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Abstract

The aim of the paper is to extend the results concerning the Shannon entropy and Kullback-Leibler divergence in product
MV-algebras to the case of R-norm entropy and R-norm divergence. We define the R-norm entropy of finite partitions in
product MV-algebras and its conditional version and derive the basic properties of these entropy measures. In addition, we
introduce the concept of R-norm divergence in product MV-algebras and we prove basic properties of this quantity. In
particular, it is proven that the Kullback—Leibler divergence and Shannon’s entropy of partitions in a given product MV-
algebra can be obtained as the limits of their R-norm divergence and R-norm entropy, respectively.
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1 Introduction

MV-algebras were introduced by Chang (1958) as the
semantical counterpart of the Lukasiewicz many-valued
propositional logic. This algebraic structure is currently
being studied by many researchers, and it is natural that
there are many results regarding entropy in this structure;
for instance, we refer to Di Nola et al. (2005), Riecan
(2005), cf. also Markechova et al. (2018a). An important
case of MV-algebras is the so-called product MV-algebra
introduced independently by Riecan (1999) and Montagna
(2000), see also Di Nola and Dvurecenskij (2001) and
Jakubik (2002). This notion generalizes some classes of
fuzzy sets (Zadeh 1965); an example of product MV-al-
gebra is a full tribe of fuzzy sets (see, e.g., RieCan and
Neubrunn 2002).

In this paper, we continue to study entropy in product
MV-algebras, which began in Petrovicova (2000), see also
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Petrovicova (2001), by defining and studying the R-norm
entropy and R-norm divergence in this structure. We recall
that the R-norm entropy (cf. Arimoto 1971; Boekke and
Van Der Lubbe 1980) of a probability distribution P =
{P1,P2,-..,pn} is defined, for a positive real number R not
equal to 1, by the formula:

R ]
Hg(P) = el [ZP?}
i=1

Some results regarding the R-norm entropy measure and
its generalizations can be found in Hooda and Ram (2002),
Hooda and Sharma (2008), Hooda and Bajaj (2008),
Kumar and Choudhary (2012), Kumar et al. (2014),
Markechova et al. (2018b). We note that in the recently
published paper Markechova and Riecan (2017), the results
regarding the Shannon entropy of partitions in product
MV-algebras were exploited to define the notions of
Kullback-Leibler divergence and mutual information of
partitions in this structure. The Kullback-Leibler diver-
gence (K-L divergence, for short) was proposed in Kull-
back and Leibler (1951) as the distance measure between
two probability distributions, and it is currently one of the
most basic quantities in information theory (Gray 2009).
We remark that the concepts of the R-norm entropy and R-
norm divergence are extensions of the notions of Shannon
entropy (Shannon 1948) and K-L divergence, respectively.

The aim of the present article is to study the R-norm
entropy and R-norm divergence in product MV-algebras.
The rest of the article is organized as follows. Sect 2
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contains basic definitions, notations and some known facts
that will be used in the succeeding sections. Our results are
presented in Sects. 3 and 4. In Sect. 3, we define and study
the R-norm entropy and conditional R-norm entropy of
finite partitions in product MV-algebras and examine their
properties. In Sect. 4, the notion of the R-norm divergence
in product MV-algebras is introduced and the properties of
this distance measure are studied. It is proved that the
Shannon entropy and the K-L divergence in product MV-
algebras can be derived from their R-norm entropy and R-
norm divergence, respectively, as the limiting cases for
R — 1. We illustrate results with numerical examples.
Finally, the last section provides brief closing remarks.

2 Basic definitions and related works

Let us begin by recalling the definitions of the basic terms
and some known results that will be used in the following
parts. We mention in this section also some works con-
nected with the issue of this article, of course, with no
claim for completeness.

For defining the notion of MV-algebra, several different
(but equivalent) axiom systems have been used (cf., e.g.,
Cattaneo and Lombardo 1998; Gluschankof 1993; Riecan
1999). In this paper, we apply the definition of MV-algebra
in accordance with the definition given by Riecan (2012),
which is based on Mundici’s representation theorem
(Mundici 1986; see also Mundici 2011). According to the
Mundici theorem, MV-algebras can be viewed as intervals
of a commutative lattice ordered groups (shortly I-group).
We recall that by an /-group (Anderson and Feil 1988) we
mean a triplet (G, +, <), where (G, +) is a commuta-
tive group, (G, <) is a partially ordered set being a lattice
and x<y=x+z<y+z

Definition 1 (RieCan 2012) An MV-algebra is an alge-
braic system (A, @, *, 0, u) satisfying the following
conditions:

(i) there exists an /-group (G, 4+, <) such that A =
[0, u] = {x € G; 0<x<u}, where 0 is the neutral
element of (G, +) and u is a strong unit of G (i.e.,
u € G such that u >0 and to each x € G there
exists a positive integer n with x < nu);

(ii) @, * are binary operation on A satisfying the
following identities: x®y=(x+y) Au,
xxy=(x+y—u)VO0.

Definition 2 (Riecan and Mundici 2002) A state on an
MV-algebra (A, @, *, 0, u) is a map s: A — [0, 1] with
the properties: (i) s(u) =1; (i) if x,y € A such that
x+y<u, then s(x +y) = s(x) + s(y).

@ Springer

Definition 3 (Riecan 2012) A product MV-algebra is an
algebraic structure (A, @, *, -, 0, u), where
(A, ®, *, 0, u)is an MV-algebra and - is a commutative
and associative binary operation on A with the following
properties:

(i) foreveryx€ A, u-x=ux;
(i) if x,y,z € A such that x + y <u, then
zx+z-y<wu,and z-(x+y)=z-x+2z-y.

For the sake of brevity, we write in the following (A, -)
instead of (A, @, %, -, 0, u). A relevant probability
theory for the product MV-algebras was developed in
Riecan (2000), see also Kroupa (2005) and Vrabelova
(2000). A suitable entropy theory of Shannon type for the
product MV-algebras has been provided in Petrovicova
(2000, 2001), Riecan (2005). The main idea and some
results of this theory follow.

Following Petrovicova (2000), by a partition in a product
MV-algebra (A, -), we will mean any n-tuple o=
(x1,%2,...,X,) of (not necessarily different) elements of A
with the property x; +x; + - - - 4+ x, = u. In the system of
all partitions in a given product MV-algebra (A, -), we
define the refinement partial order > in a standard way (cf.
Markechova et al. 2018a). If o = (x1,x2,...,%,), and § =
(¥1,¥2,- .-, ym) are two partitions in (A, -), then we write
p >~ o (and we say that f§ is a refinement of o ), if there exists
apartition {I(1),1(2),...,1(n)} of the set {1,2,...,m} such
that x; = Zjel(i) yj, for i =1,2,...,n. Further, we define
oV f as a k-tuple (where k = n - m) consisting of the ele-
ments x; =x;-y;, i=12,...,n,j=1,2,...,m. Since

n m n m
S Xy = (X x) - (Zj:lyj) =u-u=u, the
k-tuple oV f is a partition in (A, -); it represents an
experiment consisting of a realization of & and f.

Proposition 1 Let o = (x1,x2,...,%,) be a partition in a
product MV-algebra (A, -) and s be a state on (A, -).
Then, for any element y € A, it holds s(y) = > ¢ s(x; - y).

Proof The proof can be found in Markechova et al.
(2018a).

Proposition 2 If o, [ are partitions in a product MV-
algebra (A, -) such that >~ o, then for every partition 7
in (A, -), it holds BV y = aVy.

Proof The proof can be found in Markechova et al.
(2018a).

Definition 4 Let s be a state on a product MV-algebra
(A, -). We say that partitions o, f§ in (A, -) are statistically
independent with respect to s, if s(x - y) =s(x) - s(y), for
every x € o, and y € f.

The following definition of entropy of Shannon type has
been introduced in Petrovicova (2000).
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Definition 5 Let o = (xy,x;,...,x,) be a partition in a
product MV-algebra (A, -) and s be a state on (A, -).
Then the entropy of « with respect to s is defined by
Shannon’s formula:

-3 st )
where
F i [0,00) = R, F(x) = {S}Ogbx P
If o= (x1,x2,...,%,), and = (y1,y2,...,Ym) are two

partitions in (A,
p is defined by:

-), then the conditional entropy of o given

iy s

Z Z s(x -log,, j&yjj) . (2)

i=1 j=1

Hy(o/B) =

The base b of the logarithm can be any positive real
number; depending on the selected base b of the logarithm,
information is measured in bits (b = 2), nats (b = ¢), or dits
(b = 10). Note that we use the convention (based on
continuity arguments) that Ologb% =0if x>0.

The entropy and the conditional entropy of partitions in
a product MV-algebra satisfy all properties corresponding
to properties of Shannon’s entropy of measurable partitions
in the classical case; for more details, see Petrovicova
(2000). The notion of K-L divergence in product MV-
algebras was defined in Markechova and Riecan (2017) as
follows.

Definition 6 Let s, ¢ be states defined on a given product
MV-algebra (A, -), and o = (x1,x2,...,%,) be a partition
in (A, -). Then, we define the K-L divergence D,(s || #) b
the formula:

Z )-log, >) ©)

The logarithm in this formula is taken to the base b = 2
if information is measured in units of bits, to the base
b = 10 if information is measured in dits, or to the base
b = e if information is measured in nats. We use the
convention that xlog, 5 = oo if x > 0, and Ologbg =0if
x>0.

3 The R-norm entropy of partitions
in product MV-algebras

In this section, we shall introduce the concept of R-norm
entropy in product MV-algebras and prove basic properties
of this measure of information. It is shown that it has

properties that correspond to properties of Shannon’s
entropy of measurable partitions, with the exception of
additivity. In particular, we prove that the R-norm entropy
Hjy(o) is a concave function on the family of all states
defined on a given product MV-algebra (A, -).

Definition 7 Let o = (xy,x,...,x,) be a partition in a
given product MV-algebra (A, -). The R-norm entropy of
o with respect to a state s defined on (A, -) is defined for

R € (0, 1)U (1, o) as the number:
) R n R R
Hy(o) = 2= 1= [>_sta)*| . (4)
R—1 =1
Remark 1 For the sake of brevity, we write s(x;)* instead
of (s(x))k.

Remark 2 1t is easy to verify that the R-norm entropy
Hj (o) is always nonnegative. Namely, for 0<R<1, it

holds s(x;)* > s(x;), for i = 1,2,...,n, hence 3.7, s(x;)"
> >0y s(x) = s(x ot = s() = 11t fol-
lows that [>°7 | s(x;) } > 1. Since &5 <0 for 0<R<1,
we get H}(a)z%(l— > r, ( ) })>O On the
other hand, for R > 1, we have s(x;)% <s(x;), for i =
1,2,...,n, S s(a) < S s(xi) = 1. This
implies that [>7 | s(x;) ]%< 1. Since &5 > 0 for R > 1, it
follows that Hj (o) = 22+ (1 -[>L, s(x,-)Rﬁ) >0.

hence

Definition 8 Let o= (x,x,...,%,), and f=
(¥1,¥2,- .-, ¥m) be two partitions in (A, -) and s be a state
defined on (A, -). The conditional R-norm entropy of o
given fi with respect to s is defined for R € (0, 1)U
(1, o) by the formula:

(5)

Remark 3 Consider any product MV-algebra (A, - ), and
astate s : A — [0, 1]. It is easy to see that the set ¢ = { u}
is a partition in (A, -) with the property o > g, for any

=

partition o in (A,

= (1 - [s(u)R]’l_?) = 0. Evidently, H3(o/¢) = Hy().

-), and with the R-norm entropy Hy(¢) =

The following theorem shows that as the limiting case of
the conditional R-norm entropy H(«/f) for R — 1, we get
the conditional Shannon entropy Hj(o/ff) expressed in
nats.
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Theorem 1 Let o= (x1,X,...,%,), and f=

(¥1,Y2, - - -, ¥m) be two partitions in a product MV-algebra
(A, +), and s be a state defined on (A, ). Then:
s(xi - )

llmHS (/) = Xn:is(x
=1

)
proof  Put £(R) = [, 5()"] = [ S|

and g(R)=1—14, for every R € (0, c0). Then the functions
f, g are differentiable, and for every Re€ (0, 1)U(1, c0),
we can write:

=

Hy(2/B) =

=%

[i ggeen]

= j=1 i=1

=g(1) = 0. Further,
i=1,2,.m, it
y;) =s(y;), we get:

since by

holds

Obviously, Il{in} g(R)

Proposition 1, for

27:1 s(x; -

n

lim £ (R)

lim f(R) =£(1) = > s()= DD s(u )

1 J=1 =1

Ms
”M§

~

1-1=0.

s(vj)— s(yj) =

1 J

-
'M§

1

J
Using L’Hopital’s rule, this implies that
lim f' ( )

. 5 R—>l

under the assumption that the right-hand side exists. Let us
calculate the derivative of the function f(R):

R
R i 1
=1 =1 R v R
—e . 7 In E E s(xi - yj) +R A — 2
= > Z (x; - ;)" =

i=

)= st

j=1

n m
Z s(xi-yj) - Ins(xi - y;)

i=1 j=I

m ﬂ‘
:Z s(xi-y;) - Ins(y;)

=1 i=

hmHs(ac/ﬁ) —hmf -Ins(yj)

n m

= sl y) - Insxi- )

i=1 j=1
m

=—i2s<xrw)-

(Ins(xi - y;) — Ins(y)))

m

s(xi - yy)
Zzs ()’j) '

i=1 j=1

=

O

The following theorem states that the R-norm entropy
Hj (o) converges for R — 1 to the Shannon entropy Hj (o)
expressed in nats.

Theorem 2 Let o= (x1,x2,...,%,) be a partition in a
product MV-algebra (A, -), and s be a state defined on

(A, ). Then:

lim Hy (o -1

Lim Hp g x;) - Ins(x;).

Proof The claim follows immediately from Theorem 1 by
substituting {u} for f. O

In the following part, basic properties of the R-norm
entropy Hj, (o) are derived.

. . ’ T 1 _ .
Since 11elir%g (R) = 11e1£>r} =1, we get:
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Theorem 3 Let s be a state defined on a product MV-
algebra (A, -). Then for arbitrary partitions o, [ and 7
(A, ) it holds:
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Hy(aV B/y) = Hy(o/y) + Hg(B/oV y). (6)

Proof Suppose that o= (xj,x2,...,%,), =
ym), ) =1{z1,22,.-.,2-}. Let us calculate:

()’17y27~--7

Hy(aV B/7)
R r ® R n m r ® R
“R_1 ZS(Zk) 1 —l Z s(xi - ;- 2e) ]
o | k=1 i=1 j=1 k=1
R [ r R 7 n r 7
= s(z)" | — s(x; - zi) ]
R—1 L k=1 ] |JI k=1
R n r ®
+j [ s(x; - zk) ]

O

Using mathematical induction, we get the following
generalization of Eq. (6).

Theorem 4 Let oy,0,,...,0, and y be partitions in a
product MV-algebra (A, -), and s be a state defined on
(A, -). Then, forn = 2,3, ..., the following equality holds:

Hy(VIL 3/7) = Hy(on /7) + 3 Hy(oa/ (Vi) V).
=2

(7)

Remark 4 Letoy,o;,...,a, be partitions in a product MV-
algebra (A, -). If we put y = {u} in Eq. (7), we get the
following equality:

Hy(ay Voo V...Voy,) = (o) Vi o).

(3)

Putting n = 2 in (8), we obtain the following property of
the R-norm entropy Hj(«).

O(1 —‘y—Z[‘]Y

Theorem 5 Let o and [§ be two partitions in a product MV-
algebra (A, -) and s be a state defined on (A, -). Then:

Hy(oo v B) = Hy() + Hg(B/%). ©)

To illustrate the result of the previous theorem, we
provide the following example.

Example 1 Consider the measurable space ([0, 1], B),
where B is the g-algebra of all Borel subsets of the unit
interval [0, 1]. Let A be the family of all Borel measurable

functions f : [0, 1] — [0, 1], so-called full tribe of fuzzy
sets (Riecan and Neubrunn 2002). The family A is closed
also under the natural product of fuzzy sets and represents a
special case of product MV-algebras. We define a state
s:A — [0, 1] by the equality s(f) fo x)dx, for any
element f of A. Evidently, the pairs o = (fi, f,) and f =
(gla 82)7 where  f (x) =X, fz(x) =1-ux, gl(x) :xza
g2(x) = 1 —x%, x € [0, 1], are two partitions in (A, -) with
the s-state values 1, 1 and 1, 2 of the corresponding elements,
respectively. By 51mple calculatlons, we get that H /2( o) =
1 Hf/z(ﬁ):'0.94281, H3(2)=0.585786, H;(f})= 0.509288.
The join of partitions o and f is the quadruple oV =

(fi - g1, fi- &, f>»- &1, /»-g) with the s-state values
L 1L 3 of the corresponding elements. Using the formula

L
?4; 21t can be computed that Hl/z(oc V ) =2.741023,
H(o vV ) = 0.894458, and using the formula (5), it can be
computed that H‘l‘/z(oc /B) = 1.798212, H;/z(ﬁ/oc) =
1741023, HS(o /) = 0.38517, and H3(B/x) = 0.308672.
It can be verified that:

i/z(ﬁ) “‘Hi/z(“/ﬁ)z

12V B) =Hy jp (o) + Hy o (B/ o) =
H; (o H3(B) +H3 (/).

Hy (o v f) = Hy (o) + H3 (/) =

Theorem 6 If o, f and y are partitions in a product MV-
algebra (A, -) such that > o, then:

O Hy () <Hy(B);

W) p3(afy) < Hy(Bf7).

Proof (i) Assume that o= (x1,X,...,%,), f=
(ylayZ,-“,ym); V:{Zlazb"'azr}a ,8}0!. Then there
exists a partition {I(1),1(2),...,I(n)} of the set
{1,2,...,m} such that x; = Zjel<i)yj, fori=1,2,....n. It

follows that s(x;) = s(zje,@ yj) = jer Sy), for i =
1,2,...,n. For the case of R > 1, we obtain:

s(x)® = ZS(YJ) >Z s()"

Jel(i) Jel(i)

,fori=1,2,...,n,

and consequently:

@ Springer
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Since &+ > 0 for R > 1, we conclude that:

The case of 0<R<1 can be obtained using similar
techniques.

(ii) Let o, f and 7 be partitions in a product MV-algebra
(A, -) such that > o. Then, according to Proposition 2,
we have fVy = oV y. Therefore, by Theorem 5 and the
property (i), we get:

Hy(a/y) = Hy(«V 7) — Hp(y) <Hg(BV 7) — Hg(7)
= Hy(B/7)-

O

Theorem 7 Let s be a state defined on a product MV-
algebra (A, -), and o, P be statistically independent par-
titions in (A, -) with respect to s. Then:

S s R—1 s s
Hy(2/B) = Hg (o) _THR(O‘) - Hy ().
Proof Leto = (x1,x2,...,%:), f = (V1,¥2,...,Vm)- By the
assumption, s(x; - y;) = s(x;) - s(y;), fori =1,2,...,n, j=

1,2,...,m. Therefore, we can write:

Hy(a/) = 5 ({isw] _h)

.
~.

T
™=
[

2
=
=
N
=
| I
==
v

@ Springer

One of the most important properties of Shannon
entropy is its additivity: the entropy of combined
experiment consisting of the realization of two inde-
pendent experiments is equal to the sum of the entropies
of these experiments. In the case of the R-norm entropy
H;(a), the following property (so-called pseudo addi-
tivity) applies.

Theorem 8 Let s be a state defined on a product MV-
algebra (A, -), and o, P be statistically independent par-
titions in (A, -) with respect to s. Then:

R—1

Hi(a v B) = Hy(2) + Hi(B) = = Hi () - Hi ().

Proof The claim follows by combining Theorem 5 with
Theorem 7. |

Let us denote by the symbol S (A) the class of all states
defined on a given product MV-algebra (A, -). It is very
easy to verify that if s, t € S (A), then, for every real
number 4 € [0, 1], As + (1 — A)r € S (A). In the following,
we prove that the R-norm entropy Hj(x) is a concave
function on the family S (A). In the proof, we will use the
known Minkowski inequality which states that for nonneg-

ative real numbers a;,as, ...,a,, by,bs,...,b,, we have:
i n -% r n -% M n -%

X:afe + be > Z(aﬁ—b,}R , forR > 1,
Li=1 | L= Li=1 i
and

Tn 1% T wn 1% T n 1%

Zaf + be < Z(aieri)R , forO<R<1.
Li=1 | Li=1 ] Li=1 i

Theorem 9 Let o be a partition in a product MV-algebra
(A, -). Then, for every s, t € S (A), and for every real
number /. € [0, 1], the following inequality holds:

JH () + (1 — A)Hb () < Hp T2 (@), (10)
Proof Assume that o = (xj,x,...,%,), and € [0, 1].
Putting a; = As(x;), and b; = (1 — A)t(x;), i=1,2,...,n,
in the Minkowski inequality, we get for R > 1 :

DOSTE ) SITAEL) SRR L

and for O<R<1:

> [ o] <[ ]

This means that the function s—[} ] s(x,-)R]% is

convex in s for R > 1, and concave in s for O<R<1.

Therefore, the function s—1 — [}7 s(x,‘)RF is concave in
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s for R > 1, and convex in s for 0 <R<1. Evidently,
= > 0for R > 1, and 7% <0 for 0 <R < 1. According to
definition of the R-norm entropy Hy(«), we obtain that for
every R € (0, 1)U (1, o), the R-norm entropy s— Hp (o)
is a concave function on the family S (A). This means that

the inequality (10) is valid. O

4 The R-norm divergence in product MV-
algebras

In this section, we define the concept of the R-norm
divergence of states defined on a given product MV-alge-
bra (A, -). We will prove basic properties of this quantity.
In order to avoid expressions like J, we will use in this
section the following simplification: for any partition o =
(x1,%2,...,%,) in (A, -), we assume that s(x;) > 0, for
i=1,2,...,n

Definition 9 Let s, t be two states defined on a given
product MV-algebra (A, ), and o = (x1,xp,...,x,) be a
partition in (A, -). The R-norm divergence of states s,t
with respect to a is defined for R € (0, 1) U (1, co) as the
number:

di(s| 1) = 1 1_1 [i: s(xi)R[(xi)lR‘| 1 _]CER))7
®\ =1

where f, g are continuous functions defined for R €
(0, o0) by the formulas:

oQ

n

f(R) = lZs(x,-)%)‘R] “Le®) =1 -

i—1
By continuity of the functions f, g, we get that
lim g(R) = g(1) = 0, and

limf(R) =f(1) = 7 s)ita)’ —1=3

=1-1=0.

" os(n) =1

i=1

Using L’Hopital’s rule, it follows that:

Lim f'(R)
}gg} di(s || 1) :W

under the assumption that the right-hand side exists. Let us
calculate the derivative of the function f(R):

d Lin'S () o) 8
ﬁf(R)ZeR ;
n 1 1 n
——-In s(x; Ry X; =Ry — . —s(x; Ry X; R nt x;) + t(x; =R X; R Ins X; .
(Rz D slot) " ey () ) i) 1050l st
. . O T )
R i Since 11e1£}g(R) llelianz 1, we get:

dils | 1) = o (11)

-1

Zs(x,-)Rt(x,-)]_R] -1
i1
Remark 5 As can be easily seen, for any partition o in
a product MV-algebra (A, -), the R-norm divergence
d(s || s) is zero.

The following theorem shows that the K-L divergence
D,(s || ) measured in nats can be obtained as the limiting
case of R-norm divergence dj(s || #) for R going to 1.

Theorem 10 Let s, t be two states defined on a given

product MV-algebra (A, -), and o = (x1,X2,...,%,) be a
partition in (A, -). Then Ileirr} di(s || 1) =20 s(x) ln%.

Proof For every R € (0, 1)U (1, oo), we can write:

n

lim di(s || 1) = lim f'(R) = > " (s(x) - Ins(x;) — s(x;) - Int(x;))

R—1

_; (x:) lnt(xi)'

i=1

O

Let o= (x1,x2,...,x,) be a partition in (A, -). In
Markechova and Riecan (2017), it has been shown that
for the K-L divergence D,(s || ¢) it holds the inequality
Dy(s || 1) >0. The equality holds if and only if s(x;) =
t(x;), for i=1,2,...,n. We remark that the previous
inequality is known in information theory as the Gibbs
inequality. An analogous result also applies to the case of
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the R-norm divergence d(s || ¢), as shown in the following
theorem.

Theorem 11 Let s, t be two states defined on a given
product MV-algebra (A, -), and o= (x1,x2,...,%,) be a
partition in (A, -). Then d}(s || t) >0 with the equality if
and only if s(x;) = t(x;), for i = 1,2,....n.

Proof In the proof, we use the Jensen inequality for the
function i defined by (x) = x' =R, for every x € [0, c0).
We shall consider two cases: the case of R > 1, and the
case of 0<R<1.

Consider the case of R > 1. The assumption that R > 1
implies 1 —R<0, hence the function  is convex.
Therefore, applying the Jensen inequality, we obtain:

and consequently:

[z": s(x,-)Rt(xi)l_R] > 1.

Since &+ > 0 for R > 1, it follows that

1
n 3

Zs(xi)Rt(xi)l_R] ~1

i=1

R
di(s || 1) = 52—

>0.
R—-1 -

For 0 <R <1, the function y is concave. Hence, using
the Jensen inequality, we obtain:

1
3

[Zn: s(xi)Rt(x,-)lR] <1

i=1

Since &+ <0 for 0<R<1, this yields that:

1
n R

Z s(xi)Rt(x,-)]_R] —1]>0.

i=1

o R
d(s | 1) = R_1

@ Springer

The equality in (12) holds if and only if ;E%) is constant,
fori =1,2,...,n,ie., if and only if #(x;) = c’s(x,'), fori =
1,2,...,n. Taking the sum over all i = 1,2,...,n, we get
the equality > -, #(x;) =c Y ;. s(x;), which implies that
¢ = 1. Therefore t(x;) =s(x;), for i =1,2,...,n. This
means that di(s || #) = 0 if and only if s(x;) = #(x;), for
i=1,2,...,n O

In the following example, it is shown that the triangle
inequality for the R-norm divergence d}(s || r) does not
hold, in general, which means that the R-norm divergence
d(s || t) is not a metric.

Example 2 Consider the product MV-algebra (A, -) from
Example 1 and the real functions F|, F,, F; defined by
Fi(x) =x, Fa(x) =x% F3(x)=x3 for every x € [0, 1].
On the product MV-algebra (A, -), we define the states
s1, 82, s3 by the formulas s;(f) = folf(x)dF,-(x), i=
1,2, 3, for any element f of A. In addition, we will consider
the partition o in (A, -) from Example 1. It can be easily
calculated that it has the si-state values i, ; the s,-state
values 2, 1; and the s3-state values 3, 1 of the corresponding
elements. We get:

2
> = 0.02860;

ISR
+

N —

&l || 52) =1 (
2

dip(si |l s3) =1~ ( ) = 0.066987;

2
) = 0.008418.

_|_

N =
AW
INIE N W=

[SSH )
INEN

Gintor s =1~

Evidently,

dijp(s1 || s3) > dipy(s1 [ s2) +dfpp(s2 || 53)-

Theorem 12  Let s, t be two states defined on a given
product MV-algebra (A, -), and o= (x1,x2,...,%,) be a
partition in (A, -). In addition, let t be uniform over u, i.e.,
t(x;) =1 fori=1,2,...,n. Then, it holds:

R

Hj (o) =R (1—n®) —n® -di(s | 1).

(13)

Proof Let us calculate:
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di(s || 1) = R zn:s(xi) 1(x;)' R R—1 di(s | 1) =—— Y s(x) % () R =1
R—1 i=1 g R—1 i=1
R ([ e R [ K
— . - < 1 i) Hxi
k=1 |J1 S 1 SR-1 i=1 S
7 1 - 1-R
R | o R = In Y s(x) t(x;
— e S(X,)R _ R—1 Zl ( ) ( )
R—-1 — R—-1 =
n ' = lnzn:s(x-) s(u) )
w1 R Z R R-—1 & Y\ t(x)
= —nNk «— — s(xi) i=1
R—1 i—1 n R-1
i < 1 ()1 s(x;)
— s(x;) In
L RR = k-1 )
R-1 R-1 n
R-1 5 R-1 = S()C‘) lIIS(xi) .
= —n~ HR(O!)JrR_ ] (" —1) — 1(x;)
From this, it follows Eq. (13). ] The case of R>1 can be obtained using similar
techniques. O

By combining the results of Theorems 11 and 12, we
obtain the following property of R-norm entropy.

Corollary 1 Let s be a state defined on a product MV-
algebra (A, -). Then for any partition o = (X1,X2,. .., X,)
in (A, -), it holds:

s R 1R
Hk(“)ﬁﬁ(l—”")

with the equality if and only if the state s is uniform over
o.

Theorem 13 Let s be a state defined on a product MV-
algebra (A, -). Then, for every partition o=
(x1,%2, ...y Xy) in (A, -), it holds:

(i) O<R<1 implies d}(s || t) < Dy(s || t);
(i) R > 1 implies d}(s || t) > Dy(s || 1),

where
s(xi)
tx)

Proof By using the inequality In x < x — 1, that applies for
all real numbers x > 0, we get:

D,(s|t) = Zn:s(xi)ln
i=1

In [is(x»’%(xi)”*]? lis(xi>Rz<xi>lR]R—1. (14)

i=1 i=1

Suppose that 0<R<1. Then &; <0. Therefore, using

the inequality (14) and the Jensen inequality for the
concave function ¥ defined by ¥(x) =Inx, x € (0, o),
we can write:

To illustrate the result of previous theorem, let us con-
sider the following example which is a continuation to
Examples | and 2.

Example 3 Consider the product MV-algebra (A, -) from
Example 1 and the real functions F,, F, defined by
Fi(x) = x, Fy(x)=x?, for every x € [0, 1]. On the pro-
duct MV-algebra (A, -), we define two states sy, s, by the
formulas s;(f) = folf(x)dF,-(x), i = 1,2, for any element f

of A. In addition, we consider the partition o =

(x[(),%], o 1]) in (A, -). It can be easily calculated that it

has the s;-state values 1,1 of the corresponding ele-
ments, and the s,-state values 1,3 of the correspond-
ing elements. By simple calculations, we obtain:
Dy(s1 || s2) = 0.14384 nats, D,(sz || s1) = 0.13081 nats,
d?‘/_%(s] | s2) = 0.04343, d?‘/S(sz || s1) = 0.04478,
d5(s1 || s2) = 0.309402, d5 (s> || s1) = 0.236068. As can be
seen, for R=1! we have dj(s || s2) <Dy(s1 | 52),
di(s2 || s1) <Dy(s2 || s1), and for R=2 we have
dg(si | 52) > Dy(s1 |l s2),  dg(s2 || s1) > Dyuls2 [ s1),
which is consistent with the claim of Theorem 13. Based
on the previous results, we see that the K-L divergence
D,(s || t) and the R-norm divergence dj(s| t) are not
symmetrical.

Definition 10 Let o= (x;,x2,...,X,), and f=
(¥1,¥2,---,¥m) be two partitions in a given product MV-
algebra (A, -). Then we define the conditional R-norm
divergence of states s, € S (A) with respect to f
assuming a realization of o, for R € (0, 1) U (1, o0), as
the number:

@ Springer



6094

D. Markechova, A. Ebrahimzadeh

Theorem 14 Let o, f§ be two partitions in a given product
MV-algebra (A, -). Then

Ay (s || 1) = di(s || ) + (s | 0).
Proof Assume that o= (X1,X2, -, %), =
(¥1,¥2,- -+, ¥m). Then we have:

di(s || 1) + (s || 1)

[Z s(xi)®e(x;) ‘}—1

tRo [anzm:s xi - y)" 'Yj)lR}

i=1 j=1

1
R

-yj)l_R] —1| =dg"(s | o).

n

ZZ (- 3)"

i=1 j=

O

Finally, we prove that the R-norm divergence is a con-
vex function on the family S (A).

Theorem 15 Let o be a partition in a product MV-algebra
(A, -). Then, for every sy, s2, t €S (A), and for every
real number A € [0, 1], the following inequality holds:
di(Asi + (1= A)sy || 1) < Adg(sy || 1) + (1 = A)dg(sz || 7).
(15)
»X,) and A € [0, 1]. Put-
ting a; = )uS](xi)l‘(x,‘)%, and b; = (1 — )»)Sz(xi)l‘(x,‘)%, i=
1,2,...,n, in the Minkowski inequality, we get for R > 1:

Proof Assume that o0 = (x1, X3, ..

> (a- i)sz<x,->t(xl->‘~")R]"

1
n R

+(1-2) {Z Sz(x,-)’*t(xi)“k} :

i=1

@ Springer

and for O<R<1:

L
R

[Zn: (Asy(x) +(1— )v)Sz(xi))Rf(xi)lR]

i=1
>i[2s1 Xi) x, [Zsz xi) t(x;) _RY.

This means that the function s— [Zl'.’:l s(xi)Rt(x,-)]_Rr

1

is convex in s for R > 1, and concave in s for 0 <R < 1.
The same applies for the function

§— Zl’.’_ls(xi)Rt(x,-)]_Rr—l. Since &5 >0 for R > 1,
and <0 for 0<R <1, we conclude that the function

s»—>d,'§ s || t) is convex on the family S (A), which means
that the inequality (15) holds. U

5 Conclusions

In the paper, we have extended the results concerning the
Shannon entropy and K-L divergence in product MV-al-
gebras to the case of R-norm entropy and R-norm diver-
gence. We introduced the notion of R-norm entropy of
finite partitions in product MV-algebras and derived its
basic properties. In addition, we introduced the notion of R-
norm divergence in product MV-algebras and we proved
basic properties of this quantity. In particular, it was shown
that the K-L divergence and Shannon’s entropy of parti-
tions in a given product MV-algebra can be obtained as the
limits of their R-norm divergence and R-norm entropy,
respectively. We have provided some numerical examples
to illustrate the results as well. As mentioned above, the
full tribe of fuzzy sets represents a special case of product
MV-algebras; so the obtained results can therefore be
immediately applied to this important case of fuzzy sets.
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