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1 Introduction

As explicitly demonstrated in the Schwarzschild and Kerr vacuum solutions of the Einstein
equations, the existence of a curvature singularity inside a black hole with a physically
reasonable matter field is a well-known property in general relativity. This fact implies
that there appears an extremely curved spacetime region inside a black hole where quan-
tum effects of gravity dominate and the classical Einstein equations are no longer valid.
Although a complete quantum theory of gravity is still unknown, it is widely believed that
a regular description of the whole spacetime is possible in some quantum sense as a wave
function of a hydrogen atom is regular at the classical central singularity in the Coulomb
potential so that the Hamiltonian operator admits self-adjoint extensions [1].
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Then, it might be possible that black holes without a singularity emerge in a classical
theory realized in the low-energy limit of quantum gravity. Such a theory should be a
generalized theory of gravity which is non-minimally coupled with a scalar field and/or
contains higher-curvature correction terms presumably. Based on this philosophy, the first
model of a non-singular black hole was proposed by Bardeen in 1968 [2].

If such non-singular black holes are realized in some generalized theory of gravity,
the deviation of the theory from general relativity should be small in an asymptotically
flat region far away from the event horizon. Then, the effective energy-momentum tensor
T̃µν is useful to sort out physically reasonable non-singular black-hole spacetimes without
specifying a theory.

Definition 1 The effective energy-momentum tensor T̃µν is defined by T̃µν := Gµν with
units such that c = 8πG = 1.

In fact, various fundamental properties of black holes, such as the area theorem [3] or pos-
itive mass theorem for black holes [4], have been proven in general relativity under certain
energy conditions without specifying a matter field. In addition, it has been shown that a
variety of matter fields are dynamically unstable if they violate the null energy condition,
which is the weakest one among the standard energy conditions [5, 6]. Furthermore, the
positive mass theorem asserts that the ADM mass is non-negative under the dominant
energy condition and it is zero if and only if the spacetime is Minkowski [7–10]. These
results assert that the energy conditions prohibit pathological behaviors of spacetimes.

Therefore, it is natural to impose the following standard energy conditions [11, 12] on
the effective energy-momentum tensor T̃µν at least in asymptotically flat regions:

• Null energy condition (NEC): T̃µνkµkν ≥ 0 for any null vector kµ.

• Weak energy condition (WEC): T̃µνvµvν ≥ 0 for any timelike vector vµ.

• Dominant energy condition (DEC): T̃µνvµvν ≥ 0 and JµJµ ≤ 0 hold for any timelike
vector vµ, where Jµ := −T̃µνvν .

• Strong energy condition (SEC):
(
T̃µν − 1

2 T̃ gµν
)
vµvν ≥ 0 for any timelike vector vµ.

While the DEC implies the WEC, both of the WEC and SEC include the NEC as a limiting
case. Hence, all the standard energy conditions are violated if the NEC is violated. In the
singularity theorems [13, 14], the following geometric convergence conditions are used rather
than the energy conditions for a matter field:

• Null convergence condition (NCC): Rµνkµkν ≥ 0 for any null vector kµ.

• Timelike convergence condition (TCC): Rµνvµvν ≥ 0 for any timelike vector vµ.

The TCC includes the NCC as a limiting case and the Raychaudhuri equation implies
that the gravitational force is attractive under these convergence conditions. In general
relativity, the NCC and NEC are equivalent in general, while the SEC is equivalent to the
TCC in the absence of a cosmological constant Λ. Hence, violation of the SEC implies that
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gravity becomes repulsive. Such violation is not as serious as violations of other energy
conditions as realized in the inflationary universe, for example.

In fact, it is known that the effective energy-momentum tensor T̃µν for the Bardeen
black hole satisfies the WEC everywhere. Nevertheless, it does not conflict with Penrose’s
singularity theorem [13] because the spacetime is not globally hyperbolic, so that one of the
assumptions in the theorem is not satisfied. However, as we will see, the DEC is violated in
the asymptotically flat region in the Bardeen black-hole spacetime and therefore it should
be discarded as a physically reasonable model of non-singular black holes.

In this context, the limiting curvature condition also plays an important role [15].

• Limiting curvature condition (LCC): the curvature invariants are uniformly restricted
by some universal value in the parameter space of the solution.

The LCC is based on the limiting curvature principle considered in [16–19] and asserts
that there exist a fundamental length scale L so that R ≤ BL−2 holds for any curvature
invariant R. Here a dimensionless constant B may depend on curvature scalars but should
not depend on solutions in the theory. For example, suppose that a solution in a classical
gravitation theory admits a regular de Sitter (dS) or anti-de Sitter (AdS) core such that

ds2 ' −(1− λ(m, l)r2)dt2 + dr2

1− λ(m, l)r2 + r2(dθ2 + sin2 θdφ2) (1.1)

near r = 0, where a constant l with the dimension of length is made of coupling constants
in the action and m is a mass parameter as an integration constant. The Ricci scalar R
near the regular center r = 0 is given by the function λ(m, l) of l and m as R ' 12λ(m, l).
Then, the LCC requires that |R|, or equivalently |λ(m, l)|, should not be indefinitely large
in the parameter space of m ∈ (−∞,∞) because the effect of quantum gravity becomes
significant and a classical description of spacetime is no more justified near r = 0 for such
m. If the LCC is valid in a classical theory, the mass-inflation instability [20, 21] of an
inner horizon inside a non-singular black hole may be avoided in principle. Such modified
theories of gravity have been investigated in [15, 22–26].

In fact, the Schwarzschild vacuum solution violates the LCC not only near the central
singularity but also at any spacetime point if the ADM mass is sufficiently large. In such a
region, one should take higher-order correction terms into account in the action. If there is
a modified theory of gravity of which solutions satisfy the LCC, such correction terms are
not necessary anywhere in the spacetime and the singularity resolution is completed within
a classical framework. Of course, there is a possibility that the LCC is never satisfied no
matter how many correction terms are taken into account and then a full quantum theory
of gravity is indispensable for a regular description of spacetime. In this sense, the LCC
is more like a philosophy that singularity resolution is completed in a classical framework
and its violation may not be a fatal problem.

Thus, from a conservative point of view, we propose the following seven criteria to
single out physically reasonable non-singular black-hole spacetimes.
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Seven criteria for physically reasonable non-singular black holes� �
• C1: any kind of non-coordinate singularity is absent.

• C2: closed causal curves are absent.

• C3: T̃µν satisfies the standard energy conditions in asymptotically flat regions.

• C4: T̃µν satisfies the standard energy conditions on the event horizon of a large
black hole.

• C5: the limiting curvature condition (LCC) is respected.

• C6: realized for a set of non-zero measure in the parameter space of the black-
hole solution.

• C7: dynamically stable.� �
The criteria C1 and C2 are to avoid the singularity problem and causality problem, respec-
tively. The criterion C3 prohibits pathological behaviors of spacetime in asymptotically
flat regions. Similarly, the criterion C4 prohibits pathological behaviors of a “almost-GR”
black hole with the sufficiently large area of the event horizon. The criteria C1–C5 are
purely geometrical and can be studied without specifying a theory. In contrast, the cri-
teria C6 and C7 are studied for non-singular black holes as solutions in a given theory.
The criterion C6 guarantees that singularities are absent without fine-tuning of integration
constants in a solution representing a black hole so that a non-singular black hole is generic
as a configuration of black hole. In fact, as pointed out in a more general framework in [27],
all the spherically symmetric non-singular black holes in general relativity obtained with
a nonlinear electromagnetic field in the literature do not satisfy the criterion C6. (See
appendix A for the proof in arbitrary n(≥ 4) dimensions.) As clearly observed in the mag-
netic solutions in [28], without fine-tuning of the mass parameter, a black hole contains a
curvature singularity at the center.

Among the above seven, the criterion C1 is the most fundamental one to single out
black holes without singularities. However, since the quantum effects of gravity dominate in
extremely curved spacetime regions, only curvature singularities might be cured by them.
From this point of view, the criterion C1 may be weakened as follows.

Weak version of the criterion C1� �
• W-C1: curvature singularities are absent.� �

The criterion W-C1 permits conical singularities but not scalar polynomial curvature singu-
larities and parallelly propagated (p.p.) curvature singularities [11]. A conical singularity is
classified as a quasi-regular singularity, which is not a curvature singularity but associated
with peculiarities in the spacetime topology. (See section 6.1 in [29].)

As we will review in section 2.2, a large number of non-singular black-hole models have
been proposed until now. To single out physically reasonable models among them must
be useful for astrophysical applications such as the gravitational lensing by black holes.
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In the present paper, we study the geometrical criteria C1–C5 for non-singular black-hole
spacetimes with a regular center. In particular, the Bardeen black hole [2], Hayward black
hole [30], Dymnikova black hole [31], and Fan-Wang black hole [28] are studied in detail.

The organization of the present paper is as follows. In the next section, we will ex-
plain our metric assumptions and derive several general results. We will also summarize
the past research briefly there. In section 3, we will study four different spherically sym-
metric non-singular black holes with a regular center and their rotating counterparts in
detail. Concluding remarks and future prospects will be given in the final section. In
appendix A, we show that, under a set of assumptions, spherically symmetric non-singular
black holes do not satisfy the criterion C6 in general relativity in arbitrary n(≥ 4) di-
mensions. In particular, a class of nonlinear electromagnetic fields is studied in detail. In
appendix B, we study tidal forces and Jacobi fields along ingoing radial timelike geodesics
in the spherically symmetric spacetime (2.6). Our conventions for curvature tensors are
[∇ρ,∇σ]V µ = RµνρσV

ν and Rµν = Rρµρν . The signature of the Minkowski spacetime is
(−,+,+,+), and Greek indices run over all spacetime indices. We adopt units such that
c = 8πG = 1.

2 Black-hole geometries with a regular center

Among several different types of non-singular black holes, we focus on the type with a
regular center such as the Bardeen black hole in the present paper. In this section, we give
descriptions of such non-singular black-hole geometries and present several basic properties.
After that, we briefly summarize the research history of this type of non-singular black
holes.

2.1 Descriptions

For almost all the non-singular black-hole spacetimes in the literature, the effective energy-
momentum tensor T̃µν is of type I in the Hawking-Ellis classification [11, 12]. The canonical
form of the type-I energy-momentum tensor in the local Lorentz frame is given by

T̃ (a)(b) := T̃µνE(a)
µ E(b)

ν = diag(ρ, p1, p2, p3), (2.1)

where {Eµ(a)} (a = 0, 1, 2, 3) is a set of orthonormal basis vectors in the local Lorentz frame
satisfying Eµ(a)E(b)µ = η(a)(b). Here η(a)(b) is a Minkowski metric in the local Lorentz frame
and the spacetime metric gµν is given by gµν = η(a)(b)E

(a)
µ E

(b)
ν . Equivalent expressions to

the standard energy conditions for a type-I matter field are

NEC : ρ+ pi ≥ 0, (2.2)
WEC : ρ ≥ 0 in addition to NEC, (2.3)
DEC : ρ− pi ≥ 0 in addition to WEC, (2.4)
SEC : ρ+∑3

j=1pj ≥ 0 in addition to NEC (2.5)

for all i(= 1, 2, 3).
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2.1.1 Non-rotating case

In the spherically symmetric case, we consider non-singular black holes described by

ds2 =− f(r)dt2 + dr2

f(r) + r2(dθ2 + sin2 θdφ2),

f(r) := 1− 2M(r)
r

,

(2.6)

where M(r) is a mass function to be specified and the domain of r is r ∈ [0,∞). We note
that this form of the metric is a strong assumption. Although the most general spherically
symmetric vacuum solution is given in the above form in general relativity by Birkhoff’s
theorem, there may be spherically symmetric vacuum solutions with the areal radius √gθθ
being a more general function of r in modified theories of gravity or in the presence of
matter fields.

In the spacetime (2.6), a trapped (untrapped) region in this spacetime is defined by
f(r) < (>)0. A regular null hypersurface r = rh satisfying f(rh) = 0 is a Killing horizon
associated with a Killing vector ξµ = (1, 0, 0, 0), of which squared norm is ξµξµ = −f(r).
A Killing horizon is referred to as outer if df/dr|r=rh > 0, inner if df/dr|r=rh < 0, and
degenerate if df/dr|r=rh = 0. For an asymptotically-flat black hole, an event horizon is
identical to the outermost outer Killing horizon.

The mass function M(r) is chosen such that the spacetime is regular at r = 0 and
asymptotically flat as r → ∞. The following proposition gives a sufficient condition for a
regular center.

Proposition 1 Suppose that M(r) in the spacetime (2.6) is expanded around r = 0 as
M(r) ' M0r

3+α with M0 6= 0. Then, r = 0 is regular if and only if α ≥ 0. In particular,
as r → 0, the spacetime is asymptotically locally flat for α > 0 and asymptotically locally
dS (AdS) for α = 0 with M0 > (<)0.

Proof: around r = 0, the spacetime (2.6) and its Kretschmann invariant K := RµνρσR
µνρσ

behave as

ds2 '− (1− 2M0r
2+α)dt2 + dr2

1− 2M0r2+α + r2(dθ2 + sin2 θdφ2), (2.7)

K ' 4M2
0 (α4 + 6α3 + 17α2 + 28α+ 24)r2α. (2.8)

Since the coefficient in eq. (2.8) is non-zero for any value of α, K blows up as r → 0 for
α < 0, so that r = 0 is a curvature singularity. For α = 0, we obtain limr→0R

µν
ρσ =

2M0(δµρ δνσ − δµσδνρ) and hence the spacetime is locally dS (AdS) with M0 > (<)0 as r → 0.
For α > 0, we obtain limr→0R

µν
ρσ = 0 and hence the spacetime is locally flat. �

As shown in appendix B, for α ≥ 0, tidal forces and Jacobi fields along an ingoing
radial timelike geodesic γ also remain finite as r → 0. For −2 < α < 0, while tidal forces
blow up as r → 0 along γ in general, at least two Jacobi fields diverge as r → 0 along γ
with a particular value of its energy E.

Since the metric function f(r) converges to 1 at a regular center r = 0 and in an
asymptotically flat region r →∞, the spacetime (2.6) is static in both regions. This shows
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Figure 1. Penrose diagrams of the Bardeen black hole with (a) two non-degenerate horizons and
(b) one degenerate horizon. The symbols =+(−) and i0 stand for the future (past) null infinity and
spacelike infinity, respectively. BEH, CH, and WH stand for the black-hole event horizon, Cauchy
horizon (as an inner horizon), and white-hole horizon, respectively. A double line in (b) represents
a degenerate horizon.

that the number of non-degenerate Killing horizons of a non-singular black hole with a
regular center is always even. The Bardeen black hole admits two Killing horizons at most
depending on the parameters and its Penrose diagrams are drawn in figure 1.

As we will see in the next section, the effective energy-momentum tensor T̃µν for this
type of spherically symmetric non-singular black holes can satisfy the DEC everywhere.
This fact does not conflict with Penrose’s singularity theorem [13] under the following
assumptions:

1. The spacetime is globally hyperbolic and admits a non-compact Cauchy surface S,

2. The NCC is satisfied, or equivalently T̃µν(:= Gµν) satisfies the NEC, and

3. S contains a trapped surface.

In fact, the assumption 1 is violated in the spacetimes in figure 1. It is clear that the future
domain of dependence D+(S) (a shaded region) of a non-compact spacelike hypersurface S
containing trapped surfaces does not cover the whole future of S. This implies that S is just
a partial Cauchy surface and the spacetime is not globally hyperbolic. As a consequence,
there is a Cauchy horizon (CH) as a part of the future boundary of D+(S).

According to the criteria C3 and C4, we are going to check the energy conditions for T̃µν
of the spacetime (2.6). A natural set of orthonormal basis one-forms {E(a)

µ } (a = 0, 1, 2, 3)

– 7 –
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in the spacetime (2.6) consists of

E(0)
µ dxµ =

{
−
√
f(r)dt (if f(r) > 0)

−
√
−f(r)−1dr (if f(r) < 0) , (2.9)

E(1)
µ dxµ =

{
−
√
f(r)−1dr (if f(r) > 0)

−
√
−f(r)dt (if f(r) < 0) , (2.10)

E(2)
µ dxµ = rdθ, E(3)

µ dxµ = r sin θdφ, (2.11)

which give η(a)(b) = gµνE
(a)
µ E

(b)
ν = diag(−1, 1, 1, 1). Then, the orthonormal components of

T̃µν are given by eq. (2.1) with

ρ = −p1 = 2M ′
r2 , p2 = p3 = −M

′′

r
(2.12)

independent of the sign of f(r). Throughout the present paper, a prime denotes differen-
tiation with respect to r. Equation (2.12) gives

ρ+ p1 = 0, ρ− p1 = 4M ′
r2 ,

ρ+ p2 = ρ+ p3 = 2M ′ − rM ′′
r2 ,

ρ− p2 = ρ− p3 = 2M ′ + rM ′′

r2 ,

ρ+ p1 + p2 + p3 = −2M ′′
r

.

(2.13)

In the coordinate system (2.6), a Killing horizon defined by f(rh) = 0 is a coordinate
singularity. Nevertheless, by Proposition 3 in [32] (or by Lemma 1 below with a = 0),
the standard energy conditions on a Killing horizon can also be studied by eqs. (2.12)
and (2.13) evaluated at r = rh.

Now we present a simple criterion to check the energy conditions around r = 0.

Proposition 2 Suppose that M(r) in the spacetime (2.6) is expanded around a regular
center r = 0 as

M(r) 'M0r
3+α +M1r

3+α+β (2.14)

with α ≥ 0, β > 0, M0 6= 0, and M1 6= 0. Then, the standard energy conditions are
respected and violated around r = 0 as shown in table 1.

Proof. Equations (2.12) and (2.13) give

ρ ' 2(3 + α)M0r
α, ρ+ p1 = 0, ρ− p1 ' 4(3 + α)M0r

α,

ρ+ p2 = ρ+ p3 ' −α(3 + α)M0r
α − (α+ q)(3 + α+ β)M1r

α+β ,

ρ− p2 = ρ− p3 ' (3 + α)(4 + α)M0r
α,

ρ+ p1 + p2 + p3 ' −2(2 + α)(3 + α)M0r
α

(2.15)

around r = 0. Then, the proposition follows from eqs. (2.2)–(2.5). �
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NEC WEC DEC SEC
α = 0,M1 > 0 × × × ×

α = 0,M0 > 0,M1 < 0 X X X ×
α = 0,M0 < 0,M1 < 0 X × × X

α > 0,M0 > 0 × × × ×
α > 0,M0 < 0 X × × X

Table 1. The energy conditions near r = 0 in the spacetime (2.6) with eq. (2.14).

Proposition 2 shows that at least one of the standard energy conditions must be violated
around the regular center. In particular, as shown by Zaslavskii [33], only the SEC is
violated in the case with α = 0, M0 > 0, and M1 < 0. This implies that gravity becomes
repulsive around the regular center, which is not a fatal problem as the violations of other
energy conditions.

On the other hand, the spacetime (2.6) is asymptotically flat as r → ∞ if the mass
function obeys M(r) = O(r0) there. We present a simple criterion to check the energy
conditions in an asymptotically flat region.

Proposition 3 Suppose that M(r) in the spacetime (2.6) is expanded in an asymptotically
flat region r →∞ as

M(r) ' M0
rα

+ M1
rα+β + M2

rα+β+γ (2.16)

with α ≥ 0, β > 0, γ > 0, and M0M1M2 6= 0. Then, the standard energy conditions are
respected and violated near r →∞ as shown in table 2.

Proof. Equations (2.12) and (2.13) give

ρ ' −2αM0
rα+3 −

2(α+ β)M1
rα+β+3 ,

ρ+ p1 = 0, ρ− p1 ' −
4αM0
rα+3 −

4(α+ β)M1
rα+β+3 ,

ρ+ p2 = ρ+ p3 ' −
α(α+ 3)M0

rα+3 − (α+ β)(α+ β + 3)M1
rα+β+3 ,

ρ− p2 = ρ− p3 '
α(α− 1)M0

rα+3 + (α+ β)(α+ β − 1)M1
rα+β+3

+ (α+ β + γ)(α+ β + γ − 1)M2
rα+β+γ+3 ,

ρ+ p1 + p2 + p3 ' −
2α(α+ 1)M0

rα+3 − 2(α+ β)(α+ β + 1)M1
rα+β+3

(2.17)

near r →∞. Then, the proposition follows from eqs. (2.2)–(2.5). �

2.1.2 Rotating case

We will also study the rotating counterparts of the spherically symmetric black holes de-
scribed by the metric (2.6). In particular, we assume that such rotating counterparts are
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NEC WEC DEC SEC
α = 0,M1 > 0 × × × ×

α = 0, β > 1,M1 < 0 X X × X

α = 0, 0 < β < 1,M1 < 0 X X X X

α = 0, β = 1,M1 < 0,M2 > 0 X X X X

α = 0, β = 1,M1 < 0,M2 < 0 X X × X

α > 0,M0 > 0 × × × ×
α > 0,M0 < 0 X X × X

Table 2. The energy conditions near r →∞ in the spacetime (2.6) with eq. (2.16).

described by the following stationary and axisymmetric Gürses-Gürsey metric [34]:

ds2 =−
(

1− 2M(r)r
Σ(r, θ)

)
dt2 − 4aM(r)r sin2 θ

Σ(r, θ) dtdφ

+ Σ(r, θ)
∆(r) dr2 + Σ(r, θ)dθ2 +

(
r2 + a2 + 2a2M(r)r sin2 θ

Σ(r, θ)

)
sin2 θdφ2,

Σ(r, θ) := r2 + a2 cos2 θ, ∆(r) := r2 + a2 − 2rM(r).

(2.18)

Here a is a constant characterizing the angular momentum of the spacetime and the
metric (2.18) reduces to eq. (2.6) for a = 0. The metric (2.18) satisfies gttgφφ − g2

tφ =
−∆(r) sin2 θ and gtt(r, θ) = 0 determines the location of an ergosphere r = rerg(θ). A
regular null hypersurface r = rh satisfying ∆(rh) = 0 is a Killing horizon associated with
a Killing vector ξµ = (1, 0, 0, a/(r2

h + a2)), of which squared norm is

ξµξ
µ = 2rM(r)(r2 − r2

h)2 − Σ(r, θ){∆(r)Σ(r, θ) + (r2 − r2
h)(r2 − r2

h − 2∆(r))}
(r2

h + a2)2Σ(r, θ) . (2.19)

Similar to the spherically symmetric case, a Killing horizon is referred to as outer if
d∆/dr|r=rh > 0, inner if d∆/dr|r=rh < 0, and degenerate if d∆/dr|r=rh = 0.

In the coordinate system (2.18), a Killing horizon defined by ∆(rh) = 0 is a coordinate
singularity, on which rhM(rh) > 0 holds. A region with rM(r) ≥ 0 in the Gürses-Gürsey
spacetime (2.18) can be expressed in the following Doran coordinates (t̄, r, θ, ϕ) [35, 36]:

ds2 =− dt̄2 + Σ(r, θ)dθ2 + (r2 + a2) sin2 θdϕ2

+ Σ(r, θ)
r2 + a2

{
dr +

√
2M(r)r(r2 + a2)

Σ(r, θ) (dt̄− a sin2 θdϕ)
}2
. (2.20)

In the coordinates system (2.20), a Killing horizon is not a coordinate singularity and gt̄t̄ =
−1 holds. With a = 0, the metric (2.20) reduces to the spherically symmetric metric (2.6)
in the Painlevé-Gullstrand coordinates. In the Petrov classification, the spacetime (2.20)
is of type D.

Proposition 4 The Gürses-Gürsey spacetime (2.20) is of Petrov type D.
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Proof: we introduce a complex null tetrad {lµ, nµ,mµ, m̄µ} as

lµdxµ = 1√
2

[
−dt̄−

√
Σ

r2 + a2

{
dr +

√
2M(r)r(r2 + a2)

Σ (dt̄− a sin2 θdϕ)
}]
, (2.21)

nµdxµ = 1√
2

[
−dt̄+

√
Σ

r2 + a2

{
dr +

√
2M(r)r(r2 + a2)

Σ (dt̄− a sin2 θdϕ)
}]
, (2.22)

mµdxµ = 1√
2

(√
Σdθ + i

√
r2 + a2 sin θdϕ

)
, (2.23)

m̄µdxµ = 1√
2

(√
Σdθ − i

√
r2 + a2 sin θdϕ

)
, (2.24)

which satisfy lµnµ = −1, mµm̄
µ = 1, and gµν = −lµnν −nµlν +mµm̄ν + m̄µmν . Then, the

Weyl scalars are computed to give

Ψ0 :=Cαβγδlαmβlγmδ

=a2 sin2 θ

(
rM ′′

4Σ2 −
(2ir + a cos θ)M ′
2Σ2(ir − a cos θ) −

3iM
2Σ(ir − a cos θ)3

)
, (2.25)

Ψ1 :=Cαβγδlαnβlγmδ = i
√
r2 + a2

a sin θ Ψ0 , (2.26)

Ψ2 :=Cαβγδlαmβm̄γnδ = −2r2 + 3a2 − a2 cos2 θ

3a2 sin2 θ
Ψ0 , (2.27)

Ψ3 :=Cαβγδlαnβm̄γnδ = −Ψ1 , (2.28)
Ψ4 :=Cαβγδnαm̄βnγm̄δ = Ψ0 , (2.29)

with which an invariant algebraic equation Ψ4Z
4 +4Ψ3Z

3 +6Ψ2Z
2 +4Ψ1Z+Ψ0 = 0 admits

solutions Z = Z1, Z2, Z3, Z4, where

Z1 =i
√
r2 + a2 −

√
Σ

a sin θ , Z2 = i

√
r2 + a2 +

√
Σ

a sin θ ,

Z3 =i
√
r2 + a2 −

√
Σ

a sin θ , Z4 = i

√
r2 + a2 +

√
Σ

a sin θ .

(2.30)

Since Z1 = Z3 6= Z2 = Z4 holds, the spacetime is of Petrov type D. (See section 9 in the
textbook [37].) �

A time orientable spacetime is said to be causal if there is no closed causal curve [11].
We will use later the following sufficient condition for the spacetime (2.18) to be stably
causal, which is stronger than causal and means that no closed causal curve appear even
under any small perturbation against the metric.

Proposition 5 A spacetime described by the Gürses-Gürsey metric (2.18) is stably causal
if rM(r) ≥ 0 holds.

Proof. By Proposition 6.4.9 in [11], a time-orientable spacetime is everywhere stably causal
if and only if there is a time function T , which is a differentiable function giving timelike
∇µT . Since rM(r) ≥ 0 holds by assumption, we can use the Doran coordinates (2.20).
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Then, since a vector Uµ := ∇µt̄ is everywhere timelike satisfying UµUµ = −1, the space-
time (2.20) is time-orientable by Uµ. Furthermore, since t̄ is a time function, the spacetime
is stably causal. �

In the Kerr case, where M(r) is constant in the spacetime (2.18), it is well-known that
(r, θ) = (0, π/2) is a ring-like curvature singularity. In contrast, if the mass function M(r)
can be expanded around r = 0 asM(r) 'M0r

3+α withM0 6= 0 and α ≥ 0, (r, θ) = (0, π/2)
is not a scalar polynomial curvature singularity as shown in the following proposition.

Proposition 6 Suppose that M(r) in the spacetime (2.18) with a 6= 0 is expanded around
r = 0 asM(r) 'M0r

3+α withM0 6= 0 and a non-negative integer α. Then, (r, θ) = (0, π/2)
is a ring-like conical singularity and not a scalar polynomial curvature singularity. The
spacetime (2.18) is locally flat at r = 0 with θ 6= π/2 and can be extended beyond there into
the region with negative r.

Proof: by Theorem 1 in [38], all the second-order curvature invariants are finite at (r, θ) =
(0, π/2) in the spacetime (2.18) with a C3 function M(r) if and only if M(0) = M ′(0) =
M ′′(0) = 0 holds. Therefore, (r, θ) = (0, π/2) is not a scalar polynomial curvature singu-
larity in the present case.

Under the assumptions, limr→0R
µν
ρσ = 0 holds with θ 6= π/2 and hence the space-

time (2.18) is locally flat there. The quantity η := a cos θ/r satisfies η →∞ as r → 0 with
θ 6= π/2. The value of η at (r, θ) = (0, π/2) depends on the path approaching there and
can be both finite and infinite. Because of

lim
r→0

M(r)r
Σ(r, θ) '

M0r
2+α

1 + η2 → 0 (2.31)

independent of the value of θ, the spacetime (2.18) near r = 0 is given by

ds2 ' −dt2 + r2 + a2 cos2 θ

r2 + a2 dr2 + (r2 + a2 cos2 θ)dθ2 + (r2 + a2) sin2 θdφ2, (2.32)

which is Minkowski in the oblate spheroidal coordinates. Since the metric (2.18) is of class
C2 at r = 0 with θ 6= π/2, the spacetime can be extended beyond r = 0 into the region
with negative r as explained below.

The metric (2.32) is obtained from the following flat metric in the cylindrical coordi-
nates (t, ρ, φ, z)

ds2 = −dt2 + dρ2 + ρ2dφ2 + dz2 (2.33)

by the coordinate transformations

ρ =
√
r2 + a2 sin θ, z = r cos θ (2.34)

which satisfies
ρ2

r2 + a2 + z2

r2 = 1. (2.35)

Now we follow the same argument in [39]. Equation (2.35) shows that r =constant repre-
sents a spheroid (0 ≤ ρ <∞ and −∞ < z <∞) as shown in figure 2. In the limit r → 0,
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this spheroid reduces to a segment ρ ∈ [0, a] with z = 0, while z = 0 outside this segment
corresponds to θ = π/2 with r2 = ρ2− a2. (See figure 2.) Equation (2.35) is solved to give

r2 = 1
2

{
(ρ2 + z2 − a2) +

√
(ρ2 + z2 − a2)2 + 4a2z2

}
(≥ 0), (2.36)

of which limit to z → 0 depends on the regions as

lim
z→0

r2 '


a2

a2 − ρ2 z
2 +O(z4) (if ρ2 < a2),

(ρ2 − a2) +O(z2) (if ρ2 > a2).
(2.37)

This shows

lim
z→0

cos θ = lim
z→0

z

r
'


√

1− ρ2

a2
z

|z|
(if ρ2 < a2),

0 (if ρ2 > a2)
(2.38)

in the domain of r ≥ 0 and

lim
z→0

cos θ = lim
z→0

z

r
'


−

√
1− ρ2

a2
z

|z|
(if ρ2 < a2),

0 (if ρ2 > a2).
(2.39)

in the domain of r ≤ 0, where z/|z| = ±1 as z → ±0. Hence, in order to remove the
discontinuity at z = 0, the extension of the spacetime beyond the “disk” described by
ρ ∈ [0, a) with z = 0 requires attachment to a spacetime region with negative r. As
a consequence, in order to draw a closed curve wrapping around a “ring” described by
(ρ, z) = (a, 0), the curve has to intersect the disk at least twice. (See figure 2.) Therefore,
this ring (ρ, z) = (a, 0), or equivalently (r, θ) = (0, π/2), is a conical singularity [39].

As a complement, we show that (r, θ) = (0, π/2) is a conical singularity in a different
manner [39]. With the coordinates x1 := r/a and x2 := cos θ, the metric (2.32) reduces for
small x1 and x2 (near the ring (r, θ) = (0, π/2)) to

ds2 '− dt2 + a2(x2
1 + x2

2)(dx2
1 + dx2

2) + a2dφ2

=− dt2 + dx2 + x2dθ̄2 + a2dφ2, (2.40)

where coordinates x and θ̄ are defined by x1 =
√

2x/a cos(θ̄/2) and x2 =
√

2x/a cos(θ̄/2)
satisfying (x1 + ix2)2 = (2/a)xeiθ̄. Since the domains of x and θ̄ are x ∈ [0,∞) and
θ̄ ∈ [0, 4π], the metric (2.40) contains a conical singularity at x = 0 stretching along the
φ-direction [39]. �

Although Proposition 6 shows that (r, θ) = (0, π/2) is not a scalar polynomial curva-
ture singularity, it can still be a parallelly p.p. curvature singularity [11]. In fact, while
limr→0R

µν
ρσ = 2M0(δµρ δνσ − δµσδνρ) holds on the equatorial plane θ = π/2 for α = 0, some

components of the Riemann tensor Rµν ρσ blow up as r → 0 on the equatorial plane for
α > 0, which might be a sign of p.p. curvature singularity. If (r, θ) = (0, π/2) is not a p.p.
curvature singularity, rotating non-singular black holes described by the Gürses-Gürsey
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Figure 2. (a) The Cartesian coordinates (x, y, z) and the cylindrical coordinates (ρ, φ, z) and (b)
the domains of r > 0 (left) and r < 0 (right). A closed curve γ from a point A wraps around a ring
at (ρ, z) = (a, 0) by crossing twice a disk defined by ρ ∈ [0, a) with z = 0.

metric (2.18) under the assumptions in Proposition 6 do not satisfy the criterion C1 but
satisfy W-C1 in section 1. We leave this problem for future investigations.

In the following section, we will also check the energy conditions for T̃µν in the space-
time (2.18). The rotating spacetime (2.18) may be written as

ds2 =− ∆(r)
Σ(r, θ)

(
dt− a sin2 θdφ

)2
+ Σ(r, θ)

∆(r) dr2

+ Σ(r, θ)dθ2 + sin2 θ

Σ(r, θ)
{
adt− (r2 + a2)dφ

}2
,

(2.41)

which shows the following natural set of orthonormal basis one-forms:

E(0)
µ dxµ =

{
−
√

∆/Σ(dt− a sin2 θdφ) (if ∆(r) > 0)
−
√
−Σ/∆dr (if ∆(r) < 0) ,

E(1)
µ dxµ =

{
−
√

Σ/∆dr (if ∆(r) > 0)
−
√
−∆/Σ(dt− a sin2 θdφ) (if ∆(r) < 0) ,

E(2)
µ dxµ =

√
Σdθ, E(3)

µ dxµ = sin θ√
Σ

{
−adt+ (r2 + a2)dφ

}
,

(2.42)

which satisfy η(a)(b) = gµνE
(a)
µ E

(b)
ν = diag(−1, 1, 1, 1). Then, as shown in [34, 40], T̃ (a)(b) =

T̃µνE
(a)
µ E

(b)
ν is given in the type-I form (2.1) with

ρ = −p1 = 2r2M ′

Σ2 , p2 = p3 = −rM
′′Σ + 2M ′a2 cos2 θ

Σ2 (2.43)

independent of the sign of ∆, which show

ρ+ p1 = 0, ρ− p1 = 4r2M ′

Σ2 ,

ρ+ p2 = ρ+ p3 = 2M ′(r2 − a2 cos2 θ)− rM ′′Σ
Σ2 ,

ρ− p2 = ρ− p3 = 2M ′ + rM ′′

Σ ,

ρ+ p1 + p2 + p3 = −2(rM ′′Σ + 2M ′a2 cos2 θ)
Σ2 .

(2.44)

– 14 –



J
H
E
P
1
1
(
2
0
2
2
)
1
0
8

Since a Killing horizon defined by ∆(rh) = 0 is a coordinate singularity in the coor-
dinate system (2.18), the basis one-forms (2.42) are not well-defined there. Nevertheless,
eqs. (2.43) and (2.44) are still valid on a Killing horizon r = rh by the following lemma.

Lemma 1 Equations (2.43) and (2.44) are valid on a Killing horizon ∆(rh) = 0 in the
Gürses-Gürsey spacetime (2.18).

Proof. Since rhM(rh) ≥ 0 holds on a Killing horizon, we can use the Doran coordi-
nates (2.20). A natural set of the basis one-forms in the spacetime (2.20) consists of

E(0)
µ dxµ =− dt̄, (2.45)

E(1)
µ dxµ =

√
Σ(r, θ)
r2 + a2

{
dr +

√
2M(r)r(r2 + a2)

Σ(r, θ) (dt̄− a sin2 θdϕ)
}
, (2.46)

E(2)
µ dxµ =Σ(r, θ)1/2dθ, (2.47)

E(3)
µ dxµ =

√
r2 + a2 sin θdϕ, (2.48)

with which T̃ (a)(b) admits off-diagonal components T̃ (0)(3)(= T̃ (3)(0)). In order to remove
them, we introduce a new set of the basis one-forms {Ē(0)

µ , E
(1)
µ , E

(2)
µ , Ē

(3)
µ } obtained by a

local Lorentz boost on the plane spanned by E(0)
µ and E(3)

µ such that

Ē(0)
µ = cosh ΘE(0)

µ − sinh ΘE(3)
µ , (2.49)

Ē(3)
µ =− sinh ΘE(0)

µ + cosh ΘE(3)
µ (2.50)

with

cosh Θ =
√
r2 + a2

Σ(r, θ) , sinh Θ = − a sin θ√
Σ(r, θ)

. (2.51)

With the new set of basis one-forms, the non-zero components of T̃ (a)(b) are

T̃ (0)(0) =2r2M ′

Σ2 , T̃ (1)(1) = −2r2M ′

Σ2 , (2.52)

T̃ (2)(2) =T̃ (3)(3) = −rM
′′Σ + 2a2M ′ cos2 θ

Σ2 . (2.53)

This is the type-I form (2.1) with eq. (2.43). �
By Proposition 1, r = 0 in the spherically symmetric spacetime (2.6) is regular if the

mass function behaves around there asM(r) 'M0r
3+α withM0 6= 0 and α ≥ 0. With such

a mass function, a no-go result is available in the rotating case. The following proposition
was proven with a focus on the WEC in [41] for α = 0 and in [38] for general α(≥ 0).

Proposition 7 Suppose that M(r) in the spacetime (2.18) with a 6= 0 is expanded around
r = 0 as M(r) ' M0r

3+α with M0 6= 0 and a non-negative integer α. Then, the standard
energy conditions are respected and violated near r = 0 with θ 6= π/2 as shown in table 3.
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NEC WEC DEC SEC
M0 > 0 × × × ×
M0 < 0 X × × X

Table 3. The energy conditions near r = 0 in the spacetime (2.18) with M(r) 'M0r
3+α.

Proof. Equations (2.43) and (2.44) with θ 6= π/2 give

ρ ' 2(3 + α)M0
a4 cos4 θ

r4+α, ρ+ p1 = 0, ρ− p1 '
4(3 + α)M0
a4 cos4 θ

r4+α,

ρ+ p2 = ρ+ p3 ' −
(α+ 3)(α+ 4)M0

a2 cos2 θ
r2+α,

ρ− p2 = ρ− p3 '
(α+ 3)(α+ 4)M0

a2 cos2 θ
r2+α,

ρ+ p1 + p2 + p3 ' −
2(α+ 3)(α+ 4)M0

a2 cos2 θ
r2+α

(2.54)

around r = 0. Then, the proposition in the case of θ 6= π/2 follows from eqs. (2.2)–(2.5).
�
With θ = π/2, eqs. (2.43) and (2.44) reduce to eqs. (2.12) and (2.13), respectively, and
therefore, the standard energy conditions on the equatorial plane θ = π/2 in the rotating
spacetime (2.18) are identical to those in the spherically symmetric spacetime (2.6). Thus,
the energy conditions near r = 0 on the equatorial plane θ = π/2 are clarified according to
Proposition 2.

2.2 A brief history of research

In 1968, at the 5th International Conference on Gravity and the Theory of Relativity
(GR5) held at Tbilisi, Bardeen presented the first spherically symmetric model of a non-
singular black hole [2]. This Bardeen black hole is of the regular-center type described by
the metric (2.6) and has been a prototype of all the subsequent models. Here we briefly
summarize the research history of this type of non-singular black holes and their rotating
counterparts described by the metric (2.18). We recommend a review paper [42] to the
readers, which focuses on the results until 2008. The first section of the paper [43] also
provides a nice review of the research history until 2011.

Perhaps without recognizing Bardeen’s work, Dymnikova proposed her first model of a
non-singular black hole in 1992 [44],1 inspired by the work by Poisson and Israel [45] trying
to replace the central region of the Schwarzschild black hole by the de Sitter geometry. This
solution was further studied by herself in [46–48], of which results were summarized in [49].
In these papers, Dymnikova already recognized that the DEC can be respected everywhere
in this type of spherically symmetric non-singular black holes. In [50], a different group
showed that the WEC can be respected everywhere and presented two explicit models.
Note that Dymnikova’s non-singular black-hole spacetime in [44], which is different from
the one in [31], has been derived in an iterative renormalization group semi-classical ap-
proach [51]. The energy-density profile of Dymnikova’s spacetime in [44] has been used to

1Bardeen’s paper is not cited in the reference of Dymnikova’s paper [44].
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construct a different non-singular black-hole spacetime in [52], of which thermodynamical
and dynamical stabilities were investigated in [53].

In [54], the standard energy conditions were studied for several spherically symmetric
non-singular black-hole spacetimes with a type-I matter field (2.1) obeying p1 = −ρ and
p2 = p3 and violation of the SEC around a regular center was reported. A more general
result about violation of the SEC was given by Zaslavskii [33]. In fact, by a contraposition
of Theorem 1 in [55], the SEC must be violated somewhere in a spherically symmetric non-
singular black-hole spacetime with a regular center. In [56, 57], more general spherically
symmetric models satisfying the WEC were presented, which include models satisfying the
DEC. Further efforts were made along this direction in [58].

In 2006, Hayward proposed a spherically symmetric model of a non-singular black hole
in order to provide a possible resolution to the black-hole information-loss conundrum [30].
This Hayward spacetime reduces to de Sitter in the limit where the ADM mass parameter is
infinitely large and thus satisfies the limiting curvature condition [15, 24]. Such non-singular
black holes satisfying the limiting curvature condition were investigated in [15, 24, 25] and
also in effective two-dimensional gravity [22, 23, 26].

Nonlinear electromagnetic field. Exact solutions representing a non-singular black
hole with a regular center have been frequently obtained in general relativity with a class
of nonlinear electromagnetic fields, of which action is given by

S =
∫

d4x
√
−g
(1

2R− βL(X)
)
, (2.55)

where X := αFρσF
ρσ and β is a coupling constant. Here we have introduced another

constant α to make X dimensionless. (See appendix A.2 for a general class of spherically
symmetric solutions in this system in arbitrary n(≥ 4) dimensions.)

In 1998, Ayón-Beato and García constructed an electrically charged non-singular black-
hole solution with spherical symmetry by solving the field equations not in the system (2.55)
but its dual system [59] obtained by a Legendre transformation [60]. The nonlinear electro-
magnetic field in this solution satisfies the WEC everywhere as well as a proper weak-field
limit L(X) ' X as X → 0 to be the standard Maxwell field. In their subsequent papers,
different electric solutions were obtained again in the dual system [61–63]. (See also a
recent paper [64].) In 2004, Dymnikova obtained another electric solution also in the dual
system, which respects the DEC everywhere [31].

These solutions brought an apparent contradiction to the results by Bronnikov in [65,
66] asserting that any system (2.55) admitting a proper Maxwell weak-field limit does not
allow electrically charged spherically symmetric static solutions with a regular center. This
apparent paradox was explained in [66] that there is no one-to-one mapping from the electric
solutions in the dual system obtained in [61–63] to solutions in the original system (2.55).
In other words, in order to describe an electric solution defined in the domain r ∈ [0,∞) in
a dual system, one needs multiple different Lagrangian functions L(X) in the action (2.55)
for different ranges of r.

In contrast, magnetic solutions do not suffer from this problem. In 2000, Ayón-Beato
and García showed that the Bardeen spacetime can be an exact magnetic solution in the
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original system (2.55) [67]. In 2016, Fan and Wang constructed a wide class of magnetic
solutions with spherical symmetry in the system (2.55) [28]. Some solutions in [28] satisfy
the DEC everywhere and admit a proper Maxwell weak-field limit.

It should be noted that there is Birkhoff’s theorem in the system (2.55) and the general
spherically symmetric solution is obtained in the form of eq. (2.6) with a mass functionM(r)
determined by the form of L(X). (See eq. (A.36) in appendix A.2.) In this general solution,
the mass function M(r) contains an integration constant M̄ given from the vacuum sector
and a fine-tuning M̄ = 0 is required to generate a non-singular black hole, as pointed out
in [27]. Without a fine-tuning M̄ = 0, there appears a curvature singularity at the center.
Therefore, a non-singular black hole is not a generic configuration and the criterion C5 in
section 1 is not fulfilled in the system (2.55). This property has been studied in a more
general framework in [68].

In 2003, it was shown that the exterior regions of the non-singular black holes obtained
in [59, 61, 62, 66, 67] are dynamically stable against gravitational and electromagnetic
non-spherical linear perturbations [69]. In [70], many different spherically symmetric non-
singular black holes with a regular center are found to be stable. In [71], sufficient conditions
for stability were derived for magnetic black holes in the system with a more general
nonlinear electromagnetic field.

Non-Commutative-Geometry inspired models. In 2006, a spherically symmetric
non-singular black hole with a regular center was constructed inspired by noncommutative
geometry [72], which was later generalized into the electrically charged case [73]. In these
papers, the authors first introduced a modified energy-momentum tensor and then solved
the Einstein equations. As a result, the solutions are described by the metric (2.6) with
certain forms of M(r). In these Non-Commutative-Geometry inspired models, as a sys-
tem (2.55) with a nonlinear electromagnetic field, a fine-tuning of the integration constant
is required to remove the singularity at the center, so that the criterion C5 in section 1
is not fulfilled. In [74], a rotating counterpart of the solution in [72] was derived by the
Newman-Janis transformation, which is described by the Gürses-Gürsey metric (2.18).

Rotating counterparts. Back in 1975, Gürses and Gürsey established a basis how to
construct a rotating counterpart of a spherically symmetric non-singular black hole with
a regular center [34]. They derived a stationary and axisymmetric metric in the Boyer-
Lindquist coordinates by the Newman-Janis complex transformation from a metric of the
Kerr-Schild class [75–77]. The resulting Gürses-Gürsey metric (2.18) reduces to the Kerr
spacetime when the mass function M(r) is constant [34]. Gürses and Gürsey showed
that the corresponding energy-momentum tensor is of the Hawking-Ellis type I given by
eq. (2.1) with p1 = −ρ and p2 = p3 [34]. Since then, for its simplicity, the Gürses-Gürsey
metric (2.18) has been widely used with different forms of M(r) to construct rotating
counterparts of spherically symmetric non-singular black holes.

In 2002, violation of the WEC was reported in rotating non-singular black holes de-
scribed by the Gürses-Gürsey metric in the Kerr-Schild form [40]. In 2013, Bambi and
Modesto introduced a generalized Gürses-Gürsey metric based on the Newman-Janis trans-
formation, where the mass function M(r, θ) depends also on an angular coordinate θ [78].
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They showed that the WEC is violated in the central regions of the rotating counterparts
of the Bardeen and Hayward black holes [78]. After being confirmed for a more general
mass function M(r) with a cosmological constant in [41], violation of the WEC in the
central region was shown to be generic in 2016 [38]. Rotating counterparts of the Ayón-
Beato-García black holes [59, 61, 62] and the Fan-Wang black hole [28] were investigated
in [79, 80] and [81], respectively. Rotating non-singular black holes described by the Gürses-
Gürsey metric (2.18) with even more different mass functions were investigated in [82–84].
A more general stationary and axisymmetric metric than the Gürses-Gürsey metric has
been discussed by Azreg-Aïnou in [80, 85, 86].

3 Quest for realistic non-singular black-holes

In this section, we seek non-singular black holes of the regular-center type which satisfy all
the geometric criteria C1–C5 in section 1. In particular, we study the Bardeen spacetime [2],
Hayward spacetime [30], Dymnikova spacetime [31], and Fan-Wang spacetime [28] and their
rotating counterparts. These spacetimes and their rotating counterparts are described by
the metric (2.6) and the Gürses-Gürsey metric (2.18), respectively, with the following forms
of the mass function M(r):

Bardeen : M(r) = mr3

(r2 + l2)3/2 , (3.1)

Hayward : M(r) = mr3

r3 + 2ml2 , (3.2)

Dymnikova : M(r) = 2m
π

{
arctan

(
r

l

)
− lr

r2 + l2

}
, (3.3)

Fan-Wang : M(r) = mr3

(r + l)3 . (3.4)

These spacetimes are characterized by two parameters m and l. All the mass functions
obey limr→∞M(r) = m, so that all these spacetimes are asymptotically flat as r →∞ and
m is the ADM mass. The spacetimes reduce to Minkowski for m = 0 and to Schwarzschild
for l = 0 because of liml→0M(r) = m. We assume l > 0 throughout this paper.

Since the curvature invariants of the Bardeen, Dymnikova, and Fan-Wang spacetimes
blow up as m→∞, the criterion C5 in section 1 is not respected. In contrast, as pointed
out in [15], the curvature invariants of the Hayward spacetime (with l 6= 0) are finite for
any values of m and l, so that the criterion C5 is respected.

3.1 Non-rotating case

Let us first study the standard energy conditions for the effective energy-momentum tensor
T̃µν(:= Gµν) near the regular center r = 0 and an asymptotically flat region r → ∞. The
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mass functions are expanded near r = 0 as

Bardeen : M(r) ' m

l3
r3 − 3m

2l5 r
5 +O(r7), (3.5)

Hayward : M(r) ' 1
2l2 r

3 − 1
4ml4 r

6 +O(r9), (3.6)

Dymnikova : M(r) ' 4m
3πl3 r

3 − 8m
5πl5 r

5 +O(r7), (3.7)

Fan-Wang : M(r) ' m

l3
r3 − 3m

l4
r4 +O(r5). (3.8)

Consistent with the result in [33], the SEC is violated around the regular center r = 0 in
these spacetimes with m > 0 by Proposition 2. On the other hand, the mass functions are
expanded near r =∞ as

Bardeen : M(r) ' m− 3ml2
2r2 +O(r−4), (3.9)

Hayward : M(r) ' m− 2m2l2

r3 +O(r−6), (3.10)

Dymnikova : M(r) ' m− 4ml
πr

+ 8ml3
3πr3 +O(r−5), (3.11)

Fan-Wang : M(r) ' m− 3ml
r

+ 6ml2
r2 +O(r−3). (3.12)

By Proposition 3, the Dymnikova and Fan-Wang spacetimes with m > 0 satisfy all the
standard energy conditions in an asymptotically flat region r → ∞. In contrast, the
Bardeen and Hayward spacetimes with m > 0 violate the DEC there.

In order to clarify the global structure of the spacetime (2.6), we will used the following
lemma, which was introduced in [87].

Lemma 2 Identify the metric function f(r) in the spacetime (2.6) as a function f̄(r,m)
of r and m such that f̄(r,m) ≡ f(r). Define a function m = mh(rh) as a solution of
f̄(rh,m) = 0, where r = rh(> 0) is the radius of a Killing horizon, and suppose that
∂f̄/∂m|r=rh is non-zero and finite. Then, in the case of ∂f̄/∂m|r=rh < (>)0, a Killing hori-
zon is outer if dmh/drh > (<)0, inner if dmh/drh < (>)0, and degenerate if dmh/drh = 0.

Proof. The total derivative of the constraint f̄(rh,mh(rh)) = 0 gives

df
dr

∣∣∣∣
r=rh

= − ∂f̄
∂m

∣∣∣∣
r=rh

dmh
drh

, (3.13)

from which the lemma follows. �
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r

m

O r
ex

m
ex

Figure 3. The form of m = mh(r) given by eq. (3.19).

The mass functions (3.1)–(3.4) give

Bardeen : ∂f̄

∂m
= − 2r2

(r2 + l2)3/2 , (3.14)

Hayward : ∂f̄

∂m
= − 2r5

(r3 + 2ml2)2 , (3.15)

Dymnikova : ∂f̄

∂m
= −4{(r2 + l2) arctan(r/l)− lr}

πr(r2 + l2) , (3.16)

Fan-Wang : ∂f̄

∂m
= − 2r2

(r + l)3 , (3.17)

which satisfy ∂f̄/∂m < 0 in the domain r ∈ (0,∞). Hence, by Lemma 2, a Killing horizon
is outer if dmh/drh > 0, inner if dmh/drh < 0, and degenerate if dmh/drh = 0. Now let
us study the four spacetimes separately.

3.1.1 Bardeen spacetime

The metric function f(r) for the Bardeen spacetime [2] is

f(r) = 1− 2mr2

(r2 + l2)3/2 . (3.18)

The metric is invariant for r → −r and the spacetime with l 6= 0 is analytic everywhere
in the domain r ∈ [0,∞). The metric function f(r) behaves around r = 0 as f(r) '
1− 2mr2/l3 +O(r4).

f̄(rh,m)(= f(rh)) = 0 is solved for m to give

m = (r2
h + l2)3/2

2r2
h

(= mh(rh)), (3.19)
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which shows
dmh
drh

=
(r2

h − 2l2)
√
r2

h + l2

2r3
h

. (3.20)

The form of the function mh(rh) is shown in figure 3 with mex = 3
√

3l/4 and rex =
√

2l.
For m > mex, the Bardeen spacetime represents a black hole with an outer horizon and
an inner horizon located in the regions of r > rex and r < rex, respectively. For m = mex,
the spacetime becomes an extreme black hole with a degenerate horizon at r = rex. The
Penrose diagrams of the Bardeen black hole are drawn in figure 1. For 0 < m < mex
and m < 0, the Bardeen spacetime represents a self-gravitating regular soliton without a
horizon.

Equation (2.12) becomes

ρ = −p1 = 6ml2
(r2 + l2)5/2 , p2 = p3 = 3ml2(3r2 − 2l2)

(r2 + l2)7/2 , (3.21)

while eq. (2.13) gives

ρ+ p1 = 0, ρ− p1 = 12ml2
(r2 + l2)5/2 , (3.22)

ρ+ p2 = ρ+ p3 = 15ml2r2

(r2 + l2)7/2 , (3.23)

ρ− p2 = ρ− p3 = −3ml2(r2 − 4l2)
(r2 + l2)7/2 , (3.24)

ρ+ p1 + p2 + p3 = 6ml2(3r2 − 2l2)
(r2 + l2)7/2 , (3.25)

All the standard energy conditions are violated everywhere for m < 0. Form > 0, while the
WEC is satisfied everywhere, the DEC and SEC are satisfied only in the regions 0 ≤ r ≤ 2l
and r ≥

√
2/3l, respectively. Since m ≥ mex(> 0) is required to be a black hole, the DEC

is violated on the large event horizon satisfying rh ≥ 2l(> rex), while all the standard
energy conditions are respected on the event horizon satisfying rex ≤ rh < 2l.

3.1.2 Hayward spacetime

The metric function f(r) for the Hayward spacetime [30] is

f(r) = 1− 2mr2

r3 + 2ml2 . (3.26)

With l 6= 0 and m ≥ 0, the spacetime is regular everywhere in the domain r ∈ [0,∞).
The metric function f(r) behaves around r = 0 as f(r) ' 1− r2/l2 +O(r5) and therefore
r = 0 is regular but non-analytic. With l 6= 0 and m < 0, in contrast, there is a curvature
singularity at r = (−2ml2)1/3 =: rs, so that the domain of r is r ∈ (rs,∞) in this case.

f̄(rh,m)(= f(rh)) = 0 is solved for m to give

m = r3
h

2(r2
h − l2)(= mh(rh)), (3.27)
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r
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O
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ex

m
ex

m
h
(r)

m
s
(r)

l

Figure 4. The forms of m = mh(r) (thin curves) and m = ms(r) (a thick curve) given by eq. (3.27)
and (3.29), respectively.

which shows
dmh
drh

= r2
h(r2

h − 3l2)
2(r2

h − l2)2 . (3.28)

The relation between the mass parameter m and the singularity radius rs for m < 0 is
given by

m = − r
3
s

2l2 =: ms(rs). (3.29)

By the following expression

ms(r)−mh(r) = r5

2l2(l2 − r2) , (3.30)

ms(r) > (<)mh(r) is satisfied in the domain r < (>)l. The forms of the functions mh(r)
and ms(r) are shown in figure 4 with mex = 3

√
3l/4 and rex =

√
3l. The spacetimes

represented in the regions m > ms(r) (unshaded) and m < ms(r) (shaded) are distinct.
We are interested in the region of m > ms(r) representing an asymptotically flat spacetime.

For m > mex, the Hayward spacetime represents a black hole with an outer horizon
and an inner horizon located in the regions of r > rex and r < rex, respectively. For
m = mex, the spacetime becomes an extreme black hole with a degenerate horizon at
r = rex. The Penrose diagrams of the Hayward black hole are the same as those in figure 1.
For 0 < m < mex, the spacetime represents a self-gravitating regular soliton without a
horizon. For m < 0, the spacetime represents a naked singularity located at a finite radius
r = rs := (−2ml2)1/3(> 0).

Equation (2.12) becomes

ρ = −p1 = 12m2l2

(r3 + 2ml2)2 , p2 = p3 = 24m2l2(r3 −ml2)
(r3 + 2ml2)3 , (3.31)
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while eq. (2.13) gives

ρ+ p1 = 0, ρ− p1 = 24m2l2

(r3 + 2ml2)2 , (3.32)

ρ+ p2 = ρ+ p3 = 36m2l2r3

(r3 + 2ml2)3 , (3.33)

ρ− p2 = ρ− p3 = −12m2l2(r3 − 4ml2)
(r3 + 2ml2)3 , (3.34)

ρ+ p1 + 2p2 = 48m2l2(r3 −ml2)
(r3 + 2ml2)3 . (3.35)

Hence, the WEC (and the NEC as well) is respected everywhere for any m. For m > 0,
the DEC and SEC are respected only in the regions of 0 ≤ r ≤ (4ml2)1/3 and r ≥ (ml2)1/3,
respectively. For m < 0, the DEC is violated and the SEC is respected in the whole domain
r ∈ (rs,∞).

Substituting m = mh(rh) given by eq. (3.27) into eqs. (3.34) and (3.35), we obtain

(ρ− p2)|r=rh = (ρ− p3)|r=rh = 3l2(3l2 − r2
h)

r6
h

, (3.36)

(ρ+ p1 + 2p2)|r=rh = 6l2(2r2
h − 3l2)
r6

h
. (3.37)

Accordingly, the DEC is violated on the non-degenerate event horizon since rh > rex(=
√

3l)
is satisfied. On the degenerate event horizon (rh = rex), all the standard energy conditions
are respected.

3.1.3 Dymnikova spacetime
Dymnikova presented the following metric function f(r) as a solution with a nonlinear
electromagnetic field in general relativity [31];

f(r) = 1− 4m
πr

{
arctan

(
r

l

)
− lr

r2 + l2

}
, (3.38)

where we have reparametrized the solution. The metric is invariant for r → −r and the
spacetime is analytic everywhere in the domain r ∈ [0,∞). The metric function f(r)
behaves around r = 0 as f(r) ' 1− 8mr2/(3πl3) +O(r4).

f̄(rh,m)(= f(rh)) = 0 is solved for m to give

m = πrh
4

{
arctan

(
rh
l

)
− lrh
r2

h + l2

}−1
(= mh(rh)), (3.39)

which shows
dmh
drh

= π{(r2
h + l2)2 arctan(rh/l)− lrh(3r2

h + l2)}
4{(r2

h + l2) arctan(rh/l)− lrh}2
. (3.40)

The function mh(rh) has a single positive local minimum at rh = rex(' 1.83l) and it obeys
mh(rh)→∞ as rh → 0 and rh →∞. Positivity of mh(rex) is shown as

mh(rex) = π(r2
ex + l2)2

8lr2
ex

=: mex(' 2.21l). (3.41)
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Thus, the form of the function mh(rh) is the same as figure 3 but the values of mex and rex
are different. For m > mex, Dymnikova spacetime represents a black hole with an outer
horizon and an inner horizon located in the regions of r > rex and r < rex, respectively.
For m = mex, it becomes an extreme black hole with one degenerate horizon at r = rex.
The Penrose diagrams of the Dymnikova black hole are the same as those in figure 1. For
0 < m < mex andm < 0, the spacetime represents a self-gravitating regular soliton without
a horizon.

Equation (2.12) becomes

ρ = −p1 = 8ml
π(r2 + l2)2 , p2 = p2 = 8ml(r2 − l2)

π(r2 + l2)3 . (3.42)

while eq. (2.13) shows

ρ+ p1 = 0, ρ− p1 = 16ml
π(r2 + l2)2 , (3.43)

ρ+ p2 = ρ+ p3 = 16mlr2

π(r2 + l2)3 , (3.44)

ρ− p2 = ρ− p3 = 16ml3
π(r2 + l2)3 , (3.45)

ρ+ p1 + p2 + p2 = 16ml(r2 − l2)
π(r2 + l2)3 . (3.46)

All the standard energy conditions are violated everywhere for m < 0. For m > 0, the
DEC (and hence the WEC and NEC as well) is satisfied everywhere, while the SEC are
satisfied only in the region of r ≥ l. On the event horizon of the Dymnikova black hole, all
the standard energy conditions are respected since m ≥ mex(> 0) and rh ≥ rex(' 1.83l)
are satisfied.

3.1.4 Fan-Wang spacetime

Fan and Wang derived the following metric function f(r) as a solution with a nonlinear
electromagnetic field in general relativity [28]:

f(r) = 1− 2mr2

(r + l)3 . (3.47)

In fact, their metric function f(r) is more general and contains a term −2M̄/r, where M̄
is an integration constant. However, since a regular center is achieved only for M̄ = 0, we
refer to the spacetime with the metric function (3.47) as the “Fan-Wang spacetime” in the
present paper. With l 6= 0, the Fan-Wang spacetime is regular everywhere in the domain
r ∈ [0,∞). The metric function f(r) behaves around r = 0 as f(r) ' 1− 2mr2/l3 +O(r3)
and therefore r = 0 is regular but non-analytic.

For the Fan-Wang spacetime, f̄(rh,m)(= f(rh)) = 0 is solved for m to give

m = (rh + l)3

2r2
h

(= mh(rh)), (3.48)
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NEC WEC DEC SEC r = 0 Black Hole

Bardeen (m > 0) everywhere everywhere 0 ≤ r ≤ 2l r ≥
√

2/3l Analytic m ≥ 3
√

3l/4
Bardeen (m < 0) ∅ ∅ ∅ ∅ Analytic n/a
Hayward (m > 0) everywhere everywhere 0 ≤ r ≤ (4ml2)1/3 r ≥ (ml2)1/3 Regular m ≥ 3

√
3l/4

Hayward (m < 0) everywhere everywhere ∅ everywhere n/a n/a
Dymnikova (m > 0) everywhere everywhere everywhere r ≥ l Analytic m & 2.21l
Dymnikova (m < 0) ∅ ∅ ∅ ∅ Analytic n/a
Fan-Wang (m > 0) everywhere everywhere everywhere r ≥ l Regular m ≥ 27l/8
Fan-Wang (m < 0) ∅ ∅ ∅ ∅ Regular n/a

Table 4. The domains of r where the standard energy conditions are respected in the Bardeen,
Hayward, Dymnikova, and Fan-Wang spacetimes with l > 0.

which shows
dmh
drh

= (rh − 2l)(rh + l)2

2r3
h

. (3.49)

The form of the function mh(r) is the same as figure 4 with mex = 27l/8 and rex = 2l. For
m > mex, the Fan-Wang spacetime represents a black hole with an outer horizon and an
inner horizon located in the regions of r > rex and r < rex, respectively. For m = mex,
the spacetime becomes an extreme black hole with a degenerate horizon at r = rex. The
Penrose diagrams of the Fan-Wang black hole are the same as those in figure 1. For
0 < m < mex and m < 0, the Fan-Wang spacetime represents a self-gravitating regular
soliton without a horizon.

Equation (2.12) becomes

ρ = −p1 = 6ml
(r + l)4 , p2 = p3 = 6ml(r − l)

(r + l)5 (3.50)

and eq. (2.13) gives

ρ+ p1 = 0, ρ− p1 = 12ml
(r + l)4 , (3.51)

ρ+ p2 = ρ+ p3 = 12mlr
(r + l)5 , (3.52)

ρ− p2 = ρ− p3 = 12ml2
(r + l)5 , (3.53)

ρ+ p1 + 2p2 = 12ml(r − l)
(r + l)5 . (3.54)

All the standard energy conditions are violated everywhere for m < 0. For m > 0, the
DEC is respected everywhere (and hence the WEC and NEC as well), while the SEC are
respected only in the region of r ≥ l. On the event horizon of the Fan-Wang black hole,
all the standard energy conditions are respected since m ≥ mex(> 0) and rh ≥ rex(= 2l)
are satisfied.

Our results in the spherically symmetric case are summarized in tables 4 and 5. The
SEC is violated around the regular center r = 0 in all the non-singular black-hole space-
times, which means that the gravitational force becomes repulsive there. Although the
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C1 C2 C3 C4 C5
Bardeen X X × × ×
Hayward X X × × X

Dymnikova X X X X ×
Fan-Wang X X X X ×

Table 5. Results of the geometric criteria C1–C5 in section 1 for spherically symmetric non-singular
black holes.

WEC is respected everywhere, the Bardeen and Hayward black-hole spacetimes violate
the DEC in the asymptotically flat region, so that they do not satisfy the criterion C5 in
section 1. In contrast, the Dymnikova and Fan-Wang black-hole spacetimes respect the
DEC everywhere. Figure 1 shows the Penrose diagrams of all these four black holes.

3.2 Rotating counterparts

Now let us study the rotating counterparts of the Bardeen, Hayward, Dymnikova, and
Fan-Wang spacetimes described by the metric (2.18) with the metric functions (3.1)–(3.4),
respectively. By Proposition 6 with eqs. (3.5)–(3.8), these spacetimes are analytic at r = 0
with θ 6= π/2 and can be extended beyond r = 0 into the region with negative r. Then,
properties of the rotating Bardeen and Dymnikova spacetimes in the regions with r > 0
and r < 0 are the same because the Gürses-Gürsey metric (2.18) is invariant for r → −r
and a→ −a if M(r) is an odd function.

3.2.1 Singularities, stable causality, and energy conditions
By Proposition 6 with eqs. (3.5)–(3.8), (r, θ) = (0, π/2) is a ring-like conical singularity and
not a scalar polynomial curvature singularity. However, the rotating Hayward and Fan-
Wang spacetimes with m 6= 0 and l > 0 contain a scalar polynomial curvature singularity
in the region with negative r. The Ricci scalar R of the rotating Fan-Wang spacetime is
given by

R = 24ml2r2

(r + l)5(r2 + a2 cos2 θ) , (3.55)

which blows up at r = −l(< 0). The Ricci scalar of the rotating Hayward spacetime is

R = − 24m2l2r2(r3 − 4ml2)
(r3 + 2ml2)3(r2 + a2 cos2 θ) , (3.56)

which blows up at r = −ε(2|m|l2)1/3, where ε = ±1 is the sign of m.
In contrast, the rotating Bardeen and Dymnikova spacetimes with m 6= 0 and l > 0 are

regular everywhere in the domain r ∈ (−∞,∞) other than (r, θ) = (0, π/2). The metric
functions ∆(r) with the mass functions (3.1) and (3.3) are given by

Bardeen : ∆(r) = r2 + a2 − 2mr4

(r2 + l2)3/2 , (3.57)

Dymnikova : ∆(r) = r2 + a2 − 4mr
π

{
arctan

(
r

l

)
− lr

r2 + l2

}
(3.58)

and hence the metric is regular everywhere except at (r, θ) = (0, π/2).
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In the Kerr spacetime described by the metric (2.18) with M(r) = m(> 0), there is a
closed timelike curve with its tangent vector uµ(∂/∂xµ) = ∂/∂φ in the negative region of r
near (r, θ) = (0, π/2), where gφφ becomes negative. In contrast, the rotating Bardeen, Hay-
ward, Dymnikova, and Fan-Wang spacetimes with m > 0 are stably causal and therefore
do not contain closed causal curves. Equations (3.3)–(3.4) give

Bardeen : rM(r) = mr4

(r2 + l2)3/2 , (3.59)

Hayward : rM(r) = mr4

r3 + 2ml2 , (3.60)

Dymnikova : rM(r) = 2mr
π

{
arctan

(
r

l

)
− lr

r2 + l2

}
, (3.61)

Fan-Wang : rM(r) = mr4

(r + l)3 . (3.62)

The domains of r are r ∈ (−∞,∞) in the rotating Bardeen and Dymnikova spacetimes
and r ∈ (rs,∞) in the rotating Hayward and Fan-Wang spacetimes, where r = rs(< 0) is
the singularity radius. Since rM(r) ≥ 0 holds in these domains for m > 0, the spacetimes
are stably causal by Proposition 5.

Let us check the standard energy conditions in the asymptotically flat region r →∞.
Since the numerators of ρ in eq. (2.43) and of ρ − p1 and ρ − p2(= ρ − p3) in eq. (2.44)
do not contain a, their leading orders near r →∞ are the same as those in the spherically
symmetric case given in eq. (2.17). On the other hand, under the asymptotic behavior
M(r) 'M0 +M1/r

β with β > 0 and M0M1 6= 0 near r →∞, which includes the cases of
eqs. (3.9)–(3.12), eq. (2.44) gives

ρ+ p2(= ρ+ p3) ' −β(β + 3)M1
rβ+3 ,

ρ+ p1 + p2 + p3 ' −
2β(β + 1)M1

rβ+3 ,

(3.63)

which do not contain a. Accordingly, the energy conditions near r → ∞ in the rotating
case are understood in table 4 in the spherically symmetric case. Thus, all the standard
energy conditions are satisfied near r →∞ only in the rotating Dymnikova and Fan-Wang
spacetimes with m > 0.

In the spacetime (2.18) with the metric functions (3.1)–(3.4), the equation ∆(rh) = 0 to
determine the location of a Killing horizon r = rh is solved to define a functionm = mh(rh).
Substituting m = mh(rh) into eqs. (2.43) and (2.44) and taking the large-horizon limit
rh → ∞, we obtain the leading terms of the quantities relevant to the energy conditions
as shown in table 6. Hence, all the standard energy conditions are satisfied on the event
horizon of the large rotating Dymnikova and Fan-Wang black holes. In contrast, the DEC
is violated on the event horizon of the large rotating Bardeen and Hayward black holes and
therefore they do not satisfy the criterion C4 in section 1.
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ρ ρ+ p1 ρ− p1 ρ+ p2 ρ− p2 ρ+ p1 + 2p2

Rotating Bardeen 3l2/r4
h 0 6l2/r4

h 15l2/(2r4
h) −3l2/(2r4

h) 9l2/r4
h

Rotating Hayward 3l2/r4
h 0 6l2/r4

h 9l2/r4
h −3l2/r4

h 12l2/r4
h

Rotating Dymnikova 4l/(πr3
h) 0 8l/(πr3

h) 8l/(πr3
h) 8l3/(πr5

h) 8l/(πr3
h)

Rotating Fan-Wang 3l/r3
h 0 6l/r3

h 6l/r3
h 6l2/r4

h 6l/r3
h

Table 6. The leading terms in the limit rh →∞ of the quantities in eqs. (2.43) and (2.44) evaluated
on a Killing horizon r = rh in the rotating non-singular black holes with l > 0.

C1 W-C1 C2 C3 C4 C5
Rotating Bardeen × See the caption X × × ×
Rotating Hayward × × X × × X

Rotating Dymnikova × See the caption X X X ×
Rotating Fan-Wang × × X X X ×

Table 7. Results of geometric criteria C1–C5 in section 1 for rotating non-singular black holes
with l > 0. For the rotating Bardeen and Dymnikova black holes, the criterion W-C1 is satisfied if
(r, θ) = (0, π/2) is not a p.p. curvature singularity.

3.2.2 More on the rotating Dymnikova black hole

Our results in the rotating case are summarized in table 7, which indicates that the rotating
Dymnikova black hole is the most preferable among the four. Now let us study more on the
rotating Dymnikova spacetime, described by the metric (2.18) with the mass function (3.3).
Since the mass function M(r) is odd, properties of the spacetime in the regions with r > 0
and r < 0 are the same and therefore r → −∞ is another asymptotically flat region.
Hereafter we consider the domain r ∈ [0,∞).

In order to clarify the global structure of the spacetime (2.18), the following lemma is
useful, which is a straightforward generalization of Lemma 2.

Lemma 3 Identify the metric function ∆(r) in the spacetime (2.18) as a function ∆̄(r,m)
of r and m such that ∆̄(r,m) ≡ ∆(r). Define a function m = mh(rh) as a solution
of ∆̄(rh,m) = 0, where r = rh(> 0) is the radius of a Killing horizon, and suppose
that ∂∆̄/∂m|r=rh is non-zero and finite. Then, in the case of ∂∆̄/∂m|r=rh < (>)0, a
Killing horizon is outer if dmh/drh > (<)0, inner if dmh/drh < (>)0, and degenerate if
dmh/drh = 0.

For the rotating Dymnikova spacetime, ∂∆̄/∂m < 0 holds in the domain r ∈ (0,∞) because
∂∆̄/∂m = r2∂f̄/∂m and ∂f̄/∂m < 0 are satisfied.

Now we show that there is a positive lower bound of m for a black-hole configuration
of the rotating Dymnikova spacetime with l > 0 and the rotating Dymnikova black hole
admits two Killing horizons at most in the region with r > 0. By eq. (3.58), ∆̄(r,m) = 0
is solved for m to give

m = π(r2
h + a2)
4rh

{
arctan

(
rh
l

)
− lrh
r2

h + l2

}−1
(= mh(rh)), (3.64)
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x

h(x)

Figure 5. The form of the function h(x) defined by eq. (3.67).

which shows
m′h(rh) = πw(rh)

4r2
h(r2

h + l2)2

{
arctan

(
rh
l

)
− lrh
r2

h + l2

}−2
, (3.65)

where w(rh) is defined by

w(rh) := (r2
h + l2)2(r2

h − a2) arctan
(
rh
l

)
−lrh

{
3r4

h + (l2 + a2)r2
h − a2l2

}
. (3.66)

Equation (3.64) shows that m(rh)→∞ holds as rh → 0 and rh →∞. On the other hand,
w(rh) = 0, which is equivalent to m′h(rh) = 0, gives

a2

l2
= x2{(1 + x2)2 arctan x− x(1 + 3x2)}

(1 + x2)2 arctan x− x(1− x2) =: h(x), (3.67)

where x := rh/l. As plotted in figure 5, the function h(x) is increasing if it is positive and
therefore m′h(rh) = 0 admits a single real solution at rh = rex(& 1.83l) in the domain of
rh ≥ 0. Thus, mh(rh) has a single local minimum at rh = rex and mh(rh) is decreasing
(increasing) in the region of rh < (>)rex. The minimum value of mh(rh) is given by

mh(rex) = π(r2
ex − a2)(r2

ex + l2)2

8lr4
ex

=: mex. (3.68)

Equation (3.66) gives w(|a|) = −4l|a|5(< 0), which shows m′h(|a|) < 0 by eq. (3.65) and
hence rex > |a| is satisfied. Therefore, the constant mex defined by eq. (3.68) is positive,
so that the shape of the function mh(rh) is the same as figure 3.

As a result, in the domain r ∈ [0,∞) of the rotating Dymnikova spacetime with
m > mex(> 0), there are a black-hole event horizon at r = r2(> rex) and an inner horizon
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(m > mex), (b) degenerate horizons (m = mex), and (c) no horizon (m < mex). A conical singularity
at (r, θ) = (0, π/2) is not a scalar polynomial curvature singularity.

at r = r1 satisfying 0 < r1 < rex. Since the spacetime structures in the regions of r > 0
and r < 0 are the same, there are four Killing horizons in total in the whole domain
r ∈ (−∞,∞). For m = mex, the spacetime represents an extreme black hole with two
degenerate Killing horizons at r = rex and r = −rex. For 0 < m < mex and m < 0,
the spacetime does not admit a Killing horizon and represents a rotating self-gravitating
soliton with a conical singularity at (r, θ) = (0, π/2). The Penrose diagrams of the rotating
Dymnikova spacetime are drawn in figure 6. In all the cases, the spacetime has a wormhole
structure, of which throat is located at r = 0.

Unfortunately, by Proposition 7 and eq. (3.7), all the standard energy conditions are
violated around r = 0 with θ 6= π/2 in the rotating Dymnikova black-hole spacetime. In
contrast, on the equatorial plane θ = π/2, eqs. (2.43) and (2.44) are identical to eqs. (2.12)
and (2.13) in the spherically symmetric case and therefore only the SEC is violated in
the region with −l < r < l as shown by table 4. Nevertheless, we show that the DEC
is respected outside the event horizons in the rotating Dymnikova black-hole spacetime
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realized for m ≥ mex. More precisely, we show that the DEC is respected in the domain
r ∈ [r0,∞), where r0 :=

√
|al| satisfies r0 < rex.

Since the spacetime is invariant for (r, a)→ (−r,−a), we study the domain r ∈ [0,∞).
Equations (2.43) and (2.44) with the mass function (3.3) give

ρ = 8mlr4

π(r2 + l2)2Σ2 , ρ+ p1 = 0, ρ− p1 = 16mlr4

π(r2 + l2)2Σ2 , (3.69)

ρ+ p2 = ρ+ p3 = 16mlr2(r2 + al cos θ)(r2 − al cos θ)
π(r2 + l2)3Σ2 , (3.70)

ρ− p2 = ρ− p3 = 16ml3r2

π(r2 + l2)3Σ , (3.71)

ρ+ p1 + p2 + p3 = 16mlr2(r4 − l2r2 − 2l2a2 cos2 θ)
π(r2 + l2)3Σ2 . (3.72)

By eqs. (2.2)–(2.4), the DEC is respected with m ≥ 0 and l > 0 in the region r2 ≥ r2
DEC(θ),

where
rDEC(θ) :=

√
l|a cos θ|. (3.73)

We define the upper bound of rDEC(θ) as r0 :=
√
|al|(≥ rDEC(θ)). Since eq. (3.66) gives

w(r0) = |a|l3(l + |a|)2
{(

1− |a|
l

)
arctan

(√ |a|
l

)
−

√
|a|
l

}
< 0, (3.74)

we obtain m′h(r0) < 0 by eq. (3.65), which implies rDEC(θ) ≤ r0 < rex. Since the radius of
the event horizon r = r2 satisfies r2 ≥ rex, the DEC is respected on and outside the event
horizon. Thus, violation of the NEC, WEC, or DEC is always hidden inside the event
horizons. On the other hand, by eqs. (2.2) and (2.5), the SEC is respected in the region
r2 ≥ r2

SEC(θ), where

rSEC(θ) := l√
2

1 +

√
1 + 8a2

l2
cos2 θ

1/2

(> l). (3.75)

3.2.3 Geodesic equations and photon spheres

Closing this section, we examine whether our non-singular black holes can be distinguished
from the Schwarzschild or Kerr black hole by astrophysical observations. For this purpose,
we first derive geodesic equations in the Gürses-Gürsey spacetime (2.18).

Let γ be a geodesic affinely parametrized as xµ = (t(λ), r(λ), θ(λ), φ(λ)) in the space-
time (2.18), where λ is an affine parameter. Let kµ = (ṫ, ṙ, θ̇, φ̇) be the tangent vector of
γ, where a dot denotes differentiation with respect to λ. The components of kµ satisfy

ε =−
(

1− 2M(r)r
Σ

)
ṫ2 − 4aM(r)r sin2 θ

Σ ṫφ̇

+ Σ
∆ ṙ2 + Σθ̇2 +

(
r2 + a2 + 2a2M(r)r sin2 θ

Σ

)
sin2 θφ̇2, (3.76)
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where ε = −1, 0, 1 correspond to γ being timelike, null, and spacelike, respectively. The
spacetime (2.18) admits Killing vectors ξµ(∂/∂xµ) = ∂/∂t and Φµ(∂/∂xµ) = ∂/∂φ, so that
E := −ξµkµ and L := Φµk

µ are constant along γ. E and L represent the energy and
angular momentum of the geodesic particle, respectively. These conservation equations are
written as

E =
(

1− 2M(r)r
Σ

)
ṫ+ 2aM(r)r sin2 θ

Σ φ̇, (3.77)

L =− 2aM(r)r sin2 θ

Σ ṫ+
(
r2 + a2 + 2a2M(r)r sin2 θ

Σ

)
sin2 θφ̇. (3.78)

In addition, the spacetime (2.18) admits the following two-rank Killing tensor:

Kµν = Σ(ηµζν + ζµην) + r2gµν , (3.79)

which satisfies ∇(ρKµν) = 0, where ηµ and ζµ are null vectors defined by

ηµ =
(
r2 + a2

∆ , 1, 0, a∆

)
, ζµ =

(
r2 + a2

2Σ ,− ∆
2Σ , 0,

a

2Σ

)
. (3.80)

Non-zero components of Kµν are given by

Ktt = a2(Σ− 2M(r)r cos2 θ)
Σ , (3.81)

Ktφ( = Kφt) = −a sin2 θ(r4 + a2r2 + ∆a2 cos2 θ)
Σ , (3.82)

Krr = −Σa2 cos2 θ

∆ ,Kθθ = r2Σ, (3.83)

Kφφ = sin2 θ

Σ
{

∆a4 sin2 θ cos2 θ + r2(r2 + a2)2
}
. (3.84)

As a consequence, C := Kµνk
µkν is constant along γ. Then, combining it with eqs. (3.76),

(3.77), and (3.78), we finally obtain the following set of ordinary differential equations to
determine xµ(λ) along γ:

ṫ =Ea2 cos2 θ∆ + 2aM(r)r(aE − L) + Er2(r2 + a2)
∆Σ , (3.85)

ṙ2 =(εr2 − C)∆ + [(r2 + a2)E − aL]2
Σ2 , (3.86)

θ̇2 =−(E2 + ε)a2 sin4 θ + (εa2 + C + 2aEL) sin2 θ − L2

Σ2 sin2 θ
, (3.87)

φ̇ =−2M(r)r(L− Ea sin2 θ) + LΣ
∆Σ sin2 θ

. (3.88)

The numerators in the right-hand sides of eqs. (3.86) and (3.87) must be non-negative. In
the spherically symmetric case (a = 0), eqs. (3.85)–(3.88) reduce to

ṫ = Er2

r2 − 2M(r)r , ṙ2 + Veff(r) = E2,

θ̇2 = C sin2 θ − L2

r4 sin2 θ
, φ̇ = L

r2 sin2 θ
,

(3.89)
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where the effective potential Veff(r) is defined by

Veff(r) := (C − εr2)(r2 − 2M(r)r)
r4 . (3.90)

For geodesics with constant θ(= θ0), C = L2/ sin2 θ0 is satisfied.
Hereafter we focus on null geodesics (ε = 0) with C > 0, for which the effective

potential becomes
Veff(r) = C

r2

(
1− 2M(r)

r

)
. (3.91)

The typical shapes of Veff(r) for null geodesics with C > 0 for our non-singular black holes
are shown in figure 7. It is observed that Veff(r) has a local maximum at r = rp outside
the event horizon, which is the radius of a photon sphere. With a fixed value of l, the
value of rp increases as m increases. It is also observed that the shapes of Veff(r) for the
Bardeen and Hayward black holes are similar to the Dymnikova and Fan-Wang black holes,
which suggests that the violations of the energy conditions do not qualitatively change the
geodesic behaviors. Actually, these shapes of Veff(r) are similar to the one for the Reissner-
Nordström black hole. We emphasize that, while the Reissner-Nordström black hole does
not exist in nature because it is easily neutralized by attracting charged particles with an
opposite sign, our non-singular black holes are not “neutralized” since l is a parameter in
the action characterizing the theory that admits such a black hole as a solution.

Now we estimate whether our non-singular black holes can be distinguished from the
Schwarzschild black hole when the mass and the size of a photon sphere of a black hole are
measured observationally. By the following expression

V ′eff = −2C(rM ′ − 3M + r)
r4 , (3.92)

the radius of a photon sphere is determined by an algebraic equation rp = 3M(rp) −
rpM

′(rp). Since M ′ > 0 holds for our non-singular black holes (3.1)–(3.4) with m > 0, we
obtain rp < 3M(rp). For comparison, rp = 3m holds for the Schwarzschild black hole with
M(r) = m. Here we assume that M(r) obeys M(r) ' m(1− ql/r) as r →∞, where q is a
dimensionless constant of order unity. For the Dymnikova and Fan-Wang black holes, we
have q = 4/π and q = 3 by eqs. (3.11) and (3.12), respectively. Then, for a large photon
sphere, rp is determined by r2

p − 3mrp + 4qlm ' 0, which is solved to give

rp '
3m
2

(
1 +

√
1− 16ql

9m

)
. (3.93)

For m� l, we obtain
rp
3m ' 1− 4ql

9m +O((l/m)2), (3.94)

which shows that the difference of the radius rp for a large non-singular black hole from
3m for the Schwarzschild black hole is of the order of l/m(= lc2/(Gm)). Since the
length parameter l in the action of the theory should be typically the Planck length
lpl ' 1.616229 × 10−35m, we write l as l = σlpl, where σ is a dimensionless constant.
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Figure 7. The effective potential (3.91) for null geodesics with C > 0 for the Schwarzschild (thick
solid), Bardeen (thin dashed), Hayward (thin dash-dotted), Dymnikova (thick dashed), and Fan-
Wang black holes (thick dash-dotted) with m = 3.5 and l = 1.
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Then, for a black hole with the solar mass m = M� ' 1.9884 × 1030kg, we have l/m =
σmpl/M� ' 1.0946σ × 10−38, where mpl ' 2.176470 × 10−8kg is the Planck mass. This
estimation implies that it is extremely difficult to distinguish our non-singular black holes
from the Schwarzschild black hole even if we can measure its mass m and size of the photon
sphere rp by observations.

4 Summary

In section 1, we have proposed seven criteria C1–C7 to single out physically reasonable non-
singular black-hole models. According to the purely geometric criteria C1–C5, we have
studied spherically symmetric non-singular black-hole spacetimes with a regular center
described by the metric (2.6) and their rotating counterparts described by the Gürses-
Gürsey metric (2.18) without specifying a gravitation theory. In section 2, we have clarified
the relations between the standard energy conditions and asymptotic behaviors of the
mass function M(r) around a regular center and an asymptotically flat region satisfying
in the spherically symmetric case. We have also shown that, if a spherically symmetric
spacetime (2.6) admits a regular center, its rotating counterpart contains a ring-like conical
singularity at (r, θ) = (0, π/2). Hence, the criterion C1 cannot be satisfied in this class of
rotating non-singular black holes. Although this conical singularity at (r, θ) = (0, π/2) is
not a scalar polynomial curvature singularity, it remains an open question whether it is a
p.p. curvature singularity or not.

In section 3, we have investigated four particular spherically symmetric non-singular
black-hole spacetimes and their rotating counterparts, of which results are summarized in
tables 5 and 7. Among these four, only the Hayward spacetime respects the LCC and
hence the criterion C5. Since the effective energy-momentum tensors T̃µν(:= Gµν) for the
well-known Bardeen and Hayward black-hole spacetimes do not satisfy the DEC in an
asymptotically flat region as shown in table 4, these spacetimes are discarded according
to the criterion C3. In contrast, the Dymnikova and Fan-Wang black holes respect the
DEC everywhere. Although this type of non-singular black holes violate the SEC around
the regular center r = 0 in general, it simply means that the gravitational force becomes
repulsive there.

The rotating Dymnikova and Fan-Wang spacetimes can be extended beyond the r = 0
surface inside the ring-like conical singularity into the region with negative r. We have
shown that the rotating Fan-Wang black-hole spacetime contains a curvature singularity
in the negative region of r. In contrast, the rotating Dymnikova black-hole spacetime is
free from curvature singularities except at (r, θ) = (0, π/2) and also from closed timelike
curves. This fascinating property stems from the fact that the Dymnikova spacetime is
invariant for r → −r and a → −a. In addition, we have shown that, although all the
standard energy conditions are violated around r = 0 in the rotating Dymnikova black-
hole spacetime, the DEC is respected on and outside the event horizons. As a result, the
Dymnikova black-hole spacetime satisfies the criteria C1–C4 and its rotating counterpart
satisfies C2–C4. Although the rotating counterpart does not satisfy the criterion C1, it
satisfies the weaker criterion W-C1 if (r, θ) = (0, π/2) is not a p.p. curvature singularity.
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Hence, among the four non-singular black-hole spacetimes with a regular center considered
in the present paper, the Dymnikova black-hole spacetime is a preferable model.

Needless to say, an important task is to identify the theory which admits the Dymnikova
black hole as a solution without a fine-tuning of the integration constants to satisfy the
criterion C6. In the two-dimensional case, the most general dilatonic action to give the
second-order field equations is known and one can construct the action from a given metric
of a non-singular black hole [23, 88]. In fact, this most general two-dimensional dilatonic
action can be obtained by a dimensional reduction imposing spherical symmetry from an
n(≥ 4)-dimensional action made of non-polynomial curvature invariants [89, 90]. On the
other hand, it was shown that the Hayward black hole can be a solution in Degenerate
Higher-Order Scalar-Tensor (DHOST) theories [91], which is a generalization of the most
general scalar-tensor theory with the second-order field equation, the Horndeski theory, not
to suffer from the Ostrogradsky ghost instability. Since the Lagrangian of DHOST theories
contains several arbitrary functions of the scalar field φ and the kinetic term (∇φ)2, a class
of such theories could allow the Dymnikova black hole as a generic configuration.

Once such a theory is identified, the subsequent task is to study the dynamical stability
of the Dymnikova black hole according to the criterion C7. In this context, in addition
to the stability of the region outside the event horizon, stability of an inner horizon is
also non-trivial. While it is well-known that the inner horizon of the Reissner-Nordström
black hole suffers from the mass-inflation instability [20, 21], two different results have
been obtained in the case of spherically symmetric non-singular black holes with a regular
center [92, 93]. Because these works were performed in the framework of general relativity,
the results cannot be directly applied to the black holes in generalized theories of gravity.
For example, it has been reported in Brans-Dicke theory that mass-inflation occurs in
accreting black holes [94]. In contrast, it has been reported in Eddington-inspired Born-
Infeld gravity that, different from general relativity, there is a minimum accretion rate below
which mass inflation does not occur [95, 96]. From this point of view, the Dymnikova black-
hole spacetime should be modified to satisfy the LCC because the problem of mass inflation
can be effectively solved then. These important tasks are left for future investigations.
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A Birkhoff prohibits generic non-singular black holes in GR

In this appendix, we show that the criterion C5 in section 1 cannot be respected in general
relativity with a matter field which leads to Birkhoff’s theorem. A well-known class of
nonlinear electromagnetic fields are examples of such a matter field.
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A.1 Generalized Birkhoff’s theorem in general relativity

We consider the following most general n(≥ 4)-dimensional spherically symmetric space-
time;

ds2 = gAB(y)dyAdyB + r2(y)γij(z)dzidzj , (A.1)

where A,B = 0, 1 and i, j = 2, 3, · · · , n−1. gAB is a metric on a two-dimensional Lorentzian
spacetime M2 and r(y) is a scalar on M2. γij is a metric on an (n − 2)-dimensional unit
sphere Sn−2 satisfying (n−2)Rijkl = γikγjl − γilγjk, where (n−2)Rijkl is the Ricci tensor
constructed from γij . The metric (A.1) gives the Einstein tensor in the following form [97]:

Gµνdxµdxν = GAB(y)dyAdyB + Ḡ(y)γij(z)dzidzj , (A.2)

where

GAB :=− (n− 2)DADBr

r
+ gAB

{(n− 2)D2r

r
− (n− 2)(n− 3)[1− (Dr)2]

2r2

}
, (A.3)

Ḡ :=− 1
2r

2((2)R) + (n− 3)rD2r − (n− 3)(n− 4)
2 [1− (Dr)2]. (A.4)

Here (2)R is the Ricci scalar of M2, DA is the covariant derivative on M2, and we have de-
fined (Dr)2 := gAB(DAr)(DBr) and D2r := DADAr. For compatibility with the Einstein
equations, the energy-momentum tensor Tµν has to be in the following form:

Tµνdxµdxν = TAB(y)dyAdyB + r(y)2p2(y)γij(z)dzidzj , (A.5)

where TAB and p2 are a two-tensor and a scalar on M2, respectively.
The following Birkhoff’s theorem was shown in [44] with n = 4 and a particular case

of the more general result in [98, 99] with arbitrary n(≥ 4).

Proposition 8 Suppose that (Dr)2 6= 0 holds and TAB in eq. (A.5) satisfies TAB =
−ρ(y)δAB in the n(≥ 4)-dimensional spacetime (A.1). Then, the general solution of the
Einstein equations is given by

ds2 = −f(r)dt2 + f(r)−1dr2 + r2γijdzidzj , (A.6)
ρ = ρ(r), p2 = p2(r), (A.7)

where f(r) and p2(r) are determined by ρ(r) as

f(r) = 1− 2M̄
rn−3 −

2
(n− 2)rn−3

∫ r

xn−2ρ(x)dx, (A.8)

p2(r) = −(n− 2)ρ+ rρ′

n− 2 . (A.9)

Here M̄ is an integration constant and the integral in the last term of eq. (A.8) does not
generate an additional integration constant.
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Proof: if (Dr)2 6= 0 holds in the spacetime (A.1), we can use r as a coordinate on M2

without loss of generality such that (y0, y1) = (t, r) and then the metric can be expressed as

ds2 = −f(t, r)e−2δ(t,r)dt2 + f(t, r)−1dr2 + r2γijdzidzj . (A.10)

By assumption, the energy-momentum tensor (A.5) is now in the following form:

Tµν = diag(−ρ,−ρ, p2, · · · , p2). (A.11)

By the following expressions

Gtr = (n− 2)f,t
2rf2 e2δ, Grt = −(n− 2)f,t

2r , (A.12)

where a comma denotes partial differentiation, the components Gtr = 0 and Grt = 0 of
the Einstein equations show f(t, r) = f(r). From the Einstein equations Gtt − Grr =
T tt − T rr = 0 with the expression Gtt −Grr = (n − 2)r−1δ′f , we obtain δ = δ(t). We can
set δ(t) = 0 without loss of generality by a redefinition of t such that e−δ(t)dt → dt, and
then the metric reduces to the form (A.6). The Einstein equations with the metric (A.6)
require ρ = ρ(r) and p2 = p2(r). The component Gtt = −ρ (or equivalently Grr = −ρ) is
integrated to give

f(r) = 1
(n− 2)rn−3

∫ r {
(n− 2)(n− 3)− 2x2ρ(x)

}
xn−4dx

=1− 2M̄
rn−3 −

2
(n− 2)rn−3

∫ r

xn−2ρ(x)dx. (A.13)

Substituting the metric function (A.13) into the component Gij = p2δ
i
j , we obtain the

expression (A.9). �
As a corollary of Proposition 8, a regular center is shown to be non-generic, which is a
generalization of the claim in [27] for n = 4.

Corollary 1 Under the assumptions in Proposition 8, r = 0 is generically singular.

Proof: by Proposition 8, the system reduces to eqs. (A.6)–(A.9). Then, for M̄ 6= 0, the
metric function f(r) given by eq. (A.8) blows up as r → 0 for any ρ(x), so that r = 0 is a
scalar curvature singularity without a fine-tuning M̄ = 0. �
A regular center requires M̄ = 0 and ρ(r) ' ρ0r

χ + O(rχ+ε) around r = 0 with χ ≥ 0,
ε > 0, and ρ0 6= 0, with which eq. (A.8) gives

lim
r→0

f(r) ' 1− 2ρ0
(n− 2)(n− 1 + χ)r

2+χ +O(r2+χ+ε). (A.14)

A.2 A class of nonlinear electromagnetic fields

Here we show that Proposition 8 and Corollary 1 can be applied to a class of nonlinear
electromagnetic fields, of which action is given by

S =
∫

dnx
√
−g
(1

2R− βL(X)
)
, (A.15)
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where X := αFρσF
ρσ and the Faraday tensor Fµν is given in terms of a gauge field Aµ as

Fµν := ∂µAν − ∂νAµ. We have introduced a constant α to make X be dimensionless and
assume that L(X) is not a constant function. In the case of a standard Maxwell field, we
have L(X) = X, so that a combination αβ represents a single coupling constant. Varying
the action (A.15), we obtain the Einstein equations Gµν = Tµν with

Tµν = 4β
(
αL,XFµρF ρ

ν −
1
4gµνL

)
(A.16)

and the following field equations

∇ν(L,XFµν) = 0. (A.17)

The Bianchi identity ∇[ρFµν] = 0 is automatically satisfied for Fµν := ∂µAν − ∂νAµ.
Under an assumption, Proposition 8 can be applied to the system (A.15) and therefore

a regular center is non-generic by Corollary 1.

Proposition 9 Suppose that a gauge field Aµ has the following form

Aµdxµ = AB(y)dyB +Ai(z)dzi (A.18)

in an n(≥ 4)-dimensional spacetime (A.1) in the system (A.15), so that Fµν is given by

Fµνdxµ ∧ dxν = FAB(y)dyA ∧ dyB + Fij(z)dzi ∧ dzj , (A.19)

where FAB = ∂AAB − ∂BAA and Fij = ∂iAj − ∂jAi. Then, if (Dr)2 6= 0 holds, the system
reduces to eqs. (A.6)–(A.9) in Proposition 8 with

X = α
{
−2Ftr2 + (n− 2)Q2

mr
−4
}
, (A.20)

ρ(= −p1) = 4β
(
αL,XFtr2 + 1

4L
)
, (A.21)

p2 = 4β
(
αr−4L,XQ2

m −
1
4L
)
. (A.22)

Here Ftr and Fij are determined by the following equations

L,XFtr = Qe
rn−2 , (A.23)

L,XD̂jF
ij = 0, (A.24)

γklFikFjl = Q2
mγij , (A.25)

where Qe and Qm are constants and D̂i is the covariant derivative on Sn−2.

Proof: from the expression (A.19), we obtain

Tij = 4β
(
αr−2L,XγklFikFjl −

1
4r

2γijL
)
. (A.26)
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For compatibility with eq. (A.2) through the Einstein equations Gµν = Tµν , the magnetic
components Fij must satisfy eq. (A.25). The Bianchi identity ∇[ρFµν] = 0 gives

D[CFAB] = 0, D̂[kFij] = 0. (A.27)

Since FAB is anti-symmetric, FADFBD = F01F
01δAB holds and hence X(:= αFρσF

ρσ)
and non-zero components of the energy-momentum tensor (A.16) are given by

X =α
{

2F01F
01 + (n− 2)Q2

mr
−4
}
, (A.28)

TAB =4β
(
αL,XF01F

01 − 1
4L
)
δAB, (A.29)

T ij =4β
(
αr−4L,XQ2

m −
1
4L
)
δij . (A.30)

Since Tµν is given in the form (A.5) and TAB ∝ δAB holds, the system reduces to eqs. (A.6)–
(A.9) with eqs. (A.20)–(A.22) by Proposition 8.

Because of L,X = L,X(y) due to eq. (A.20), the field equations (A.17) with µ = A give

DB(rn−2L,XFAB) = 0 ↔ ∂

∂yB

(
rn−2L,XFAB

)
= 0. (A.31)

In the spacetime (A.6), the above equations are integrated to give eq. (A.23). On the other
hand, the field equations (A.17) with µ = i become eq. (A.24) as

0 = ∇ν(L,XF iν) = L,X√
γ

∂

∂zj

(√
γF ij

)
= L,XD̂jF

ij , (A.32)

where γ := det(γij). �
We note that Qm = 0 and Fij ≡ 0 are equivalent since eq. (A.25) gives FijF ij =

(n− 2)Q2
m and γij is an Euclidean metric. If L,X 6= 0 is satisfied, eq. (A.24) gives

D̂jF
ij = 0, (A.33)

which means that F ij is a harmonic two-form on Sn−2. As a consequence, nontrivial
configurations of Fij , namely magnetic solutions, are not allowed in higher dimensions
(n ≥ 5), which is shown by a corollary of Hodge’s theorem [100]. (See Theorem 7.8 and
eq. (7.198) in the textbook [101] for the proof of Hodge’s theorem.)

Theorem 1 (Hodge’s theorem.) The p(≥ 0)-th Betti number bp(M) of a compact Rie-
mannian manifold M is equal to the dimension of the space of harmonic p-forms on M .

Corollary 2 D̂jF
ij = 0 on Sn−2 admits only a trivial solution (F ij ≡ 0) if n ≥ 5. For

n = 4, the only linearly independent solution is the volume two-form Fij = √γεij, where
εij is the Levi-Civitá symbol.

Proof: since Sn−2 is compact and its second Betti number is2

b2(Sn−2) =
{

1 (n = 4)
0 (n ≥ 5) , (A.34)

2See Definition 3.6 and Example 6.6 in the textbook [101].

– 41 –



J
H
E
P
1
1
(
2
0
2
2
)
1
0
8

by Theorem 1, D̂jF
ij = 0 admits only one linearly independent solution for n = 4 and only

a trivial solution for n ≥ 5. One can check that Fij = √γεij solves D̂jF
ij = 0 for n = 4 by

direct calculations. �
Eventually, if L,X 6= 0 holds in the system (A.15), the general solution in Proposition 8

is expressed as follows.

Proposition 10 Consider an n(≥ 4)-dimensional spherically symmetric spacetime (A.1)
satisfying (Dr)2 6= 0 in the system (A.15), in which Aµ is given in the form of eq. (A.18).
Suppose that an algebraic equation L,X(X) = 0 does not admit any real solution. Then,
the general solution for n ≥ 5 is given by

ds2 = −f(r)dt2 + f(r)−1dr2 + r2γijdzidzj , (A.35)

f(r) = 1− 2M̄
rn−3 −

8β
(n− 2)rn−3

∫ r

xn−2
(
αL,XFtr2 + 1

4L
)

dx, (A.36)

Fµνdxµ ∧ dxν = 2Ftrdt ∧ dr, (A.37)

where M̄ is a constant and Ftr(r) is determined algebraically by

L,XFtr = Qe
rn−2 , X = −2αFtr2 (A.38)

with an arbitrary constant Qe. The general solution for n = 4 is given

ds2 = −f(r)dt2 + f(r)−1dr2 + r2(dθ2 + sin2 θdφ2), (A.39)
Fµνdxµ ∧ dxν = 2Ftrdt ∧ dr + 2Qm sin θdθ ∧ dφ, (A.40)

where f(r) is given by eq. (A.36) with n = 4 and Ftr(r) is determined algebraically by

L,XFtr = Qe
r2 , X = −2α

(
Ftr

2 −Q2
mr
−4
)

(A.41)

with arbitrary constants Qe and Qm.

Proof: by Lemma 4, Proposition 8 can be applied. Then, eq. (A.8) with eq. (A.21) gives
eq. (A.36). Equations (A.38) and (A.41) to determine Ftr are from eqs. (A.20) and (A.23).
By Corollary 2, Fij ≡ 0 holds for n ≥ 5. For n = 4, since Fθφ = sin θ is the only linearly
independent solution of D̂jF

ij = 0 in the coordinates (A.39) by Corollary 2, its general
solution satisfying eq. (A.25) is Fθφ = Qm sin θ. �

The general solution (A.39)–(A.41) for n = 4 was derived in [66]. Proposition 10 is a
generalization of the Birkhoff’s theorem proved in [102] for n = 4. (See also [103] and [104].)
In the standard Maxwell case (L = X) for general n(≥ 4), eqs. (A.21), (A.22), (A.20),
and (A.23) give

ρ = −p1 = 2αβ
(

Q2
e

r2(n−2) + (n− 2)Q2
m

2r4

)
, (A.42)

p2 = 2αβ
(

Q2
e

r2(n−2) −
(n− 6)Q2

m

2r4

)
. (A.43)
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Hence, eq. (A.13) gives the following metric function

f(r) = 1− 2M̄
rn−3 + 4αβQ2

e

(n− 2)(n− 3)r2(n−3) −
2αβQ2

m

(n− 5)r2 . (A.44)

By Corollary 2, Qm = 0 is required in higher dimensions (n ≥ 5).
A physically reasonable nonlinear generalization of the Maxwell theory should satisfy

the weak-field limit L ' X (so that L,X ' 1) as X → 0. However, as shown below,
this criterion is not satisfied around the regular center r = 0 in the spherically symmetric
solution with Qe 6= 0 in Proposition 10. This is a generalization of the result obtained
in [65] for n = 4. (See also [66].)

Proposition 11 Suppose that the spacetime admits a regular center r = 0 in the general
spherically symmetric solution in Proposition 10. Then, Qe 6= 0 implies (i) Qm = 0 and
(ii) |L,X | → ∞ and X → 0 hold as r → 0.

Proof: since the metric gµν and its inverse gµν as well as the Riemann tensor Rµνρσ are
finite in the limit to a regular center r → 0, Gµν is finite as r → 0. Then, the Einstein
equations show that ρ and p2 given by eqs. (A.21) and (A.22) are finite as well. Since
ρ+ p2 = 4β(L,XFtr2 + r−4L,XQ2

m) is finite as r → 0 and the signs of the two terms in the
right-hand side are the same, we obtain

lim
r→0
|L,XFtr2| <∞, (A.45)

lim
r→0
|r−4L,XQ2

m| <∞. (A.46)

In the case of Qe 6= 0, eq. (A.38) gives

lim
r→0
L,X2Ftr

2 →∞. (A.47)

Equations (A.45) and (A.47) show |L,X | → ∞ and Ftr2 → 0 as r → 0, so that eq. (A.46)
requires Qm = 0. Then, by eqs. (A.38) and (A.41), X → 0 hold as r → 0. �

Proposition 11 shows that a dyonic solution with a regular center is not possible in
the four-dimensional system (n = 4) in Proposition 10. Accordingly, a non-singular black-
hole solution must be purely electric (Qm = 0) in n(≥ 4) dimensions or purely magnetic
(Qe = 0) in four dimensions. However, the proper weak-field limit limX→0 L ' X is not
achieved around the regular center in the former case.

In the purely magnetic solution (Qe = 0) in four dimensions, one can easily identify
the form of L(X) from a given metric function f(r) as demonstrated in [28]. By eq. (A.41)
with Qe = 0, we can write r as a function of X as

r =
(2αQ2

m

X

)1/4
. (A.48)

From eq. (A.36) with n = 4, Ftr = 0, and M = 0, we obtain

βL(X(r)) = 1− f(r)− rf ′(r)
r2 = 2M ′(r)

r2 , (A.49)
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where M(r) is the mass function in eq. (2.6). Replacing r by X using eq. (A.48), one finds
the desired form of βL(X).

For example, the Dymnikova spacetime with the metric function (3.38) can be a mag-
netic solution in the four-dimensional (n = 4) system (A.15) with following Lagrangian
function:

L(X) = X

(1 + |X|1/2)2 . (A.50)

Substituting eq. (A.41) with Qe = 0 into eqs. (A.36) with n = 4 and Ftr = 0, we obtain
the following metric function:

f(r) =1− 2M̄
r
− βq3

2r

{
arctan

(
r

q

)
− qr

r2 + q2

}
, (A.51)

q :=(2αQ2
m)1/4. (A.52)

This metric function with M̄ = 0 is identical to eq. (3.38) with l = q andm = πβq3/8. Since
β is not an integration constant but a coupling constant in the action, the solution (A.51)
contains only one free parameter q. By eq. (A.41) with Qe = 0, X → 0 is realized only in
the asymptotically flat region r → ∞ and eq. (A.50) shows that a proper weak-field limit
of the Lagrangian function limX→0 L ' X is achieved there.

Lastly, we should note that L,X 6= 0 is assumed in Proposition 10. Actually, depending
on the form of the Lagrangian function L(X), field equations (A.23) and (A.24) may permit
an exceptional solution X = Xsol =constant which satisfies L,X = 0 algebraically. In
such an exceptional solution, eq. (A.23) shows Qe = 0 but Ftr may be non-vanishing.
Furthermore, eq. (A.24) does not mean that Fij is a harmonic two-form. Even in such a
case, there is no magnetic solution in odd dimensions as shown below. (The absence of
magnetic solution has been shown in a more general class of spacetimes [105].)

Lemma 4 Fij ≡ 0 holds in odd dimensions.

Proof: if n is odd, we obtain det(Fij) = 0 shown by det(Fij) = det(Fji) = det(−Fij) =
(−1)n−2det(Fij)=−det(Fij). Taking the determinant of eq. (A.25), we obtainQ2

mdet(γij) =
−det(Fik)det(γkl)det(Flj) = 0, which shows Qm = 0 (and hence Fij ≡ 0) for odd n. �

As a result, in the system (A.15) where L,X(X) = 0 admits a real solution, the general
solution in Proposition 8 is expressed as follows.

Proposition 12 Consider the system in Proposition 10 and suppose that an algebraic
equation L,X(X) = 0 admits a real solution X = Xsol such that Ftr given by eq. (A.56) is
real. Then, the general solution consists of the solution in Proposition 10 and a solution
described by

ds2 = −f(r)dt2 + f(r)−1dr2 + r2γijdzidzj , (A.53)

f(r) = 1− 2M̄
rn−3 −

2βL(Xsol)
(n− 1)(n− 2)r

2, (A.54)

Fµνdxµ ∧ dxν = 2Ftr(r)dt ∧ dr + Fij(z)dzi ∧ dzj , (A.55)
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where Ftr is given by

Ftr = ±

√
(n− 2)Q2

mr
−4 +Xsol

2 (A.56)

with Qe = 0. In the exceptional solution (A.53)–(A.55), Fij ≡ 0 holds (hence Qm = 0) for
odd n(≥ 5) and Fij(z) are determined by eqs. (A.25) and (A.27) for even n(≥ 4).

Proof: if X = Xsol = satisfies L,X = 0 algebraically, eq. (A.23) gives Qe = 0 and Ftr
becomes eq. (A.56) by eq. (A.20). On the other hand, eq. (A.24) are trivially satisfied
and Fij ≡ 0 holds by Lemma 4 in odd dimensions. Hence, in even dimensions, Fij are
determined by eq. (A.25) and the Bianchi identity (A.27) ensures that Fij is given in terms
of the potential Ai(z). �
By eqs. (A.29) and (A.30), the energy-momentum tensor for an exceptional solution in
Proposition 12 is given by Tµν = −βL(Xsol)δµν . This is equivalent to a cosmological
constant Λ = βL(Xsol).

B Jacobi fields and tidal forces in the spacetime (2.6)

In this appendix, we study Jacobi fields and tidal forces in the spherically symmetric
spacetime (2.6) along affinely parametrized ingoing radial timelike geodesics given by xµ =
(t(λ), r(λ), θ0, φ0), where θ0 and φ0 are constants. For such a geodesic γ, t(λ) and r(λ) are
determined by

ṫ = E

f(r) , ṙ = −
√
E2 − f(r), (B.1)

which are eqs. (3.89) with L = 0, ε = −1, and C = 0. Then, we introduce basis vectors
Eµ(a) (a = 0, 1, 2, 3) in a parallelly propagated frame along γ as

Eµ(0)
∂

∂xµ
=kµ ∂

∂xµ
= E

f

∂

∂t
+ ṙ

∂

∂r
, (B.2)

Eµ(1)
∂

∂xµ
=− ṙ

f

∂

∂t
− E ∂

∂r
, (B.3)

Eµ(2)
∂

∂xµ
=1
r

∂

∂θ
, Eµ(3)

∂

∂xµ
= 1
r sin θ0

∂

∂φ
, (B.4)

which satisfy gµνEµ(a)E
ν
(b) = η(a)(b) = diag(−1, 1, 1, 1) and Eν(0)∇νE

µ
(a)(= Ėµ(a)) = 0.

Using

Rtrtr = 1
2f
′′, Rtθtθ = 1

sin2 θ
Rtφtφ = 1

2rff
′,

Rrθrθ = 1
sin2 θ

Rrφrφ = −1
2rf

−1f ′, Rθφθφ = r2(1− f) sin2 θ,
(B.5)
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we obtain non-zero orthonormal components of the Riemann tensor R(a)(b)(c)(d) :=
RµνρσE

µ
(a)E

ν
(b)E

ρ
(c)E

σ
(d) along γ as

R(0)(1)(0)(1) =1
2f
′′, (B.6)

R(0)(2)(0)(2) =R(0)(3)(0)(3) = 1
2r
−1f ′, (B.7)

R(1)(2)(1)(2) =R(1)(3)(1)(3) = −1
2r
−1f ′, (B.8)

R(2)(3)(2)(3) =r−2(1− f). (B.9)

Jacobi fields Zµ(I) (I = 1, 2, 3) along γ describe the spread of geodesics infinitesimally close
to γ. The geodesic deviation equations, or the Jacobi equations, to determine Zµ(I) are
written as

Z̈µ(I) = −KµρZ
ρ
(I), (B.10)

where Kµρ is the tidal tensor defined by

Kµρ := Rµνρσk
νkσ. (B.11)

Tidal forces along γ are evaluated by the following orthonormal components of Kµρ:

K(a)(b) = KµρEµ(a)E
ρ
(b) = R(a)(0)(b)(0). (B.12)

(See section 7 in the textbook [106].) Equations (B.6) and (B.7) show the following non-zero
components of K(a)(b):

K(1)(1) = 1
2f
′′, K(2)(2) = K(3)(3) = 1

2r
−1f ′. (B.13)

If the mass functionM(r) in the metric (2.6) behaves around r = 0 asM(r) 'M0r
3+α

with M0 6= 0, the metric function behaves as f(r) ' 1 − 2M0r
2+α. Hereafter we assume

α > −2. Then, since the radial geodesic equation (B.1) is integrated to give

− (λ− λ0) =
∫ r dr̄√

E2 − f(r̄)
, (B.14)

where λ0 is an integration constant, a geodesic with E2 > 1 reaches r = 0 with finite λ.
A geodesic with E2 = 1 and M0 > 0 reaches r = 0 with finite λ only for −2 < α < 0 as
eq. (B.14) gives

lim
r→0

∫ r dr̄√
E2 − f(r̄)

'

−
2

α
√

2M0
r−α/2 (α 6= 0)

1√
2M0

ln |r| (α = 0) . (B.15)

Thus, by eqs. (B.6)–(B.9) and (B.13), R(a)(b)(c)(d) and K(a)(b) diverge as r → 0 for −2 <
α < 0 and remain finite for α ≥ 0 along a radial timelike geodesic γ reaching r = 0.

For α ≥ 0, Jacobi fields along γ also remain finite as r → 0. For −2 < α < 0, at least
two Jacobi fields diverge as r → 0 along γ with E2 = 1. To show this, we write Jacobi
fields along γ as

Zµ(I)
∂

∂xµ
= l(I)E

µ
(I)

∂

∂xµ
, (B.16)
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where l(I) = l(I)(λ) describe norms of the Jacobi fields as gµνZµ(I)Z
ν
(I) = l2(I). Substituting

eq. (B.16) into the Jacobi equations (B.10) and using Ėµ(I) = 0, we obtain

l̈(I) = −R(I)(0)(I)(0)l(I), (B.17)

which gives

2(E2 − f)l′′(1) − f
′l′(1) + f ′′l(1) = 0, (B.18)

2(E2 − f)l′′(I) − f ′l′(I) + r−1f ′l(I) = 0 (for I = 2, 3) (B.19)

for l(I) = l(I)(λ(r)) (I = 1, 2, 3), where we used eqs. (B.1), (B.6), and (B.7). The general
solutions to eqs. (B.18) and (B.19) are respectively given by

l(1) =C1

√
E2 − f(r)

(
D1 +

∫ r dr̄
(E2 − f(r̄))3/2

)
, (B.20)

l(I) =− CIr
(
DI +

∫ r dr̄
r̄2
√
E2 − f(r̄)

)
(for I = 2, 3), (B.21)

where CI and DI (I = 1, 2, 3) are integration constants. Equations (B.20) and (B.21) show
that l(I) (and hence Zµ(I)) remain finite as r → 0 along γ with E2 6= 1 for α > −2. Along
γ with E2 = 1 for −2 < α < 0 and M0 > 0, we obtain

lim
r→0

∫ r dr̄
(E2 − f(r̄))3/2 '

−
2

(4+3α)(2M0)3/2 r
−(4+3α)/2 (α 6= −4/3)

1
(2M0)3/2 ln |r| (α = −4/3) , (B.22)

lim
r→0

∫ r dr̄
r̄2
√
E2 − f(r̄)

'− 2√
2M0(4 + α)r(4+α)/2 (for I = 2, 3), (B.23)

so that eqs. (B.20) and (B.21) show that l(1) and l(I) (I = 2, 3) diverge as r → 0 for
−1 < α < 0 and −2 < α < 0, respectively.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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