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ABSTRACT. Cam-Clay nonassociative plasticity exhibits both hardening and softening
behaviour, depending on the loading. For many initial data the classical formulation of
the quasistatic evolution problem has no smooth solution. We propose here a notion of
generalized solution, based on a viscoplastic approximation. To study the limit of the
viscoplastic evolutions we rescale time, in such a way that the plastic strain is uniformly
Lipschitz with respect to the rescaled time. The limit of these rescaled solutions, as
the viscosity parameter tends to zero, is characterized through an energy-dissipation
balance, that can be written in a natural way using the rescaled time. As shown in
[4] and [6], the proposed solution may be discontinuous with respect to the original
time. Our formulation allows to compute the amount of viscous dissipation occurring
instantaneously at each discontinuity time.
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1. INTRODUCTION

Cam-Clay is a plasticity model giving the conceptual framework to analyse the inelastic
behaviour of fine grained soils. Some of its interesting features are its nonassociative char-
acter, and that it may lead to both hardening and softening behaviour, depending on the
loading conditions. The variables considered in the model are the displacement u(t, z), the
elastic and plastic strains e(t,x) and p(¢,x), the stress o(t,z), and the internal variables
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z(t,x) and ((t,x). All these functions are defined for positive time ¢ and for x in the refer-
ence configuration €, a bounded open set in R™, n > 2, with Lipschitz boundary. As it is
typical in plasticity, the stress is constrained to lie in a compact convex set K (¢) of the space
M?yxnl} of symmetric nxn matrices, whose size is controlled by a scalar parameter ¢ and
whose boundary represents the yield surface. Given a time-dependent body force f(¢,x),
and denoting the normal cone to K(¢) at o by Ng(c)(0), the equations summarising the

model are

) constitutive equations: o(t,z) = Ce(t,x) and ((¢,x) = V(z(t,x)),
) additive decomposition: Eu(t,z) = e(t,z) + p(t, x),
¢) equilibrium condition : —div o(t,x) = f(¢, ),
) stress constraint: o(t,z) € K(((t,x)),
) flow rule: p(t,z) € Ng(ct,2))(0(t, 7)),
(f) evolution law for the internal variable: Z(¢,z) = o« [(o x tro(¢,-)) tr p(t, -)](z),

accompanied by suitable boundary conditions. In the previous equations, C is the isotropic
elasticity tensor (see (2.8)), V is a nondecreasing globally Lipschitz function (see (2.45)),
div is the divergence operator with respect to the space variable x, and p is a smooth
convolution kernel (see (2.47)). In the typical applications, 0K (¢) are homothetic ellipsoids
passing through the origin in the space M "; more in general we assume that 0 € K )
and

K(Q) = {o € MISI : (0,C) € K},

sym
where K is a convex cone in M " x[0, +00) with nonempty interior.

The above formulation contains two differences with respect to the classical one, where
V(z) = z and the convolution kernel is not present in the evolution law for the internal
variable. The main reason for introducing the convolution is technical: it ensures that a
very weak convergence of o and p implies strong convergence of the corresponding z. From
the point of view of mechanics, the convolution gives a nonlocal character to the evolution
law for the internal variable: it implies that the size of the yield surface at a point z is
affected by pressure and volumetric plastic strain rate in a small neighborhood of x, which
is not physically implausible.

The function V' is assumed to satisfy the condition

V(2) > Gnin >0 for every z € R,

which implies that {(¢t,2) > (nin > 0 and prevents that the set K({(¢,x)) shrinks to
the origin. The classical case V(z) = z is recovered whenever the solution z(t,z) to the
evolution law is positive and bounded away from 0.

The study of the spatially homogeneous case (see [4] and [6]) shows that, for many initial
data, the problem has no smooth solutions. The aim of this paper is then to introduce a
notion of generalized solution, based on a viscoplastic approximation of Perzyna-type. Given
a viscosity parameter € > 0, the corresponding viscoplastic evolution w.(t,z), e.(t, x),
pe(t,x), ze(t,x), o-(t,x), ((t ) satisfies (a), (b), (c), and (f); condition (d) is dropped,
while (e) is replaced by

(ec) regularized flow rule: p(t,x) = Nf((c(m))(a(t,x)),

where N5 (0,() := L(0 — mx(c)(0)) and 7 () is the projection onto K(¢). In Section 3
we prove the existence of such an evolution. We first prove (Theorem 3.3) that for every
function (¢, ) in a suitable function space there exists a solution uS(t,x), €$(t, ), pS(t, x),
oS(t,z) of (a), (b), (c), and (e.), adapting a result obtained by Suquet [29]. Then we prove
the existence of a viscoplastic evolution by a fixed point argument (Theorem 3.5).

An energy estimate (Theorem 3.4) allows to prove the existence of change of variables
t = t2(s), uniformly Lipschitz with respect to s, such that the rescaled functions p2(s,x) :=
pe(te(s), ) are uniformly Lipschitz with respect to s, in a suitable function space. This
idea has already been used in [8, 17, 18] for rate independent dissipative problems in finite
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dimension. The authors of the last two papers have used the same idea to study a similar
problem in infinite dimension [22].

The Ascoli-Arzelad Theorem provides the existence of a subsequence (not relabelled), such
that

to(s) — t°(s) and p2(s,-) = p°(s,-),
the latter in a weak topology. A further argument, based on the uniqueness of the solution
to an auxiliary variational problem, shows that
62(57') 460(57')7 US(S,') 4uo(sv')v 02(57') 4(-"-0(57')'

The compactness ensured by the presence of the convolutions in the evolution law for the
internal variable allows to prove that

z2(s,x) — 2°(s,z) and  (Z(s,x) — C°(s,x),

uniformly with respect to x. It is then easy to see that (a), (b), (c) are satisfied by the limit
functions (Section 5). As for (f), it holds only in a weak form since, in general, the limit
p°(s,+) is just a measure and this requires an ad-hoc definition for the derivative (Section 6).

Condition (d) is satisfied in the limit for those values of s for which ¢°(s) is not locally
constant. Condition (e) is replaced by an energy-dissipation balance (see (4.8)) and a partial
flow rule (see (4.9)). The former is similar to the energy-dissipation balance of perfect
plasticity [5] with two main differences: first, the set K, and hence the plastic dissipation,
depend now on (°(s, x); second, there is an additional dissipative term,

s
/ / (Uo(s,x) - WK(Co(STz))(UO(s,x))) :p°(s,x) dx ds, (1.1)
o Ja

which accounts for viscous dissipation in those intervals where ¢°(s) is locally constant (the
colon denotes the scalar product between matrices). A similar term appears in [17], where
an evolution problem with nonconvex energy is studied through a viscosity approximation
and time rescaling.

To understand the meaning of this term, we observe that the convergence properties listed
above allow to prove (Lemma 5.3) that

ue(t, ) = u(t,), et,))—e(t,"), pe(t,:)—=pt,), z(t,-)—z,-), (1.2)

for all t except for a countable subset, with u°(s,-)) = u(t°(s),),...,2°%(s,-) = z(t°(s),).
The intervals where ¢°(s) is locally constant correspond to times ¢ where the limit evolu-
tion u(t,-), e(t,-), p(t,-), z(t,-) may be discontinuous and (1.1) measures the sum of the
instantaneous dissipations due to viscous effects, which survive in the limit as the viscosity
parameter ¢ tends to zero.

The partial flow rule (4.9) shows that the rate of plastic strain is parallel to o°(s,x) —
TK (¢co(s,2)) (0°(5,2)) for those values of s where the stress constraint (d) is not satisfied for
a.e. € Q. The proof of the energy-dissipation balance (4.8) and of the partial flow rule
(4.9) is given in the last three sections of the paper. One inequality (see (6.1)) is proved in
Section 6 passing to the limit in the energy balance (3.25) for the viscoplastic evolutions by
means of a lower semicontinuity argument. The opposite inequality (see (8.2)) is proved in
Section 8 using the properties of the limit functions p°(s,-), e°(s,-), and (°(s,-) and some
technical approximation arguments developed in Section 7.

In this paper we do not consider the following problems.

e Deduce from the energy-dissipation balance a weak formulation of the flow rule
P°(8,7) € Ng(co(s,2))(0°(s,x)) for almost all s where ¢°(s) is not locally constant.

o Characterize the limit functions u(t, ), e(t,-), p(t,-), 2(t,-) defined by (1.2) through
an energy-dissipation balance in terms of the original variable ¢.

We plan to address these interesting issues in a forthcoming paper.



4 G. DAL MASO, A. DESIMONE, AND F. SOLOMBRINO

2. PRELIMINARIES

Mathematical preliminaries. The Lebesgue measure on R™ is denoted by L™, and the
(n — 1)-dimensional Hausdorff measure by H"~1. If X C R" is locally compact and Z is a
finite dimensional Hilbert space, the space of bounded =Z-valued Radon measures on X is
denoted by My(X;Z). When = =R, it is omitted from the notation. The space M,(X;Z)
is endowed with the norm ||u|1 := |u|(X), where |u| € My(X) is the variation of the
measure . By the Riesz Representation Theorem (see, e.g., [23, Theorem 6.19]) M,(X; =)
is identified with the dual of C§(X;Z), the space of continuous functions p: X — = such
that {|¢| > e} is compact for every € > 0. This defines the weak* topology in M;(X;E).

The space L'(X;Z) of £-valued L"-integrable functions is regarded as a subspace of
My(X; =), with the induced norm. The LP norm, 1 < p < oo is denoted by | - |,. We
adopt the convention

[lv|l, = 400 whenever v ¢ LP. (2.1)

The brackets (-,-) denote the duality product between conjugate LP spaces, as well as
between other pairs of spaces, according to the context.

The space of symmetric nxn matrices is denoted by ngxn?; it is endowed with the
euclidean scalar product £:n = Zij &jmi; and with the corresponding euclidean norm
€] := (£:6)Y/2. The symmetrized tensor product a®b of two vectors a, b € R™ is the
symmetric matrix with entries (a;b; + a;b;)/2.

For every u € L'(U;R™), with U open in R™, let Eu be the M " -valued distribution on
U whose components are defined by E;ju = %(Dju;+D;u;). The space BD(U) of functions
with bounded deformation is the space of all u € L'(U;R™) such that Eu € M,(U;MZ7").
It is easy to see that BD(U) is a Banach space with the norm ||ul|; + |[[Eul|;. It is possible
to prove that BD(U) is the dual of a normed space (see [14] and [26]), and this defines the
weak ™ topology of BD(U). A sequence uy, converges to u weakly* in BD(U) if and only if
up — u strongly in LY(U;R™) and Euy, — Fu weakly* in My(U; M) For the general
properties of BD(U) we refer to [25]. If U is a bounded open set with Lipschitz boundary,
then

u € LY(U;R™) and Eu € L*(U;M%") = wue H'(U;R™). (2.2)

sym

This can be obtained arguing as in the proof of [25, Chapter I, Proposition 1.1].

We will use boldface letters to denote functions defined in an interval [a,b] C R and
with values in a possibly infinite dimensional Banach space Y. We recall that a function
f:]a,b] = Y is said to be absolutely continuous if for every e > 0 there exists § > 0 such
that >, || f(ti) — f(si)lly < e, whenever a < 51 <t; <89 <ty <--- <5, <t <band
> ;(ti —s;) < 6. The space of these functions is denoted by AC([0,7];Y"). For the general
properties of absolutely continuous functions with values in reflexive Banach spaces we refer
to [1, Appendix]. When Y is the dual of a separable Banach space, one can prove (see [5,
Theorem 7.1]) that the weak™ limit

s—t s —t

(2.3)

exists for £'-a.e. t € [a,b]. Note that in this general situation it may happen that f is not
Bochner integrable. If ¢: [¢,d] — [a,b] is nondecreasing and absolutely continuous, then
the function g(s) := f(p(s)) is absolutely continuous and

9(s) = f(p(s))@p(s) for Ll-ae. s € e d], (2.4)
where f(t) = f(t) if the derivative (2.3) exists, while f(t) = 0 otherwise. It follows that

d w(d)
[ nensrds= [*nar (2.5)
c w(c)
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for every h € L'([a,b];Y). Indeed, the derivatives with respect to d of both sides in (2.5)
coincide L!-a.e. by (2.4).

The reference configuration. Throughout the paper the reference configuration € is a
bounded connected open set in R™, n > 2 with Lipschitz boundary 02 =ToUT7  UN. We
assume that Ty and T'; are relatively open, ToN Ty =@, Tg # @, and H* (V) = 0.

On T'y we will prescribe a Dirichlet boundary condition. This will be done by assigning
a function w € H'/2(9Q;R™), or, equivalently, a function w € H'(€;R"), whose trace on
Ty (also denoted by w) is the prescribed boundary value. The set T'; will be the part of
the boundary on which the traction is prescribed.

We shall frequently use the following closed linear subspace of H'(Q;R™):

H%O(Q;R") ={uec H'(GR") :u=0H"'-ae onTy}. (2.6)

Stress and strain. For a given displacement v € BD() and a boundary datum w €
H'(;R™), the elastic and plastic strains e € L*(Q;M7x") and p € My(Q U To; Mz
satisfy the weak kinematic admissibility condition

EFu=e+pin Q,

2.7
p=(w—u)OvH" ! onTly, 27)

where v is the outer unit normal to dQ. The stress o € L?(Q; M) is defined by
o :=Ce, (2.8)

where C is the elasticity tensor, considered as a symmetric positive definite linear operator
C: Mgy — Mg . We assume that C is isotropic, so that we have C§ = 2u& + A(tré)[,

where A and p are the Lamé constants. Let Q: MZ %' — [0,+0c) be the quadratic form
associated with C, defined by

Q&) == 3C¢:¢

It turns out that there exist two constants ag and Bg, with 0 < ag < Bg < +o0, such
that

aqlé* < Q&) < Balel? (2.9)
for every £ € M i1, These inequalities imply
|C¢| < 264 - (2.10)
The stored elastic energy Q : L*(; M7") — R is given by

Qe) = / Qle(x)) dz = L(o,e).

It is well known that Q is lower semicontinuous on L?(€2; M7 "
convergence.
If 0 € L2(Q;M2%") and dive € L?*(Q;R"™), then we can define a distribution [ov] on

sym
09 by

) with respect to weak

([ov], ¥)aq = (divo,¥)q + (o, E¥)q (2.11)

for every ¢ € H'(Q;R™). It turns out that [ov] € H=1/2(9Q;R") (see, e.g., [25, Chapter I,
Theorem 1.2]). If, in addition, o € L>(; Mg ") and dive € L™ (€;R"), then (2.11) holds

for ¢ € WH1(Q;R"). By Gagliardo’s extension result [10, Theorem 1.I1], it is easy to see
that in this case [ov] € L>°(0Q;R™) and that

[oxv] — [ov] weakly* in L (0Q;R"™), (2.12)

whenever o — o weakly* in L*>(Q; M) and divoy — divo weakly in L™ (Q;R").
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Let u € BD(Q), w € H'(€;R™), e € L*(; M), and p € My (QUTo; MZ%7) such that

(2.7) holds. According to [3, Section 3], for every o € L>(Q; Mg ) with dive € L™(Q;R™)
we can define the distribution [ :p] on Q by setting

([o:p],0) := ={pu,divo) = (0,u© V) = (0, 0e)
for every ¢ € C°(Q). It turns out that [o:p] does not depend on the functions u, w, e

satisfying (2.7), and that [o:p] is a bounded Radon measure on §2. As in [3, Section 3] we
extend the definition of [0 :p|] by setting

[o:p] == [ov] - (w—u)H"™* onTy,
so that [o:p] € Mp(QQUTy), and we define
(o,p) :=[o:p](QUTY). (2.13)
It follows from [3, formula (3.9)] that
[{o: o) < llolleollpllx- (2.14)

The following proposition provides a useful integration-by-parts formula.

Proposition 2.1. Let o € L>®(Q;M7"), u € BD(Q), w e H'(R™), e € L2(; M),
p € Mp(QULg; MM f € L™ (§4;R™), g € L™(T'1;R™). Assume that (2.7) holds, —diveo =

sym

f in Q, and that [ov] =g on T'y. Then

([o:0], ) + (po,e = Ew) + {0, (u = w) © Vi) = (f, o(u —w))a + (g, p(u — w))r, (2.15)
for every ¢ € C1(Q). Moreover

(o,p) + (0,6 — Bw) = (f,u —w)q + (g,u — w)r,. (2.16)

Proof. See [3, Proposition 3.2]. O
The following closed linear subspace of L?(); My,5h) will be used in our proofs:

Yo(Q):={c€ L%Q;MZJJ;) :dive=0inQ, [ov] =0o0n I} (2.17)

It turns out that
So()t = {Ep: ¢ € Hp (R}, (2.18)

nxn

since the latter space is closed in L?(€Q; M7 <"

inequalities.

) as a consequence of Poincaré’s and Korn’s

The constraint set and its support function. Let K be a closed convex cone in

M7 %[0, +00) with nonempty interior. For every ¢ € [0,+00) we define the closed convex

set K(¢) by
K(¢) :=={o e Mg, :(0,¢) € K}. (2.19)
When ¢ > 0 the set K(¢) has nonempty interior and
K(Q) = CK(1). (2.20)
We assume that 0 € K (1), hence
0e€ K(¢) for every ¢ € [0, +00), (2.21)
and that
lo| < Mk(¢ for every (0,() € K (2.22)
for a suitable constant My < +00. Since K is a convex cone, (2.21) implies that
0<G <@ = K()CK(). (2.23)
For every closed convex set C C MZX" let wg: M2X" — C be the minimal distance

sym sym
projection onto C'. It follows from (2.20) that

Tr(0)(0) = (TR (%) (2.24)
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for every ¢ > 0 and every o € MZx".

sym

Lemma 2.2. The map (0,() — 7x (o) from Mg ix[0,+o00) into MEXR satisfies the
Lipschitz estimate

Tk (¢2) (02) = T (1) (01)] < |oz — 01| + 2Mk |G — G (2.25)
for every (o1,¢1), (02,(2) € Mg x[0, +00).
Proof. See [4, Lemma 2.1]. O

Let H: M2X"x[0,+00) be defined by

sym
H(, ()= sup o:&, (2.26)
oeK(()

so that H (-, ¢) is the support function of K(¢). By (2.20) for every (£, () € Mg x [0, +o0)
we have

H(&,¢) =CH(E,1). (2.27)
For every ¢ € [0,+00) the function & — H(E, () is convex and positively one-homogeneous
on M"X™ 1In particular, it satisfies the triangle inequality

sym

for every &1,§ € My and every ¢ € [0,+00). From (2.21), (2.22), and (2.27) it follows
that

0 < H( Q) < M|, (2:29)
|H (&, C2) — H(§, G| < Mk[§]|¢2 — Gl (2.31)

for every €7 617 62 € M’;L;W’:L and every Cv <1a CQ € [07 +OO) .
Stress constraint and plastic dissipation. Given ¢ € C°(Q)*, we define

K(¢) :={o e L®( ;ML) o(x) € K(¢(x)) for L -a.e. z € Q}. (2.32)

sym

When (¢ is the internal variable, K(¢) is the corresponding stress constraint. For every
closed convex set C C L2(Q;M7x") let me: L2(2;M?%") — C be the minimal distance

sym sym
projection onto C. For every o € L?(;M7") we define
dy(0,C) = ||lo — mc(o)|l2, (2.33)
the L2-distance from o to C. It is easy to see that, if o € L%(£; M), then
0 =Tk)o = 0(x)=7mg@)(o(x)) for LMae € Q. (2.34)

Using the theory of convex functions of measures developed in [11], we introduce the
functional H: My(QUTTo; M2X")xC%(Q)* — R defined by

sym

Hp. Q)= | H(K(@).((x)d(x), (2.35)
QuUT
where A € M,(Q2 U Ty)" is any measure such that p < A; note that the homogeneity
of H with respect to £ implies that the integral does not depend on A. In particular, if
p € L*(Q; M), we have

sym

Hp, ) = /Q Hp(a), C(x)) da.

When p is the rate of plastic strain and ¢ the internal variable, H represents the rate of
plastic dissipation.



8 G. DAL MASO, A. DESIMONE, AND F. SOLOMBRINO

For every p € L?(; M%) and ¢ € C°(Q)" the symbol d,H(p,{) denotes the subdif-

sym

ferential in L2(Q;M™X") of H(-,¢) at p. Using [21, Corollary 23.5.3] and [9, Proposition

sym

IX.2.1] it is easy to show that

pH(0,¢) = K(¢)- (2.36)
As H(p, () is positively homogeneous with respect to p we have
9pH(p,¢) C H(0,¢) = K(C) (2.37)
for every p € L?(€;M7<") and every ¢ € CO(Q)*

To prepare our treatment of the viscoplastic approximation, for every £ > 0 we introduce
the function H.: MZX"x[0,40c0) — R defined as

sym
H.(&¢) = H(& Q) + 5P, (2.38)
and the corresponding integral functional H.: L*(Q;MZx")xC°(€)* — R defined by

Q) = [ Helole). () d.

Its subdifferential 0,H. with respect to p satisfies the equality

OHe(p,C) = OH(p, ¢) +ep (2.39)
for every (p,¢) € L*(Q;MZxm)xCO(Q)+.
The convex conjugate HZ: Mg i x [0,400) — R of H. with respect to ¢ is defined by
5(0—74) = sup {0:£7H6(€7<)}'
EEMT

Since the convex conjugate H* of H with respect to ¢ satisfies H*(0,{) =0 for o € K(¢)
and H*(0,() = 400 for 0 ¢ K (see [21, Theorem 13.2]), using [21, Theorem 16.4] one can
prove that

HE(0,0) = o — 7o) (0) 2. (2.40)
This implies that H} is differentiable w1th respect to o, and that its gradient is given by
9o H(0,¢) = Ni(0,¢) = £ (0 — 1 (¢)(0)) - (2.41)
Note that N (o,() is Lipschitz continuous on Mg %[0, +00) by Lemma 2.2
Let H:: Lz(Q Mzxm)xCO()*t — R be the convex conjugate of H. with respect to p,
and let Ng: L2(Q; M2} )xCO(Q) T — L2(Q; MZ") be defined by
Ni(0,Q) = 2 (0 = mr(¢)(9)) - (2.42)
It follows from (2.34) that
p=Ng(0,() <= p(x)=Ni(o(z),((z)) for L -a.e. z € Q, (2.43)
so that Ng: L2(; M) xCO(Q) T — L?(Q; MZ¢") is Lipschitz continuous. By a general

property of integral functionals (see, e.g., [9, Proposition IX.2.1]) we have

O = [ o). C@) da

so that, by the Dominated Convergence Theorem and by (2.43), its gradient 9,HZ(o,()
with respect to o satisfies

OoHE(0,¢) = Ni(o,Q) L™-a.e. in Q. (2.44)
The internal variables. There are two internal variables z € C°(Q) and ¢ € C°(Q)*

They are linked by the equality
¢:=V(2), (2.45)
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where V: R — (0,4+00) is a globally Lipschitz nondecreasing function. We assume that
there exists a constant (,, > 0 such that

V(z) > (¢ for every z € R. (2.46)

The evolution law for the internal variable is nonlocal and involves a convolution. Let
p € CLR™)T be a fixed kernel with

/ plz)dr =1. (2.47)
For p € My(Q2UTy), the convolution p* ju is defined for every x € by
(@)= [ pla =) dulw), (2.48)
QU

It is clear that p*u € C*(Q) and that

lo* plloe < llpllocllully  and  [[V(px p)lleo < [Vplloollellr (2.49)

hence the linear map ju +— p* i is continuous from My(QUTy) to C1().

The data of the problem. We assume that the body force f(t), the surface force g(t),
and the prescribed boundary displacement w(t) satisfy the following assumptions:

f € Higo([0,+00); L" (% R™))
g € Hjpo ([0, +00); L=(I'; R™)) (2.50)
w e HY ([0, +00); H (% R™)).

For every t € [0, +00) the total load L(t) € BD(Q)" applied at time ¢ is defined by
(L(t),u) = (f(t),u)q + (g(t),u)r, for every u € BD(). (2.51)

Under our assumptions L belongs to H}. ([0,400); BD(£2)’) and its time derivative is given
by
(L(t),u) = (F(t),u)q + (g(t),u)r, for every u € BD(Q). (2.52)
Throughout the paper we will assume also the following wuniform safe-load condition:
there exist a function x € H} ([0, +00); L?(;M?%")) and a constant 79 > 0 such that

sym
—divx(t) = f(t) in Q and [x(t)v] = g(t) on T'; for every t € [0, 4+00), (2.53)
B(x(t,x),m9) C K((m) for everyt € [0,400) and L™-a.e. z € Q, (2.54)
x(t) € L= (Q; M) for L'-a.e. t € [0,400), (2.55)

t |[x(t)|lc belongs to L}, ([0, +0c0)), (2.56)

where x(t,z) denotes the value of x(t) at = € Q, and B(o,r) denotes the open ball in
M7x™ with centre o and radius r. By (2.23) inclusion (2.54) implies

sym
H(E Q) = x(t,x) : £+ mol¢] (2.57)
for L"-a.e. x € Q and every (£, () € ML X [(n, +00).

3. THE VISCOPLASTIC SOLUTIONS

In this section, given a viscosity paramater € > 0, we study the existence of a solution to
the Perzyna-type viscoplastic evolution problem (see, e.g., [29, Section 1.2.(ii)]) correspond-
ing to Cam-Clay plasticity.
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Definition 3.1. Let f, g, and w be as in (2.50), let ug € H'(Q;R"), eq € L2(;M2X"),

sym

po € L2(EMRXM) 0 29 € CO(Q), and let € > 0. An e-viscoplastic evolution with data f,

sym
g, and w, and initial condition (ug, eg,Po,20) is a function (ue,e.,p,, z:), with

u. € Hj, ([0, +00); H'(BRY), e € HJ, ([0, +00); L* (M)

p. € Hp, ([0, +00); L2(; M), ze € Hy,.([0,+00); L*()), (3.1)
z.(t) € CY(Q) for every t € [0, +0c0),

such that, setting
o:(t) == Cec(t) and (. (1) :=V(2:(1)), (3.2)

the following conditions are satisfied:

(ev0). ingtial condition: (u(0),e-(0),p.(0),2:(0)) = (uo,€q, o, 20);

(evl). kinematic admissibility: for every t € [0, +00)

Eu.(t) = e.(t) + p.(t) L"ae.in Q,

u.(t) =w(t) H" 'ae inTy; (33)
(ev2). equilibrium condition: for every t € [0, +00)
—dive.(t) = f(t) inQ, [o-(t)v] =g(t) onTj. (3.4)
(ev3). regularized flow rule: for L'-a.e. t € [0,+00)
b.(1) = NE(oo(0),C.(1) Lac.in 9, (3.5)
where Ng is defined by (2.42).
(evd). evolution law for the internal variable: for Ll-a.e. t € [0, +00)
2:(t) = px (ac(t) trp(t)) L"-ae. in Q, (3.6)
where
a.(t) :=pxtro.(t). (3.7

Remark 3.2. Let us fix ¢t € [0,+00) such that the derivatives p,(¢) exists. Then the
following conditions are equivalent:

bo(t) = Ng(ou(t),C.(1)  Lrae. in 9, (3.5)

o:(t) € OpyH (P (1), ¢ () L'-ae. in, (3.9)

o:(t) —ep.(t) € OH(P.(t),(.(t)) L™ae. in Q. (3.10)

Indeed, by (2.44) we have 9, H:(o-(t),(.(t)) = Ng(o:(t),{.(t)), so that (3.8) and (3.9)

are equivalent by a standard property of conjugate functions (see, e.g., [9, Corollary 1.5.2]).
The equivalence between (3.9) and (3.10) follows immediately from (2.39).

To prove the existence of an e-viscoplastic evolution we will use a fixed point argument.
To this end, in the next theorem we prove existence and continous dependence on the data
for a similar problem with prescribed (.

Theorem 3.3. Let ¢ € C°([0,+00); L*(Q)T) and let f, g, w, ug, ey, Po, € be as in
Definition 3.1. Assume that (ug,eq,po) satisfies the kinematic admissibility condition at
=0 Eug=eg+py L"-a.e in,

up = w(0) H" l-a.e inTy,
and that the safe load condition (2.53)-(2.56) holds. Then there exists a unique function
(us, es, ps), with

13
ué € HL ([0, +00); H' ((R™)),  eb € HY ([0,+00); L2(Q; M),
g € Hlloc([ov +OO)’ LQ(Q,Man)) )

sym

(3.11)

(3.12)
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such that setting

the following conditions are satisfied:

(ev0)S initial condition: (u$(0),eS(0),ps(0)) = (ug, e, po);

1 e

(ev1)S kinematic admissibility: for every t € [0, +00)
Eul(t) = eS(t) + pS(t) L"-a.e. inQ,

ué(t) = w(t) 7;”_1-&6. inTo; (3.13)
(ev2)S equilibrium condition: for every t € [0, +00)
—divel(t) = f(t) inQ, [0¢(t)v] = g(t) onT;. (3.14)
(ev3)S reqularized flow rule: for L'-a.e. t € [0,400)
PE(t) = Na(ob(t),¢(t) L -a.e. in (3.15)

where Ng is defined by (2.42).

Since the right-hand side of (3.15) belongs to C°([0, +00), L*(Q, M) by (2.25), it follows
that

pé € C1([0, +00), L2(Q, M) (3.16)
Moreover, for every T > 0 there exists a constant C. r such that
¢ _o¢ < _

e logt(t) —og2(t)]l2 < Cer e 161 () = G2 (D)2 (3.17)
561 _ S < —

s 562 = 5 (0 < Cor mase 16,(6) = ()] (3.18)

Jor every ¢y, €, in CO([0, +o0); LA()*).

Proof. Let A := C~1. If a triple (u¢,e$,p¢) satisfies conditions (ev0)é-(ev3)S, then for
Ll-ae. t €0, +0)

EuS(t) — AeS(t) = Na(ab(t),¢(t) L -ae. in Q. (3.19)
Let us define 7¢ € H} ([0, 400); L*(; M2 %1)) by
T$(t) == oS (t) — x(t). (3.20)

By (2.17), (2.53), and (3.14) we have 7¢(t) € $o(f2) for every t € [0,+00) and hence,
integrating by parts, for £!-a.e. t € [0, +00) we obtain

(ATE(1),6) = —(NR(X(1) + TE(1),C(1), 6) + (Bio(t) — AX(1), 6) (3.21)
for every & € ¥o(f2). The initial condition for T¢ is given by
7£(0) = o0 — x(0), (3.22)

where oy := Cey.

Conversely, assume that 7¢ € H} _([0,+00); 20(2)) and that (3.21) holds for L£!-a.e.
t € [0, +00). If we define a¢(t) through (3.20), then (3.14) follows from (2.53). Moreover,
for £L'-a.e. t € [0,400), we obtain by (3.21) that Ad(t) + Ng(ol(t),¢(t)) — Ew(t) are
orthogonal to ¥o(Q) in L*(Q;MZ<"). Therefore, by (2.18), for L'-a.e. t € [0,+00) there
exists v¢(t) € HE (% R") such that Evé(t) = A (t) + Ng(oé(t),¢(t) — Ew(t) L -ae.
in Q. If we define

ug(t) == w(t) + /O vé(r)dr +uo —w(0), ef(t) =Aot(t), pE(t) = Bul(t) —el(t),

then the triple (u$,e$,pS) satisfies conditions (ev1)s-(ev3)S. If, in addition, (3.22) holds,
then the initial condition (ev0)¢ is satisfied.
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We assume for the moment that
C € Liploc([07 +OO)7 L2 (Q>+) and X € Liploc([o’ +OO), L2 (Q M?’Lfﬂ’?))
(we do not need conditions (2.54)-(2.56)), and we apply the arguments of [29] with

o(x,t,0) = HX(C(t,x),0 + x(t,x)),
where H? is defined by (2.40), while ((¢,x) and x(t,x) denote the values of ¢(¢) and x(¢)
at € Q). Note that

Ootp(,t,0) = (0 + X(t ) = Tr(¢(ta)) (0 + X(82))) -
The Lipschitz continuity conditions (22) and (24) of [29] follow from the Lipschitz continuity
of ¢ and x, thanks to Lemma 2.2. Following the arguments of [29, Section 1.4] it is possible
to prove that there exists a unique solution of problem (3.21) with initial condition (3.22).
We now prove the existence result for a general ¢ € C°([0,+00); L2(2)") and x €
H} ([0, +00); L2(Q; M%) satisfying (2.53). Let us fix T > 0. Consider two sequences

sym
¢y, € Lip([0,T]; L*(2)*") and x;, € Lip([0, T]; L*(Q; MZ<")) such that
Cp,— ¢ in CO([OvT];L2(Q)) ) Xr — X in Hl([O»T];L2(Q ngxn?)) )
and x;,(0) = x(0) for every k. Let o be the corresponding solutions, with initial conditions
o,(0) = 0p, and let 7 := ok — X - Subtracting (3.21) corresponding to 7, and 7 and
taking 6 =7p(t) — T(t) as test function we obtain
#3lTn®) = TR = —NE(on(®), (1) = Nic(an(t), (1)), Ta(t) — T (1)) —
= (n (@) = X (8), Ta(t) — Ti(t))a,

where (o, 7)s := (Ao, 7) and || - ||A is the corresponding norm. By (2.9) and Lemma 2.2
GallTa(t) = Tr(OE <
C [Ixn(®) = xx®ll2 + 174 (t) = 7@l + 1€,(6) = Ce@)ll2] I (t) — Tl +

+ 1% @) = x5 @O llallTr () = Tr(®)]]a

where C' is a constant depending on ag, Bg, and My . Taking into account the uniform
convergence of ¢, and X, and the L%-convergence of X, by Gronwall inequality we
get that o (t) is a Cauchy sequence in C°([0,T7; L?(;MZ")). Thus there exists o €
0 .72 nxn
CO([0,T7; L*(Q; M, 57)) such that
o, — o in CO([0,T]; L*(Q; MZ)). (3.23)
To prove the convergence of the time derivatives & we subtract (3.21) corresponding to
T, and T and take & = 7,(t) — Tx(t) as test function . We obtain

170 (1) = Te®IE = —(N&(@n(t), Cu(t) = N (ar(t), (1)), Talt) — T1(t)) —
= () = Xk (t), T (t) — Tr(t))a-
By (2.9) and Lemma 2.2
[Fa () = Tr(t)]la < Sﬁ—g [lont) = ox®)ll2 + 2Mx[[C(1) = C(®)ll2] + 15n(t) — Xk ()
Thus &} is a Cauchy sequence in L2([0,T]; L2(£2; M2X")). This implies that o belongs to

sym
H([0,T]; L*(%; ngxw’;)) and o), — o strongly in H'([0, T]; L*(M")). Therefore we can
pass to the limit in the equations satisfied by o) and we conclude that o satisfies (3.21)
and (3.22).

To prove uniqueness and estimate (3.17) we consider two solutions 1 and o5 correspond-
ing to ¢; and ¢y in C([0, T]; L*(; M<7")), respectively. Subtracting (3.21) corresponding
to 71 :=01 — x and T9 := 03 — X, taking & = o1(t) — o2(t) as test function, and using

Lemma 2.2 we obtain
Eillor(t) —o20)IF < L{llo1(t) — o2(t)ll2 + 2Mx (¢ () — Co(B)ll2] lor () — o2 (t)]]2-
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To get (3.17) it is enough to apply Gronwall inequality. The other inequality (3.18) follows
from (ev3)¢ using (2.25) and (3.17). O

The following theorem shows that the modified flow rule (ev3). can be replaced by a
suitable stress constraint and an energy-dissipation balance.

Theorem 3.4. Let ¢ € C°([0,+0); L2(0)T) and let f, g, w, ug, €y, Po, € be as in
Definition 3.1. Assume that the safe load condition (2.53)-(2.56) holds. Let (u$,eS,pS) be
a function satisfying (3.12), the initial condition (ev0)., the kinematic admissibility (ev1)S,
and the equilibrium condition (ev2)S of Theorem 3.8, with o¢(t) := CeS(t).

Then (u$,eS,ps) satisfies the reqularized flow rule (ev3)S of Theorem 3.3 if and only if
the following properties are simultaneously satisfied:

(ev3")6 modified stress constraint: for L'-a.e. t € [0,400)

al(t) —epé(t) € K(¢(1)); (3.24)

(ev3”)S energy-dissipation balance: for every T > 0 we have

QeS(T) = Qe) + [ (M5E(0).€(0) = (xte). 6 () e+ [ IS0l ar = o

- / (oS (1) — x(t), Bi(t)) dt — / (x(t), €8 (1)) dt + (x(T), €8 (T)) — (x(0), co) .

Proof. Suppose that (ué,e¢,p¢) satisfies (ev3)S. By (2.37) we have 9,H(pS(t),¢(t)) C
K(¢(t)). Therefore (3.10) implies (ev3’)S.
Since H(-, () is convex and positively homogeneous of degree one, the Euler relation gives

(o,p) = H(p,¢) whenever o € 0,H(p, (). Therefore, (3.10) implies

H(DE(t), C(1) = (@ () — ept (), E (1)) (3.26)
which is equivalent to
HBE(1).C(0) +ePE@)II3 = (o(2), pE(2)) - (3.27)
By (3.13) we have
(o&(), pE (1) = (ol (1), Bul (1)) — (ot (1), (1)) - (3.28)
Since aé(t) — w(t) € Hp, (€ R™) by (3.13), using (2.53) and (3.14) we obtain
(o8(t), Bt (t)) = (ot (t), Ew(t) + (x(t), B¢ (t)) — (x(t), Ew(t)) . (3:29)

Combining (3.27), (3.28), and (3.29), we deduce that
(oS (1), e8(1)) +H(DE(1), C(1) + B ()3 = (o (t) — x(b), Bw(t)) + (x(t), Eag (1)) -
By (3.13) we have
(ol (), e (1)) + H(DE (1), ¢(1) — (x (1), BE(1)) + el BE(D)]13 =
= (a(t) — x(1), Bw(t)) + 4 (x(1), €4 (1)) — (x(t), €& (1))

The energy-dissipation balance (ev3”)¢ can be obtained from (3.30) by integration.
Conversely, assume that (u$,eé,p¢) satisfies conditions (ev3’)¢ and (ev3”)S. By differ-

entiating (ev3”)¢ we obtain (3.30). Thanks to (3.28) and (3.29), from (3.30) we deduce
(3.27), which is equivalent to (3.26). By (ev3")¢ for Ll-a.e. t € (0,+00) we have

ol (t) —ept(t) € K(C(1) = 8,H(0,€(t)) - (3.31)

Since H(-,¢(t)) is convex and H(0,¢(t)) = 0, condition (3.10) follows easily from (3.26)
and (3.31). O

(3.30)
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Theorem 3.5. Let f, g, w, ug, €o, po, € be as in Definition 3.1. Assume that (ug, €o, Po)
satisfies the kinematic admissibility condition (3.11) at t = 0 and that the safe load condition
(2.53)-(2.56) holds. Then there exists an e-viscoplastic evolution with data f, g, and w
and nitial condition (ug, eo, Po, 20) -

Proof. Let us fix T > 0. We will apply a fixed-point argument in C°([0,T]; L?(; 1,,,)),
where I, := [(n,+00). Given ¢ € C°([0,T); L?(% 1)), by Theorem 3.3 we can find a
unique function (u$, e, p), satisfying (3.12) and (ev0)$-(ev3)S. Define

al(t) == pxtro(t).

E (
As trot € C’O([O T]; L*(Q)), we deduce from (2.49) that a¢ € C°([0, T] C'(Q)). By (3.
we have af trps € C’O([O,T] 2(Q)), so that (2.49) gives p*(ag trpS) € C°([0,T);C*(Q)).
Let 2¢ € Cl([O T]; C*(2)) be defined by

25(t) = 2 —l—/o p*x (aS(r)trps (1)) dr. (3.33)
It satisfies
C(0) =2 and 25(t) = p* (al(t)trps(t) for every t € [0,T].

g
Let us define the operator G: C°([0,T]; L*(Q; I,,)) — C°([0,T); L*(2; I,,,)) by
G(¢) =V (28). (3.34)
It follows from the definitions that, if ¢ is a fixed point of G, then (u¢,e$,p¢,2¢) is an
e-viscoplastic evolution with data f, g, and w and initial condition (ug, eg, po, 20) -

To find a fixed point we will apply Schauder’s theorem. In the rest of the proof C' will
denote a positive constant, depending only on T', €, €, ey, w, X, p, g, and Bg, which
may change from line to line. By (2.57) and (3.25) in Theorem 3.4 we have

5<C+C St
s e§(1)]3 < C+C max [le§(0)].
which implies

< . .
o, les(t)]2 < C (3.35)

Using this inequality in (3.25) and taking into account (2.57), we obtain

T
/0 1BS(0)|3de < €. (3.36)
From (2.49), (3.32), and (3.35) it follows that
< . .
max lal(t)]e < C (3.37)
Thus, [|aé(t) trp¢(t)]2 < C|[PE(t)]2, and hence, by (2.49),
[28(t)]loo < ClBE@)]l2 and  [[VZE(1)]oo < C|IDE()]]2 - (3.38)

Inequalities (3.36) and (3.38) imply that the norm of 2¢ in L2([0,T]; H'(Q)) is bounded
by a constant independent of ¢. It follows that the norm of 2 — 2, in H'([0,T]; H(2))
uniformly bounded. Therefore

28—z € COV3([0, T]; H'()),

and its norm is bounded by a constant independent of ¢ This implies that there exists a
closed ball B in H'(€) such that
28 — 2 € COY2([0,T); B) for every ¢ € CO([0,T); L*(%: 1)) .

Since B is compact in L2(Q), the set {2¢: ¢ € C°([0,T); L?(%; I,,))} is relatively compact
in C°([0,T); L*(%; 1)) by the Arzela-Ascoli Theorem. Therefore the operator G defined
by (3.34) maps C°([0,T7]; L3(2;1,,)) into a compact subset of C°([0,T]; L3(;1,,,)).
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To apply Schauder’s Theorem, it is enough to show that the operator G is continu-
ous from C°([0,T]; L*(Q; 1)) to C°([0,T]; L*(%;1,)). The continuity of the map ¢
a¢ follows from (3.17). Then (2.49) and (3.32) imply the continuity of ¢ — a$ from
CO([0,T); L3(Q; 1,,,)) to C°([0,T); C1(Q)). Using (2.49) and (3.18) we obtain the continuity
of ¢+ px(altrpb) from CO([0,T]; L2(% 1)) to C([0,T]; C*(Q)). Then (3.33) gives the
continuity of ¢ — 2¢ from C°([0,T]; L*(Q; 1)) to CY([0,T];C*(Q)). The continuity of G
follows now easily from (3.34). O

4. QUASISTATIC EVOLUTION
Definition 4.1. Let f, g, and w be as in (2.50), let uy € BD(Q), ey € L?(;M2X"),

_ sym
po € Mp(QQU To; M2X") | and 29 € C°(Q). We say that (u® e® p° z°1t°) is a rescaled

viscosity evolution Wi?tlh data f, g, and w and initial condition (ug,eq, po, 20,0) if
u®: [0,+00) — BD(Q) is weakly* continuous,
e°: [0,400) — L*(;M7x") is weakly continuous,
p°: [0, +00) — My(QUo; ME5T) s locally Lipschitz, (4.1)
2°: [0, +00) — C°(Q)* s locally Lipschitz,
t°: [0, +00) — [0,400) is nondecreasing, surjective, and locally Lipschitz,

and, setting

o°(s) :=Ce°(s) and (°(s):=V(2°s)) forevery s € [0,+00), (4.2)
P°(s) := w*- }llirr%) pis £ h})l —p(s) (w*-topology of My(2UTo; M 5R)),  (4.3)

the following conditions are satisfied:
(ev0)° Initial condition: (u°(0),e°(0),p°(0),2°(0),t°(0)) = (uo, €o, Po, 20,0).
(evl)® Weak kinematic admissibility: for every s € [0,400)

Eu°(s) = e°(s) +p°(s) in,

p°(s) = (w(t°(s)) — u(s)) ©vH™!  in To. (44)
(ev2)° Equilibrium condition: for every s € [0, +00)
—dive°(s) = f(t°(s)) in Q, [6°(s)v] = g(t°(s)) onTy. (4.5)
(ev3')° Partial stress constraint:
o°(s) € K(¢°(s)) for every s € [0,+00) \ U°, (4.6)
where
U°:={s € (0,400) : t° is constant in a neighbourhood of s}. (4.7
(ev3")° Energy-dissipation balance: for every S € [0, +00)
s S
Q(e”(S)) — Q(eo) +/ H(PO(S),CO(S))dS+/ 1B°(s) 2 d2(*(5), K(¢°(s))) =
0 0
s
- / ({0°(s), Bio(t°(5))) = (L (), w(t°(s))) ) #°(s) ds — (4.8)

S
—/0 (L(t°(5)), w(s)) 1°(s) ds + (L(t°(S)), u(S)) — (L(0), uo) ,

where dy is defined in (2.33).
(ev3")° Partial flow-rule: for L'-a.e. s € [0,+00) with o°(s) ¢ K(¢°(s)) we have p°(s) €
L2(Q;M2X") and

sym

(0°(s) = mre(co() (0°()), P7(5)) = [1P"(5) |2 d2(*(5), K(C(5))) - (4.9)
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(evd)® Ewvolution law for the internal variable: for L'-a.e. s € [0,+00) the strong C°(Q)-
limit

z°(s+ h) — z°(s)

2°(s) :=s- 1113%) Y (4.10)
exists, and
£°(s) = p* (a°(s)trp°(s)) in Q for L'-a.e. s € (0,+00), (4.11)

where
a’(s) == pxtro’(s).

Remark 4.2. For every ¢ € C°(Q)* the function s — H(p°(s), () is measurable on [0, +00)
by [27, Theorem 3.12]. Approximating s — (°(s) by piecewise constant functions, we find
that s — H(p°(s),¢°(s)) is measurable on [0, 400), so the first integral in (4.8) makes sense.

Let ¢; be a dense sequence in the unit ball of LZ(Q;M?;W?), composed of continuous
functions with compact support. Since, taking into account (2.1),

1P°(s)ll2 = sup(pi, P°(s)),
K2
the function s +— ||p°(s)||2 is measurable, so the second integral in (4.8) makes sense.

Remark 4.3. Define

A®:={s €[0,+00) : da(c°(s), K(¢°(s))) > 0}. (4.12)
Then (4.9) easily implies that there exists a measurable function A: A° — [0, +00) such that
P°(s) = A(8)(0°(s) — Tiecoqsy) (0°(5))) (4.13)

for £!-a.e. s € A°. This justifies the choice of the name flow-rule for condition (ev3”’)° in
Definition 4.1.

o

Proposition 4.4. Let f, g, and w be as in (2.50). Assume that u®, e°, p°, z°, and
t° satisfy (4.1), (4.4), and (4.5), and that the safe load condition (2.53)-(2.56) holds. For
every s € [0,400) let us define

w(s) == w(t(s)) and x°(s):=x(t(s)). (4.14)
Then (4.8) is equivalent to

S
Q(e(5) = Qfea) + | (M5 €°0)) + (X°(s).p7(s)) s —
S
— ¢S + 0 m) + [ 562 da(0 ) ) ds = (113

S S
= /0 (o°(s) — x°(s), Ew®(s)) ds */0 (X°(s),€°(s)) ds + (x°(5),e°(9)) — (x(0), e0) ,
where (x°(s),p°(s)) and (x°(s),p°(s)) are defined according to (2.13) for every s € [0, +00).

Proof. For every s € [0,+00) we define f°(s) := f(t°(s)), g°(s) := g(t°(s)), and L°(s) :=
L(t°(s)). Since L° € H. ([0, 4+0); BD(Q)') and w° € H} ([0, +00); H'(Q;R™)), the scalar
function s — (L°(s),w°(s)) belongs to H} ([0,+00)) and its derivative is given by s —

(L°(s), w°(s)) + (LO(;) w°(s)). Therefore we have

s s
- / (L(s), @0°(s)) ds — / (E°(s), u?(s)) ds + (L(S), u(S)) — (L°(0), uo) =
0 0 (4.16)

s
= /0 (L°(s), w°(s) — u’(s)) ds + (L°(S), u’(S) — w(S)) — (L°(0),up — w(0)).
By (2.52), for Ll-a.e. s € [0,+00) we have
(L°(s), w(s) — u(s)) = (F(5),w°(s) — u(s)) + (§°(s), w(s) = u(s))r, - (4.17)
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By (2.55) %°(s) € L>(;M™X") | while (2.53) gives —divx°(s) = f (s) in Q and [x°(s)v] =

sym
g°(s) on Ty for L'-ae. s € [0,+00). Therefore we can apply the integration-by-parts
formula (2.16), which together with (4.17) gives

(L(s), w(s) — u’(s)) = —(X"(5). () — (x°(5), €°(5)) + (X"(5), Bw’(s)) (4.18)

for £L1-a.e. s € [0,+00). This proves that s — (x°(s),p°(s)) is measurable; by (2.56) and
by (2.14), we deduce that s — (x°(s),p°(s)) belongs to L], .([0,+0c0)).
Similarly we prove

(L°(s),u’(s) = w(s)) = (x"(s),p"(s)) + (x°(s),€%(5)) — (X°(s), Ew"(s)) (4.19)
for every s € [0,400). By (4.16), (4.18), and (4.19) we have

s s
‘/o (L°(s), °(s)) ds — / (E°(s), u?(s)) ds + (L(S), u(S)) — (L°(0), up) =
S S S
:7/0 (% (g),p(s»ds% (x <s>,e(s>>dsf/0 (x°(s), Bi(s)) ds +

+(x°(5),p(5)) = (x(0), po) + (x°(5), €(S5)) — (x(0), e0)-
Therefore (4.8) is equivalent to (4.15). O

Theorem 4.5. Assume that the safe load condition (2.53)-(2.56) holds. Let w, ug, eg,
Po, 2o be as in Definition 4.1, and let

gp = CGQ and Co = V(Zo) (420)
Assume that the following conditions are satisfied:
(inl) Weak kinematic admissibility:

Euy = in
Ug = € + Po Zﬁ 3 (4.21)
po = (w(0) — ug) ©vH" inTy.
(in2) Equilibrium condition:
—divog = f(0) in Q, [oov] = g(0) onTj. (4.22)

(in3) Stress constraint:
oo € K(¢p)- (4.23)
Then there exists a rescaled viscosity evolution with data f, g, and w, and initial condition
(1o, €0, Po, 20, 0) -

The proof will be given in Sections 5, 6, and 8.

5. PROOF OF THEOREM 4.5: PART ONE
We start with a technical lemma.

Lemma 5.1. Let u € BD(R). Then there exists a sequence ug of Lipschitz functions from
Q into R™, with up, =0 on 99, such that

up, — u  strongly in L*(Q;R™), (5.1)

Fup, = (Bu)LQ —u®vH" ' LTy weakly" in My(QUTo;R™). (5.2)

Proof. Tt is enough to prove the theorem in a neighbourhood of each point of 9€2: the global

result can be obtained through a partition of unity. Since ) has Lipschitz boundary, we
may assume that it is the subgraph of a Lipschitz function, i.e.,

Q={zecR":2€ A, a<z, <h(@)}CR:=Ax(a,b), (5.3)
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where # := (21,...,2,_1), A is an open rectangle in R""!, a, b€ R, a <b, and h: A —
(a,b) is a Lipschitz function. We may also assume that suppu CC R and that 'y C RNONQ.
Since €2 has Lipschitz boundary, by a standard approximation result (see, e.g., [25, Chap-
ter II, Theorem 3.2]) there exists a sequence v, € C°(2; R™), with such that
v —u in LY(Q;R™),
Evp — (BEu)LQ  weakly® in M,(;R"), (5.4)
[Evklly — [[Eull,
and therefore (see, e.g., [25, Chapter II, Theorem 3.1])
v — u in LY(0Q;R™). (5.5)

Since suppu CC R, we may assume that suppvy CC R for every k.

Using the special form (5.3) of Q, we can define a sequence of Lipschitz functions ; : Q—
[0,1] by 9;(z) := min{j(h(Z) — x,),1}. Then ¢; = 0 on the graph of h, ¥ — 1 on Q,
and Vip; = —vH" ' LTy weakly* in M;,(QUTg;R™). Therefore for every k we have

Yo — v in LY(Q;R™),

5.6
E@ju) = FBvg — vy OVH" LT weakly™ in My(QUo;R™). (5.6)

Since the weak* convergence is metrisable on bounded sets of M,(QQUTy; R™), it follows
from (5.4), (5.5) and (5.6), that for every k we can select ji so that (5.1) and (5.2) are
satisfied by uy := v;, v, which vanishes on 92 by the properties of 1; and vy. O

Proof of Theorem 4.5. If we apply Lemma 5.1 to u = uy — w(0) we find a sequence u§ in
HY($;R™) such that

u§ = w(0) H" l-a.e. in Ty, (5.7)
ug — ug weakly* in BD(Q), (5.8)
Eu§ — (Bug) LQ + (w(0) —up) ©vH" ' LTy weakly® in M(QUTo;R™). (5.9)

We define p§ := Fu§ — eg. From the weak kinematic admissibility condition (4.21), and
from (5.9), we have
pg — po  weakly™ in My(QUTo; R™). (5.10)
By Theorem 3.5 there exists an e-viscoplastic evolution (u.,e.,p.,z.) with boundary
datum w and initial condition (u§,eq,p§, z0). The energy equality (3.25), together with
(2.46) and (2.57), implies that for every T > 0 there exists a constant Cp, independent of
€, such that
sup [le<(t)ll2 < Cr and  sup [oc(t)]2 < Cr (5.11)
te[0,T] te[0,T]
(see the proof of (3.35)). The same equality and the same estimates, together with (5.11),
give also that for every T' > 0 there exists a constant Mr, independent of ¢, such that

T
/ [ (t)[[1 dt < My < +o0. (5.12)
0

Let s2: [0,4+00) — [0,400) be the absolutely continuous, increasing, and bijective func-
tion defined by

t
se(t) := /O (2ol + Ix(T)llo + Bt (7)l2 + 1) dr-. (5.13)

It is easy to see that
s2(ta) — s2(t1) > ta — t1 for every 0 < t; < tg < 4o00. (5.14)

Let t2 : [0,400) — [0,+00) be the inverse of s2. By (5.14) ¢2 satisfies
0 <t(s2) —t(s1) < s2—s1 for every 0 < s1 < $9 < 4o00.
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By the Arzela-Ascoli Theorem we may assume that ¢ converges uniformly on compact sets
to a function t°: [0,400) — [0, +00) such that
0 <t°(s2) —t°(s1) < 52— 51 for every 0 < 51 < 89 < 400.
We observe that t°(0) = 0. Let us prove that
t°(s) — 400 when s — 400 (5.15)

Indeed, by (2.56), (5.11), (5.12), and (5.13), for every T > 0 there exists a constant sr,
independent of ¢, such that s2(T") < sp. This gives T < t2(st) for every e, which implies
T < t°(st), and concludes the proof of (5.15).

Define the rescaled functions on [0, +00) by

ul(s) == wu-(t2(s)), el(s):=e(12(s)), pAs) :=p(t(s)), =22(s):=z(t(s)),
f2s) = fA(s)), g2(s) :=g(ti(s)), wl(s):=w(t
ol(s) == 0(t(s)), C2(s)=C(t(s)),  x2(s) :=x(t

Note that by (3.2)
o2(s) :==Ce(s) and (o(s) :=V(22(s)) (5.17)

g
for every s € [0,400). Since t2(s) — t°(s) uniformly on compact sets, the continuity
properties of f, g, w, and x imply that for every s € [0, +0c0) we have that

fo(s) — f°(s) strongly in L™(;R™), g2(s) — g°(s) strongly in L>®(T';; R™),
w?(s) — w°(s) strongly in H(Q;R™),  x2(s) — x°(s) strongly in L*(Q;R"),

£

(5.18)

where
fo € Hlloc([o7 +OO)7 Ln(Qa Rn)) ) go € Hlloc([ov +OO), Loo(rh ]Rn)) ’
w® € Hjpo([0,+00); H'(BR™)),  X° € Hipo([0, +00); L2 (2 M1))
are defined by
Fo(s) = F(t°(5)),  g°(s) :=g(t%(5)),  w'(s) := w(t(s)), x(s) :=x(t°(s)). (5.19)
From the definitions of s2 and t2 we obtain easily that
1p2(s2) = p2(s1)lln + [Ix2(s2) = xE(81)[loo + [|BwZ(s2) — EBwl(s1)ll2 <83 =51 (5.20)

for every 0 < s1 < s9, hence

1P2()ll1 + X2 ()]l + [EwI(s)]l2 <1 for L1-a.e. s € 0,+00). (5.21)
Let M is an upper bound of [|p§|1 (see (5.10)). From (5.20) we get
[p2(s)[lh < M + s (5.22)
for every s € [0,+00). Passing to the limit in (5.20), we obtain
1x°(s2) = X°(s1)lloc + | Ew®(s2) — Ew(s1)]]2 < 52 — 51 (5.23)
for every 0 < s1 < so, hence
IX°(s)]loo + [|EwC(s)]]2 <1 for £'-a.e. s €[0,+00). (5.24)

For every S > 0, let
Bs :={p € My(QQULo; M{77) « [[pllh < M + S}.
There exists a distance dg on Bg inducing the weak* convergence such that

ds(p,q) <|lp—qllr for every p,q € Bs. (5.25)

By (5.20) we have that p2(s) € Bg for every s € [0,5] and every ¢ > 0. By (5.20)
and (5.25), the sequence p2(s) is equicontinuous on [0, S] with respect to the distance dg.
We then apply the Arzela-Ascoli Theorem for every S > 0 and we find that there exists a



20 G. DAL MASO, A. DESIMONE, AND F. SOLOMBRINO

subsequence, still denoted by pg, and a function p°: [0,4+00) — M;(Q2 U Lo; M) such
that
p2(s) — p°(s) weakly™* in My(QUTTo; MZXT) (5.26)

sym

for every s € [0,400). By lower semicontinuity we obtain from (5.20)
[p°(s2) =P (s1)llr < 52— 51 (5.27)
for every 0 < s1 < s9, hence
()| <1 for £L'-a.e. s € [0, +00). (5.28)

where the time derivative p°(s) is defined as in (2.3) with X = M;(Q U To; Mgx") and
Y = CQ(QUTo; M), Moreover, from (5.20) and (5.26) we obtain that

sym
P2(se) = p°(s) weakly* in M,(Q U To; ML) (5.29)

sym

for every s € [0,+00) and every s. — s.
We now show that for every s € [0,+00) there exist e°(s) € L*(Q;Mz") and u°(s) €

BD(Q) such that (u°(s), e°(s), p°(s), w°(s)) satisfies the weak kinematic admissibility con-
dition (4.4), o°(s) := Ce®°(s) satisfies the equilibrium condition (4.5), and

e2(s.) — e°(s) weakly in L*(Q; MZ<"), (5.30)
ul(s:) — u°(s) weakly* in BD(Q), (5.31)

for every s. — s.
Let us fix s € [0,400). By (5.11) the sequence ||e2(s)|]2 is bounded uniformly with
respect to €, thus there exists a subsequence eZ, (s) of e2(s), possibly depending on s, and

a function e°(s) € L?(;M™X") such that

sym

e2 (s) — e°(s) weakly in L*(Q; M7"). (5.32)

€j
By (5.26) and (5.32), the kinematic admissibility condition (3.3) implies that the sequence
uc,(s) is bounded in BD(S2). Therefore, up to extracting a further subsequence, it converges
weakly* in BD(2) to a function u°(s) € BD(Q2) such that Eu°(s) = e°(s) + p°(s) in Q.
By considering suitable extensions and arguing as in [5, Lemma 2.1] we obtain also that
p°(s) = (w°(s) — u°(s)) ©vH" 1 in [y. Therefore weak kinematic admissibility condition
(4.4) is satisfied.
Passing to the limit in (3.4) we obtain the equilibrium condition (4.5). This implies

Q(e’(s)) < Q(e°(s) + Ep) — (£°(s), p)a — (9°(s), )1, (5.33)
for every ¢ € H%O (€ R™). By strict convexity the inequality is strict, unless Ep =0 L"-
a.e. in Q. It remains to prove (5.30) and (5.31) for an arbitrary sequence s. — s. As in the
previous step, we see that [|eZ(sc)||2 is bounded uniformly with respect to e. Let €2 (s¢;)
be a subsequence of e€2(s.) which converges to a function é(s) weakly in L?(2;R™). The
previous arguments, together with (5.29), show that there exists a function @(s) € BD(2)
such that uZ (sz;) — @(s) weakly™ in BD(Q), Eu(s) = &(s) +p°(s) in ©, and p°(s) =
(w°(s)—u(s)) ®©vH" 1 in Ty. By difference we obtain that E(a(s)—u°(s)) = &(s)—e°(s) in
Q and (@(s) —u°(s)) ©v =0 H" t-a.e. on I'y. By (2.2) we have a(s) —u°(s) € H(;R")
and 4(s) —u°(s) =0 on Ty.

By (5.33) we have Q(e%(s)) < Q(é(s)) — (£(5), a(s) — u(s))a — (g°(5), ils) — u(s))r, -
Exchanging the roles of e°(s) and é(s) we obtain Q(e°(s)) = Q(é(s)) — (f°(s), u(s) —
u°(s))a — (g°(s), u(s) — u°(s))r,. The strict convexity argument mentioned after (5.33)
yields e°(s) = é(s) L™-a.e. in Q, which in turn gives u°(s) = @(s) L™-a.e. in Q. This
shows that the limit does not depend on the subsequence, and concludes the proof of (5.30)
and (5.31).

Let us prove that

€° is weakly continuous in L?(£; M%), (5.34)

sym
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Let si be a sequence converging to s. For every fixed k, we can apply (5.30) with s, = s, for
every ¢, and we find ; > 0 such that d,,(e2, (sy),e°(sx)) < 1, where d,, is a distance which
metrises the weak topology on bounded subsets of L?(Q; MZ<"). By (5.30), €2 (si) — €°(s)

sym

weakly in L*(€;M7"), so that the previous inequality gives e°(sy) — e°(s) weakly in
L2(Q; M%) . This concludes the proof of the weak continuity of e°. In a similar way we

can prove that u°: [0,+00) — BD(Q) is weakly* continuous.
Define now for every s € [0, 4+00)

al(s) :=a.(t2(s)) = pxtro(s), (5.35)
a’(s) == pxtro’(s), (5.36)

so that, by (3.6) and (5.16),
22(s) = px (aZ(s) trp(s)) (5.37)

for L1-a.e. s € [0,4+00). Using (2.49) and (5.11), we can prove that for every S > 0 there
exists a constant Cg, independent of €, such that
sup [[al(s)]lec < C5,  sup [[VaZ(s)llee < Cs- (5.38)
s€[0,S s€[0,S
Therefore for every s, the functions a2(s) are equicontinuous and equibounded on Q. Since
o2(s) = 0°(s) weakly in L*(,M7x"), the sequence a2(s) converges to a°(s) pointwise in
Q. Tt follows that
al(s) — a°(s) strongly in C°(Q) (5.39)
for every s € [0, 400).
By (5.28) and (5.38) we have [|a2(s) tr p2(s)|l1 < v/nC¢ for Ll-a.e. s € [0,5], and hence
by (2.49) and (5.37)

[22(s)lo0 < VnCsllplloc  and  [[V£Z(s)]loc < VRCS|IVpllos - (5.40)
This implies that
122(s2) = 22(s51)lloc + [[VZ2(s52) = V2Z(s1)[lo0 < Mg |52 — 51 (5.41)

for every s1,s5 € [0,5], where MS := /nCS(||plloo + [[VPll0) -

We can then apply the Arzela-Ascoli Theorem as in the proof of (5.26). This gives a
subsequence, still denoted z2, such that 2°2(s) — 2°(s) weakly* in W1>°(Q) for every
s € [0,+00), which implies

2°(s) — 2°(s) strongly in C°(Q). (5.42)
Using (5.41), we deduce that
2° — 2° strongly in C°([0, S]; C°(Q0)) . (5.43)
Passing to the limit in (5.41), we get
12°(s2) = 2°(s1)llo + [IV2%(52) = V2°(s1) |00 < Mg[s2 — 51 (5.44)

for every s1,s9 € [0,5].
Let us fix r > n. Since W17 (Q) is reflexive, it follows from (5.44) that the strong W1"
limit

-0 . ZO(S + h/) - ZO(S)
=s-1
A "
exists for £!-a.e. s € [0,+00), and that 2° € L2 ([0, +00); W1 T(£2)). Since the embedding

of WH(Q) into C°(Q) is continuous, the limit in (5.45) takes place in C°(Q) and 2° €
L5 ([0, +00); CO(Q)). Moreover, from (5.41) and (5.42) we obtain that

loc
22(s.) — 2°(s) strongly in C°(Q) (5.46)

(5.45)

for every s € [0,+00) and every s. — s.
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The initial condition (ev0)° follows easily from the definitions of u°, e°, p°, 2z°, and ¢°,
thanks to (5.8) and (5.10).
For every s € [0,400) let us define

¢(s) ==V (2°(9)). (5.47)

To prove (ev3’)° we need the following Lemmas. O
We start with an elementary result about the convergence of inverse functions.

Lemma 5.2. For every t € [0, +00) let

s2 (t) :=sup{s € [0, +00) : t°(s) < t}, (5.48)
53 (t) := inf{s € [0, +00) : t°(s) >t} , (5.49)
with the convention sup@ =0, so that s°(0) =0. Then
52 (t) < s3(t) and t°(s2(t)) =t =1°(s3.(t)) (5.50)
for every t € [0,400), and
52 (t°(s)) < s < s3(t°(s)) (5.51)
for every s € [0,4+00). Moreover the set
S9i= {t € [0,400) : 5% (1) < 55.(8)} (5.52)
is at most countable, and the set U° introduced in (4.7) satisfies
ve=J(s2(),55(1) (5.53)
tese
Finally
$2 (t) < lim i(glf sg(t) < limsupsg(t) < s5.(t) (5.54)
£— e—0

for every t € [0,+00).

Proof. All assertions are well-known properties of monotone functions, except for the last
one. We only prove the first inequality in (5.54). If s°(¢t) = 0 the inequality is obvious.
If s2(t) > 0 we fix 0 < s < s2(t). By the definition of s°, we have t°(s) < t; for e
small enough, this implies ¢2(s) < ¢, hence s < s2(t). This gives s < liminf, s2(¢), and the
conclusion follows form the arbitrariness of s < s° (). O

Lemma 5.3. Let t € [0,400) \ S°, where S° is the set defined in (5.52). Then

u:(t) = u°(s° (t)) weakly* in BD(Q), (5.55)
ec(t) — e°(s° (t)) weakly in L*(;MZX"), (5.56)

p. () — P*(s2.(£)) weakly" in My(Q U To; MIZE) (5.57)
z:(t) — 2°(s°(t)) strongly in C°(9Q). (5.58)

Proof. Since t ¢ S°, Lemma 5.2 gives s2(t) — s°(¢). By (5.16) we have u.(t) = u2(s2(t)),
ec(t) = e2(s2(t)), p.(t) = p2(s2(t)), ze(t) = z2(s2(t)). Therefore the conclusion follows
from (5.29), (5.30), (5.31), and (5.46). O

Proof of Theorem 4.5 (continuation). By (2.46), (2.57), (3.25), and (5.11), for every T > 0
we have

T
= [ b0l o.
0

This implies that a subsequence, not relabelled, satisfies

ep.(t) — 0 strongly in L?(£; M™X")

sym
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for L'-a.e. t € [0,+00). This fact, together with Lemma 5.3, yields that
o.(t) —ep.(t) — 0°(s° (t)) weakly in L*(Q;M2X7),

sym
C.(t) — ¢°(s2. (1)) strongly in C°(Q),
for Ll-a.e. t € [0,+00). Since K is convex, the inclusion o.(t) — ep.(t) € K((. (1)),
established in (3.24), passes to the limit and we obtain
o°(s%.(t)) € K(¢°(s°.(1))). (5.59)
By (5.34), (5.44), and the left continuity of s°, (5.59) holds for every t € [0,4+00). A similar
proof shows that

(55, (1)) € K(C(s5 (1)) (5.60)
Let U° be the set defined in (4.7) and let s € [0, +00) \ U°. By (5.51) and (5.53) we have
either s=152(t°(s)) or s=s53(t(s)). (5.61)

The partial stress constraint (ev3’)° of Definition 4.1 follows now from (5.59), (5.60), and
(5.61).

It remains to prove the energy-dissipation balance (ev3”)°, the partial flow-rule (ev3"’)°,
and the evolution law for the internal variable (ev4)°. In Section 6 we will prove that the
left-hand side of (4.8) is less than or equal to the right-hand side. The opposite inequality
will be proved in Secton 8, together with the partial flow-rule. The evolution law for the
internal variable will be obtained at the end of Section 6. O

6. PROOF OF THE ENERGY INEQUALITY AND OF THE EVOLUTION LAW

o]

The goal of the first part of this section is to prove that the functions u°, e°, p°, z°,
w®, 0°, ¢°, and x° introduced in the previous section satisfy the energy inequality

S
Q(e(5) = Qe) + | (M. €°0)) + (X°(s).p7(s) ) s —
S
— S + o) + [ I dao () K s < (6)

S S
S/O (U°(8)—X°(S)7Ew°(8)>d8—/o (x"(s),€%(s)) ds + (x°(5), €°(5)) — (X0, €0)

for every S > 0, where xo := x(0) = x°(0). To this aim we prove four lower semicontinuity
results concerning the integrals in the left-hand side of (6.1) and the functions pg, o2, {2,
and x?2 defined in (5.16).

Lemma 6.1. For every S >0, ¢ € CO(Q)*, and ¢ € C°([0,4+00); CO(Q)F) we have

s
/0 H(¥p°(s),¢(s))ds < hmmf/ H(wp2(s),€(s))ds (6.2)

Proof. Since the function s — p°(s) is weakly* measurable from [0,+00) to My(2 U
To; MZX™) | it is possible to define p. , € My((0,5)x(QUTH); MZX™) by setting

sym sym

s s
o)1= [ Lol p2e)ds and (o) i= [ (ol )0} ds
for every o € C((0,S8)x(QUTg);M2Xm) . If p € CH((0,S)x(QUTy); M2X") . we have

sym sym

S S
(s ) = — / (Oup(s,),p(s)) ds — — / (Bup(s,),p°()) ds = (. 1),

0
by (5.22) and (5.26). Since ||p2(s)|1 <1 and ||p°(s)|l1 <1 by (5.21) and (5.28), by uniform
approximation we obtain (p, ) — (p, u) for every p € CJ((0,S)x(QUTo); M2XM)) | ie.,

sym

pe — - weakly* in M, ((0,S)x(QUTy); M2 ™). (6.3)

sym
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Since s — |p°(s)| is weakly * measurable from [0, 4+00) to M(QUTy), we define M., \ €
Mp((0,5)x(22UTYy)) by setting

S S
(¢, Ae) :=/0 (¢(s,-),[P2(s)]) ds and (¢, A) 5=/0 (¢(s,-), [p°(s)]) ds

for every ¢ € CJ((0,S9)x(Q2UTy)). It is easy to see that p. < Ac and p << A. Moreover

dpe (o dPX(s) o dp D)
a0 g e T e

Using the definition of H, see (2.35), it follows that

s . o _ dpe
s cona= [ @@ EE ), Ce ), 6

s . O - d,u
e conas= [ @ e com . 69

By (6.3) we can now apply Reshetnyak’s lower semicontinuity Theorem [20, Theorem 2] and
we obtain

dp
/(O,S) (Quro)H(q’[}( )d)\( z),C(s,x)) dA(s,x) <

p (6.6)
< liminf Hp(x) e (s, 2), ¢(s5,2)) dAe(s, T) -
e=0 J(0,5)x (Quro) dAe
Inequality (6.2) follows now from (6.4), (6.5), and (6.6). O
Lemma 6.2. For every S >0, and every v € C°(Q)", we have
/ (D™ (s), ¢(s)) ds < lim n / ML (s),C2(5)) ds (67)

Proof. As ¢° € C°([0,4+00); C°(Q)) by (5.44) and (5.47), we can apply Lemma 6.1 and we
obtain

s
/ H(p°(s),¢°(s) ds<hm1nf/ H(wp(s),¢°(s))ds,
0

for every S > 0. Using (2.27), (2.29), (5.21), and the definition of H we obtain for every
s € [0, +00)

[H(pe(s), €°()) = H(YPZ(s), C2(9)) < Mic[[¥]loo]IC2(5) = €)oo -
By (5.17), (5.43), and (5.47) [|€2(s)—¢°(5)|lcc — O uniformly on compact sets, and inequality
(6.7) follows. O

Lemma 6.3. For every S > 0, we have

S
| (7). €0) + (7). 200 ) ds = () 2°()) + (x0) <
S

<timinf [ (H2(s). €2(s)) — (X2(5). B2(5))) ds.

e—0 0

(6.8)

Proof. We consider a sequence ¢ € C*(Q), with 0 < ¢ < 1 in Q and ¢ = 0 in a
neighbourhood of T'y, such that iy(z) — 1 for every x € QUTy. By (2.57) the function
H(p2(s),¢°(s)) — x2(s): p2(s) is positive L™-a.e. in Q for every s € [0,+00), hence

H (ke PL(5), €°(s)) — (i x2(s), PL(5)) < H(P2(s),C7(s)) — (x2(s), p<(s)) - (6.9)
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Integrating by parts in time, we have

S S
/0 (e X(3), B2(s)) ds = — / (e 3(5), p2(s)) ds +

(6.10)
+ (i x2(5), p2(5)) — Yk X0, 10) -
Performing the change of variables t = t2(s), we get
5 T.
| e e = [Cwod.pm)ar, (6.11)

where T, := t2(S). As ¢, = 0 on T'y, integrating by parts in space and using (3.3), we
obtain for every ¢ € [0, 7]

(Ve X (1), P(1) = — (b X(1), ec(t) — Ew(t)) —
— (3(t), (uo(t) — w(t) © Vibe) + (F(1), b (we(t) — wi(t))
which, thanks to Lemma 5.3 converges to
—(r x(t),€°(s2 (1)) — Bw(t)) — (x (1), (u(s2.(t)) — w(t)) © Vi) +
+ (F (), n (w(52 () — w(t)) -

By (2.15), this expression equals to ([x(t): p°(s2(t))], ¥x); as ||p.(t)]]1 is bounded by (5.10)
and (5.12), while ||x(t)]|oo is locally integrable by (2.56), the Dominated Convergence The-

orem Yyields
Te

T
lim [ (e x(0), po(1)) dt = / (Ge(t) - pls (£))], o) dt
0 0

e—0

Let w(t) := x(t) if the derivative exists at t, and w(¢) = 0 otherwise. By (2.4) and
(5.19) we get
X°(s) = w(t’(s)) i°(s) for L'-ae. s € [0,9].

This equality, together with the change of variables formula (2.5), yields
T T
/ (x(®): p(sZ(1))], ow) dt =/ ([w(t):p(s2 ()], ) dt =
0 0
s s
= [ @ ds = [ ()i ) ds
0 0

where the last equality follows from the fact that x°(s) = 0 for £Ll-a.e. s € U° and that

s° (t°(s)) = s for Ll-a.e. s €[0,5]\ U° (indeed, by (5.51) and (5.53), the only exceptions
are the points of the form s = 59 (¢) for ¢t € S°). We conclude that

s s
tin [ X (s)pE ) ds = [ () sp7(o)) ) ds. (6.12)
e~YJo 0
Another integration-by-parts argument, using (5.7), (5.8), (5.10), and (5.18), shows that

tim (e X2(9),P2(S)) = (Wi x0,76) ) = (C(S) P e) = (ool ) - (6.13)
By (6.7), (6.9), (6.12), and (6.13) we finally get

S
| (087060, €760) + (B(0) () ) s = () (). ) +
S
+ (xozpol ) < Bimint [ (0 2(5). €2(5) = (i X2(0).B2(5)) s <

<timigt [ " (052050 €25 — (2000, 52000 ) s

e—
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Using (2.29), (2.56), (5.27), (5.28), and (5.44) we can pass to the limit as k — oo, applying
the Dominated Convergence Theorem, and we obtain (6.8) . O

We recall that we are adopting convention (2.1) about LP-norms.
Lemma 6.4. Let S > 0, let U° be as in (4.7), and let

¢ ={s€[0,5]:d2(c(s),K(¢"(s))) > 0}. (6.14)
Then A% is open, Ay C U°, and

[ 1l da(o(5). K ()) ds < imint [ (52l da(o2(s). () ds. - (6.15)
A% A%

Proof. By convexity, for every ¢ € C°(Q)* the function o + da(c,K(C)) is weakly lower

semicontinuous in L*(€;M7x"). From (2.25), we deduce that

|da(0, K(C1)) — da2(0, K(¢2))| < 2Mkc[[G1 = Call2
for every o € L2(; M%) and every (1,2 € CO(Q)T. It follows that (o,¢) — da(o, K(C))

sym
is lower semicontinuous with respect to the weak topology in L?*(€;MzX") and to the
strong topology of C°(€2). Since e° is continuous for the weak topology of L?(Q;MZx")
by (5.34), and ¢° is continuous for the strong topology of C°(Q) by (5.44), it follows that
s+ da(0°(s),K(¢°(s))) is lower semicontinuous on [0, 4+00). Therefore the set A% is open.
The inclusion A% C U° is a consequence of (4.6).

It only remains to prove (6.15). We fix a compact set C' C A and a continuous function

: C — [0,+00) such that

da(a°(5), K(¢°(5))) > v(s) for every s € C'. (6.16)
We claim that, for e sufficiently small, we have
da(o2(s), K(€2(5))) > (s) for every s € C'. (6.17)

If not, there exist e, — 0 and s, € C such that da(a2, (sx), (2, (51))) < ¥(s). We
may assume that sy — so € C; now, by (5.30), (5.46), *and (5.47), thanks to the lower
semicontinuity of da(o, K(()), the previous inequality gives da(o°(s0), (¢ (s0))) < ©¥(s0),
which contradicts (6.16). This proves (6.17).

By a standard approximation argument from below, in order to prove (6.15), it suffices
to prove

L 17l vt ds < it | p2(s) v s, (6.15)

for every compact C' C A% and every continuous function 7: C' — [0, +00). To this end, let
©; be a dense sequence in the unit ball of L?(£); M%), composed of continuous functions
with compact support. Since

1B°(s)ll2 = Sll}p<soi,1'9°(8)>,

by the Localisation Lemma (see, e.g., [2, Lemma 2.3.2]) we have

k
/c 155l (s) ds = sup 3 /C (o () (s) (6.19)

where the supremum is taken over all integers k and over all finite Borel partitions C1,...,Ck

of C'. For every ¢ the real-valued functions s — (p;, p2(s)) are equi-Lipschitz on [0, 5]

(by (5.20)) and converge to s — (p;,p°(s)) for every s (by (5.26)), hence the functions
— (@i,pz(s)) converge (@;, p°(s)) Weakly* in L*([0, S]). It follows that

Z ey s—hmZ [ teubtppioras < imigt [ 1529t
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Inequality (6.18) follows now from (6.19). O
We are now in a position to prove the energy inequality (6.1).

Proof of Theorem 4.5 (continuation). Let us fix S > 0 and define T, :=t2(S). By (3.25)
T. T,
(T:)) — H(p.(t), - ,De d
Qec(T.)) = Qen) + | (Hp.(0).€(0) = (xlt).u(e)) it +< |

pa(t)]|Z dt =
T. T.
- / (0 (t) — x(t), Buo(t)) dt — / (t), ec(0)) dt + (x(T2), ex(T2)) — (xor€0)

0 0
where xo := x(0). By (3.5) we have

Qe.(T.)) - Qleo) + / (H (1), (1) — {xc(t).B.()) it +
+ / 1B ()2 da(oo (1), K(C. (1)) dt = / o (t) — x(t), B t)) dt —

T
- / ((t), ex () dt + (X(T2), ex(T2)) — (xos€0) -

Performing the change of variable ¢t = t2(s) in the left-hand side, we obtain
S
Qez(8) — Qo) + [ (HOBES).C2(5) — (E(6).BE(s) ) ds +
0
S T.
+ [ 1) a2, K€ ds = [ on(t) = x(t), Pio)dt — (620)
0 0

- / Ct), e () dt + ((T), 2(S)) — {xon o)

By the lower semicontinuity of Q, in view of (5.30) we have

Q(e’(9)) < liIEnHi(I)lf Q(e2(S)). (6.21)
By (5.11) and (5.56) we have
|t ) = xto. Bt at = 1 [ (a0 = xt0). B . (6.22)

where T :=t°(S). Let w(t) := Fw(t) if the derivative exists at ¢, and w(t) = 0 otherwise.
By (2.4) and (5.19) we get

Fw°(s) = w(t°(s)){°(s) for L '-a.e. s € ]0,5].
This equality, together with the change of variables formula (2.5), yields

/ (0°(s° (£)) — x(t), Bu(t)) dt = / (0°(s°. (1)) — x(t), (1)) dt =
0 0
S

S
=/0 <0°(S‘i(t"(8)))—XO(S),Ew°(8)>dS=/ (0°(s) = x°(s), Ew"(s)) ds,

0
where the last equality follows from the fact that Ew°(s) = 0 for L£'-a.e. s € U° and that
s° (t°(s)) = s for L'-a.e. s € [0,5]\ U° (see the proof of Lemma 6.3). Therefore, (6.22)
gives

S T.
| (76 = xs), B ds = [ (ou(t) — x(e), Buv(e) (6.23)
0 0
Similarly, we prove
S T
| Gcte)e(e)) ds =t [ Gele) ec(0) (6:24)
0 0

Inequality (6.1) follows now from (5.30), (6.8), (6.15), (6.20), (6.21), (6.23), and (6.24).
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To prove the evolution law (4.11) we need two technical results on the convergence of p2
to p°. O

Lemma 6.5. Let S > 0 and ¢ € L'([0,S];CO(EMZ3")). Then s — (p(s), p°(s)) is
integrable on [0,S] and

S S
| etz as— [ el ds ase—o. (6.25)
0
Proof. By (5.27) we have p° € C°([0, S], My(Q U To; M2 %)) Since
(pls), U IIZP) o t(s), 520 a0

for Ll-a.e. s €]0,5], the function s — {((s),p°(s)) is measurable on [0,S]. By (5.28) we
have [{¢(s),p°(s))| < ||p(s)]|oo for L1-a.e. s € [0,5]. Since s +— ||¢p(s)]|oo is integrable on
[0, S], the same property holds for s +— {@(s),p°(s)).

If ¢ € CL(0,8);CO(Q;M™X")) we can write

o °(s —p2(s o s—h)— (s
/0 (o(s), pe(s + h})l pe( )>ds :/0 <w’pg(s)>ds'
Passing to the limit as A — 0 we obtain
S s
|ttt ds == [t 200 ds. (6.26)

A similar formula holds for p°. Thus (6.25) follows from (5.22) and (5.26).

Since ||p2(s)|l1 < 1 and [|p°(s)|]1 < 1 by (5.21) and (5.28), the same conclusion in the
case @ € L'([0,S];CO(Q;Mzxn)) follows from the density of C2((0,5); C°(;MZ")) in
L([0, 8]; CO(; M5n) - O
Lemma 6.6. Let S > 0 and let ¢_, € L'([0,S]; CO(;MZX")). Assume that ¢, — ¢
strongly in L*([0, S]; C°(Q; M%X™)). Then

sym

S S
/<%(5)7i)§(8)>ds—>/ (p(s),p°(s))ds ase—0.
0 0

Proof. Since ||p2(s)|l1 <1 by (5.21), we have

[ om0 s~ [ 0050 5] < [ o) ).

Since the right-hand side tends to 0 as € — 0, the conclusion follows from (6.25). O
We now prove the evolution law (4.11).

Proof of Theorem 4.5 (continuation). Let us fix S > 0. We first prove that

/ ((s), a2(s) trp2(s)) ds — / 5) trp°(s)) ds (6.27)
0

for every ¢ € L'([0,5];C%(Q)). We observe that we can write (p(s),al(s)trp2(s)) =

(p(s)a2(s)I,p2(s)) and (p(s),a’(s) trp°(s)) = (p(s)a’(s)I,p°(s)). Therefore (6.27) follows
from Lemma 6.6, because @ all — @a°l strongly in L'([0,S]; C°(€;MZ")) thanks to
(5.38) and (5.39). Using the equalities (¢(s), px (a2(s) trp2(s)))) = (p*p(s), al(s) tr p2(s))
and (p(s), p (a%(s) tr5°(s))) = (7+p(s), a(s) tr $°(s)), where j(z) = p(—2), from (2.49)
and (6.27) we obtain

S
| el o (a2l it (s)) ds - / (a°(s) trpf(s)) ds (6.28)
0
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for every ¢ € L1(]0,S]; L*(2)). By (5.37) and (6.28) we have

S S
| ez ds [ o). (@G upe))ds asc—0 (629)
0 0

for every ¢ € L*(]0,S]; L*(2)). On the other hand, if ¢ € C((0,5); L*(£2)), we have
S S
| o zzonds == [ os). 2200 as.
0 0
S S
| ey = [ ets). 27 ds.
0 0

so that (5.43) gives
S S
| ez ds = [ oo # s ase—o.
0 0
By (6.29) this implies
S S
| ez as = [ ets)on (s wip(s)) ds
0 0

for every ¢ € C1((0,5); L*(£2)), and hence

2°(s) = p* (a°(s)trp°(s)) in Q for L'-ae. s €[0,9]. (6.30)
This concludes the proof of (4.11).
The proof of Theorem 4.5 will be continued in Section 8. (]

7. SOME TECHNICAL LEMMAS

In this section we establish some measure theoretic results that are used to prove the
opposite of inequality (6.1). The first four lemmas concern a discrete approximation of the
integral in the left-hand side of (6.1).

Given p: [0, 5] — My(QUTo,M2%") and ¢ € CY(Q)7T, for every 0 < a < b < S we define

sym
k

Var(p, ¢;a,b) :=sup > H(p(s:) — p(si-1),¢), (7.1)
i=1

where the supremum is taken over all finite families sg, s1,..., S such that a = s < 51 <

-+ < s = b. The following two lemmas provide the properties of Var(p, (;0,5) that will
be used in the proof of Lemma 7.3.

Lemma 7.1. Let S > 0, let p: [0,S] — My(QUTTo,M25), let ¢ € CO(Q)T, and let

’ sym
{st.}o<i<i, be a sequence of subdivisions of [0,S], with
0=sy<st<---<s*=8 and mn:= lriliag{k(sz —sih —0. (7.2)

Suppose that p is left continuous in [0,S] with respect to the norm topology in My(2 U
To,M2%"). Then

sym

Var(p,(:0,5) = im > H(p(s}) ~ p(s7),0) (73)

=1

Proof. Tt follows immediately from (7.1) that is enough to prove the inequality

Var(p, ;0. ) < lim gf;mp(s;;) —p(57).0). (7.4)
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Let us fix A < Var(p, (;0,5). By (7.1) there exist an integer h and a subdivision 0 = s <
s1 < ---<sp =8 such that

h
A< Z'H(p(sj) —p(sj-1),¢). (7.5)

For every j and k, let ¢(j,k) be the greatest integer ¢ such that s}c <'s;. Since s; — 1 <

s;(j ) < s;j and n; — 0, inequality (7.5), together with the left continuity of p and the

continuity of H, gives
k j—1,k
)\<ZH (s1) = p(s,7 ), )

for k large enough. By the trlangle inequality (2.28), this implies

A<D Hp(si) —psi).0)

i=1
for k large enough. Inequality (7.4) follows from the arbitrariness of A < Var(p,(;0,S5). O

Lemma 7.2. Let S > 0, let p € AC([0,5], My(Q U Tg; M2X1M)), let ¢ € CO°(Q)F, and let

sym

{si Yo<i<ip be a sequence of subdivisions of [0,S] satisfying (7.2). Then

o , , Sk _
Jim > [Hp(sh) -~ plsi).0) [ M), ds| 0. (7.
i=1 Sk
Proof. Arguing as in [5, Theorem 7.1] (see [27, Theorem 3.12]), we can prove that

b
Var(p.Gab) = [ H(p(s).¢)ds (7.7)

for every 0 < a < b < S. Therefore Lemma 7.1 gives

/ H(p(s),¢) ds = lim ZH si71),0). (7.8)
Since _
. , s
Hip(si) ~ P70 < [ Hlib(s).0) ds
by (7.7), equality (7.6) is equivalent to (7.8). O
Lemma 7.3. Let S > 0, let p € AC([0, 5], My(QUTo; M2X")), let ¢ € C°([0,5],CO(Q) 1),

sym

and let {st}o<i<i, be a sequence of subdivisions of [0,S] satisfying (7.2). Then

Jim. Z H(p(si.) = (s 1), <55 1) = / H(p(s), ¢(5)) ds| = 0. (7.9)
i S [HGp(sh) Pl )€k — [ MO Cenas| 0. (710)

Proof. Since s +— ((s) is continuous, for every € > 0 there exists §() > 0 such that
1€(s") = €(s)|loo <& for every &', s € [0,S] with |s" — s| < d(e). (7.11)

Let us fix € > 0 and a subdivision 0 = 59 < 81 < --- < s, = S such that s; —s;_1 < d(¢)
for every j=1,...,h. By Lemma 7.2 we have

tim - [p(si) — ol o6l — [ b CDds| =0 (T

k—o00 4
i=
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for every j=1,...,h. 4
If s;1 < si < sj, by (7.2) for every s; ' < s < si we have |s — s;_1| < d(¢) and
|s —s;| < d(e) for k sufficiently large. Therefore (2.31), (2.35), and (7.11) give

|H(p, C(s)) — H(p,¢(s5-1))] < Mge|lplli and  [H(p, ¢(s)) — H(p, ¢(s5))] < Miellp|

for every p € My(QUT o, My[7') and every s?:l < s < si. Since p is absolutely continuous,
this implies, thanks to [5, Theorem 7.1],

[H(p(si) = plsi ), ¢ (s 1) = Hp(si) — plsi ). ¢(55))] <

. . Sk
< Micelp(s) ~ p(si ) < Muce [ lp(o)hds,

K

st s,
[ ). ¢ s - / H(p(s). sy ds| < Mice [ ) s,
Sk} 5 Sk

Therefore
> [Hn(si) — plsi .66 - /  HOB(s).6(s)) ] <
i=1 ’
h g ) S
<33 [Hlptst) - (s ¢55) / H((5). € (5,)) ] + 20 [ )]s,
j=1i=1 ‘

o (7.12) gives
ik

lim sup
k—oo 2y

. , , sk s
H(p(sk) ~p(si). k) = [ Hp(e). (o)) ds] < 200 [ fpte)las.

Equality (7.9) follows now from the arbitrariness of € > 0. The proof of (7.10) is similar. O

Lemma 7.4. Let S > 0 and let p € C°([0,5], Mp(Q U Lo; Mg ). Suppose that x €
H'([0,S]; LA (s MZ2w)) satifies (2.53)-(2.56) for suitable f € H'([0,S]; L™(Q;R™)) and
g € H'([0,S]; L°°(T'1;R"™)), and let {s}o<i<i, be a sequence of subdivisions of [0,S] satis-
fying (7.2). Assume that there exist a weakly™ -continuous function w: [0,S] — BD(Q), a
weakly continuous function e: [0,5] — L*(Q; M7 "), and w € H'([0, S]; H' (€;R™)), such
that for every s € [0, 5]

Eu(s) = e(s) +p(s) inQ,
p(s) = (w(s) —u(s)) OvH* 1 inTy.
Then
Jm _ <X(82)X(s;€—1)ap(8§€—1)>/::(X(s),p(s»ds‘ =0, (7.13)
i > ocls) — x(6i .m0 — [ ke as| =0, (g

where all duality products are defined according to (2.13) for every s € [0, S].

Proof. Let 1 := x or 1 := x. Then the integration-by-parts formula (2.16), together with
(2.53)-(2.55), gives

(1h(s), p(s")) = (¥(s), Bw(s") —e(s")) + (£ (s), u(s') —w(s")) +(g(s), u(s) —w(s"))r, (7.15)



32 G. DAL MASO, A. DESIMONE, AND F. SOLOMBRINO

for every s,s’ € [0,.5]. This shows that s +— (x(s),p(s)) belongs to L'([0,5]) and that for
every s’ € [0,5] the function s — {(x(s),p(s’)) is absolutely continuous on [0, S] and its
derivative is (x(s),p(s')) for L1-a.e. s € [0,5]. Therefore,

i—1
k

(k) =Xl = [ el (o) s (1.6

for every k and every i. Let us fix 6 > 0. Since p is continuous, by (2.14) and (7.2) for k

large enough we have
i '
[ tto)ple) i)y e <
Sk

s, _ s,
< [ IR elipts) ~ plsi lids <5 [ ()l ds.
S Sk

k

(7.17)

It follows from (7.16) and (7.17) that

ik

S lex(st) — x(s5Y), p(sih)) - /
1=1 s

As the right-hand side is finite by (2.56), the arbitrariness of § proves (7.13). The same
argument proves (7.14). O

k3
Sk

S
<>’<(s),p(s)>ds\ < 5/0 1% (5) | oo ds.

i—1
k

We now prove three lemmas that will be used to obtain a discrete approximation of the in-
tegrals in the right-hand side of (6.1). We begin with a lemma concerning the approximation
of Lebesgue integrals by Riemann sums.

Lemma 7.5. Let S > 0, let X be a Banach space, and let 1: [0,S] — X be a Bochner
integrable function. Then there exists a sequence (s})o<i<i, of subdivisions of the interval
[0,S] satisfying (7.2) such that

Jim Z/ |4 (s) Hlds=0= Jim Z/ |4 (s) si)|| ds-. (7.18)

In particular we have

S ik
Jim Zw - s = / ls)ds = lim S p(sh)(sh—sp), (7119)
=1

hm ZH"# 5%) “HI(sh _Sk . (7.20)

where the limits in (7.19) are in the strong topology of X .

Proof. We omit the proof since (7.19) is well-known (see [12]). For the application we have
in mind we need the stronger result (7.18), which is related to the Saks-Henstock lemma
(see [24] and [13]) used in the theory of Henstock-Kurzweil integral (see, e.g., [15]). An
elementary proof in the framework of Lebesgue integration, based on Fubini’s theorem, can
be obtained by adapting the arguments developed in [7, page 63]. Equality (7.20) follows
from (7.18) by the triangle inequality. O

Remark 7.6. If X; is a sequence of Banach spaces and ;: [0,S] — X; is a sequence
of Bochner integrable function, then there exists a sequence of subdivisions (s)o<i<i,
independent of j and satisfying (7.2), such that (7.18) holds simultaneously for each function
¥, . Indeed, we can consider the Banach space X of all sequences = := (x;) such that
zj € X for every j and ), [lz;l|; < +oo, [|-[|; being the norm in X;, endowed with
the norm ||z := 3, [|z;[|;. To obtain the result it is enough to apply Lemma 7.5 to the
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function g: [0,5] — X whose components g; are given by g;(s) := 2774;(s)/F;, where
Fy o= [ [4(5)] ds.

Lemma 7.7. Let S > 0, let X be a Banach space, let ¥ : [0,S] — X be a Bochner integrable
function, let A be a measurable set in [0,S] such that ¥» =0 on A, let B:=1[0,S]\ 4, and
let (si)o<i<i, be a sequence of subdivisions of [0,S] satisfying (7.2) and (7.18), and hence
(7.19). Let us define

If={i:1<i<i, si' €A, s €A}, (7.21)
IP:={i:1<i<i, si'€B, s, B}, (7.22)
JE =i 1< <y, s;‘;leA, st € B}, (7.23)
JM={i:1<i<iy, st € B, sl € A}, (7.24)

(7.25)

Tt =TT U 7.25

Then .
1520 Z’(/J(S}C—l)(sz—sz—l):/o P(s)ds = 1520 qu(sz)(sz_szq)’ (7.26)

iel? ielp
Jim > (llp(si )H+||¢( DD (si —si ) =0, (7.27)
ieJd

3 / ()l ds =0, (7.28)

zeIAUJA

where the limits in (7.26) are in the strong topology of X .
Proof. By (7.18) we have

Jlim Z/ 4 (s) “Hds=0= Jim Z/ 9(s) — p(si)ds,  (7.29)

Jim Z ||¢ Hlds=0= Jim. > / |4 (s) si)|lds, (7.30)

JA+ Sk JA—
Jim. > / lwp(s)llds =0 = lim > / 4 (s)]| ds . (7.31)
zGIA JA zGIA JAT

Equality (7.28) follows from (7.31). Applying the triangle inequality we obtain (7.27) from
(7.28) and (7.30). On the other hand, taking into account (7.21)-(7.24), we have

Zw —si )= 2wl Nk s+ D Pl s — s, (7:82)
icIp i€ it

and the last sum tends to 0 by (7.27). Therefore, the first equality in (7.26) follows from

(7.19) and (7.32). The proof of the other equality is similar. O

Remark 7.8. Let S, A, and B be as in Lemma 7.7, and let (Sz)ogigik be a sequence of
subdivisions of [0, S] satisfying (7.2) and

1k sh ik st
: 1—1 _ 1 7
klgr;o;/ l1p(s) — 1p(si1)|ds =0 —klir&;/SZI 11p(s) — 1p(si)|ds,  (7.33)

where 1p denotes the characteristic function of B, defined by 1g(s) =1 for s € B and
1p(s) =0 for s ¢ B. It follows from Lemma 7.7, applied to X = R and (s) = 15(s),
that

lim (s —sp ) =0=lim Y LY(BN[s; " si]). (7.34)

k— o0 k—oo
ieJd ierfugp
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Lemma 7.9. Let S > 0, let X be a Banach space, let ¥ : [0,S] — X be a bounded Bochner
integrable function, let A be a relatively open set in [0, 5], let B :=1[0,S5]\ A, let (s},)o<i<ix
be a sequence of subdivisions of [0,5] satisfying (7.2), (7.18), and (7.33), and let I*, I,
JAT JAY and J{ be defined as in (7.21)-(7.25). For every i € J{T let si”% be the
supremum of the connected component of A containing sf;l, and for every i € J,?Jr let
s};é be the infimum of the connected component of A containing si . If 1 < i < iy and
i ¢ JX, we set sim3 = si. Then the subdivision (5%)o<i<ai, defined by 8i = 52 satisfies
(7.2), (7.18), and (7.33). Moreover, if j,f_, j,er, and J{ are defined by (7.23), (7.24),
and (7.25), with 8 instead of st , then (§§€_1,§}'€) C A for every i € j,?

Proof. Let M is an upper bound of [|4(s)|| on [0,S]. Since s};_% = si for i ¢ JA and
lp(s) — (st 2)| < ||op(s) —p(si71)|| +2M for every i € J{ and every s € [0, 5], we have

ik

S It st D+ [ 1) il <

: i—1 i1
i=1 Sk Sk 2

ik sl
< _ i—1 i il
<> ) s s+ 200 3 (s ).
i=1"5k ieJg
Since the right-hand side tends to 0 by (7.18) and (7.34), we obtain the first equality in
(7.18) for 5¢. A similar argument proves the other equality, as well as (7.33). The final
statement of the lemma follows immediately from the definition of s};_% . O

8. PROOF OF THEOREM 4.5: CONCLUSION

In this section f, g, w, ug, ey, po, and zy are as in Definition 4.1 and satisfy the
uniform safe-load condition (2.53)-(2.56). We assume that u°, e°, p°, z° t°, o°, and
¢° satisfy (4.1) and (4.2), together with conditions (ev0)°, (evl)®, (ev2)°, and (ev3’)° of
Definition 4.1. We define x°(s) := x(t°(s)) and w°(s) := w(t°(s)), and we assume that
(5.24) is satisfied. Let us fix S > 0 and let AZ be the open set defined in (6.14). We assume

also that
1) dafer(s). K€ () ds < e (81)

so that p°(s), defined by (4.3), belongs to L*(Q; M) for L'-a.e. s € Ag.
The goal of this section is to prove that the functions u°, e

x° satisfy the energy inequality

S
Q(e(5) = Qe) + | (M. €°0)) + (X°(s).p7(s)) s —

o o

o o o o
7p7z7w707Caand

— (x°(5),P°(9)) + (x0,P0) +/ (0°(s) = Trcgoqsy (0°(s)), p°(s)) ds > (8.2)

AS

S S
> / (°(s), Bio*(s)) ds — / (5C(s), €2()) ds + (x°(S), €(5)) — (xo,€0)

where o := x(0) = x°(0) and 7°:= o°— x°. The first five lemmas concern the properties
of the functions u°, e°, and p°® on A%.

Lemma 8.1. Let (a,b) be a connected component of A%, and let ¢ € (a,b). Then p° —
p°(c) € ACoe((a,b); L2(;M2X™)) . In particular, for L' -a.e. s € (a,b), p°(s) is the strong

sym
limit in L*(Q;MZX1), as h — 0, of the difference quotient 1 (p°(s + h) — p°(s)), and
P° € L}, ((a,b); L*(Q;M7x")) . Moreover, for every si,ss € (a,b), we have

P°(s2) — p°(s1) € L2 (M) and  p°(s2) — p°(s1) = /52 p°(s)ds, (8.3)

S1
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where the last term is a Bochner integral in L*(Q; M7 ")

Proof. By the lower semicontinuity of da(o°(s), K(¢°(s))), obtained in the proof of Lemma
6.4, for every [ay,b1] C (a,b), there exists a constant 7, > 0 such that dz(o°(s), K(¢°(s))) >
n for every s € [a1,b1]. By (8.1) this gives

by
[ ds < +oc. (8.4)

1
This inequality and the measurability of s — (p,p°(s)) for every » € CQ(¢; MQJTZ}) im-

ply that s — (¢, p°%(s)) is measurable for every ¢ € L*(Q;M22"), hence p°: [a1,b1] —

sym
L2(Q;M7X") is weakly measurable. By Pettis Theorem it is also strongly measurable, so

sym

that (8.4) implies that p° € L}, .((a,b); L*>(Q;M2X)). For every ¢ € CJ(Q;M?%"), the

sym sym
function s — (@, p°(s)) is measurable and bounded, hence, for every s1, ss € (a,b), we have

@m%@—ﬁw»=/w@7(wh—</wﬁ@%%

where the last equality follows from the fact that the Bochner integral of p° in the last
term is well defined in L?(Q;M7X"). By the arbitrariness of ¢, this proves (8.3). The

sym

inclusion p°® — p°(c) € ACic((a,b); L*(€;M7<1)) follows now from (8.3), as well as the
statement about the difference quotients, thanks to the Differentiation Theorem for Bochner
integrals. ]

Lemma 8.2. Let (a,b) be a connected component of A% . Then, for every a < s1 < s < b,
u’(s2) — u’(s1) € Hp (;R™), (8.5)
where H%O(Q;R") is defined by (2.6).
Proof. Let us fix a < s1 < s2 < b. From the weak kinematic admissibility (4.4), we have
Eu’(s9) — Eu®(s1) = €°(sa) — e°(s1) + p°(s2) — p°(s1) in Q, (8.6)
p°(s2) — P°(s1) = ((w(s2) — w°(s1)) — (u(s2) — u’(s1))) ©vH ™1 inTo. (8.7)
As the measure p°(s3) —p°(s1) belongs to L?(€2;M7?X"), it does not charge Ty, so that the

sym

left-hand side of (8.7) is 0; since w°(s) is constant in (a, b) by the inclusion Ay C U° proved
in Lemma 6.4, we get u°(s2) —u°(s1) =0 H" '-a.e. on I'g. Moreover, the right-hand side

of (8.6) belongs to L?(Q; MZ"). By (2.2) we have u(sz) — u°(s1) € H'((;R™). O
Lemma 8.3. The function e° belongs to ACo.(Ag; L*(Q; M) and
aglle(s)ll2 < Ballp°(s)l2 (8.8)

for L'-a.e. s € AY.

Proof. Let (a,b) be a connected component of Ag and let a < 51 < s < b. By the inclusion
A% C U° proved in Lemma 6.4 and by (4.5) we have that o°(s2) — 0°(s1) belongs to the
set 3(Q) defined by (2.17), so that from (2.18), (8.5), and (8.6), we get

(0°(s2) —0%(s1),€%(s2) — €°(s1)) = (0°(s2) — 0%(51), P°(51) — P*(52)) ; (8.9)
by (2.9) this yields 2aq]|e®(s2) — e°(s1)|l2 < 28g||lp°(s1) — p°(s2)||2, and the conclusion
follows from Lemma 8.1 O

Lemma 8.4. Let (a,b) be a connected component of Ay. Then there exists an increasing
sequence sy, — b such that d2(o°(sk), (¢ (sk))) — 0.
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Proof. We argue by contradiction. If the conclusion does not hold, there exist ¢ € (a,b) and
n > 0 such that da(o°(s),K(¢°(s))) > n for every s € [¢,b). Then (4.2), (8.1), and (8.8)
imply that

b
/ 116°(5)|[ ds < +o0.

It follows that o°(s) has a strong limit in L?(Q;M7%") as s — b~ . Since o°(s) — a°(b)

sym

weakly in L*(; M%) as s — b~ , we deduce that o°(s) — o°(b) strongly in L*(€2; Mz ")

as s — b~ . Since a°(b) € K(¢°(b)), we conclude that ds(c°(s),K(¢°(s))) — 0 as s — b~
which contradicts our assumption on 7. D

In the following lemma we use a weak L!-estimate for gradients of solutions of the elliptic
system of linearized elasticity. For every measurable set B and for every measurable function
f defined on B with values in a finite dimensional Hilbert space, we define

{lfI>t}nB). (8.10)

(Chebychev Inequality) and that || f1 + fall1,w,.8 <
2| fill1,w,B + 2| f2]l1,w,8 for every pair of functions fi, fa.

Lemma 8.5. Let (a,b) be a connected component of A%. Then there exists an increasing
sequence s — b such that o°(s;) — o°(b) strongly in LQ(Q Mzxmy.

sym

Proof. Let s be the sequence given by Lemma 8.4. Let us fix h < k. By Lemma 8.2 we
have u®(sy) — u°(sy) € Hp (Q;R™), while 0°(s,) — 0°(sy) € Xo(Q) by (4.5), thanks to the
inclusion A% C U® proved in Lemma 6.4. Then (8.6) implies that

—div (CE(u®(sn) — u®(sx))) = —div (C(p°(sn) — P°(sx)))-

Let us fix an open set Q' CC Q. We can apply the regularity result proved in the Appendix
(Theorem 9.1), and we find that there exists a constant C' such that

| E(u(sn) — u’(sk)) < Clp°(sn) = P°(si) [l + Cllu’(sn) — u(sk)1;

then (4.2), (8.6), the Lipschitz continuity of p°, and the strong continuity of w: [0,S5] —
L' (;R") entail that o°(sy) is a Cauchy sequence with respect to convergence in measure in
Q. As 0°(s) = o°(b) weakly in L*(€;M7x"), it follows that o°(sx) — o°(b) in measure.
We now consider the decomposition

o°(sk) = mic(eo(si)) (0°(sk)) + (0°(sk) = Tic(eo(sn)) (0°(58)) - (8.11)

The sequence o°(sx) =i (¢o(s,)) (°(sk)) converges to 0 strongly in L*(€2; M7 ") by Lemma
8.4. As o°(sy) — o°(b) in measure, this implies that mi(¢o(s,))(0°(sk)) — °(b) in mea-
sure. Since 7 (¢o(s,))(0°(sk)) is uniformly bounded in L>°(€Q; M7 "), by the Dominated

sym

Convergence Theorem we have 7y (¢o(s,)) (0°(sk)) — o°(b) strongly in L*(Q; M7 "), there-
fore (8.11) gives o°(sx) — o°(b) strongly in L?(Q; MZ<"), as required. O

The next four lemmas provide a discrete approximation of the integrals in (8.2). Let
By i={s € [0, 5] : 0°(s) € K(C°(s))} = [0, 5]\ A3 (8.12)
Since A% is open, Bg is compact. We recall that 7°:= o° — x°.
Lemma 8.6. For every si,s2 € B with s1 < sy we have
3(T%(s1) + 7°(s2), Bw®(s2) — Ew°(s1)) + 5(x°(51) + x°(52), €°(52) — €°(s1)) <
< Q(e(s2)) — Q(e°(s1)) + 2 H(p°(s2) — p°(s1),¢°(s1)) + (8.13)
+ gH(P°(s2) = P°(51), ¢ (52)) — 5(X°(51) + X (52), P°(52) — P (51)) ,
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or equivalently
3(T%(s1) + 7°(s2), Bw(s2) — Bw(s1)) — 5(x°(s2) — X°(s1), €°(s2) + €°(s1)) —
— 3(x°(s2) = x°(51), p°(s52) +P°(s )> Q(e(s2)) — Q(e%(s1)) +
+ 3 H(Pp%(s2) — p°(51), ¢ (1)) + gH(P°(s2) — P°(51), ¢ (52)) —
— (x°(s2), €%(s2)) + (x°(s1), €°(51)) — <X (s2),p°(s2)) + (x°(51),P°(51)) -

Proof. The equivalence between (8.13) and (8.14) is trivial, hence we limit ourselves to
proving (8.13). Let s; and s be as in the statement of the lemma. By (2.16) and (7.15)
we have

(8.14)

Q(e%(s2)) — Q(e°(s1)) = 5(0°(s2) + 0°(51), €(52) — €°(51)) =
= 3(7°(51) + 7°(52), Bw®(s2) — Bw(s1)) — 5(0°(s1) + 0°(52), p°(s2) — P(51)) +
+3(X°(51) +Xx°(52), P°(52) — p°(s51)) + 5(X°(s51) + X(52), €°(52) — €°(51))-
Since o°(s;) € K(¢%(s;)) and ¢°(s;) € C°(Q) for i = 1,2, we can adapt [3, Proposition

3.3], following the lines of [27, Proposition 3.2], and we obtain (6°(s;), p°(s2) — p°(s1)) <
H(p°(s2) — p°(s1),¢ (s;)). With this, (8.13) easily follows from the previous equalities. [

Lemma 8.7. Let (a,b) be a connected component of A% and let a < s1 < so <b. Then
)

(x°(s2),€%(s2)) — (x°(51), e(s1)) < Q(e*(s2)) — Q(e*(s1)) +

/ H(p°(5), C7(s)) ds — (x(s2), P(52)) + (x(s1), Pls1)) + (5.15)
" / (0°(5) — mi(coten (0°(5)). 5°(5)) ds

Proof. We first observe that x° is constant on (a,b) by the inclusion A% C U®° proved in
Lemma 6.4. By Lemma 8.3 the function s +— (x°(s), e°(s)) is locally absolutely continuous
n (a,b) and
3 (X°(5),€%(5)) = (x“(s5),&%(s)) (8.16)
for a.e. s € (a,b). Similarly, by Lemma 8.1 and (2.14) the function s — (x°(s),p°(s)) is
locally absolutely continuous on (a,b) and

L (x°(s),p%(s)) = (X(5),$°()) (8.17)

for a.e. s € (a,b), where the right-hand side is the usual scalar product of L?. These
continuity results, together with the weak lower semicontinuity of Q in L*(€; MZ "), imply
that it is enough to prove the inequality in (8.15) when a < s;. By Lemma 8.5 we may also
assume So < b.

Since s +— Q(e°(s)) is locally absolutely continuous in (a,b) by Lemma 8.3, taking into
account (8.16) and (8.17), inequality (8.15) easily follows from the inequality {x°(s), &°(s)) <

%Q(G:(S)) + H(P"(5),C7(5)) — (X°(5),°(5)) + (0°(5) — Tic(cos)) (0°(5)), P°(s)), which is
equivalent to
(x°(s), €°(s)) < (0°(s),€°(s)) + H(P"(s),("(s)) —
= (X°(5), p°(8)) + (0%(5) = Tie(¢o(s)) (07(5)), P°(9)) -
As (6°—x°)(s) € £o(2) by (2.53) and (4.5), from (2.18), (8.5), and (8.6) we get
(67— x")(s),e%(s + h) — e%(s)) = =((a° = x°)(s),P°(s + h) — P°(5));

by Lemmas 8.1 and 8.3, we conclude that ((6° — x°)(s),€°(s)) = —{(6° — x°)(s),p°(s)),
therefore (8.18) is equivalent to

(0%(5), p°(5)) < H(D(5),¢(s)) + (0°(5) — T (¢o()) (0°(5)), P°(5)) 5

(8.18)
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this inequality can be proved by observing that

(0°(5), P°(s)) = (i (¢o()) (0°(5)), D(5)) + (0°(5) = Tic(co(s)) (0°(8)), P7(s)) <
SH(D(5),C7(5)) + (0°(s) = Tie(eos)) (0°(5)), P°(s))

where the inequality follows from the definition of H. This concludes the proof. O

Lemma 8.8. Let (si)o<i<i, be a sequence of subdivisions of [0,S] satisfying (7.2) and
(7.18), with + given by the following functions: o°, a°lps, X°lps, and 1ps, the first
three with X = L2(Q;M2X"). Let I, IP, and J be defined by (7.21), (7.22), and (7.25),

sym

with A= A% and B = Bg. Then

s
lim Z<T (si71), Bw(sh) — Ew°(si 1)) —/0 (T°(s), Ew°(s)) ds, (8.19)

k—oo
lEIB
Jim Y / (lo°(s)ll2 + Ix(5)l2 + 1) 1 (s) ds = 0, (8.20)
ielpugg s
dim 3 (o) =X, ) = [ GG e ) ds. (8:21)
iel? ‘ _ s
lim ;j;x%sz) X)) = [ G s, (8.22)

i—

These equalities continue to hold if T°(s; "), e°(si '), and p°(s ") are replaced by T°(s%),
e°(st), and p°(st), respectively.

Proof. Equality (8.20) follows from (7.28), with 1 given by o°lps, x°lpg, and lps.
Now, recalling that Ew°(s) = 0 for L'-a.e. s € A% by the inclusion A% C U° proved
in Lemma 6.4, and that ||Ew°(s)|l2 <1 for £L'-a.e. s € [0,5] by (5.24), we get

4 5
|3 () Put(sh) - Pu(si ) = [ r(e), Bun(s) ds| <

i€l
Sk
< Z/i_1|<70( ) = 7°(s), Bw(s))|ds + > / Bw’(s))| ds <
ieIB %k ieIpuJp
<Z/ (s = 7°(s) 2 ds + / [ 7°(s) 2155 (s) ds .
ielp ieTAugA

The first term in the right-hand side vanishes in the limit since 7° = o0°— x° , o° satisfies
(7.18), and x° is continuous. As the second one tends to 0 by (8.20), equality (8.19) is
proved.

Since x°(s) = 0 for L'-a.e. s € A3 C U°, and [[x°(s)||c <1 for Ll-a.e. s € [0,5] by
(5.24), by adapting the previous argument we can prove (8.21). We finally observe that, by

(2.14) and (5.24),
‘/q ds‘ <M Y / 1gs (s

ielfugp ielfugp

where M is an upper bound of ||p°(s)||1 on [0,S], and the right-hand side vanishes in the
limit as k& — oo by (8.20). Together with (7.13) and (7.14), this proves (8.22). The last
assertion of the lemma can be proved in a similar way. O
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Lemma 8.9. Let (s})o<i<i,, I, IP, and J2 be as in Lemma 8.8. Assume that (82_1,82)

is contained in AZ for every i € J,f. Then there exists a sequence Ry — 0 such that

S (Qe(s)) - Qe + [ HEs).Cs)) ds - (x(sh). p(si) +
ierpuJA Sk
HOCETD PN+ [ 0 - e (@ @) B ) 2 (529
> 3 (06 els) — (s e(s17) ) - Res

ieIfugp
where A?l’i = AN (sihst).
Proof. Define
=felfugf:(sitsi)c A} and [P :={ieI{: (si ', s,)N B #D};

our assumption on J{* implies that [* U T = I U J{*. By Lemma 8.7, we have

3 (Qe(si) — Qe + [ M), ¢ ds — (¢(sh).p(si) +
ielp . ‘ %k
FOCETP R [ (0°05) — mee (07(),0°(6) ds) 2
> 3 (k) es) — (e (s17))
i€l

For every i € I A, we define s}:% (respectively 8?:%) as the supremum (respectively the
infimum) of the connected component of A% containing s}fl (respectively st ). Notice that
) e
both s;73 and s~ 3 belong to the set Bg. By Lemma 8.7, we have
of i o/ i—1% SL - 0 o[ .1t of i
> (Qe (i) = Qe (s 1) + [ HB(), ¢(s) ds — (X°(s1),7(51)) +

1
21— 5
JS 3

(0°(5) = mre(co(s)) (0°(5))

i)

O
—~
»
~—
~

QU

»
N—

A%

> 3 (0(h) es)) — (i) e(si7h)))

> (Qre(si 8) - Qle(si ) + / ffl H(B(5), C(s)) ds — (X (si7),p°(s %)) +

OB + [ 06— mcieon (0°(6)).57(s) ds) >

> 3 (i e ) — s e 7))

iel
Therefore to prove (8.23) it is enough to show that there exists Ry — 0 such that
;1
_ . sk 8 . ,

> (Qles(si ) - alet(si 1)) + / L HP(),¢7(5)) ds — (X°(s53), P (sh 7)) +

ielp Sk 8
FOCEE D+ [ (0% - mcn(@ @) P ds - (321)

3’ 3

— () (5178 + (k8 (s ) = R
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where Afc_3’ 5= A% N (s, i3 s};%).

Let By be the union of the intervals (s} ', st) for i € I'. By the definition of I{! each
point of By has distance from B less than the constant 7, introduced in (7.2). Since Bg
is compact, we have £'(By N A%) — 0. By (8.1) this implies that

/EzmAg 1°(5)[|2 d2(o°(s), K(¢*(5))) ds — 0. (8.25)
By Lemma 8.6 we have
(s}, ’))+ H( °(s; l)—113"((92_%)7(1"’(i )+
) = (s %),p"( )+
) ) esh

Now, recalling that Ew°(s) = 0 for L£!'-a.e. s € A3 C U°, and that ||Ew°(s)||s <1 for
L'-ae. s€(0,5] by (5.24), we get

|3(T°(s}75) + 7°(s}77), Bw®(s75) — Bw(sj77))| <
si— % st

. o Sk Sk
< Cl||Ew°(s}§_%) - Ew"(s};%)Hg < Cl/ ) Ipg(s)ds < Cl/ 1ps(s)ds,
i— z;i71
“k

S 3

where C; is an upper bound of ||[7°(s)||2 on [0,S]. Similarly, as x°(s) = 0 for £!'-a.e.
s€ AL C U° and | x°(s)||ec <1 for Ll-ae. s € [0,5] by (5.24), we get

.1 2 o1 .2 ‘Sz
[3(X°(s"73) = x°(s'73),e%(s"7 %) +e%(s"7 7)) < Cz/_f lpg(s)ds,

Sk

where C5 is an upper bound of ||e°(s)||; on [0,S]. Arguing as before, by (2.14) and (5.24),
we can also prove that

R N e R G NI R PO

Sk

where Cj3 is an upper bound of ||p°(s)||s on [0,S]. Setting C := C1 + C2 4+ Cs5, from the
previous inequalities we obtain that (8.24) holds with

Ry —CZ/ Los(s)ds+ [ ) dao(5). K () s+

ielp BrnAs

1Y (e — s . ) - [ M), ¢ +

i
e fA Sk
1€l

+33 (He ) - ) - [

ielf
From Lemma 7.3 and from (7.28) and (8.25) we obtain Rj; — 0, concluding the proof. [

Proof of Theorem 4.5 (conclusion). Let us fix S > 0 and let A% and Bg be the sets defined
n (6.14) and (8.12). Let (s%)o<i<i,, I, IP, and J be as in Lemma 8.8. By Lemma



QUASISTATIC EVOLUTION FOR CAM-CLAY PLASTICITY 41

7.9 we may assume that (s} ',si) C A% for every i € J'. By Lemma 8.8 there exists a

sequence p; — 0 such that

S

/0 (¢7°(s), Bio®(s)) — (X°(5), €%(5)) ) ds + ;(w’(sz), e(si) = (X (s, €51 <
g;4215<r°<s;;1>+7°<s;;>wa< b — Bw(s;7) -
3 OO0~ X, ) + o) +
*3 (<;°<sz> e(s1)) — (s, €°(17)) ) + ok

By Lemma 8.6 we then deduce that

/0 S(<r°<s>,EwO<s>>—<x°<s>,e°<s>>)ds + 30 (s, (i) — (s, e 7)) <

ielf

< D (QA(s5)) = (57 + 3 3 HP(sh) — Py )5 +

ielP ielf
P SR+ 3 D ) - Xk P k) + P75 ) -
el ieIp
> (<x°<s§;>,p°<sz>> ~ OGP ) + k-
iclp

By (8.22), Lemma 7.3 provides a sequence Q% — 0 such that
s

(60 Be(e)) = Gets), (6 ) s+ 3 (7(sh. (o)~ (s )e(si ) <

0

< D (Qe(sh)) — Qe(sy ) + Y / H(D"(5)), ¢(s)) ds +

1
ielp ielB %k

i ) ) 1k sfc S
< (@)~ Qe (s ) + > / ). ) ds [ (.20 ds
—(x°(9),p°(5)) + (x0,Po) Z / - — Te(eo(s)) (0°(5)), P°(s)) ds + pj <
zEIAUJA
S
< Qe Q(eo) / H(p ))ds —|—/0 (x°(s),p°(s)) ds —

— (x*(5),p°(5)) + (x0, po) + / {e°(8) = mic(eo(an (07(9)), () ds + i

Ag
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with

dimahtd Rt [ ) dao(s) K (9) ds. (3.26)

BkﬂAg

where By, is the union of the intervals (52_1, st) for i € IZ. By the definition of IP each
point of By has distance from Bg less than the constant 7, introduced in (7.2). Since BZ
is compact, we have £!'(B,NAZ) — 0. By (8.1) this implies that the integral in (8.26) tends
to 0 as k — oco. Therefore gi — 0, and the last chain of inequalities yields (8.2). Together
with inequality (6.1), proved in Section 6, this gives (4.15) and (4.9). By Proposition 4.4
this proves (4.8) and concludes the proof of Theorem 4.5. O

9. APPENDIX

We now prove the regularity result used in Lemma 8.5.

Theorem 9.1. For every open set QO CC Q there exists a constant C depending only on
', Q, and C such that, if p € L*(;M2X") and u € HL (S R™) satisfies the equation

sym

—div (CEu) = —div (Cp) in Q, (9.1
then we have the estimate

| < C(|lplh,e + llullie) (9-2)
where || - 11,0, (8.10).

Proof. Let 2" be an open set such that Q' CC Q" cC Q, and let p € C(Q2) be a cutoff
function with ¢ =1 on Q” and 0 < ¢ < 1. Let p and u be as in the statement, and let
q:=Cp, and v := pu. It turns out that v has compact support and satisfies the equation

—div (CEv) = —div (¢q) + ¢V¢ — (CEu)Vy — div (C(u ®@ V) in R™. (9.3)

The fundamental solution of the operator —div (CEu) is given by
G(z) =ag(x) I +bVyg(z)®x, (9.4)
where ¢ is the fundamental solution of the Laplace operator, a = Flevsm) +2H) + 2#’ and b =

303y — a3 (see [19, Section 2.5.2] and [25, Chapter I, formula (1.46)]). Since v has
compact support, equation (9.3) gives the representation

n

vie) = > | DiGin(z —y) (@) dy+ > | Gin(z —y)(qVe)aly) dy —
hk=1"R" h=1"R"

- Z Glh (x — y)(CEuV )i (y) dy + Z Dka (z = y)(CuOVe))n(y)dy .
hk=1

For a.e. z € Q) it follows that
Djvi(z) = a(z) + B(z) — y(z) + d(z),

where

Z DjDkGih(w — ) (eq)nk(y) dy,
h,k=1

Z / o DiGinl@ = 9)aV a0}y

1) = hE:j Lo, DiGinte = p)CET a0 dy,

)= 3 [ DiDuGie = )(CwO Vsl .
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The function D;D;,G;p, is homogeneous of degree —n. Using the explicit expression of
Gin given by (9.4) we can check that D;DyG;;, has mean value 0 on the boundary of each
ball around the origin. Therefore we can apply the Calderon-Zygmund estimate contained
in [28, Chapter II, Theorem 4], obtaining

1,9 (95)

where the constant C; only depends on the function G, and the elasticity tensor C.

To estimate the term ~(z) we introduce the cartesian components ¢/ of the tensor C,
defined by

lafl1w.0 < Cillp]

((CEu)hk = Z CZZDlum.

l,m=1

It follows that

Yz)= Y ci{Z/ D;Gin(x — y) Dium(y) Drp(y) dy -
ok, lm=1 Q\Q”

For z € €, the function y — Gip(x — y) is of class C in Q\ Q”. Integrating by parts,
we obtain

W) == i [ DG~ yuny) Dol dy -
bk, l,m=1 a\Q”

n
-y CZZ/ D;Gin(x — y)um(y) DiDrp(y) dy -
bk lm=1 Q\Q”
As D;D,Gip(z—y) and D;G;p(x —y) are uniformly bounded when z € ' and y € Q\Q”,
we obtain the estimate

[Vlloo.r < Csllullra, (9.6)
where the constant C'5 depends on the function G, on the elasticity tensor C, on the pair
Q', Q" and on the function (.

In a similar, and easier, way we prove the estimates

1Bllcc.0r < Collpllie  and [|6]lcc.0r < Callullra, (9.7)

where the constants C5 and C4 depend on the function G, on the elasticity tensor C, on
the pair ', Q”, and on the function ¢. Inequality (9.2) follows now from (9.5), (9.6), and
(9.7). O
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