Canadian Journal of Physics

Canadian

Science Canadian Journal of Physics
ublishing

Quaternionic Quantum Particles: New Solutions

Journal: | Canadian Journal of Physics

Manuscript ID | cjp-2020-0077

Manuscript Type: | Article

Date Submitted by the

Author 11-Feb-2020

Complete List of Authors: | Giardino, Sergio; UFRGS, Departamento de Matematica Pura e Aplicada

quantum mechanics, quaternions, Schroedinger equation, quantum

el scattering, mathematical physics

Is the invited manuscript for
consideration in a Special | Not applicable (regular submission)
Issue? :

SCHOLA

RONE™
Manuscripts

https://mc06.manuscriptcentral.com/cjp-pubs




Page 1 of 10 Canadian Journal of Physics

Quaternionic Quantum Particles: New Solutions

SERGIO GIARDINO*

Departamento de Matemdtica Pura e Aplicada, Universidade Federal do Rio Grande do Sul (UFRGS)
Avenida Bento Gongalves 9500, Caixa Postal 15080, 91501-970 Porto Alegre, RS, Brazil

If ¥ is a quaternionic wave function, then /¥ # ¥i. Thus, there are two versions of the quaternionic
Schrodinger equation (QSE). In this article, we present the second possibility for solving the QSE,
following on from a previous article. After developing the general methodology, we present the
quaternionic free particle solution and the scattering of the quaternionic particle through a scalar
barrier.
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I. INTRODUCTION

Quaternions [1-3], represented by H, are hyper-complex numbers with three anti-commuting complex units. In
general, if g € H, then

g = xo + x1i + x2] + x3k, (1)
where x¢, x1, x2 and x3 are real and the complex units i, j and k satisfy
ij=—ji=k and  ijk=—-1. ()
Using a notation called symplectic, we express (1) as

g=z+¢  with z CeC. ©)]

Quantum mechanics is a physical theory based on complex numbers. A generalization that replaces complexes
with quaternions has been attempted, and Stephen Adler’s textbook [4] surveys this endeavor. In this formulation,
quaternionic quantum mechanics (QQM) deploys anti-hermitian operators (AHO), instead of the usual hermitian
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operators of complex quantum mechanics (CQM). An anti-hermitian operator A satisfies A" = —.A, where A"
is the adjoint operator of A. QQM has been formulated in terms of AHO, among other reasons, to preserve the
conservation of the probability current. In spite of this advantage, the adoption of AHO has several drawbacks. The
most visible is the breakdown of Ehrenfest’s theorem [4-6]. The lack of simple solutions in anti-hermitian QQM
is another drawback. Of course, there are anti-hermitian quaternionic solutions, like [7-27], but they are difficult
to grasp and do not have the simplicity that allows them to be compared to either CQM or classical solutions.
Experimental tests have been performed as well [28, 29], but no quaternionic effect has been observed at the present
time. We further adduce that several interesting quantum applications of quaternions are not HQM [30-34].

More recently, novel alternatives have been attempted to build a consistent QQM. One may replace usual QQM
wave functions with regular quaternionic functions [35], and maintain anti-hermitian formalism. Another approach
emerged after the discovery of quaternionic solutions obtained throughout non-anti-hermitian (NAH) Hamiltonians
in the study of the quaternionic Aharonov-Bohm (AB) effect [36]. This discovery has enabled a formal expression of
an NAH-QQM, where the probability current and the expectation value were redefined and the Hilbert space is real
[37, 38]. Following these results, a solution for the QSE was developed, and the first quaternionic particle solution
was obtained [39], the Virial theorem has been proven [40] and scattering phenomena has also been studied [41].

Because of the non commutativity between quaternionic functions and the complex unit i, there are two possibil-
ities for the QSE, according to the position of i. The first possibility has already been considered in [39], where the
mathematical formalis has beed developed, and in this article we entertain the second possibility.

This article is organized as follows: Section II presents a general time-dependent solution for QSE, whereas the
time-independent QSE is solved in Section III. In Section IV, the solution method is used in several simple situations
and, in Section V, the quaternionic free particle is obtained. Section VI describes the scattering of the quaternionic
free particle through a scalar step potential, while section VII rounds off the article with our conclusions and future
perspectives.

II. TIME-DEPENDENT EQUATION

The time-dependent quaternionic Schrédinger is

., oY
zhﬁ =HY, 4)

where Y is a quaternionic wave function and H is a quaternionic Hamiltonian. We comment on the position of the
complex unit i on the left side of the time-derivative of ¥ in (4). In [39] we studied the case where the complex unit 7
lay on the right side of ¥. We separate the time variable of the wave function as

F(x, t) = S(x)A(t), ©)

where ®(x) and A(t) are both quaternionic. In a complex wave function, a complex exponential, which is a unitary
complex, carries the time dependence. By analogy, the time-dependent function A of the quaternionic wave function
will be chosen to be a unitary quaternionic function. Accordingly, in symplectic notation (3), we get
A = cosEeX 4 sinZe'Yj, sothat AA*=1. (6)
&, X and Y are time-dependent real functions and A* is the quaternionic conjugate of A. In order to eliminate the
dependence on time from the wave equation, we multiply the right hand side of (4) by A* and impose
. K
AN = -, 7
where the dot denotes a time derivative and x € IH is the separation constant
K =Ko+ K1, with Ko, K1 € C. (8)

Consequently, from (7) we get

K

i(Xcos2 2+ Y sin? E) + {E +isinEcosE(Y — X)} X+ — = )
We can obtain several solutions for (9). For & =0, X = Y = —ikp and x; = 0, we obtain
A =exp [—ft} Ao, so that AN = —%, (10)

https://mc06.manuscriptcentral.com/cjp-pubs



Page 3 0of 10 Canadian Journal of Physics
Il GENERAL TIME-INDEPENDENT EQUATION

where £ is the energy and A is a unitary quaternionic constant that can multiply both sides of the complex expo-
nential indifferently. The time solution (10) is very similar to the complex case; conversely, we achieved something
more interesting by imposing E = 0 and X + Y = 1, where 1 is a real constant. Thus, we get

A= {cosEexp {—l:t] +sin & exp [i (it + To)] ]} Ao, so that AN* = % (— cos 28 + sinZEeiTOj) .
(1)

We remark that (11) may be written schematically as

A = Ajexp {—l:t] Ao (12)

where A; is an arbitrary constant quatenion. Solution (11) is absolutely new, it recovers (10) when sinE = 0, but
the value of the constant quaternion contributes to the eigenvalue. This kind of influence of a constant over the
eigenvalue of an eigenfucntion is unknown in CQM. We expect that novel quantum solutions, unattainable through
CQM may emerge. Nevertheless, there is another simple possibility for time-dependent solutions. If X =Y = 0, we
achieve

A= {cos (‘;t) e~ X 4 sin (it) ei(XJrTO)j} Ao  sothat AA*= %e”o j. (13)

In the same fashion as (11), the solution given by (12) is absolutely new, it does not have a complex counterpart and
a complex limit is meaningless. If something physical may be described with it, it is probably unknown to CQM.

III. GENERAL TIME-INDEPENDENT EQUATION

Using (4-7), the time-independent Schrodinger equation reads
HP =iDxk. (14)
In order to solve (14), we need several assumptions. First of all, we propose the spatial wave function
D =94, (15)
where A is a time-independent quaternionic function given by
A = pK, where Al =p, K = cos@¢l + sin@emj, and KK* =1; (16)
and ¢ is a time-independent complex solution of Schrodinger equation with energy E, so that
Ho = E¢, 17)
where the energy E is real. Consequently, the Hamiltonian H is the hermitian operator

W o
=—— v, 18
H o Ve + (18)
where V is a real scalar potential. More general hamiltonian operators, with complex potentials and complex ener-
gies, are interesting directions for research and they may be examined in a separate article. Using (14-15), (16), we

get
VA + ;V¢ -VA= %’f (EA —iAx). (19)
We also adopt
VK =pel + g9 and V2K = uel +ve, (20)
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where
p=-—sin®@VO+icos® VT, q=cos®OVO+isin®@V(,
u=—cos® (|VI*+|VO[*) —sin® V20 +i( cos©® VI ~25in® VI - VO) (21)

0=—sin® (|VO[*+|V0|’ ) +cos© V20 +i(sin® V22 +2c0s O V1 - VO).

The complex and quaternionic parts of (19) give

(1) <V + ;V(P) Vo+ ﬁ (pcP) @ + coZ@ = % [E iko + ix} tan @ (2~ r)} (22)
1 2 v 2m
’ <V + (Pch) Vo + ﬁ V(oo) - sm@ t 5= 7z [E — ixg — ik cot@ el Q)} (23)

Specific values chosen for « furnish the three time-dependent solutions (10-12). Four real equations are obtained
from the two complex equations (22-23). First of all, we note that

ixg € R and K1 = |x1]el™. (24)
Thence, we define
vi2vg).vo—z2, 2V(g)-—L-——2z and 2V(g)--1_ -z (25)
o ¢ ¢ P= 2k o0¢ PP cos@ v o0¢ PP sm@ 2
where Zj, Z; and Z; are complex functions. We finally separate (22-23) into real components, so that
2
R(Z0+ 21) — | VI = | VO[] — tan@V20 = FT’f (E — Ko + || tan @ sin w) (26)
2
R(Zy+ Z5) — |V = |VO| + cot OV?0 = h—’f (E +iKg + |11 | cot @ sin w) 27)
i~ 2m
(2o + 21) + (V—Ztan@V@) VT = 3| an®cos W (28)
(2o + 25) + (V+2cot®V®) VQ = ——|K1\cot®cosW (29)
where
W=T-Q+1, (30)

and R(Z) and ¥(Z) are the real and the imaginary components of a complex Z, respectively. Equations (26-29) are
the most general time-independent solutions obtained from the three time-dependent cases. In the following section,
we examine several simple solutions, and leave more complicated cases for future research.

IV. WAVE FUNCTIONS

Assuming an arbitrary one-dimensional complex wave function ¢ and also VO = 0, we impose the constraints
V¢-Vp=0, V¢-VI =0, V¢-VQ =0, Vpo.-VI =0, Vp-VQ =0, (31)
remembering that VI - VQ # 0. Thus, (26-29) turn into two equations

1 2
Evzp— VT2 = h—?(E—iKO+|K1|tan®sinW) (32)
EVZ —|VQP? = 7 (E + ixg + |x1] cot@smW) (33)
VT = %|K1|tan®cosw (34)
2
ViQ = —h—?\KﬂcotGCOSW (35)
4
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From (31), we suppose that there is no common variable between either p and I' or between p and (); therefore,
V2p/p has to be constant. After the action of the gradient operator over (32-33), we recover (34-35) with changed
signs. This result imposes

VI =VvQ=0. (36)
Hence, we gain the constraint
|k1] cosW =0, (37)

and consequently two cases to consider. Let us examine the first one.

A. ‘K1| =0

We suppose a three-dimensional space, and thus VI and V() are necessarily collinear. The other two directions
of the space given by V¢ and Vp. From (32) and (33), we obtain

;Vzp _ 2hm2E N |Vr|2+2 \VQP, and 2;:125 _ v —2 |VQ|2, (38)
where
& =iKg 39)
is the quaternionic energy. Therefore, we reach the following solution
F=7.-x+T0,  Q=w-x+00, and p=Ae*¥+Be "%, (40)

where F(O), Q(O), A and B are real scalar constants, and « is a constant real vector. There is no solution for the
constant p, and we must have

2mE 2 4 |w|?
i 1P+ Jal
h 2

|2 = and  |y]®—|wl?>>0. (41)

The most general wave function is thus

® = ¢(x) p(x) [ <cos®eir + sin@emj) Ci+ (Cos@e’ir + sin@)e_’nj) G+

+ (cos Oe T +sin® einj> Cs + (cos Oe T +sin® e*i0j> C4] , (42)
where Cy, Cy, C3 and Cy4 are arbitrary complex constants. (14) is not satisfied for quaternionic integration constants.
We can make ¢ constant, so that E = 0, and thus obtain the simplest solution of the case, a truly quaternionic
free particle. However, we stress that every one-dimensional complex wave function ¢ generates the same kind of

quaternionic solution, where the quaternionic solution may be understood as a geometric phase. A general study
concerning quaternionic phases is an interesting direction for research.

B. cosW =0andxy # 0

The solutions of this case obey

W:F—Q—l—foz(n—o—;)n so that VI =VQ, (43)
with n € Z. Using (32-33), (39) and (43), we get
E = —|k1| cot2@sin W, (44)
5
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so that

1 2
—V?p = =m

, 7 (E — Esec 2@) + | VI (45)

Inasmuch as there is no defined sign on the right hand side of (45), two kinds of solutions for p are admitted, either
real exponentials or a linear combination of sines and cosines. Even a V?p = 0 is admitted, and hence there are more
possibilities for p in this situation than has been found in the previous |«;| = 0 case. The general solution is thus

P = ¢(x) p(x) (Cl el + Gy e*ir> (cos@ — isin W sin @' ]> (46)
with C; and C; arbitrary complex constants and I given by (40). The solution (46) comprises a complex solution and

a quaternionic unitary constant that multiplies its right-hand side. The quaternionic energy accomplished through
(45) is

— cos?2 —
£ = cos20 o

B+ (2 |«|2)] , @)

where the sign of |«|? is defined by p. It is totally unexpected that the quaternionic constant influences the energy of
the system, and there is no counterpart to this phenomenon in CQM. A physical system described with this solution
would be remarkable. We notice that low quaternionic energies, where £ < E, are admitted, depending on p. This
curious and new effect is probably due to the quaternionic character of the eigenvalue x, which is connected to the
energy through (44).

C. cosW=0andxy=0

This solution is related to the time-dependent solution (13). The solutions of this case follow (43), but (32-33)
additionally imposes

1
= (fl + 2) g, where i €Z. (48)

Consequently, the quaternionic wave function is obtained from (46), and the quaternionic energy is

cot®

£=lal = CsinW

hZ
E+o— (P a|2)] . (49)

D. The VI =VQ =0 case

Assuming an arbitrary one-dimensional complex wave function ¢, we impose the constraints
V¢-Vp=0, V¢-VO =0, Vp-VO =0. (50)

Thus, (25-28) turns into two equations

;Vzp— VO[> = %(E—i;{oc032®+ |K1|sinWsin2®) (51)
V20 = % (iKO sin20 + |xq | sin W cos 2@) , (52)

and the constraint (37) that has already been found for the V® = 0 cases. However, the orthogonality of Vp and
VO implies that V2p/p is a constant. Applying the gradient operator over (51), we recover (52) with a changed sign,
and thus V2@ = 0, which forces a constant @ because of (52). With exception for an exotic zero energy solution,
where ¥ = 0 and VO is constant. Therefore, we do not have a simple solution for non-constant ®. Maybe this
kind of solution exists when (50) includes a non-orthogonal V©. The research of such solutions is potentially an
interesting subject for future work.

https://mc06.manuscriptcentral.com/cjp-pubs



Page 7 of 10 Canadian Journal of Physics
VI THE STEP POTENTIAL

V. THE FREE QUATERNIONIC PARTICLE

Let us take the complex free particle as a reference. Its expression is

. , 2mE

p(x) = Ape™* 4 Ayemikx, where  |k|? = %

and A and B are complex integration constants. In order to understand the physics of the previously calculated
solutions, we will entertain the probability current defined in [36? ], namely

, (53)

. 1 ~ * ~ * * 5 j— ;
=5 {(p‘I’)‘F +|(p¥)¥"] } and  p¥ = —ihVY. (54)
Using the general quaternionic time independent wave function (15), we get
j=p? {jg + %WIZ (cos2 OVT + sin? @VQ)] Ic2 (55)

where C is an arbitrary quaternionic constant and jy is the probability current due to the complex free particle (53).
There is no probability flux along the VO and Vp directions. This fact does not mean that there is no motion along
these directions. We remember the complex square well, where a particle oscillates along a confined region without
generating a non-zero probability flux. Thus, we interpret that the quaternionic particle freely propagates along
directions VI and V() only, while directions VO and Vp allow oscillatory motions only. A simple quaternionic
free particle obtained from (42) is

P =p(x) (cos @er* 4 sin @ ¢! j) C = j= %p2|C|2 (Cos2 @q +sin’© w) , (56)
where C is a quaternionic constant and V® = 0. From (38), we get
2 _ [P+ ]wf 2me _ |y — |w?
|‘X’ - 2 4 hZ - 2 : (57)
An exotic zero-energy wave function is possible for
o] = [7] = |wl. (58)

The situation is different from the complex case, where null energies imply null momenta. Another particularity
is that we cannot recover a complex solution by simply imposing ® = |w| = |«| = 0. We remember that |a| = 0
is prohibited by (57), and that a simple quaternionic constant may change the energy of the particle (46-47). Thus,
QOM solutions cannot be understood as encompassing a complex solution plus an independent pure quaternionic
part. In fact, we have a different theory, which may recover CQM for several situations, but not for all cases.

VI. THE STEP POTENTIAL
Let us consider the scalar step potential

v { 0 for x<0, region I (59)

Vo for x>0, region II,

where Vj concerns a real positive constant and the potential V divides the three-dimensional space into two parts
bordered by the Oyz plane. We propose the wave function

D = o |:COS Oeikrm)x sin@kei(_kJ““’kL)'xj} + Rpq [COS @Qei(_“%ll)'x + sin®qei(q+wﬂi)'xj]
@ = Tpyp [cos ®pei(p+7#)'x + sin ®pei(_”+w#)'xj} (60)

with R and T complex constants and k, g, p, 2 and w;- real vectors for a = k, g, p. We also adopt real constants for
©, and real functions for p,. An arbitrary vector v is decomposed as

v =0l 40t (61)

https://mc06.manuscriptcentral.com/cjp-pubs
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where the component of v parallel to k is v/, and the component of » normal to k is v. We expect that the three
terms of the wave function (60) have identical properties, or describe particles of the same type. We choose the
time-dependent solution (10), where E = 0. From (38), we obtain several energy relations

2mE _ |pl® — > |gl® = leogl® 2m(€ = Vo) _ |mpl* — |wpl?

2 5 5 , " 5 (62)

and also that

|'Yu|2+ ‘wulz

aaf> = laf? + 22

where a=kq,p. (63)

At the point of incidence xyp = (0, yo, z9), which we set to xy = (0, 0, 0) without loss of generality, we consider the
continuity of the wave function,

®)(x0) = Dy (x0) N px(0) cos @,((0) + Rp;(0) cos @%O) = Tpp(0) cos @,E,O) 64)
ok (0) sin@l((o) + Rp,(0) sin®q0) = Tpp(0) sin@é,o)
Vd>”(xo) _vol (%) N kox(0) cos @,((O) — qRp4(0) cos ®§0) = prp(O)cos®§gO) , 65)
! 1 — kpi(0) sin @ + gRo,(0) sin®) = —pTp,(0) sin@.
and thus
k+q|? <Pk(0))2 |k — pl? (Pk(0)>2
P = and  |R]*= B (66)
= ae (@ SRR AV

The normal directions place further boundary conditions

Vi) K+ Vo0 RKy = Vo, (0)TK,
VoL(0) = VOL(0) = 7 0(0) cos @ + Ry pg(0) cos O = Tt 0, (0) cos O (67)
wit px(0) sin G)]((O) + quL pq(0) sin G)E,O) = Tw# pp(0) sin @;0),

where
K, = cos @L(IO) + sin ®§,0) j, V.(0) = as(As — By) and a=kq,p. (68)
We propose a solution using the constraint
sin? @,EO) = sin? @go) = sin? @;,0). (69)

If |k| = |q|, we benefit from the identity

B pq(0) pp(0)
kI =1alIR 0.0 =PI 0y

which is valid for the scattering of quantum particles in CQM. Thus, (67), (69) and (70) give rise to

Il _ ol _ [Vpg(0)l _ 1l _ sl _ V0o _ [l -

[l lwil — [Vpx(0)] Il Mkl [Ver(0)] K|
From (62-63) and (71) we finally obtain

(70)

|“p\2:ﬂ i:1_ﬁ (72)
R K2 &

Consequently, every parameter of the reflected and transmitted particles may be written in terms of the incident
particle parameters. The results are similar to the CQM case, but the transmission and reflection coefficients have
multiplying factors that are characteristic of quaternionic particles. These factors are related to the oscillation along
the Vp direction; as discussed in section V, the quaternionic particle propagates along VI and V (), whereas along
Vp and VO it only oscillates.

https://mc06.manuscriptcentral.com/cjp-pubs
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VII. CONCLUSION

In this article, we have used a general method for solving the QSE (4) that has been developed in [39] to the so-
lution of the QSE with a right multiplying complex unit i. We have proven that there are time-dependent solutions
for Schrodinger equation (4), which are fundamentally different from the time-function of CQM. We have also de-
veloped a general method for solving the time-independent solution, and we have obtained free particle solutions
without a CQM counterpart. These solutions present oscillations that are normal to the propagation direction. This
result is unknown in CQM, and now we need to find more physical examples where this kind of situation is found.
Another interesting new feature is the influence of quaternionic constants on the energies of solutions. This is an-
other quaternionic feature unknown in CQM, and other physical systems where this kink of behavior is found are
also of interest for further research.

In summary, we expect that these two articles will foster new developments in QQM. First of all, because the
presented solutions are simple, and do not assume the anti-hermitian constraint that has been supposed for the
QOQM. Secondly, we have a method for finding new solutions, and then every result of CQM is at risk of being
studied using the quaternionic formalism deployed here. We expect that more physical solutions may be found in
the future, which may inspire either mathematical or physics investigations, including experimental ones.
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