A...Adf.
I

If o has linear coefficients the exterior derivative of « is the I-form da=g=Y , 8/ dz".
This form has constant coefficients and so the induced I-form

(f*B)(@)=>_ B7df"* Adf¥* A... Adf*

J

has measurable coefficients which are linear combinations of the [ x! minors of the Jaco-
bian matrix Df(z) and so

* 1
frBeLh (2 N).
As we have mentioned, the exterior algebra applies pointwise a.e. in Q. The operator f*

on [-forms with constant coefficients is easily recognized as the [th exterior power of the
linear transformation D¢f(z). That is

(f*da)(z) = [D* f(2)) da. (3.5)
We shall need the following identity.

LEMMA 3.6. For ae \'™"'(R™) with linear coefficients and FEW i 10(R), p21,
we have

d(f*a) = f*(da)
where the left hand side is understood in the sense of distributions.

Proof. We use a simple approximation argument. Let f,eC*(Q,R"), v=1,2,...

be a sequence of mappings converging to f in the topology of WI} (2,R™). Then we

l,loc
obviously have d(f;a)=f}(da),v=1,2,.... But now
fia=f"a and fj(da)— f*(da)
in L2 (Q,A'™") and L?

loc loc

(2, /\l) respectively. Hence

d(fra) —d(fra)
in D'(Q, /\l) which implies the lemma.
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4. Differential systems for quasiregular mappings

In this section we formulate and unify a fairly complete set of second order differential
equations for quasiregular mappings. These equations are all of divergence form and so it
is possible to state and derive them for the larger class of weakly quasiregular mappings.
We begin by recalling the algebraic identity of Lemma 2.13

Ay x Ay =(det A ' > A

for each A€GL(n). Let 0<I<n and let us suppose that fe W} (©2,R™) is a weakly 1-
quasiregular mapping with non-negative Jacobian. Then f satisfies the Cauchy-Riemann

—l,loc

system

D'f(z)Df(z)=J(z, )" 1d.

For simplicity of notation, let A=A(x)=D"f(z). Then AA*=(det A)*/™Id and for each
l-form ) with constant coeflicients we have

A#w = f*w.

Consequently
| A#A;ﬁ = (det A)z(n_l)/n Idy: /\"“' —- An—l

and the identity of Lemma 2.13 gives
(det A)P=2/Mu Ay = Ay NP AV (4.1)
Applying this identity to an we /\l we obtain
(@, 2" frw = (). (4.2)

We can now differentiate both sides of this equation in the distributional sense. Because
of the identity

df* (+w) = f*(d*w) = f*(0) =0

which follows from Lemma 3.6, we conclude that

d[J(z, f)2/mx f ) = 0. (4.3)
Also, from the Cauchy-Riemann system above we have

J(z, Y =|Df(z)| =V S, i=1,2,..,n. (4.4)
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Now let us choose w=dy! =dy'* Ady*2 A...Ady", I=(i1,i2,...,%;). Evidently we have the
equation
d(|Df)" 2 xdf T Adf 2 A AdF) =0 (4.5)

for each I-tuple I. In the simplest case /=1 this system reduces to the familiar uncoupled
system of n-harmonic equations

div(|VF" 2V ) =0, i=1,2,..,n.

Here f is assumed to be in the Sobolev class W_; (€, R"). To get an idea of the
algebraic structure of the equations of (4.5) let us consider the case [=2. Thus we
suppose that fe W,%_ZIOC(Q,R") is a weak 1-quasiregular mapping. Choose

w=dy*Ady®, o,8=1,2,..,n.

A direct calculation leads to the equations

“\ 9 aea[O0f20F% Bf*0f°\] _
Z——[|Df| 4(@@“@@)]—0 (4.6)

for each j=1,2,...,n and any pair o, f€{1,2,...,n}. Equivalently we have the equations
div(f2 |V f" 4V £2) =div(f3 |V 7|4V £5). (4.7)

A similar situation arises for the general case of weak K-quasiregular mappings.
Thus let feW,._;1,.(Q, R") be a solution to the Beltrami system

D'f(z)Df(z)=J(z, /)*/"G(z), J(=,f)>0,

where G: Q— S(n) is measurable. Again for simplicity we denote D*f(z) by A, so that
AA*=(det A)*/*G. From the identity of Lemma 2.13 and proceeding as above we find

(det A" /"Gux Ay = Agx: \' = N

We apply this to a constant coefficient I-form « and because of the relation Agw=f*w
we find

J(z, /)Gy s fru= f*(+w)
and then differentiating as before we obtain
d[J(z, )"/ Gyx frw] =0. (4.8)

4-935201 Acta Mathematica 170. Imprimé le 29 avril 1993
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The first order Beltrami system gives
—<DfG Dfy=J(z, )" =(GIV V)
for 1=1,2,...,n. Hence
d[(DfG~Y, DfYn=/nG g xdfs Adf*2 ... AdfT] =0 (4.9)

for each l-tuple I=(i1,43,...,4;). Setting /=1 we obtain the uncoupled system of diver-
gence type
div[(G~H(z)V £, V" D2G= 1 (2)V fi] =0, (4.10)

for i=1,2,..,n and feW]_, | (9, R") weakly K-quasiregular.

Finally, we wish to record one more equation concerning quasiregular mappings
related to the above. If the matrix G(x)=J(z, f)~2/"D*f(z)Df(x) of f is twice contin-
vously differentiable, then after differentiation of the Beltrami equation we obtain the
linear elliptic equation for the function

Uz) = J(=, f)~21¢@m

ZG”(x)U,, Y GY(x)T U+ ( )R(z)U 0. (4.11)
.3,k
where here I‘" are the Christoffel symbols and R(z) is the scalar curvature of the metric
tensor G(z) on 2. In the conformal case, this reduces to the Laplacian and we find U is
harmonic. Solutions of linear elliptic equations have special properties and it would be
of great value to give a meaning to (4.11) if G is only assumed measurable.

5. Liouville Theorem in even dimensions

A rather interesting situation arises in the system of equations (4.9) when n=2I. We

are then assuming f€ Wz (©2,R") is weakly K-quasiregular and we have the system of

loc
equations

d[Gyg*df T Adf2 A .AdFH] =0 (5.1)
for each I-tuple I=(i1,1,...,4;). If f is weakly 1-quasiregular, then for each I-tuple
§[df* Adf2A..Adf*] =0. (5.2)

In other words the form df*: Adfi2A...Adf% is exact and coexact. This implies that in
the distributional sense the Laplace equation

A(df Adf2 AL AdfY) = (d6+6d)(df* Adf2 Adf) =0.
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Hence by Weyl’s Lemma, the I-form df® Adf*2 A...Adf% is harmonic in the usual sense.
In particular it is C* smooth. So too is the Jacobian determinant because

J(z, f) Vol =df  Adf? A ... AdFF AdFH NP2 AL ADE™.

At this point the first part of Theorem 1 follows from the earlier proof of the Liouville
Theorem for feW} (2, R").
The sharpness of Theorem 1 is proved by example in §12.

,JJoc

Remark 5.3. In fact we have shown that every determinant of an ! x! minor of the
Jacobian matrix is harmonic. On the other hand, from the equation AA*=(det A4)%/"1d
we find that

(det A)85 =" A AK
K
where I, J and K are ordered I-tuples. If we put 7=J and sum we find

(7)en-%

This shows that not only is J(z, f)eC*(Q) but also /J(z, f) is locally a Lipschitz
function. These additional regularity results considerably simplify the existing proofs of
the Liouville Theorem, cf. [BI].

2

of%
ozd

6. Hodge theory in LP(Q2)

In order to extend the approach to integrability theory which is suggested in the previous
section to quasiregular mappings we need to develop some Hodge theory in LP(Q). In
particular we first need the following version of the Hodge Decomposition Theorem.

THEOREM 6.1. If weL?(R™,A\*), 1<p<oo, then there is a (k—1)-form a and a
(k+1)-form 3 such that
w=da+é8

and da, 68 LP (R™, \*). Moreover the forms de: and 68 are unique and
aeKersnLP(R™, A\* 1) (6.2)

BeKerdnLi(R™, A*) (6.3)

and we have the uniform estimate

el 2o @y + 1Bl 2 remy < Co (R, ) llwlp (6.4)
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for some constant Cp(k,n) independent of w.
Proof. Let us first prove uniqueness. Assume that
da+86=0 with da,88€ LP(R",\*).
Differentiating this equation we find that
édoao=0 and déB=0

at least in a distributional sense. Hence dé(da)=0 and §d(65)=0. We also have the
trivial identities dd(do)=0 and dé(63)=o from which we find

Ada=0 and AéB=0.

That is the forms da and 68 are harmonic and LP integrable. By Weyl’'s Lemma it
follows that do and 63 are harmonic in the usual sense and since they are LP integrable
we find that da=0 and 63=0.

To prove existence, we first solve the Poisson equation

w=Ap.

There is a solution ¢ expressed by the Riesz potential

p(z)= -21; / w(y)log|lz—y|dy in dimension 2

and

in dimension n >3

ole) =~ L1 [ wldy

4A7n/2 I yln—2

see (S, §V]. We write p=PR(w). The second order derivatives of the coefficients of ¢ are
found from the formula

PP
prer i -RiR;(Ap) = -R;R; (w)

for i=1,2,...,n, where R; are the Riesz transforms

Rlf)(a) = g [ ©5)

From the standard LP theory of Riesz transforms [S, §V] it follows that not only is

pe L5(R™,\")
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but also
lielizzmny < Cp(k, n)liw|lp- (6.6)

We now find that
w=(dé+bd)p=da+63

where acKer 6nLY (R™, A" ') and BeKer dnL? (R™, A**"). The estimate (6.4) follows
directly from (6.6).

Next, in dimension n=2[ the decomposition of /\l=/\+ @ A\~ applies pointwise to
differential forms in the spaces L&, (Q, /\l) It is immediate that for an open subset 2 of
R2l

L2 (L N) = L2 (A )@ LE, (2, A7)
The exterior derivative d: L} (2, /\l_l)—>L” (Q,/\l) naturally splits as d=dt+d~ via
composition with the obvious projection. More precisely, for a€ L? (22, A'™),

dta=(da); =31(Id +(—i)'*)da and d~a=(da)-=3(Id—(—i)*)da. (6.7)

We will make use of the following lemma.

LEMMA 6.8. Let ac L3 (R, \'™"). Then

/ [d*af? da::/ |d~af? dz.
R2! R2!

Proof. From Lemma 3.4
/ (da, *xda) dz=0.
R2!

Hence

(lda+(—i) *da|? — |da—(—4) xda|?)

[t ap-ia=af?) -

1
=1:e{i' /(da, *da)} =0

7. The Beltrami equation in even dimensions

Let feW (2, R¥), 1<p<ooc, be weakly K-quasiregular and suppose J(z, f)>0. Then
we can define a measurable mapping G: Q— S(n) by the rule

G(z)=J(z, f)"/' D' f(z)Df(x).
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Pointwise a.e. the transpose differential D' f of f is G-conformal and so we can apply
pointwise a.e. the exterior algebra developed in §2. In particular from (2.16) we define
the Beltrami coefficient of f as the bounded operator with measurable coefficients

pr L2 (2, A') = LP (2, \')

given by
_ G'#(x)——Id
@) =g (m+id

We immediately obtain from Theorem 2.20, Lemma 2.21 and Lemma 2.23, the following
useful facts about the Beltrami coefficient.

THEOREM 7.1. Let fEWI}l(Q, R?), 1<p<oo, be weakly K -quasiregular and let pi s
be the matriz dilatation of f. Then uy permutes the spaces LP (Q, /\+) and LP (Q, /\“)

and
Kee(f)—1 < Ki-1

= < <1.
|51 Koo /)+1 S Kit1

Also if J(z, f) 20, then
0) (ffw)+=ps(frw)-, weA\~,
(i) (f*w)-=ps(f*w)+, weA",
and if J(z, £)<0, then
(lll) (f*W)+=/Lf(f*W)_, we/\+)
(iv) (fr@)-=ps(f*w)s, weA™,
and we have the pointwise a.e. estimates
(V) IDf(@)'|w|<KY(f*w)(z)| for all weA'.

Next, we obtain as a consequence of Theorem 7.1, Lemma 3.6 and the decomposition
of the exterior derivative d=d* +d~ (see (6.7)) the following theorem which will be quite
important in what follows.

THEOREM 7.2. Let feWI},’loc(Q,Rm), 1<p<oo, be weakly K -quasireqular and let

wy be the Beltrami coefficient of f. Then for every (I—1)-form a with linear coefficients
and such that
dta=0

we have

d*(fra)=prd™(f*e) (7.3)
if J(z, £)=0 and -

d=(f*a)=psd" (f"e) (7.4)
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if J(z, £)<0.

We call the equation (7.3) the Beltrami equation in even dimensions. Compare this
equation with (0.4).

We remark that there is a little subtlety involved in Theorem 7.2. If o is any form
with say C*°(Q) coefficients we can easily make sense of d* f*« as a distribution. But
then it is impossible to multiply this by the (at best measurable) matrix dilatation py.
However, if « has linear coefficients, then actually d(f*a)=f*(da) is a function and so
multiplication by p; presents no difficulties.

8. The Beurling-Ahlfors operator

Let we LP(R", /\k), 1<p<oo. We recall the Hodge decomposition of w from §6 as
w=da+00,
where a€Ker 6ﬂL’l’(R",/\k"1) and feKerdnL}(R™, /\kH). We define an operator
§:IP(R™, \*) - L?(R™, \F)

by the rule
Sw=da-68.
Because of the uniform estimate on the Hodge decomposition (6.4) we find that S is
bounded in all the spaces L”(R",/\k), l<p<oo, k=0,1,...,n,
1Swilp < Ap(n, k)||wl|p-

Because of the strong analogy with the planar case (compare (0.6) and (0.7) with what
follows below) we call S the Beurling-Ahlfors operator, see [BA]. From the construction
of the Hodge decomposition we find that formally

S =(d6~6d)oA~?

and as A~! is expressible in terms of the Riesz potential we see that S is a singular
integral operator of a rather natural type. We record the following simple facts about S.
THEOREM 8.1. . The operator S has the following properties:

(i) S acts as the identity on exact forms,

S(da) =do
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for all o with dae LP(R™, /\k)
(ii) S acts as minus the identity on coezact forms,

S(ba) = —bax

for all o with éac LP(R™, /\k)
(iii) S is selfadjoint
SoS=Id and S=S5"1.

(iv) S anticommutes with the Hodge star
Sx=—x%9.

(v) On functions S=—-1d and on n-forms S=Id.
(vi) In dimension n=2l, S permutes the spaces LP(R*,A*) and LP(R*, A\7).
Thus
Sedt=d~ and Seod =d*
for all (I—1)-forms a with doe LP(R?, /\')

Proof. The identities (i)—(iii) follow from the uniqueness of the Hodge decomposi-
tion. The identity (v) is clear and (vi) follows from (iv) and (6.7). Thus we prove (iv).
Let weL"(R",/\k), w=da+068. As xda is coexact and *003 is exact, by (i) and (ii) we

have

(S¥)w= S(xda)+ S(%60) = —*da++6f
=—x(da—68)=—*S(w).

Let us now choose weLQ(R”,/\k) with w=da+45; aELf(R”,/\k"l) and Be
L3(R™, A**1). We compute

/ |Swl? = / \da— 58] = / (|de? +|56]2) ~ 2 Re / (68, dar)
- / (daf+1682) +2 Re / (68, dor) = / |da+66]% = / Jwf?
where we have once again used Lemma 3.4. We therefore find that we have proven

THEOREM 8.2. The operator S: L2(R™, A*) = L2(R™, A¥) is an isometry, ||S|l2=1.

Thus for all n and &,
A2 (n, k‘) =1.
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From this we also find that for weL"(R”,/\k) and fyeLq(R",/\k) with 1/p+1/g=1

(again from Lemma, 3.4)
/(w,v)=/(5w,Sv)

/(Sw,7>=/(w,57) < llwlipllS7llg < Ag(n, B)[[wllplVllg-

and so from Theorem 8.1 (iii)

As ||Swl|p=sup{ [ (Sw, 7):|I7llq=1} < Aq(n, k)||lw]||p, we conclude that Ay(n, k)< Ag(n, k).
Interchanging the roles of p and ¢ we additionally find

LEMMA 8.3. 11
Ap(n,k)=Aq(n,k) for 5+5=1.

As S can be defined in terms of Riesz transforms, it is of weak (1,1)-type. From

[S, pp. 5-7] and a standard interpolation argument, together with the duality above, we
find

THEOREM 8.4. There is a constant C(n) such that

Ap(n, k)< C(n) max{;i—l,p—l}, l1<p<oo.

CONJECTURE 8.5. C(n)=1 for each n.

The operator S: L?(R", /\l)—>L2 (r™, /\l) commutes with translations and thus it
has a multiplier. The multiplier of S is a linear transformation M (§): /\l(R")—> /\I(R")
defined for each £¢€R™\{0}. It has a matrix representation whose entries are linear
combinations of the multipliers —£;£x|¢| =2 of the Riesz transforms R, Ry, j,k=1,2,...,n.
There is however an elegant description of M (£) as the [th exterior power of an orthogonal
transformation of R™ (the Jacobian matrix of the inversion in the unit sphere!). To
compute this multiplier we begin with an I-form =", p?dz’ say of class C° (R", A).
Let

w=(dé+dd)p = Aep.

To simplify the following calculations we need to introduce some notation. Given a
multiindex I=(iy,%3, ..., k, ...,%;) we denote by I —k+j the multi-index (i1,%2,..., 7, ..., i1)-
That is we replace k by 7 in the same position in the index. It is a calculation, which we
leave the reader to verify, that

Sw=(d6—bd)p=" [Z el gogk] dz’—2)" [Z i dz’ -’“+J']. (8.6)

I Ligr kel 1 LYigr1
kel
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As @l =—R; Ry (w") we can express Sw in terms of the second order Riesz transforms

S&)ZZEE:l:z:fnkgak‘“jz:gajGQ}(Uld$14_2§£:[j{:iRngkwl(irl—k+j]'

I ‘“kel J€I I ‘il
kel

Whence

Fse-Y | g-Yglo'a -2 3| Y 6o’ wl e
1 Yj¢r kel I Lier
kel
Let us first suppose that w is a 1-form. The expression (8.7) then reduces to
E178w(e) = [e)PD* dz*—2 ) £6.07 da*.
k=1 k=1

This gives us the multiplier of S on one forms

Suw(€) = M(£)5(€) (8.8)

where M(£)=(m, ;) is the nxn matrix with entries homogeneous of degree 0 which in
tensor notation we can simply write as

M(£)=1d —2[&|%(¢®¢€) for £ #0. (8.9)

For ¢ fixed, M(£) is easily seen to be an orthogonal transformation with determinant
equal to —1. Next, for each [=1,2,3, ..., n, we consider the /th exterior power of M, (see
(2.7) for the definition) My: /\l—> /\l. This induces a map of the Fourier images of the
I-forms. More precisely, given we L?(R", \') we define

B(6) =Y 0 () do.
1
For ¢ fixed this can be thought of as an [-vector and so My (£)w(€) is defined. This then
produces a rather nice formula for the multiplier of S.
THEOREM 8.10. The Fourier multiplier of the operator S: L? (R™, /\l) —~L*(R", A)

is the orthogonal transformation My (€): A— /\z_ That is

Buw(€) =My (©)@(€)
Jor each we L*(R™, /\l)

Proof. We need only verify the above formula on forms of the type &(¢)dz! for I
and ordered [-tuple. For simplicity and without loss of generality, we assume that

w(z) = a(z) de* Adz? A .. Ada' = a(z) da’.
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Then .
EPB(E) = (Z §-Y g Ja@ a2 T 66a(e) o',

1<j k<l k<I<j

On the other hand assuming |¢{|=1, we have by (8.9)
M(€) dz* = dz* —2¢,.¢

where
E=¢rdat +6pdr? 4. 48, dz™.
Then by the definition of My,

My (6)(@(¢) dz') =a(¢)(Mdz* AMdz? A...AMdz")
(&) (dat —26,6) A (dx? —2626) A... A(dx' = 26,€).

Il

We now expand this exterior product taking into account £A£=0. We find

1
M (€)(a(€) d=") =a(€) [dml—2 > dxl/\.../\dx’“'lAg/\dzk“/\.../\dz’]
k=1

!
=a(¢) [dx1—225,3 dx’ -2 Z &€&k d:vl/\.../\dzk_ll\dmj/\dx’““/\...dx’}
k=1 ki<

which agrees with (8.7) for |{|=1, and therefore proves the theorem.

Remark 8.11. Because of the orthogonality of the multiplier we have that IE'ZJ(& )=
|&(€)| pointwise, which implies that S is an isometry in L?(R™, A'). As M(£) is sym-
metric and orthogonal, so too is Mx(€). Then My (§)Mu(§)=I1d, which implies SoS=Id.
Since the determinant of M(€) is equal to —1, we find from Lemma 2.17, *My=—xMy
which implies xS=—S5x.

We can now give an explicit convolution formula for the operator S.

THEOREM 8.12. For each 1<p<oo, the operator S: LP(R",/\p)—>LP(R",/\l) is
represented by the following singular integral

(s = (1-2) ol - D2 [ Bemdli),

/2 |z -yl

where
Q&) = My (6)+ (%—1) 1d: A" A
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Furthermore Q(€) is a homogeneous matriz function of degree zero whose mean value on
the unit sphere is zero. The entries of Q) are spherical harmonics of degree 2, that is
[€12Q(€) is a matriz of harmonic polynomials of degree 2.

Proof. It follows from formula (8.7) that any off diagonal entry of the matrix |¢|2Q(¢)
has the form +2¢;¢, with j#k and so is clearly harmonic. The diagonal entry with index
I=(i1,1s,...,7;) can be written as

Thus Am{=2(n—1)~2[+2n(2l/n—1)=0. This also shows that

(¢) d =0.

Sn-l
We now decompose the multiplier of S as

_n=2]

- Id +€2(¢).

My (8)

Then according to [S, Theorem 5, pp. 73] the kernel of the transformation corresponding
to the multiplier (¢) is

_I(1+n/2) Yz—y)

K(.Z‘—y): n/2 Ix—yl"

and hence the formula of Theorem 8.12 follows.
An especially interesting situation arises when n=2I/. Then we find

THEOREM 8.13. The operator S: LP (RZI,/\I)—>LP(R2’, /\l) is represented by the
singular integral
4] My(z—

T T oyl
We point out here that M(£)=|£[2D®(¢), where D® is the Jacobian matrix of the
inversion ® in the unit sphere of R%.

®()= 15

This again reinforces the analogy with the two-dimensional case, see (0.6). Then the
kernel,

K€ =1¢I"?Mg(€): N = A,
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is induced by the differential D®: R¥ -R2'. More precisely
K(&)(aiAaaA..Aay) = DB(&)a; ADB(E)asA...ADD(£)oy
=®*(a;AagA...Aay).

In other words the entries of the matrix K (¢) are the I x/ minors of the Jacobian matrix
of ®. As such K(£) is harmonic in R?, is orthogonal and symmetric and permutes the
spaces AT and A”. Note too that exactly half the eigenvalues of K(£) are +1 and the
other half are —1.

It seems to us that the formulae above will be important for future calculations of
the p-norms of the operator S. There is considerable information, both geometric and
analytic, to be obtained for quasiregular mappings if one finds reasonable estimates for
the norms ||S}|,, see §9. It is for this reason we now give such an estimate. A problem with
the Beurling—Ahlfors operator S, and other operators with even kernels, is due in part to
limitations of the presently available methods from probabalistic and harmonic analysis.
It seems a little too optimistic to find the norm A,(n,l) of S: LP(R™, A") = L?(R", A\").
A simpler problem is to show that A,(n,l) actually depends only on p. But for our
purposes, we need a bound which depends at most polynomially on n. This problem is
still nontrivial, the reason being that the obvious estimate leads to exponential growth
of A,(n,1) in n, because the number of terms involved in an explicit formula for S is of
order 2". We prove

THEOREM 8.14. For eachl=1,2,....n and p>2
Ap(n,1) € (np).
Proof. The operator S depends linearly on the second order Riesz transforms SR;%R;,
i,j€{1,2,...,n}. We denote by M,, the number
M, =max{||R:R;llp;i,i=1,2,..,n}, l<p<oo.

The method of rotations, see [GR], and the fact that the p-norm of the one dimensional
Hilbert transform is || H||,=cot(r/2p)<2p/m, for p>2, implies that ||R;|, < (w/2)|H||, <
p for all =1,2,...,n.(*) We then see

M,<p?, p>2. (8.15)

Now let we LP(R", /\l). We solve the Poisson equation Ap==w. So the coefficients satisfy
wl=Ap! and ¢! € LE(R™) for each I-tuple I. From (8.6) we have

Sw= Z{X;c ol dm’}—i—ZZ{Z +f  daf kI }
=

I kel Mjer

()Added in proof: We have recently shown that ||R; ||, =|H||p, see [IM2].
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We do not specify the signs + because we are not going to use any cancellation of terms.
Now fix an [-tuple K and compute the Kth coordinate of Sw. We find

Z +pf+2 Z i¢§(—1,I—K} dz¥,

j=k I

(Sw)¥ dz¥ = {

where the summation is over all I-tuples I such that #{IUK}=I[—1. There are at most
n+2(n—I)n<n? terms in this sum. We therefore have the pointwise estimate

ZI‘Pf,(kF'FQZ |‘P§<—1,1—K|2}, (8.16)

(5% <n2{
i=k I

where the index I is restricted as above. We now sum (8.16) over all ordered I-tuples K
and interchange the order of summation to obtain

|Sw? <n2{;{;€ |‘Pfk|2}+2;{z Isofk|2}}

JEK
k€K
=n? ) {wak?} (8.17)
Jk=1" K
=n2 Z {Z [iRjiRk(wK)]?}.
k=1 K

Now we shall apply the following lemma. For a more general result concerning tensor
products of operators acting on LP spaces see {FIP], Corollary 1.2.

LEMMA 8.18. Let T: LP(Q,d\)— LP(2,d)) be a bounded linear operator with norm
IT|lp, 1<p<oo. For he LP(Q,R™), h=(h',h?,...,h™) define the tensor product

T =1d®T: LP(Q, R™) — LP(, R™)

by
Th=(Th!,Th?,...,Th™).
Then
TRl < I TllpllA]lp-
Proof. In view of the linearity of T we have for each s=(s1, 82, ..., ) €S™ !
(5, Thy=T(s,h)
and hence

(s, Th)llp <ITNplI{s: R lp-
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We raise this inequality to the power p, integrate with respect to s and use Fubini’s
Theorem to obtain

L{Lm l(s,Th)|Pds} azA<||:r||;';,/;Z {/Sm |<s,h>|pds} i

On the other hand, because of the invariance of the spherical Haar measure ds under the
rotation group of S™! we have the identity

[ Meapds=lap [ lsapds
Lsm—1 Sm—1

for each vector teR™. Therefore

[imwrar<irig [ peay
Q Q
which proves the lemma.

Remark. 1t follows from these arguments that the lemma remains valid in the case
of a complex space L?(),d)) provided the operator T is the complexification of a real
operator. That is if T(Re{f})=Re{T(f)}. Notice that this is the case for the operators
R, Re.

Lemma 8.18 applied to the equation (8.17) for each of the operators :;R;, separately
gives via the triangle inequality (so p>2)
2

n
ISwl2= || 1Swi2]l,,, <n? >
7.k

(; |m,-mk<w’<)|2)l/2
1/2,2
()

p

n
<n? ) ||R;Re 2
ik

P
<n4M§I|w||12,.
Thus
1Swllp < n® My||wll,

which establishes the theorem in view of our estimate for M.
Next, a standard interpolation argument (via the Riesz—Thorin Convexity Theorem)
implies

COROLLARY 8.19. For all 2€<p<g<>
Ap(n.k) < (n2g?) 523,
There is a corresponding result for the conjugate index 1<p<2. As a particular case
Ap(n, k) < nt2-7l
for all %gpg&

Finally notice that the Convexity Theorem also implies
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PROPOSITION 8.20. The function p—Ap(n,k) is continuously decreasing for
1<p<2 and continuously increasing for 2<p<oo.

9. Regularity theorems for quasiregular mappings

In this section we give proofs of both Theorem 2 and Theorem 3. Thus let
f € W;l,loc(Q7 Rzl)’ p 2 1’

be a weakly quasiregular mapping. Denote by p the Beltrami coefficient ps of f. Define
|| =)lpflloo <1. We shall investigate the LP -integrability of the Jacobian Df for p€

loc
(o, qo) where 1<pg<2<go<oc are the critical exponents of p implicity defined by the
equation

|l 1S llpo = |t 1Sllge =1

see Figure 2. Obviously Lemma 8.3 implies 1/pp+1/go=1, and Proposition 8.20 implies
|£] ||S]lp <1, for all p€(pg,go)- In particular then, the operator

1d —pS: LP(R?, \Y) — LP(R%, \')

is invertible and
1(Id —pS) =i, < A=[pl(ISl,) 7" 9.1)

Our theorems are derived by an obvious induction using the following lemma.
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LEMMA 9.2. If fEW), 10 (2, RY) for some pe(po, o), then fEW ) 1o (QL,RY) for
all g such that

2
< —_— .
Po q<mm{2l_1p,qo}

Proof. Let us assume that J(z, f)>0 a.e. Then the Beltrami equation for f takes
the form

d™(f*a)=pd ™ (f*e), (9.3)
where we choose
a=ydy? AdyP A Ady' — (=) y! A dy! 2 Adyt R AL AdY .
Then do has constant coefficients,
da=dy' Ady? AdyB AL Ady — (=) dy' T Ady T EAY RN LAY A0

|da|=v/2 and
dta=0.

The induced ({—1)-form
fra= fraf*AdfAn. Adf =) FYF2AdF AL AP

can be estimated pointwise a.e. as follows;

|f*al? SUF AP A A |+ T2 AP P AL AP )

<
<IFPIDFP 2+ PID A2 < | fRIDF1P 2,

and hence we obtain the estimate

|f* (@)l <1 (@) IDf (=) (9-4)
From the Imbedding Theorems we obtain

fraelf (Q,ATY). (9.5)

loc

To see this, first notice that fe L (€, R?). Indeed, if 1<p<2, then by the Sobolev

loc

Imbedding Theorem, feLg (Q,R¥), with s=(2llp)/(20—Ip)>2lp. If p>2, then f€

loc

W31 10c(Q, R?) which implies the integrability of f with arbitrary exponent. Now (9.5)
follows from (9.4) by Hélder’s inequality. More precisely,

[fLIDFI™! € L, ()

5-935201 Acta Mathematica 170. Imprimé le 29 avril 1993
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for any r>1 satisfying

and so in particular with r=q.
In order to apply the Beurling-Ahlfors operator we should multiply f*a by a test
function, say n€C5°(€2). Obviously nf*aeL?(R%* A') and

d(nf*a) =nf"(do)+dnA f a (9.6)

is a compactly supported regular distribution of class L?(R?, /\l) This then justifies
the following permutation formula {cf. (0.7)),

d~(nf*a) = S[d* (nf* ). (9.7)

On the other hand we have the Beltrami equation and so we find that
d*(nf*a)—pd™(nf*a)=(dnAf*a)y —pldnAfra)- =w,
say. From (9.4) we have pointwise a.e.
w(z)| < V2(1+|u])ldnA fa| <4|Val | f|1DfI (9.8)

and then by (9.5), we LI(R¥, A)NL?(R*, AY). Now (9.7) reduces to the integral equa-
tion
d*(nf*a)=(1d —pS) 'w.

Using (9.7) again we obtain
dnf*a)=(d¥+d")(nf*a)=(1d+S)(Id —pS) w. (9.9)
This shows that d(nf*a)eL¢(R?, \') and that moreover we have the uniform estimate

1+(1Sllq 81151l
1-|ul ISl 1-|u| 15]lq

which follows from (9.8). This together with the estimate of (9.4) and the identity (9.6)
imply

ld(nf*allq < llwllg <

HVnisDs,

Iinf*(de)llq < ld(nf* e)llg+lldnA frally

8151l .
< (e ) o,

Finally, we have the pointwise a.e. estimate

(9.10)

V2|Df(z)|' < K| f*(da)), (9.11)
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by Theorem 7.1. Then from (9.10) we conclude that D fe L!
the proof of the lemma.

(9, GL(n)). This completes

loc

As we have mentioned, an easy induction now establishes Theorems 2 and 3. We
want to point out that we have also proven the following uniform estimate
[nIDf @), < SKS, I VAl DA, - (9.12)
¢ 1=[pl(1Sllq 7
Remark 9.13. In [IM1] we have proved that each K-quasiregular mapping f: (21— R2

belongs to W ,.(Q2) with p=2K*/(K*~1) for some a, 1<a<7.283.

Remark 9.14 (Holder regularity). Equation (5.1) can be used (as in the proof of
Liouville’s Theorem) to derive the C*+1:® regularity properties of a quasiregular map-
ping that we spoke of in Theorem 4. However, a simpler method can be found using the
Beltrami equation (7.3). Thus suppose feW3;,,.(2, R*) and that the Beltrami coeffi-
cient p=pys belongs to the Holder class C’{Z:(Q,GL(%)) for some a and k with 0<a<1
and keN.

We shall outline the idea of the proof, which is simply to apply the operator S to
(7.3). Consider the equation (9.9) above with w=(dnA f*a)+ —p(dnAf*a)-. Let Q' be
an arbitrary open set compactly contained in 2. We choose the compactly supported
test function 7 so that =1 on . It is important to notice the following property of the
pseudo-differential operator

(Id+8)(1d —pS)~: L2 (R¥, \") — L2(R%, A1).
Namely that if we L2(R?, A\'), then (Id +S)(Id —uS)~'w is of class C* outside the

support of w. This can be viewed as a hypoellipticity type property of the operator
(Id —8) with peC*?, ||ulloo<1. Accordingly,

Fr(da)eCE (@, A

loc
because w(z) vanishes on ' and d(nf*a)=f*(da) on . As ' is arbitrary we may set
Q in place of ' above. Then the [-vector da€ A~ (in view of the definition following
(9.3)) satisfies
dando = —2(—1)! Vol.
Applying f* we obtain

—2(—3)!J(z, f) Vol = f*(da) A f*(de) € CE().

loc
Hence the Jacobian determinant belongs to the class Cl’f)c“ (€). Now in much the same
way we can show that f*(dB)eCl (9, \') for each l vector dBe A*. In conclusion
the I x! minors of the differential D f(z) are of class C; 1oc ¥(£2). This improved regularity
considerably simplifies the remainder of the existing proofs. See [I2] for further details

in this setting, and [Ma] for another approach to proving Theorem 4.
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10. The Caccioppoli type estimate

Apriori estimates in quasiconformal analysis have been extensively used from the early
days of the theory. Much of the information about the differential of a quasiregular map-
ping is contained in certain Caccioppoli type estimates. These estimates are derived from
the fact that every quasiregular mapping of R™ achieves the minimum value of its own
associated Dirichlet integral. This integral unfortunately requires the L™-integrability of
the differential. From these estimates, via Gehring’s Lemma [G2], higher integrability
results follow. However to remove nontrivial singularities of a quasiregular mapping one
needs LP estimates for p less than the dimension of the space. Some previous efforts have
been made to achieve such results but have been largely unsuccessful. The following
result is perhaps the first of its kind.

THEOREM 10.1. Let f EWI}HOC(Q,Rﬂ), 1<p<2 be weakly quasireqular with Bel-
trami coefficient pg and where p is such that

lusl 1S), <1.

Then
/Q 0(@)DF ()" dz < Cy (1, K) /n V(@) () - fol da

for each test function peCZ(Q) and feR?.

Proof. We apply (9.12) to the function 5(z)=¢'(z). Then by Hélder’s inequality

! _8IKY|Sllp D -1
lieDs@, < T2 e 1911 keD s
< GCp(l, K)l/(pt) ”[V‘Plllfllif;/z ”l(pr{,”;—m’
where |
(st )’
S0 (Hufi sh)

The result now follows for fo=0, by dividing out the common factor. In general, of
course, we may replace f by f- fg.

11. Removability theorems for quasiregular mappings

In this section we generalize the classical removable singularity theorems for holomorphic
functions to quasiregular mappings in all even dimensions. Thus let 2 be a domain in R™
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and E a compact subset of 2. For all 1<s<o0, the s-capacity of the condenser (F, Q) is
defined as

5-Cap(E, Q) = inf { /Q Vo(a)* dz}

where the infimum is taken over all functions e C§°(2) which are identically equal
to one in a neighbourhood of E. Given ECR", if s-Cap(F,Q)=0 for some bounded
2 (equivalently for every Q1) we say F has zero s-capacity. A closed set E has zero
s-capacity if every compact subset of E has zero s-capacity.

Notice that F has zero s-capacity, 1 <s<n, implies that the d-dimensional Hausdorff
measure of E, Hy(E)=0, for all d>n—s. Also, if F is a closed subset of R of Hausdorff
dimension less than k<n—1, then E has zero (n—k)-capacity, and finally the countable
union of sets of zero s-capacity has zero s-capacity, provided this union is closed.

Proof of Theorem 5. Let E be a closed subset of R? with pl-capacity zero, 1<
p<2 and suppose that f:Q\E—R?% is a bounded quasiregular mapping with Beltrami
coefficient p1; such that |uy|[|S|p<1. As Hy(FE)=0 it remains only to prove that fe
Wi 10c(€, R?). For then Theorem 2 implies f€ W}, ,.(?, R¥), so f is quasiregular on €2.
Let n€C§°(2) be an arbitrary test function, we may assume (without loss of generality)
that E is compact, but not necessarily contained in §2. Then there exists a sequence of
functions ¢; € C§°(R?) such that for each 7,

(i) 0<p;<1,

(i) ¢;=1 on some neighbourhood U; of E,

(iii) lim;(z)=0, for all re R¥\E,

(iv) lim [[Vig; 1 =0.

We set

Vj=(1-¢;)n€ C5°(Q\E).

It is quite clear that

V&)= |(1-9;)Vn—0Ve;| < |[Vnl+n| Ve,

and
D(¥;f)=¥;Df+foVV¥;c P R GL(2!)).

By the Caccioppoli type estimate Theorem 10.1 we obtain

DY Nlpt < UfOVE;ipt+1{; D[l
(2, L KAV | (11.1)

<
<C
<CELEYNIVllp+Hnf Vs It} -
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Now let j—o0. We have ¥; f—nf in LP'(R?,R?). Also, as f is assumed bounded, the
right hand side of (11.1) remains bounded. Therefore ¥; f—nf in the weak topology of
Wy (R?, R?). In particular nf e W) (R*,R*) and as a limit case of (11.1) we have the
uniform estimate

DAl < Clp L KV 5
which completes the proof.

Remark 11.2. The assumption that f is bounded is of course much more than we

really need. Actually, all we require is that the sequence

I Inf11Veilllp, 5=1,2,...

remains bounded. Thus for instance it is clear that Theorem 5 can be extended to the
case

2pl
FEL*(Q\E,RY), s> r”p.

This however requires the stronger restriction that the set £ has zero spl/(s—pl)-capacity.
This follows simply from Hélder’s inequality.

Theorem 5, together with the estimate of Corollary 8.14 has the following conse-
quence concerning removability near half the dimension.

THEOREM 11.3. Let0<e<1 and let ECRZ be either a closed set of (1+¢)l-capacity
zero or a closed set of Hausdorff dimension d<(1—¢)l. Then E is removable under all
bounded quasiregular mappings f: ¥\ E—R?* provided that

C(@D)lugl <e.

Indeed Conjecture 8.5 would imply that the condition |u¢| <& would suffice. Another
interesting consequence arises from the estimate of Corollary 8.19, here we have p close
to two.

THEOREM 11.4. Let p€[0,1) and let ECR"®, n=2,4,6,..., be a closed subset of

Hausdorff dimension
n(1—p)
< .
s 6log(n)

Then every bounded quasiregular mapping f: Q\ E—R™ with Beltrami coefficient |us|<p

extends to a quasiregular mapping of (2.

Proof. E has (n—d)-capacity zero. Thus the condition for the removability of E is

d
lesllISll2—ayi <1, for p=2 (1_ﬁ> .
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In view of Corollary 8.19
18], < 7

because %g p<3. Hence a sufficient condition is easily seen to be

4d/n

/m4(2"’) = un <1,

that is d<—nlogu/4logn. This, by elementary considerations, is satisfied for all d<
n(l—p)/6logn.

12. Some examples

In this section we give a number of examples. We show firstly that the regularity as-
sumptions in our version of the Liouville Theorem cannot be improved at all; secondly,
that the Regularity Theorem cannot be qualitatively improved and finally we give some
examples concerning removable singularities for quasiregular mappings.

THEOREM 12.1. Let Q be a domain in R™ and let K>1. Then for all pe [1, 1?—41-{1)

there is a weak K -quasireqular mapping f €W}, (Q,R™) which is not quasiregular.

Before proving this theorem we need to make some preliminary remarks and formu-
late a couple of lemmas. Let us first fix K>1.

The K-quasiconformal inversion in the sphere $”~!(a,r) is defined as

r 1+1/K
O(z)=a+(z—a)| —— .
lz—al
For K=1, r=1 and a=0 we obtain the usual inversion in the unit sphere. The following

lemma is easy.

LEMMA 12.2. With the notation above

bew=(55y) o=t

We shall be interested in the restriction of ® to the ball B=B(a,r). There we have

the inequality

,’,.K+1

|B(2)—2|¥ <

lz—al

We therefore obtain the estimate, for each 1<g<Kn,

dx nKr?
®(z)—z|?dr < q+q/K/ = B|. 12.3
[ to)-apras<pron [ G 2E g (12.9
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We now want to show that &€ W}(B) for every 1<p<nK /(K +1). To do this we compute
the Hilbert-Schmidt norm of D®(x) using the formula of Lemma 12.2,

D'®(z)Dd(c) = (Iwial ) e [Id - < _ 7(1.5) (”C_‘laxl%(_;‘_a)] .

Whence
r 242/K
|D®|? = Trace{D'®D®} < n :
|z—al
And thus d
D®)Pdr< n”/2r”+”/K/ S —
f, 10 o [e—alp /% o4
np/2+1 Bl< Kn" B )
- n—p—p/Kl < nK—p(K—H)I k
Finally, since ®(x)—z vanishes on 4B we obtain from integration by parts
/ Din(z) [®(x)—z] dz= —/ [D*®-1d]n(z) dz (12.5)
B B

for any test mapping neC*°(R",R").

This shows that ®—Id belongs to W, (B) for all p<nK/(K+1).

We construct our example by gluing a number of these reflections together in a
careful way. To do this we need the following notion. Let {2 be a domain in R™. Then
an ezact packing of 2 by balls is a disjoint family F={B;:1<j<oo} of open balls B;Cf2
such that Q##B; for any j and

- B;|=0.

1

The existence of such a packing for an arbitrary domain © follows from Vitali’s Covering
Theorem. We omit the proof.

LEMMA 12.6. Every open subset Q of R™ has an exact packing by balls of radius
less than 1.

Proof of Theorem 12.1. We assume for convenience that |Q]<oco. Let F={B;} be
an exact packing of Q. It is clear that F has infinitely many elements. Let ®; be the K-
quasiconformal reflection in the spheres 0B;. We define a function F:Q2-—»R" piecewise
as

F(z)=®;(z) if € B; and F(r) =z otherwise.
Inequality (12.3) immediately implies that

o0

O e — () —|d nK < o _nE
/Q|F($) z|?dr Z{/Bj |®;(z)—z| dx}SnK_q;BJI nK_q|Qi<°07

Jj=1 J
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for every ge[1,nK). Thus FeL(Q,R"). Next define a matrix function A(z) as
A(z)=D®;(z) if z € B, and A(z)=1d otherwise.

From inequality (12.4) we have

n

Kn
—_(K__{_15|Q| <00,

/ |A(z)P dz <

for every 1<p<nK/(K+1). Therefore to prove that FeW, (2, R") we need only verify
that A(x) coincides with DF(z) in the sense of distributions. Thus let neCg°(2, R™) be
a test mapping. Integration by parts and identity (12.5) applied to ®; gives

/QDtn(x)F(x) d:cz/QDtn(:c) [F(z)—z] dx+/g Din(z)z dz
:i{/];_ Dn(z) [®;(z)—z] dz}-/ﬂn(m) dx

_Z{ / (z)-1d] n(w)div} / n(z)dz
=_Z{/ D'®,(x)n(z) da:} /At o)n(z

It is readily seen from Lemma 12.2 that for K=1, FeW (2, R"), 1<p<n/2, is weakly
1-quasiregular and that more generally FeW] (2, R"), 1<p<nK/(K+1) is weakly K-
quasiregular.

However, it is easy to see J(z, F)<—1 a.e. in . To obtain a map whose Jacobian is
positive almost everywhere, compose F' with an orientation reversing conformal mapping.
It remains only to observe that F' is not quasiregular as it is not even bounded near the
boundaries of the balls in the exact packing F.

Remark. Recall that our condition for improved regularity (in even dimensions
n=21) was that

el 11Slpr < 1.
From Lemma 12.2 and a little calculation we find that in our example

| |_K—1
M=K

As pl<nK/(K-+1) we obtain the following theorem
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COROLLARY 12.8. In dimension 2l we have the following estimate for the p-norms
of the Beurling-Abhlfors operator:
ISlp> —=, 1<p<2
pZ D 1 y Pxa.

By duality (see Lemma 8.3) we also have
1Sl >p—1, 2<p<co.

We have conjectured these bounds to be sharp in Conjecture 8.5.

This suggests that our example in Theorem 12.1 might be best possible (it is for
K =1 and n even because of our sharp version of Liouville’s Theorem). Indeed we make
the following conjecture.

CONJECTURE 12.9. FEvery weakly K -quasireqular mapping f GWI}YIOC(Q, R™) with

S nK
P2

is K-quasiregular.

Perhaps even the weaker assumption that fe€L¥(Q,R") is weakly K-quasiregular
implies f is K-quasiregular. Notice that in the example above we did actually show that
FeLP(Q,R") for all p<nK.

The following theorem (which seems well known) shows that (at least in the plane)

Theorem 5 is qualitatively best possible.

THEOREM 12.9. For each 0<e<1, there is a bounded K -quasiregular mapping
[:RZ\E—>R?, where H,_.(E)=0, and f does not extend over E. Moreover as ¢—0,
K—1.

Proof. Recall a theorem of Tukia which states that for each ¢>0 there is a quasi-
symmetric map g:R—R and a set FE of Hausdorff dimension less than 1—¢, with the
linear measure of g(E)>0 [Tu]. Moreover, as £¢—0 the quasisymmetry constant tends
to 1. We can then extend this map to a quasiconformal map of the entire plane with
the same properties, say via the Beurling-Ahlfors extension. Given such a set F and
quasiconformal g there is a bounded holomorphic function h defined in the complement
of g(E) which is not extendable over g(E). Here it is important that g(F) lies on the line,
because it implies that the analytic capacity is positive (the existence of such h does not
follow for general sets of positive linear measure [Ga]). The composition hog defined in
the complement of E is bounded and quasiregular and E is not a removable set. Notice
too that the dilatation tends to 1 as the Hausdorff dimension of E approaches 1.
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The following example gives a general method in all dimensions to construct sets
E and quasimeromorphic mappings defined in the complement of E which cannot be
extended over any point of E. Here by quasimeromorphic we simply mean that the map-
ping may assume the value infinity. That is we consider the mapping to be quasiregular
and valued in the sphere S™.

THEOREM 12.10. There are sets E of arbitrarily small Hausdorff dimension (F can
even be a point) and quasimeromorphic mappings S*\ E—S™ which cannot be extended
continuously to any point of E.

Proof. Let I' be a compact type, torsion free group of conformal transformations
acting on S™ and E=L(T") the limit set of I'. That is (S*\L(T'))/T=M™ is a compact
orientable manifold. Such a group may be obtained as an index two subgroup of a group
generated by reflections in a collection of disjoint round spheres with the property that
no sphere separates the collection. It is well known that the Hausdorff dimension of
L(I')>0, but can be arbitrarily small. (We could just take the Poincaré extension to the
appropriate dimension of a Fuchsian group of the second kind. The dimension could also
be quite large, for instance any round sphere of codimension 2 or more is possible.) If
we want E to be one or two points, we take I' to be a (Euclidean) crystallographic group
or simply the group generated by a dilation I'=(x-»Az), where A>1 (in these latter
two cases we view 5™ as the one point compactification of R"). As M is a compact n-
manifold (it will be a simple handle body if one uses the sphere construction, possibly an
n-torus in the Euclidean crystallographic case, or §”~! x §! in the case of a dilation) we
can use the Whitney trick as follows: take any triangulation of M, take the barycentric
subdivision, decompose S™ as the union of two simplices Aj, Ay, int(A1)Nint(Aq2)=w,
and then identify each simplex of the subdivision with a A; via a piecewise linear map,
this produces a piecewise linear map M — S™. Now the projection S™/L(I') — M is locally
conformal and then it is easy to see the composition

S"/L(T) — M — §"

is quasimeromorphic. (The branch set of the mapping is just the codimension two skele-
ton of A;.) This map is automorphic with respect to I" and not constant. Since the orbit
of any point under the group I' accumulates at every point of L(T"), the image of any
neighbourhood of any limit point covers the sphere. It is quite clear that this map has
no continuous extension.

We point out that the idea of using the Whitney trick to construct quasimeromorphic
mappings is not new. For related constructions see for instance [MS], [Tu2] and [Pe].
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Remark 12.11. The above example raises a couple of questions. By refining the
triangulation of M can we make the dilatation smaller? In particular how close to 1 can
we get? Notice that in dimension 2 there is a meromorphic map M2— S2! The point here
is that by the Stability Theorem for quasiregular mappings [R3], dilatation close to 1
implies local injectivity (which is not the case for our examples). Quasiregular (and even
quasimeromorphic) mappings which are locally injective and defined in the complement
of a nice set are injective if the dilatation is small enough {MSa]. For instance if the
complement is a uniform domain. Thus in dimension n>>3 it may be that any set of
dimension d<n—2 is removable for quasimeromorphic mappings with dilatation close
enough to 1 (it is a conjecture, attributed to O. Martio, that there is no branching if
K <2). This at least shows that a codimension 2 (or larger) set which is not removable
for all bounded K-quasiregular mappings, K >1 must be quite wild.

Also, we could arrange that M is noncompact by introducing parabolic elements
into I' (or even M could be ($1)™xR" ™, m>0 in the Euclidean case). Is it possible
that the noncompact manifold M'=(S™\ L(I"'))/I" admits a quasiregular mapping into
R" (bounded?)? This is the case in the plane (take a Riemann surface F, delete a Cantor
set of large enough capacity so that F\ E has bounded holomorphic functions, and take
a Schottky uniformisation of F\ E. One may do this by assuming that F' is the double
of say Fi, then uniformise F}\F via a Fuchsian group (of the second kind) and extend
the group to the Riemann sphere by reflection. This is a Schottky uniformisation of F
minus two copies of E). The problem with compact M is that quasiregular mappings
are open and so the image must be onto S™. We also point out that one may produce
more exotic examples by looking at the orbit spaces of uniformly quasiconformal groups.

Related and perhaps the most interesting examples of quasiregular mappings, are
due to S. Rickman in his study of the Big Picard Theorem in higher dimensions, see for
instance [Ril,2]. We have also very recently been informed by Rickman that he has a
construction of a bounded quasiregular mapping defined in the complement of certain
Cantor sets in R™. This Cantor set is then not removable. This example is very important
as it is the only known example in higher dimensions of a bounded quasiregular mapping
defined in the complement of any set of dimension less than n—1 which is not removable,
see [Ri3].

Appendix: The 4-dimensional case

It is both rewarding and illuminating to discuss what we have done and to make some
explicit calculations in the special case of dimension 4. Let us first observe that in the
two dimensional case, the multiplier of S: L?(R?, /\1) —L*(R?, /\1) can be factored into
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the two odd multipliers

2 (&8 *25152)_~(§1 52)(& 62)
o= (5o ag )= (e ) (e &)

In dimension 4, the corresponding 6 x 6 matrix |¢|? M4 (¢) of quadratic polynomials is not
factorisable in such a fashion. However, to obtain such a decomposition we factor the
multiplier of the operator

S®ld: L?(R*, A7)®L?(R*) — L* (R, A1) ®L2(RY).

(Here the tensor product is defined by S®Id(w, A\)=(Sw, ) for we L2(R* A") and Ae
L?(R*).) The following three 2-forms are a basis for A":

ol =dz' Adz? +dz3 Adzt, o =dz'Adz®—dz?Adz® and o =dz* Adzt+dz? Adad.
The corresponding basis in /\+ is
7t = del Adz? —dzP Adat, 72 =del Aded+dz?Adz® and 73 = dz Adzt —dz?Adz®.
We then write w=a10'+a20?+a30® and Sw=b,71+by724+b37%. To express the coeffi-
cients {b;} in terms of the {a;} we solve the differential system
d"o=w and Sa=A (A1)

for a=aldz! +02dz? +aldz®+a*dr*e L2 (R4, A\'). Notice that we have introduced the
auxiliary equation o=\ to make the system well determined. Our system is equivalent
to (subscripts as usual denote differentiation)

01 =—as+ai+ai-aj
ay = —a§—a2+ai‘+a;‘
a3 = —ai+a§—ag+a‘{
A=aj+ai+ad+aj.
In the same manner, the equations
dta=Sw and éa=2A (A2)
lead to

1 4
bi=a3+ai-aj+aj
1
by = —a3+ai+ad—aj
1 4
bs=—aj;—ai+ad+af

A=al +a§+a§+aﬁ.



78 T. IWANIEC AND G. MARTIN

Taking Fourier transforms, the corresponding matrices of the systems are the quaternions

=& & & & at\ " ar\”
=& & &L & o? _| e (A3)
€ & & & al a3
& & & & at A
and
=€ & & & o\ " b\ "
=& L &L & % _| b (Ad)
=& =& &L & o? bs |
& & & & ot A

Then the Fourier multiplier for the operator S®Id is obtained by eliminating a!,o?,a®
and o in the above. We find

€172 P(£)Q(E)

EE+E3-65-6F —26,6a+28283 26264426163 0
g2 26184+26283  E3-E3+E3-62 26384266 0
20284—26163 26384 +2618 ] -€3-85+€5 0 ’
0 0 0 E+E+E+E

where P(£) is the quaternion in (A4) and Q(¢) is the transpose of the quaternion in (A3).
This is very suggestive as to the form in the general case. Our calculations also show
that the multiplier is the product of two odd multipliers (both of which are orthogonal
matrices). The point is that S®Id can be factored into two singular integral operators
with odd kernels. These are analogues of the complex Riesz tranforms in the plane

i [ FQ AL
nf (Z)‘Efc 2~ C(z=0)

and ) _
L= [ LA
T Jo le=(l(z2=¢)
Now we can apply the method of rotations to each of these operators individually to
get an estimate of the p-norm of S: L?(R*, /\2) —L*(R4, /\2) We hope that these ideas
will produce a general method for obtaining a dimension free estimate of ||S||,. Finally
notice that the LP-estimates for S of §8 mean in this case that

[ Gl +laaP+1asP) < (AP [ (il +1baP)
R4 R4

g>1, for arbitrary C§° functions al,a?,a® a* where a;,a3,a3 are given by (Al) and
b1, b2, bs are given by (A2). The uniform estimate implies the same inequality is true in
W21q(R4).
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