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Abstract:We construct a quintic quasi-topological gravity in five dimensions, i.e. a theory

with a Lagrangian containing R5 terms and whose field equations are of second order on

spherically (hyperbolic or planar) symmetric spacetimes. These theories have recently

received attention since when formulated on asymptotically AdS spacetimes might provide

for gravity duals of a broad class of CFTs. For simplicity we focus on five dimensions.

We show that this theory fulfils a Birkhoff’s Theorem as it is the case in Lovelock gravity

and therefore, for generic values of the couplings, there is no s-wave propagating mode.

We prove that the spherically symmetric solution is determined by a quintic algebraic

polynomial equation which resembles Wheeler’s polynomial of Lovelock gravity. For the

black hole solutions we compute the temperature, mass and entropy and show that the first

law of black holes thermodynamics is fulfilled. Besides of being of fourth order in general,

we show that the field equations, when linearized around AdS are of second order, and

therefore the theory does not propagate ghosts around this background. Besides the class

of theories originally introduced in arXiv:1003.4773, the general geometric structure of

these Lagrangians remains an open problem.
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1 Introduction

The geometric classical description of the gravitational interaction naturally leads to Gen-

eral Relativity as the unique, diffeomorphism invariant theory with second order field equa-

tions in four dimensions. In spite of the successes the theory has had, the lack of a proper

quantum description of gravitational phenomena led to the exploration of alternative sce-

narios which have received vast attention during the last decades. If one requires some

level of predictability, such alternative scenarios might be restricted in some manner. As

before, requirements such as diffeomorphism invariance and second order field equations

are usually considered cornerstones in this process that naturally leads to Einstein-Hilbert

action in three and four dimensions and to Lovelock theories in arbitrary dimension D [1].

When formulated on asymptotically AdS spacetimes, using the tools of AdS/CFT corre-

spondence [2] one can treat these theories as gravity duals of some Conformal Field Theory

living at the boundary. As in the low energy limit of string theory, besides the Einstein-

Hilbert action for gravity, higher curvature corrections might appear in a perturbative

treatment, which can differ in general from those in the Lovelock family. Nevertheless one

can hope that some of the physics of these higher curvature corrections could be correctly

captured by their Lovelock counterpart. These kind of explorations led for example to un-

derstand that finite contributions from quadratic terms might induce violations of the η/s
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KSS bound [3] (see [4] and [5]). Lovelock theories provide one with a setup where certain

control at a computational level can be attained. More precisely, in Lovelock theories one

can find exact analytic static black holes which provide for finite temperature duals with

interesting thermal properties and phase diagram structure. Within Lovelock family in

five dimensions, General Relativity is supplemented by a single quadratic term (which is

the dimensional continuation of the four-dimensional Euler density for Euclidean compact

manifolds without boundary) and besides Newton’s constant, the theory has an extra di-

mensionful coupling. In the context of the AdS5/CFT4 correspondence departing from this

family would allow the dual CFT to be non-supersymmetric [6], at the cost of loosing some

of the analytic computational control. A natural question therefore arises: is it possible to

define a sensible gravity theory in five dimensions beyond the Einstein-Gauss-Bonnet the-

ory? The so-called quasi-topological gravities provide for such an example. In reference [7]

a new cubic gravity theory in five dimensions was introduced. The cubic combination reads

L3 = −7

6
Rab

cdR
ce
bfR

df
ae −R cd

ab R be
cd Ra

e −
1

2
R cd

ab Ra
cR

b
d

+
1

3
Ra

bR
b
cR

c
a −

1

2
RRa

bR
b
a +

1

12
R3 , (1.1)

and can be singled out as the unique cubic combination in five dimensions whose traced field

equations lead to a second order constraint and that also has second order field equation on

general spherically (planar or hyperbolic) symmetric spacetimes [8].1 It was also realized

in [7] that this theory belongs to a general family of Lagrangians of order k in the curvature,

that can be constructed in dimensions D = 2k − 1 for k ≥ 3, and have the simple form

L̃k =
1

2k

(

1

D − 2k + 1

)

δa1b1···akbkc1d1···ckdk

(

Cc1d1
a1b1

· · ·Cckdk
akbk

−Rc1d1
a1b1

· · ·Rckdk
akbk

)

− ckC
akbk
a1b1

Ca1b1
a2b2

· · ·Cak−1bk−1

akbk
. (1.2)

Here C b
a cd is the Weyl tensor and

ck =
(D − 4)!

(D − 2k + 1)!

[k(k − 2)D(D − 3) + k(k + 1)(D − 3) + (D − 2k)(D − 2k − 1)]

[(D − 3)k−1(D − 2)k−1 + 2k−1 − 2(3−D)k−1]
.

(1.3)

The Lagrangian (1.1) is obtained by setting D = 5 and k = 3 in (1.2) after expanding the

Weyl tensor in terms of Riemann tensor and its traces. It’s also interesting to note that

after expanding the Lagrangian (1.2) in the case k = 2, and then setting D = 3, leads to

the quadratic part of the New Massive Gravity Lagrangian [10].

The L̃k≥3 expression in (1.2) allows to directly verify that the linearized field equations

around any conformally flat background ((A)dS in particular) are of second order. On the

other hand, the relative factor ck in (1.2) is such that on spacetimes that are conformal

to spherically (hyperbolic or planar) symmetric spacetimes, the higher derivative contri-

butions to the field equations coming from the variations of the Weyl tensors, cancel each

other. This is possible since for such family of spacetimes, all the component of the Weyl

1The quasi-topological combination found in [9] Z ′, is related to L3 by the relation L3 = 7

24
Z ′ + 7

48
E6,

where E6 stands for the six-dimensional Euler that vanishes identically in five dimensions.
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tensor Cab
cd are proportional to a single function X [11], and therefore any scalar con-

structed as a complete contraction of k Weyl tensors will be proportional to Xk (see [12]

and [13] for related further developments). These results allow to construct a new theory,

quartic in the Riemann, in D = 7.

Motivated by broadening the family of four-dimensional CFTs with relatively sim-

ple gravity duals, in reference [14] the authors successfully look for a quartic theory with

second order field equations on spherical symmetry. Such theory was dubbed Quartic

Quasi-topological gravity and when supplemented with terms of lower order in the Rie-

mann tensor, leads to second order linearized field equations around AdS spacetime. A

property that is shared by its cubic counterpart. It’s important to notice that Quartic

Quasi-topological gravity in five dimensions does not belong to the family defined in equa-

tion (1.2), nevertheless on spherically symmetric spacetimes, the field equations are simple

and reduce to a generalized Wheeler-like polynomial equation for the lapse function [15]

(see also [16]). The authors of [14] also conjecture the existence of quasi-topological grav-

ities of arbitrarily high degree in the curvature. The purpose of the present paper is to

show that for Lagrangians that are quintic in the curvature, R5, this is indeed the case.

The paper is organized as follows: in section II we show that there is at least one

particular combination of quintic algebraic invariants in five dimension which leads to

second order field equations on spherically symmetric spacetimes. In section III we present

the quintic algebraic Wheeler’s polynomial that determines the black hole solutions of the

theory, we characterize the maximally symmetric solutions and show that for generic values

of the couplings, the asymptotic behavior of the solutions coincides with the one of GR.

Section IV is devoted to the proof of Birkhoff’s theorem in this setup which shows that for

generic values of the couplings of a non-homogeneous curvature combination, the theory

does not propagate s-waves in spite of being in general a higher derivative theory. Due

to the Abel-Rufini theorem the obtained Wheeler’s-like polynomial cannot be solved by

radicals, nevertheless, assuming the existence of an event horizon, we are able to compute

the temperature, entropy and mass of the black hole solutions in section V. Section VI

contains the proof that the theory is ghosts-free around AdS. In section VII we analyze

some particular cases of the values of the couplings that allow for an explicit solution of the

quintic polynomial and at the same time lead to interesting black hole solutions. Section

VIII contains further remarks and conclusions.

2 The theory

Here we consider the following gravity theory

I [gµν ] =

∫ √−gd5x

[

R− 2Λ

16πG
+

5
∑

k=2

akLk

]

, (2.1)

where L2 stands for the Gauss-Bonnet combination

L2 := R2 − 4RabR
ab +RabcdR

abcd , (2.2)
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the cubic L3 term is the cubic quasi-topological combination in (1.1) and L4 stands for the

quartic quasi-topological term that can be written as

L4 =
1

73× 25 × 32

[

7080RpqbsR a u
p b R v w

a u Rqvsw − 234RpqbsR au
pq R vw

au Rbsvw − 1237
(

RpqbsRpqbs

)2

+ 1216RpqRbsauR v
bs pRauvq − 6912RpqRbsRa u

p qRabus − 7152RpqRbsRau
pbRauqs

+ 308RpqRpqR
bsauRbsau + 298R2RpqbsRpqbs + 12864RpqRbsR a

b Rpsqa − 115R4

− 912RRpqRbsRpbqs + 4112RpqR b
p R s

q Rbs − 4256RRpqR b
p Rqb + 1156R2RpqRpq

]

. (2.3)

The new quintic quasi-topological combination is

L5 = A1RR a
b R b

c R c
d R d

a +A2RR a
b R b

a R cd
ef R ef

cd +A3RR a
c R b

d R cd
ef R ef

ab (2.4)

+A4R
a
b R b

a R c
d R d

e R e
c +A5R

a
b R b

c R c
a R de

fg R fg
de +A6R

a
b R b

d R c
f R de

ag R fg
ce

+A7R
a
b R b

d R c
f R de

cg R fg
ae +A8R

a
b R b

c R cd
ae R ef

gh R gh
df +A9R

a
b R b

c R cd
ef R ef

gh R gh
ad

+A10R
a
b R b

c R cd
eg R ef

ah R gh
df +A11R

a
c R b

d R cd
ab R ef

gh R gh
ef +A12R

a
c R b

d R cd
ae R ef

gh R gh
bf

+A13R
a
c R b

d R cd
ef R ef

gh R gh
ab +A14R

a
c R b

d R cd
eg R ef

ah R gh
bf +A15R

a
c R b

e R cd
af R ef

gh R gh
bd

+A16R
a
b R bc

ad R de
fh R fg

ci R hi
eg +A17R

a
b R bc

de R de
cf R fg

hi R hi
ag +A18R

a
b R bc

df R de
ac R fg

hi R hi
eg

+A19R
a
b R bc

df R de
ah R fg

ei R hi
cg +A20R

a
b R bc

df R de
gh R fg

ei R hi
ac +A21R

ab
cd R cd

eg R ef
ai R gh

fj R ij
bh

+A22R
ab

ce R cd
af R ef

gi R gh
bj R ij

dh +A23R
ab

ce R cd
ag R ef

bi R gh
fj R ij

dh +A24R
ab

ce R cd
fg R ef

hi R gh
aj R ij

bd ,

where the (not illuminating at all) Ak coefficients, are defined in the appendix. The di-

mensionful couplings ak have mass dimension 5− 2k.

The quasi-topological combinations seem to be very cumbersome but the field equa-

tions, on spherically symmetric spacetimes reduce to simple expressions.

Clearly, the quasi-topological gravities are defined up to the addition of the correspond-

ing Euler densities that in the cubic, quartic and quintic cases, identically vanish in five

dimensions. A different set of identities that can be used to provide a different expression

for these Lagrangians make use of the cubic and quartic Lovelock tensor G(3)
µν and G(4)

µν .

These tensors identically vanish in dimension five and can be used to construct new scalar

identities by contracting them with symmetric curvature combinations, as well as with

curvature scalars. Beyond these trivial sources of non-uniqueness for the explicit form of

the quasi-topological Lagrangians, there is a more subtle one that leads to theories that are

intrinsically different. Since the quartic and quintic theories are defined by requiring second

order field equations on spherically symmetric spacetimes, a combination that identically

vanishes for this class of spacetimes can be added. The differences between the theories so

defined will become manifest only when they are explored beyond spherical symmetry. An

example of this is provided by the addition of a general combination of the independent,

complete contractions of k Weyl tensor Tr(p)
(

Ck
)

, where Tr(p) stands for a particular way

of pairing the indices of the different Weyl tensors. When evaluated on spacetimes that

are conformal to spherically symmetric ones, the different traces Tr(p) turn out to be pro-

portional [11]. Therefore a combination of these traces, fixed by a single constraint, can be

added to the quasi-topological terms to provide new theories which on spherical symmetry

coincide (see the discussion above equation (88) in [7]). As mentioned in [8], since there are
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only two possible cubic complete contractions of Weyl tensors, Tr(1)
(

C3
)

and Tr(2)
(

C3
)

,

cubic quasi-topological gravity is unique. Quartic quasi-topological gravity is also argued

to be unique in the original reference [14]. Whether or not the Quintic Quasi-topological

theory here presented is unique, goes beyond the scope of this work and it would require

at least to properly classify all the non-trivial, independent traces of the form Tr(p)
(

C5
)

.

In ten dimensions, these are the terms that define the c-contributions of the conformal

anomaly (see e.g. [17] and [18]).

Hereafter we set 16πG = 1.

3 Static solutions

Wheeler’s polynomial for a static metric of the form

ds2 = −f (r) dt2 +
dr2

g (r)
+ r2dΣ2

γ , (3.1)

with f (r) = g (r), reads

(f − γ)5
a5
r6

− (f − γ)4
a4
r4

−2 (f − γ)3
a3
r2

−12 (f − γ)2 a2+6r2 (f − γ)+r4Λ = −µ . (3.2)

Where dΣγ denotes the line element of a Euclidean, three-dimensional manifold of normal-

ized constant curvature γ = ±1 or 0, and µ is an integration constant, that will determine

the mass of the solution. This is a quintic algebraic equation that due to Abel-Rufini

theorem, cannot be solved in general by radicals. We will show in the next section that for

generic values of the couplings the condition f (r) = g (r) is actually an output of the field

equations and not a restriction put by hand.

Let’s assume that the maximally symmetric solution has a dressed constant curvature

Rµν
βσ =

λ

6

(

δµβδ
ν
σ − δνσδ

µ
β

)

, (3.3)

whose metric can be represented by setting

f (r) = g (r) = −λ

6
r2 + γ . (3.4)

on the metric (3.1). The dressed curvature is fixed by the following polynomial

P [λ] := a5λ
5 + 6a4λ

4 − 72a3λ
3 + 2592a2λ

2 + 7776 (λ− Λ) = 0 . (3.5)

As usual, depending on the values of the couplings (a5, a4, a3, a2,Λ) one can have from one

to five different vacua, and one can identify the G.R. branch, as the one for which λ → Λ

as a2, a3, a4 and a5 go to zero.

It’s possible to show that for generic values of the couplings, the asymptotic behavior

allowed by Wheeler’s polynomial (3.2), coincides with that of General Relativity. In fact

assuming

f (r) = g (r) = −λ

6
r2 + γ + j (r) , (3.6)

– 5 –



J
H
E
P
0
4
(
2
0
1
7
)
0
6
6

with j (r) having a Laurent expansion at infinity that does not modify the leading term of

the metric, i.e.

j (r) = c1r + c0 +
c2
r

+
c3
r2

+O
(

r−3
)

, (3.7)

one can expand (3.2) at infinity and solve it order by order. This leads to the following set

of conditions

P [λ] r4 = 0 , c1
dP [λ]

dλ
r3 = 0 , (3.8)

where P [λ] is defined in (3.5). Once P [λ] is solved, which fixes the value of the dressed

cosmological constant λ, requiring at the same time dP [λ]
dλ to vanish, would imply a relation

between the couplings, therefore for generic values of the latter, (3.8) imply that c1 has

to vanish. Considering this on the next relevant order of the asymptotic expansion of

Wheeler’s polynomial one obtains

c0
dP [λ]

dλ
r2 = 0 , (3.9)

which again implies that generically c0 = 0. Then one obtains c2
dP [λ]
dλ r = 0, which forces

to set c2 = 0, and finally one obtains

c3
dP [λ]

dλ
+ 1296µ = 0 . (3.10)

As mentioned before, this implies that the asymptotic behavior of the full solution matches

the one of General Relativity since

f (r) = g (r) = −λ

6
r2 + γ − µ

1296dP [λ]
dλ

1

r2
+O

(

r−3
)

. (3.11)

This shows that on spherically symmetric spacetimes, the only way of relaxing the asymp-

totic conditions of quasi-topological gravity (with respect to those of G.R.), would be to

consider the critical cases in which the polynomial P [λ] has roots with multiplicity larger

than one. In section VI we consider some particular regions of the space of couplings that

allow for relaxed asymptotic behavior.

4 Birkhoff’s theorem

It’s well known that the field equations of a gravitational theory on spherically symmet-

ric spacetimes, are correctly reproduced from the variation of a reduced action [19, 20],

obtained from the evaluation of the Lagrangian on the metric

ds2 = −a (t, r) b2 (t, r) dt2 + 2f (t, r) b (t, r) dtdr +
dr2

a (t, r)
+ r2dΣ2

γ , (4.1)

where dΣγ denotes the line element of a Euclidean three-dimensional manifold of constant

curvature γ = ±1 or 0. Evaluating the action (2.1) on (4.1) one obtains a reduced action

which is a functional of I [a, b, f ]. It’s convenient to introduce h (t, r) such that

a (t, r) = γ + h (t, r) . (4.2)

– 6 –
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The variation of the reduced action with respect to a, b and f , and a posteriori gauge fixing

f = 0, respectively lead to the field equations

0 =
(

−24r6h(t, r)a2 − 6h(t, r)2r4a3 − 4h(t, r)3r2a4 + 5h(t, r)4a5 + 6r8
) ∂b (t, r)

∂r
(4.3)

0 = h(t, r)5r−5a5 − h(t, r)4r−3a4 − 2h(t, r)3r−1a3 − 12h(t, r)2ra2

+ r5Λ + 6r3h(t, r) + µ(t)r (4.4)

0 =
(

−24r6h(t, r)a2 − 6h(t, r)2r4a3 − 4h(t, r)3r2a4 + 5h(t, r)4a5 + 6r8
) ∂h (t, r)

∂t
(4.5)

The function f (t, r) appears as a Lagrange multiplier on the reduced action and provides

one with the (t, r) component of the field equations. Here µ (t) is an integration function.

For generic values of the couplings, provided (4.4) is fulfilled, one can show that the pre-

factors of the derivatives in equations (4.3) and (4.5) are non-vanishing and therefore

b (t, r) = b (t) and ∂h
∂t = 0. The latter implies µ (t) = µ. As usual the function b (t) can

be absorbed by a time reparametrization. This proves the Birkhoff’s theorem for the non-

homogenous combination, i.e., for generic values of the couplings, the spherically (planar or

hyperbolic) symmetric solution is static and is determined by a quintic polynomial equation.

These results are analogous to the Birkhoff’s theorem in Lovelock gravity (see [21] and [22]).

It would be interesting to explore whether the generalized Birkhoff’s theorem of Chern-

Simons [23] and Lovelock theory [24–33] can be extended for the quasi-topological theories,

for general horizon geometries.

5 Black hole thermodynamics

Assuming that there is a non-degenerate horizon, that is, assuming that the polynomial

equation (3.2) has a solution f(r) with a single zero located at r = rh, we now analyze

the thermodynamical properties of the solution through the Euclidean method, where the

Euclidean time τ is imaginary, periodic of period β and it is related to the temperature

via β = T−1. The Euclidean action IEuc is related with the free energy F by

IEuc = β F = β (M − TS) , (5.1)

where M is the mass and S is the entropy. On the other hand, in order to display the

boundary term B that will ensure the finiteness of the Euclidean action, it is enough to

consider the following class of Euclidean metric

ds2 = N2(r)f(r)dτ2 +
dr2

f(r)
+ r2dΣ2

γ .

With the Euclidean time τ ∈ [0, β], the radial coordinate r ∈ [rh,∞[ and V ol(Σγ)

standing for the volume of the three-dimensional Euclidean manifold Σγ , the reduced action

principle reads

IEuc = β V ol(Σγ)

∫

N(r)H(r) dr +B , (5.2)

– 7 –



J
H
E
P
0
4
(
2
0
1
7
)
0
6
6

where the reduced Hamiltonian is given by

H =

(

5(f − γ)4a5
2r6

− 2(f − γ)3a4
r4

− 3(f − γ)2a3
r2

− 12(f − γ)a2 + 3r2
)

f ′

− 3(f − γ)5a5
r7

+
2(f − γ)4a4

r5
+

2(f − γ)3a3
r3

+ 6r(f − γ) + 2Λr3 . (5.3)

The boundary term is determined requiring that the reduced action (5.2) has an ex-

tremum, that is, δIEuc = 0 within the class of fields considered here [34]. This last condition

implies that

δB=−β V ol(Σγ)N

(

5(f − γ)4a5
2r6

− 2(f − γ)3a4
r4

− 3(f − γ)2a3
r2

− 12(f − γ)a2 + 3r2
)

δf ,

where the variation is taken between the horizon and infinity.

Varying the reduced action with respect to the fields N and f gives the following

equations:

H(r) = 0 (5.4a)
(

−5(f − γ)4a5
2r6

+
2(f − γ)3)a4

r4
+

3(f − γ)2a3
r2

+ 12(f − γ)a2 − 3r2
)

N ′(r) = 0 (5.4b)

From the first equation we recover (3.2). In the second equation, since the couplings

a2, a3, a4, a5 are generic, one must have N ′(r) = 0, and then, without loss of generality, we

can set N(r) ≡ 1.

The temperature is fixed requiring regularity of the metric at the horizon yielding in

this case to

βf
′

(r)|rh = 4π,

and using (3.2) we have

T =
1

2πrh

(−3a5γ
5 − 2a4γ

4r2h + 2a3γ
3r4h + 6γr8h − 2Λr10h

5a5γ4 + 4a4γ3r2h − 6a3γ2r4h + 24a2γr6h + 6r8h

)

. (5.5)

Now we are in position to compute the boundary term B = B(∞) − B(rh). At the

horizon we have f(rh) = 0 and δf |rh = −f ′(rh) δrh. In this situation the variation reads

δB
∣

∣

rh
= 4π V ol(Σγ)

(

5γ4a5
2r6h

+
2γ3a4
r4h

− 3γ2a3
r2h

+ 12γa2 + 3r2h

)

δrh,

which can be trivially integrated as

B(rh) = V ol(Σγ)

(

−2πγ4a5
r5h

− 8πγ3a4
3r3h

+
12πγ2a3

r2h
+ 48πγa2rh + 4πr3h

)

. (5.6)

On the other hand, we can use again (3.2) to see that the variation at infinity is simply

δB
∣

∣

∞
=

β V ol(Σγ)

2
δµ ,
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so that the contribution at the infinity is given by

B(∞) =
β V ol(Σγ)

2
µ

= −β V ol(Σγ)

2

(

−γ5a5
r6h

− γ4a4
r4h

+
2γa3
r2h

− 12γ2a2 − 6γr2h + Λr4h

)

. (5.7)

Finally, the comparison between the boundary term B and (5.1), allows us to identify

the entropy and the mass of the system as

S = V ol(Σγ)

(

4πr3h + 48πγa2rh +
12πγ2a3

r2h
− 8πγ3a4

3r3h
− 2πγ4a5

r5h

)

. (5.8)

M =
V ol(Σγ)

2

(

γ5a5
r6h

+
γ4a4
r4h

− 2γa3
r2h

+ 12γ2a2 + 6γr2h − Λr4h

)

(5.9)

It’s now trivial to show that the first law dM = TdS is fulfilled.

As a final comment, we want to stress that the expression for the mass (5.9) coincides

with the one obtained through the quasilocal generalization of the ADT formalism [35–39]

as presented in refs. [40, 41].

6 No-ghosts on AdS

Linearizing fourth-order gravity theories around maximally symmetric backgrounds in gen-

eral leads to ghost degrees of freedom. Some exceptions that non-trivially avoid this prob-

lem are New Massive Gravity as well as quasi-topological gravities. The former exploits

the fact that General Relativity does not propagate local bulk degrees of freedom in 2+ 1-

dimensions, and the linearized equations around flat space lead to the massive Fierz-Pauli

equation [10]. The mechanism that exorcizes the ghost on AdS in quasi-topological gravities

is different. It was shown in [9] and [14] that around maximally symmetric backgrounds,

cubic and quartic quasi-topological gravities lead to the same propagator than G.R. with

an effective Newton’s constant that depends on the values of the couplings. Requiring the

positivity of this effective gravity coupling provides an important restriction on the values

that the couplings can take. Now we focus on the linearization of Quintic Quasi-topological

gravity, given by the action (2.1), around a maximally symmetric solution with a dressed

curvature λ/6, restricted by the polynomial P [λ] = 0 in (3.5).

Recently, the authors of [42] and [43] introduced a simple method for linearizing higher-

derivative theories around maximally symmetric backgrounds. Their method relies on the

evaluation of the Lagrangian on a deformed curvature that depends on two auxiliary pa-

rameters. Considering derivatives of the effective action with respect to the mentioned

parameters, one can obtain the linearized field equations. The potentially dangerous terms

contain second derivatives of the linearized Einstein tensor as well as of the linearized Ricci

scalar. Such terms will be present for generic combinations of the curvature invariants.

Nevertheless, for Quintic Quasi-topological gravity (2.1) one has that the linearized equa-
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tions around a constant curvature background of dressed curvature λ/6 fixed by (3.5), read2

dP [λ]

dλ
GL

µν = 0 , (6.1)

that implies

1

2

(

1 +
2

3
a2λ− 1

36
a3λ

2 +
1

324
a4λ

3 +
5

7776
a5λ

4

)

GL
µν = 0 , (6.2)

where the linearized Einstein tensor is defined by

GL
µν = ∇̄(µ|∇̄σh

σ
|ν) −

1

2
�̄hµν −

1

2
∇̄µ∇̄νh+ 5Λhµν − Λhḡµν

− 1

2
ḡµν

(

∇̄α∇̄βhαβ − �̄h− 4Λh
)

− 4Λhµν .

The first term in the parenthesis of (6.2) comes from the Einstein-Hilbert term. The

positivity of this effective Newton’s constant has to be used to restrict the values of the

couplings.

Note also that if we linearize around a maximally symmetric background that has a

curvature that is a root of P [λ] = 0 with multiplicity greater or equal to 2, the linearized

field equations would identically vanish. This feature is also well known in Lovelock theories

when vacua coincide (see e.g. [44]).

7 Simple solutions for special values of the couplings

7.1 Quasi-topological gravity with a unique vacuum

As in Lovelock theory, one can see that if the couplings are such that all the roots of

the polynomial P [λ] in (3.5) coincide, Wheeler’s polynomial can be solved in a simple

manner [45, 46]. For quasi-topological gravity, such degenerate case is obtained by setting

the coefficients as

Λ = − 6

5l2
, a2 = l2, a3 = −6l4, a4 = 6l6, a5 =

6

5
l8 , (7.1)

where l is an arbitrary length scale. In this case the metric can be found explicitly and

yields

ds2 = −
(

r2

l2
+ γ − µr6/5

)

dt2 +
dr2

r2

l2
+ γ − µr6/5

+ r2dΣ2
γ , (7.2)

where µ is an integration constant. This spacetime is asymptotically locally (A)dS, which

can be seen from the asymptotic form of the Riemann tensor at infinity

Rµν
αβ = − 1

l2
δµναβ + pµναβO

(

r−4/5
)

, (7.3)

where pµναβ is a tensor that has constant entries on the coordinates used for the line ele-

ment (7.2).

2Note that for simplicity, we have scaled the curvature of the background w.r.t. that of [42] as λ → λ/6.
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Note also that the solution (7.2) can be obtained as a kind of dimensional continuation

of the black hole solution of Lovelock theory with a unique vacuum. Indeed in such case

the lapse function reads

f (r) =
r2

l2
+ γ − µ

r
D−2k−1

k

, (7.4)

where D is the spacetime dimension and k is the maximum power in the curvature that

appears in the Lagrangian. Lovelock gravity of order k contributes to the field equations

provided k ≤
[

D−1
2

]

, where [·] stands for the integer part. Nevertheless, continuing the

solution (7.4) to D = 5 and k = 5, correctly reproduces the line element (7.2). For cubic

quasi-topological gravity, this property was already pointed out in [7].

7.2 Pure quasi-topological gravity

Another simple explicit solution arises when considering the quintic term plus a cosmologi-

cal term in the action. In analogy to what happens with Lovelock gravity, we call this case

the pure quasi-topological case. In the context of Lovelock theory, this case has received

attention since it’s the simplest case that admits a unique constant curvature solution that

also propagates a graviton [47–49]. The theory therefore reads

IPQG =

∫ √−gd5x [−2Λ + a5L5] , (7.5)

and the black holes solution reduces to

ds2 = −



γ −
(

(

Λr4 + µ
)

r6

a5

)1/5


 dt2 +
dr2

γ −
(

(Λr4+µ)r6

a5

)1/5
+ r2dΣ2

γ . (7.6)

It’s interesting enough to note that even in the absence of an Einstein-Hilbert term, the

asymptotic behavior of the lapse function emulates that of GR, since at infinity

f (r) = −
(

Λ

a5

)1/5

r2 + γ − µ̃

r2
+O

(

r−6
)

. (7.7)

The limit Λ → 0 can be taken in this solution which provides an asymptotically locally flat

black hole only for the hyperbolic case γ = −1.

8 Conclusions and final remarks

We have presented a new quasi-topological theory in five dimensions, that is quintic in the

Riemann tensor. The theory is ghost-free around AdS and the linearized equations around a

constant curvature background reduce to the linearized Einstein equations with an effective

Newton’s constant. The theory is defined by five, dimensionful coupling constants, and the

positivity of the effective Newton’s constant of the fluctuations on AdS has to be imposed

as a restriction on the space of couplings. The theory also admits black hole solutions

which can be integrated exactly up to the solution of a quintic algebraic equation, that

due to Abel-Rufini theorem, cannot be solved in terms of radicals. Requiring the existence
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of an event horizon, we have been able to compute the temperature, mass and entropy of

the black hole solutions. These black holes provide for finite temperature duals of a CFT

living at the boundary of AdS spacetime.

It would be interesting to construct R5 quasi-topological gravities in arbitrary dimen-

sions. From what we have learned from the cubic [7] and quartic cases [14], it is natural

to conjecture that this theory might exist for all dimensions lower than ten, and from

dimension 11 it might reduce to Lovelock theory plus a combination of invariants whose

contribution cancels when evaluated on spherically symmetric spacetimes.

Cubic and quartic quasi-topological gravities have been explored in many different di-

rections. Holographic and unitarity studies including η/s and central charges of the dual

CFTs were done in [50–52]. The properties of holographic superconductors were explored

in [53–55]. Exact solution containing matter fields were constructed in [56–60] including

also scalars conformally coupled to the quasi-topological densities [61]. The thermodynam-

ics in the extended phase space for these theories was studied in [62] and [63]. It would be

interesting to see if the results found in those references is affected by the presence of the

quintic quasi-topological term, or whether the results are generic for this family of theories.

As mentioned above, besides the clear structure provided by the family of theories

introduced in [7], of order k in dimension D = 2k−1, the general form of quasi-topological

gravities of arbitrary high order in five dimensions, is not clear. For the quartic case for

example, one might be tempted to consider combinations of the invariants:

B1 = δa1...a8b1...b8
Cb1b2

a1a2 . . . C
b7b8
a7a8 , B2 = δa1...a8b1...b8

Rb1b2
a1a2C

b3b4
a3a4 . . . C

b7b8
a7a8 ,

B3 = δa1...a8b1...b8
Rb1b2

a1a2R
b3b4
a3a4C

b5b6
a5a6C

b7b8
a7a8 , B4 = δa1...a8b1...b8

Rb1b2
a1a2R

b3b4
a3a4R

b5b6
a5a6C

b7b8
a7a8

B5 = δa1...a8b1...b8
Rb1b2

a1a2R
b3b4
a3a4R

b5b6
a5a6R

b7b8
a7a8 .

Substituting the Weyl tensor in terms of the Riemann tensor and its traces, one can see

that the combination

B =
1

(D − 5)

5
∑

i=1

ξiBi , (8.1)

is well behaved for a general metric in D = 5 if and only if

ξ3 = −6ξ1 − 3ξ2 ,

ξ4 = 26ξ1 + 15ξ2 ,

ξ5 = −21ξ1 − 13ξ2 .

Then, in order to remove the higher derivative contributions to the field equations one

would have to engineer additional terms that on spherical symmetry contribute as those in

the combinations that appear in B. Besides the independent terms Tr(p)
(

C4
)

, one might

also consider RTr(1)
(

C3
)

and RTr(2)
(

C3
)

.
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A Coefficients of the quintic quasi-topological gravity

To find the Quintic Quasi-topological combination, we have considered a general linear

combination all the 85, quintic, curvature invariants that appear in the expansion of the

ten-dimensional Euler density reported in equation (7) of reference [64]. We evaluated such

general combination on a spherically (hyperbolic or planar) symmetric spacetime and then

we required the field equations coming from this reduced Lagrangian to be of second order.

This provides a system of equations for the coefficients of the linear combination, which has

the coefficients given below as a simple, possible solution. Since we are interested in the

properties of the theory on a spherically symmetric background, it’s enough to evaluate the

Lagrangian on the metric ansatz (3.1) (or (4.1) to include time dependence) [19, 20]. The

coefficients that define the new Quintic Quasi-topological gravity in equation (2.4) are:

A1 =
9497

17767320
, A2 = − 759299

71069280
, A3 =

124967

5922440
, A4 =

759299

23689760
,

A5 =
197761

11844880
, A6 =

1362599

23689760
, A7 = − 5006573

11844880
, A8 = − 9290347

71069280
,

A9 =
3400579

11844880
, A10 = − 6726521

11844880
, A11 =

363777

23689760
, A12 =

6348187

47379520
,

A13 = − 9487667

71069280
, A14 = −6454201

8883660
, A15 = − 34697591

142138560
, A16 = − 5643853

71069280
,

A17 = −29094011

71069280
, A18 = −48458099

71069280
, A19 =

1547591

740305
, A20 =

78763919

71069280
,

A21 = −10718341

17767320
, A22 =

9629717

17767320
, A23 =

1113473

17767320
, A24 = −16111757

17767320
.
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[gr-qc/0408067] [INSPIRE].

[21] R. Zegers, Birkhoff’s theorem in Lovelock gravity, J. Math. Phys. 46 (2005) 072502

[gr-qc/0505016] [INSPIRE].

[22] S. Deser and J. Franklin, Birkhoff for Lovelock redux, Class. Quant. Grav. 22 (2005) L103

[gr-qc/0506014] [INSPIRE].

– 14 –

http://dx.doi.org/10.1103/PhysRevD.77.126006
https://arxiv.org/abs/0712.0805
http://inspirehep.net/search?p=find+EPRINT+arXiv:0712.0805
http://dx.doi.org/10.1103/PhysRevLett.100.191601
https://arxiv.org/abs/0802.3318
http://inspirehep.net/search?p=find+EPRINT+arXiv:0802.3318
http://dx.doi.org/10.1088/1126-6708/2008/05/012
https://arxiv.org/abs/0803.1467
http://inspirehep.net/search?p=find+EPRINT+arXiv:0803.1467
http://dx.doi.org/10.1088/0264-9381/27/22/225002
https://arxiv.org/abs/1003.4773
http://inspirehep.net/search?p=find+EPRINT+arXiv:1003.4773
http://dx.doi.org/10.1103/PhysRevD.82.124030
https://arxiv.org/abs/1004.0737
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.0737
http://dx.doi.org/10.1007/JHEP08(2010)067
https://arxiv.org/abs/1003.5357
http://inspirehep.net/search?p=find+EPRINT+arXiv:1003.5357
http://dx.doi.org/10.1103/PhysRevLett.102.201301
https://arxiv.org/abs/0901.1766
http://inspirehep.net/search?p=find+EPRINT+arXiv:0901.1766
http://dx.doi.org/10.1088/0264-9381/22/16/012
https://arxiv.org/abs/gr-qc/0505039
http://inspirehep.net/search?p=find+EPRINT+gr-qc/0505039
http://dx.doi.org/10.1088/0264-9381/28/17/175007
https://arxiv.org/abs/1104.1205
http://inspirehep.net/search?p=find+EPRINT+arXiv:1104.1205
http://dx.doi.org/10.1103/PhysRevD.86.084014
https://arxiv.org/abs/1201.5601
http://inspirehep.net/search?p=find+EPRINT+arXiv:1201.5601
http://dx.doi.org/10.1103/PhysRevD.85.104009
https://arxiv.org/abs/1109.4708
http://inspirehep.net/search?p=find+EPRINT+arXiv:1109.4708
http://dx.doi.org/10.1016/0550-3213(86)90388-3
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B273,732%22
http://dx.doi.org/10.1088/0264-9381/30/3/035009
https://arxiv.org/abs/1103.3669
http://inspirehep.net/search?p=find+EPRINT+arXiv:1103.3669
http://dx.doi.org/10.1016/0370-2693(93)90934-A
https://arxiv.org/abs/hep-th/9302047
http://inspirehep.net/search?p=find+EPRINT+hep-th/9302047
http://dx.doi.org/10.1103/PhysRevLett.98.261302
https://arxiv.org/abs/0706.0340
http://inspirehep.net/search?p=find+EPRINT+arXiv:0706.0340
http://dx.doi.org/10.1007/BF01941322
http://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,69,19%22
http://dx.doi.org/10.1119/1.1830505
https://arxiv.org/abs/gr-qc/0408067
http://inspirehep.net/search?p=find+EPRINT+gr-qc/0408067
http://dx.doi.org/10.1063/1.1960798
https://arxiv.org/abs/gr-qc/0505016
http://inspirehep.net/search?p=find+EPRINT+gr-qc/0505016
http://dx.doi.org/10.1088/0264-9381/22/16/L03
https://arxiv.org/abs/gr-qc/0506014
http://inspirehep.net/search?p=find+EPRINT+gr-qc/0506014


J
H
E
P
0
4
(
2
0
1
7
)
0
6
6

[23] J. Oliva, All the solutions of the form M2 × W

∑

d−2 for Lovelock gravity in vacuum in the

Chern-Simons case, J. Math. Phys. 54 (2013) 042501 [arXiv:1210.4123] [INSPIRE].

[24] G. Dotti, J. Oliva and R. Troncoso, Static solutions with nontrivial boundaries for the

Einstein-Gauss-Bonnet theory in vacuum, Phys. Rev. D 82 (2010) 024002

[arXiv:1004.5287] [INSPIRE].

[25] G. Dotti, J. Oliva and R. Troncoso, Vacuum solutions with nontrivial boundaries for the

Einstein-Gauss-Bonnet theory, Int. J. Mod. Phys. A 24 (2009) 1690 [arXiv:0809.4378]

[INSPIRE].

[26] G. Dotti, J. Oliva and R. Troncoso, Exact solutions for the Einstein-Gauss-Bonnet theory in

five dimensions: black holes, wormholes and spacetime horns,

Phys. Rev. D 76 (2007) 064038 [arXiv:0706.1830] [INSPIRE].

[27] G. Dotti and R.J. Gleiser, Obstructions on the horizon geometry from string theory

corrections to Einstein gravity, Phys. Lett. B 627 (2005) 174 [hep-th/0508118] [INSPIRE].

[28] C. Bogdanos, C. Charmousis, B. Gouteraux and R. Zegers, Einstein-Gauss-Bonnet metrics:

black holes, black strings and a staticity theorem, JHEP 10 (2009) 037 [arXiv:0906.4953]

[INSPIRE].

[29] H. Maeda, Gauss-Bonnet black holes with non-constant curvature horizons,

Phys. Rev. D 81 (2010) 124007 [arXiv:1004.0917] [INSPIRE].

[30] N. Farhangkhah and M.H. Dehghani, Lovelock black holes with nonmaximally symmetric

horizons, Phys. Rev. D 90 (2014) 044014 [arXiv:1409.1410] [INSPIRE].

[31] S. Ohashi and M. Nozawa, Lovelock black holes with a nonconstant curvature horizon,

Phys. Rev. D 92 (2015) 064020 [arXiv:1507.04496] [INSPIRE].

[32] N. Dadhich and J.M. Pons, Static pure Lovelock black hole solutions with horizon topology

S(n) × S(n), JHEP 05 (2015) 067 [arXiv:1503.00974] [INSPIRE].

[33] S. Ray, Birkhoff’s theorem in Lovelock gravity for general base manifolds,

Class. Quant. Grav. 32 (2015) 195022 [arXiv:1505.03830] [INSPIRE].

[34] T. Regge and C. Teitelboim, Role of surface integrals in the Hamiltonian formulation of

general relativity, Annals Phys. 88 (1974) 286 [INSPIRE].

[35] L.F. Abbott and S. Deser, Stability of gravity with a cosmological constant,

Nucl. Phys. B 195 (1982) 76 [INSPIRE].

[36] L.F. Abbott and S. Deser, Charge definition in non-Abelian gauge theories,

Phys. Lett. B 116 (1982) 259 [INSPIRE].

[37] S. Deser and B. Tekin, Gravitational energy in quadratic curvature gravities,

Phys. Rev. Lett. 89 (2002) 101101 [hep-th/0205318] [INSPIRE].

[38] S. Deser and B. Tekin, Energy in generic higher curvature gravity theories,

Phys. Rev. D 67 (2003) 084009 [hep-th/0212292] [INSPIRE].

[39] C. Senturk, T.C. Sisman and B. Tekin, Energy and angular momentum in generic

F (Riemann) theories, Phys. Rev. D 86 (2012) 124030 [arXiv:1209.2056] [INSPIRE].

[40] W. Kim, S. Kulkarni and S.-H. Yi, Quasilocal conserved charges in a covariant theory of

gravity, Phys. Rev. Lett. 111 (2013) 081101 [Erratum ibid. 112 (2014) 079902]

[arXiv:1306.2138] [INSPIRE].

– 15 –

http://dx.doi.org/10.1063/1.4795258
https://arxiv.org/abs/1210.4123
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.4123
http://dx.doi.org/10.1103/PhysRevD.82.024002
https://arxiv.org/abs/1004.5287
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.5287
http://dx.doi.org/10.1142/S0217751X09045248
https://arxiv.org/abs/0809.4378
http://inspirehep.net/search?p=find+EPRINT+arXiv:0809.4378
http://dx.doi.org/10.1103/PhysRevD.76.064038
https://arxiv.org/abs/0706.1830
http://inspirehep.net/search?p=find+EPRINT+arXiv:0706.1830
http://dx.doi.org/10.1016/j.physletb.2005.08.110
https://arxiv.org/abs/hep-th/0508118
http://inspirehep.net/search?p=find+EPRINT+hep-th/0508118
http://dx.doi.org/10.1088/1126-6708/2009/10/037
https://arxiv.org/abs/0906.4953
http://inspirehep.net/search?p=find+EPRINT+arXiv:0906.4953
http://dx.doi.org/10.1103/PhysRevD.81.124007
https://arxiv.org/abs/1004.0917
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.0917
http://dx.doi.org/10.1103/PhysRevD.90.044014
https://arxiv.org/abs/1409.1410
http://inspirehep.net/search?p=find+EPRINT+arXiv:1409.1410
http://dx.doi.org/10.1103/PhysRevD.92.064020
https://arxiv.org/abs/1507.04496
http://inspirehep.net/search?p=find+EPRINT+arXiv:1507.04496
http://dx.doi.org/10.1007/JHEP05(2015)067
https://arxiv.org/abs/1503.00974
http://inspirehep.net/search?p=find+EPRINT+arXiv:1503.00974
http://dx.doi.org/10.1088/0264-9381/32/19/195022
https://arxiv.org/abs/1505.03830
http://inspirehep.net/search?p=find+EPRINT+arXiv:1505.03830
http://dx.doi.org/10.1016/0003-4916(74)90404-7
http://inspirehep.net/search?p=find+J+%22AnnalsPhys.,88,286%22
http://dx.doi.org/10.1016/0550-3213(82)90049-9
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B195,76%22
http://dx.doi.org/10.1016/0370-2693(82)90338-0
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B116,259%22
http://dx.doi.org/10.1103/PhysRevLett.89.101101
https://arxiv.org/abs/hep-th/0205318
http://inspirehep.net/search?p=find+EPRINT+hep-th/0205318
http://dx.doi.org/10.1103/PhysRevD.67.084009
https://arxiv.org/abs/hep-th/0212292
http://inspirehep.net/search?p=find+EPRINT+hep-th/0212292
http://dx.doi.org/10.1103/PhysRevD.86.124030
https://arxiv.org/abs/1209.2056
http://inspirehep.net/search?p=find+EPRINT+arXiv:1209.2056
http://dx.doi.org/10.1103/PhysRevLett.111.081101
http://dx.doi.org/10.1103/PhysRevLett.112.079902
https://arxiv.org/abs/1306.2138
http://inspirehep.net/search?p=find+EPRINT+arXiv:1306.2138


J
H
E
P
0
4
(
2
0
1
7
)
0
6
6

[41] Y. Gim, W. Kim and S.-H. Yi, The first law of thermodynamics in Lifshitz black holes

revisited, JHEP 07 (2014) 002 [arXiv:1403.4704] [INSPIRE].

[42] P. Bueno and P.A. Cano, Einsteinian cubic gravity, Phys. Rev. D 94 (2016) 104005

[arXiv:1607.06463] [INSPIRE].

[43] P. Bueno, P.A. Cano, V.S. Min and M.R. Visser, Aspects of general higher-order gravities,

Phys. Rev. D 95 (2017) 044010 [arXiv:1610.08519] [INSPIRE].
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