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Abstract

In this paper we develop a novel generalization bound for learning the kernel
problem. First, we show that the generalization analysis of the kernel learning
problem reduces to investigation of the suprema of the Rademacher chaos pro-
cess of order two over candidate kernels, which we refer to as Rademacher chaos
complexity. Next, we show how to estimate the empirical Rademacher chaos com-
plexity by well-established metric entropy integrals and pseudo-dimension of the
set of candidate kernels. Our new methodology mainly depends on the principal
theory of U-processes and entropy integrals. Finally, we establish satisfactory ex-
cess generalization bounds and misclassification error rates for learning Gaussian

kernels and general radial basis kernels.
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1 Introduction

Kernel methods such as Support Vector Machines (SVM) have been extensively applied
to supervised learning tasks such as classification and regression, see e.g. Scholkopf and
Smola (2002); Shawe-Taylor and Cristianini (2004); Cucker and Zhou (2007); Stein-
wart and Christmann (2008). The performance of a kernel machine largely depends on
the data representation via the choice of kernel function. Hence, one central issue in
kernel methods is the problem of kernel selection.

Kernel learning can range from the width parameter selection of Gaussian kernels to
obtaining an optimal linear combination from a set of finite candidate kernels. The latter
is often referred to as multiple kernel learning (MKL) in Machine Learning and non-
parametric Group Lasso (Bach, 2008) in Statistics. Lanckriet et al. (2004) pioneered
work on MKL and proposed to automatically learn a linear combination of candidate
kernels for the case of SVMs using a semi-definite programming (SDP) approach. Sim-
ilar problems studied recently include hyperkernels (Ong and Smola, 2005), Bayesian
probabilistic kernel learning models (Girolami and Rogers, 2005), kernel discriminant
analysis (Ye et al., 2008) and information-thereotic data integration (Ying et al., 2009)
etc. Such MKL formulations have been successfully demonstrated in combining multi-
ple heterogeneous data sources to enhance biological inference (Lanckriet et al., 2004;
Damoulas and Girolami, 2008; Ying et al., 2009).

The above mentioned MKL models usually learn an optimal combination from a
finite set of candidate kernels. A general regularization framework including kernel
hyper-parameter learning and MKL was formulated in Micchelli and Pontil (2005); Wu
et al. (2006) with a potentially infinite number of candidate kernels which is generally
referred to as the learning the kernel problem. Specifically, let N,, = {1,2,--- ,n}
for any n € N and we are interested in the classification problem on the input space
X C R? and output space Y = {41}. The relation between input X and output Y is
specified by a set of training samples z = {z; = (x;,y;) 1z, € X, y; € Y, 1 € N, }
which are identically and independently distributed (i.i.d.) according to an unknown
distribution pon Z = X x Y. Let IC be a prescribed (possible infinite) set of candidate
(base) kernels and denote the candidate reproducing kernel Hilbert space (RKHS) with

kernel K by H withnorm || - || k. In addition, we always assume that the quantity s :=



SUPg ek zex V I (2, ) is finite. Then the general kernel learning scheme (Micchelli

and Pontil, 2005; Wu et al., 2006) can be cast as a two-layer minimization problem:

Kek feHk

1
f? = arg min min {Eg\; (b(yzf(mz)) + )\HfH%(} (D

Here, ¢ : R — [0,00) is a loss function for classification and A is a positive regu-
larization parameter. We use the superscript ¢ of f¢ to emphasize the solution f? is
produced by scheme (1) with loss function ¢. When the loss function ¢ is the hinge
loss and K is the linear combination of the set of finite base kernels {K, : ¢ € N,,},
ie. K= {D e, Ao 0 D pen, Mo = LA > 0, V£ € N, }, then the above ker-
nel learning framework (1) is reduced to the standard margin-based MKL formulation
(Lanckriet et al., 2004). If = {e*"”x*t”2 o> O} then it is reduced to the formula-
tion for learning the Gaussian kernel hyper-parameter (Chapelle et al., 2002).

Statistical generalization analysis of learning the kernel problem (1) was pursued by
Bousquet and Herrmann (2003); Lanckriet et al. (2004); Ying and Zhou (2007); Mic-
chelli et al. (2005); Srebro and Ben-David (2006). In this paper we leverage Rademacher
complexity bounds for empirical risk minimization (ERM) and for SVM with a single
kernel (Bartlett and Mendelson, 2002; Bartlett et al., 2006; Koltchinskii and Panchenko,
2002) and develop a novel generalization bound for kernel learning problem (1). In par-
ticular, we show that generalization analysis of the kernel learning algorithms reduces
to investigation of the suprema of the Rademacher chaos process of order two over
candidate kernels, which we refer to as Rademacher chaos complexity. Next, we show
how to estimate the empirical Rademacher chaos complexity by well-established met-
ric entropy integrals and pseudo-dimension of the set of candidate kernels. Our new
methodology mainly depends on the principal theory of U-processes (De La Pefia and
Giné, 1999). A preliminary version of this paper has appeared in the COLT conference
Ying and Campbell (2009).

This paper is organized as follows. In Section 2 we illustrate our main theorems.
The main proofs for theorems are given in Section 3 and Section 4. Explicit error
rates with examples for learning Gaussian kernels and radial basis kernels are given in
Section 5. In Section 6 we discusses related work and compares our results with those

in the literature. The last section concludes the paper.



2 Main Results

In this section we illustrate our main contributions.

2.1 Main Theorems

The true error or generalization error is defined as

£9(f) = / e

and the target function f? is defined by f¢ = argminy £9(f). Let the empirical error
&, be defined, for any f, by
1
EN(f) = - > i f ().
JENR
For brevity, throughout this paper we restrict our interest to a large class of loss func-

tions for classification (Wu et al., 2006), see also a general definition of classification

loss functions in Bartlett et al. (2006).

Definition 1 A function ¢ : R — [0, 00) is called a normalized classifying loss if it is
convex, ¢'(0) < 0, inf,ecg ¢(t) = 0, and ¢(0) = 1.

Our target is to bound the true error by the empirical error. To this end, let the union

of the unit ball of candidate RKHSs be denoted by
By == {f; feHpand || fllx <1, Ke/c}.

By the definition of f2, we get, for some RKHS My, that > | ¢ (yif2(x:)) +
AM2N% < L5 6(0) + AJ0]|% = 1. Hence, ||f¢|lx < +/1/A. This implies, for
any samples z, that

1 S
VA e

Hence, || f?]|oo < #+/1/\. Finally, for a Lipschitz continuous function ¢/ : R — [0, o0)

foe By = — By ;:{ feB,C}. @)

we need the constant defined by

My = sup {J(t)] : VIt < wy/T/A}, 3)



and denote its local Lipschitz constant by

| — ']

If ¢ = ¢ is convex, then ¢’s left derivative ¢’ and right one ¢', are well defined and Cf
is identical to C§ = sup{max(|¢"_(t)], ¢, ()]) : V[t| < r\/1/A}.

Our generalization analysis depends on the suprema of the homogeneous Rademacher
chaos of order two over a class of functions defined as follows, see Chapter 3.2 of De
La Pefia and Giné (1999) for a general definition of Rademacher chaos of order m for

any m € N.

Definition 2 Let F' be a class of functions on X x X and {¢; : i € N,,} are independent
Rademacher random variables. Also, x = {z; : i € N,,} are independent random vari-
ables distributed according to a distribution ;1 on X. The homogeneous Rademacher
chaos process of order two, with respect to the Rademacher variable ¢, is a random
variable system defined by {Uf(s) = % > cigif(zi,zy)  f € F} We refer to

the expectation of its suprema

1,§€N, i<

Un(F) = Ee[%g Uy (2)]]

as the empirical Rademacher chaos complexity over F'.

It is worth mentioning that the Rademacher process {\/LE Y ien, Eif(wi) o f € F}
for Rademacher averages can be regarded as a homogeneous Rademacher chaos process
of order one. The nice application of U-processes to the generalization analysis of
ranking and scoring problem is recently developed in Clémencon et al. (2008).

Our first main result shows that the excess generalization error of MKL algorithms
can be bounded by the empirical Rademacher chaos complexity over the set of candi-

date kernels.

Theorem 1 Let ¢ be a normalized classifying loss. Then, for any § € (0,1), with
probability at least 1 — 0, there holds

EX(f2) — E2(f2) < 20% (26’;(,:@)é +26C5 (%) + 3Mf(lnf))2. 5)



Theorem 1 will be proved in Section 3.

Now we apply the well-established theory of U processes to estimate Rademacher
chaos complexity by entropy integrals. To this end, let G be a set of functions on X x X
and x = {z; € X : i € N,;}, define the 12 empirical metric of two functions f,g € G

by
1
n2

Z | f@i, ;) — g(xi,xj)\Q)é,

,J€NR i<

au(f9) = (

The empirical covering number A/ (G, dy, n) is the smallest number of balls with radius
n required to cover G. The empirical Rademacher chaos complexity Z;{n(IC) can be

bounded by the metric entropy integral as follows.

Theorem 2 For any x = {x; : i € N,,}, there holds

2

~

U (K) < 12+ 24e / log [1 + N'(K, dy, 6] d&
0

Theorem 2 will be proved in Section 4. Theorem 2 suggests that if log N (K, dy, ) =
O(e7P) with some 0 < p < 1 then the Rademacher chaos complexity U, (K) is uni-
formly bounded. To estimate the covering number, a simple case would bound it by the

number of candidate kernels. For example, if
Kinite = 15¢: £ € Ny} (6)
then N (K, dx, &) < m and hence
Un(Kginite) < 2+ 24ex? log(m + 1) < 25er*log(m + 1), Ym > 2. (7)

If the candidate kernel set has an infinite number of kernels, the covering number can
further be estimated by capacity numbers such as the pseudo-dimension. For this pur-
pose, we recall the definition of kernel pseudo-dimension of a class of kernel functions

on the product space X x X, see Anthony and Bartlett (1999).

Definition 3 Ler K be a set of reproducing kernel functions mapping from X x X to
R. We say that S,, = {(z;,t;) € X x X : i € N, } is pseudo-shattering by K if
there are real numbers {r; € R : ¢ € N,,} such that for any b € {—1,1}" there
is a function K € IC with property sgn(K (x;,t;) — r;) = b; for any i € N,,,. Then,
we define a pseudo-dimension di of K to be the maximum cardinality of S,, that is

pseudo-shattered by K.



We are now ready to estimate the Rademacher chaos complexity using pseudo-

dimensions.

Theorem 3 If the pseudo-dimension dy of the set of basis kernels is finite, then we have

that .
4 d
N (K, dee) <2(5-) (8)
Moreover, for any x = {z; : i € N,,}, there holds
U, (K) < (192¢ + 1)r2dyc. 9)

Theorem 3 will be proved in Section 4. For Gaussian-type kernels, we can explic-
itly estimate the pseudo-dimension, and hence bound the empirical Rademacher chaos

complexities. To see this, consider the set of scalar candidate kernels given by
Kgau = {7171 . 5 € (0,00)}. (10)

The second class of candidate kernels is more general as considered in Micchelli et al.
(2005): the whole class of radial basis kernels. Let M(R™) be the class of probabilities
on R*. We consider the candidate kernel defined by

Krof = { / el dp(o) : p € M(RY) (1)
0
Overall, for the above specific sets of basis kernels, we can have the following result.

Corollary 1 For the Rademacher chaos complexity of IC, we respectively have the fol-

lowing estimation:

1. If IC has a finite number of kernels given by (6) then

Z;ln(lCﬁnite) < 25exk?log(m + 1).

2. If K is the set of gaussian-type kernels given by equation (10) and (11) then

~

Un(Kyppp) < Un(Kgau) < (1+192¢)r”.

Corollary 1 will be proved in Section 4. Combining Theorem 1 with Corollary 1,

the generalization bound can be summarized as follows: with probability at least 1 — ¢

there holds
) . (12)

(S

384e + 2)52d,c)5 L

E(f) — E(f7) < 4 (c;ﬁ (( = My(=%)



Moveover, if K = Kgpite i given by equation (6) then the above bound is reduced to

3 2,
5¢(fz¢) _ Sf(fj) <4 (Cf (5065210g(m+ 1)) +Mf(ln5)2> ‘ (13)

nA n

where m is the number of candidate kernels in /.
We conclude this subsection with an important remark on the bounds for learn-
ing a convex hull of candidate kernels. All the above estimations and bounds for the

Rademacher chaos complexity hold true for the convex hull of I defined by

COHV(/C) = Z)\gKgZKgE/C,)\gZO,Z)\g:LpGN ,

JEN, teN,
since it is easy to check, by the definition of the Rademacher chaos complexity, that

~

U, (conv (K)) < U, (K).

2.2 Error Rates in Classification

In this subsection we derive misclassification error rates for multi-kernel regularized
classifier sgn(f¢) where sgn(f) denotes the sign of f. The quality of a classifier C :

X — Y is measured by the misclassification error which is defined by

R(C) = / /X Py # C@)la)dn(e. ), (14)

The target is to understand how sgn( f¢) approximates the Bayes rule f. (Devroye et al.,
1997) defined by f. = arginf R(C). More specifically, we aim to estimate the excess
misclassification error

R(sgn(fy)) — R(f.).
As shown in Zhang (2004); Bartlett et al. (2006), the excess misclassification error can
usually be bounded by the excess generalization error: E°(f3)) — E(f?). To trans-
fer generalization bounds in Subsection 2.1 to the misclassificaiton error bounds, we

introduce the error decomposition of problem (1).

Let the empirical error &, be defined, for any f, by £2(f) = 1 3 jen,, Q5 f(25))-

n

We also introduce the regularization error defined by

D) = it inf {£2(f) — E2(/2) + Al % }

Kek feHk
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and call the minimizer ff of the regularization error the regularization function. In

addition, we define the sample error S, ) by
S ={eoud) ey +{eud e}

From the standard error decomposition (Zhang, 2004; Bartlett et al., 2006; Steinwart
and Scovel, 2007; Ying and Zhou, 2007), we have that

EX(fS) = E2(f2) < D(N) + Sn. (15)

Throughout this paper, for simplicity we always assume the existence of the empirical
solution f¢ and the regularization function ff, see discussions in Appendix B of Ying
and Zhou (2007).

We are now ready to state misclassification error rates. Hereafter, the expression
a, = O(b,) means that there exists an absolute constant ¢ such that a,, < cb, for
all n € N. We usually assume conditions on the distribution p or some regularity
condition on the target function fg’ under which the regularization error D(\) decays

polynomially. For instance, we can employ the following condition (Chen et al., 2004)

Definition 4 We say that p is separable by {Hy : K € K} if there is some fsp € Hy
with some K € K such that y [sp(x) > 0 almost surely. It has separation exponent

¢ € (0, 00] if we can choose fsp and positive constants A, cg such that || fsp|| g = 1 and
px {z € X :|fsp(x)] < At} < cot?, vt > 0. (16)
Observe that condition (16) with § = oo is equivalent to
px{z e X :|fsp(x)| <t} =0, VOo<t<l

That is, | fsp(z)| > 7 almost everywhere. Thus, separable distributions with separation
exponent § = oo correspond to strictly separable distributions. Other assumptions on
the distribution p such as the geometric noise condition introduced by Steinwart and

Scovel (2005) are possible to achieve polynomial decays of the regularization error.

Example 1 Let ¢(t) = (1 —t), be the hinge loss and consider the formulation (1) with

K given by either Kgay or ICrbf' Suppose that the separation condition holds true with



exponent 0§ > 0. Then, by choosing A\ =n" (22j399>, forany § € (0, 1), with probability at
least 1 — 0 there holds

Risgnl£2) - R(£) < (I (1/5)F (1) ).

The proof of this example is postponed to Section 5. Other examples such as least
square loss regression can be found in Section 5. In this case we need to consider the
function approximation (De Vito et al., 2006; Smale and Zhou, 2004; Ye and Zhou,
2008) on a domain or low-dimensional manifold of R?.

In analogy to the data-dependent risk bounds of Rademacher averages (Bartlett
etal., 2006), we can get margin bounds for learning the kernel problems using Rademacher

chaos complexities.

Corollary 2 Let ¢(t) = (1 — t), be the hinge loss and v > 0, 0 < § < 1 and define

the margin cost function by

1, t<0
b()=9q 1-1 0<t<q (17)
0, t>7

Then, with probability at least 1 — 0, there holds

Risen12) < €2069) + 22 ) () (M)

Corollary 2 will be proved in Section 5. When K only has a single kernel K, we

have
Un(K) <E; i jen, €igi K (zi, ;)| + w Dien, K (i, )

- EE% Zi,jeNn giejK(xiv xj) + % ZiENn K (i, ;)

where the last equality follows from the positive semi-definiteness of kernel K. Hence,

the Rademacher chaos complexity can be estimated by

- 2 2
U,(K) < EZEZN K(x;,x;) = Etrace(K),

where K = (K (z;,%;))i jen, . Consequently, Corollary 2 implies that

4 \/trace(K) 1 \z In(2)\ 3
Rsgn(£) < E () + 37—+ 2"””(nw> +3(=2)"

10




This coincides with the bound in Bartlett and Mendelson (2002) for the single kernel
case with solutions fJ in the function space { f = >, K (zi,-) : || f|lx < \%}
We now present an example of margin bounds which can be directly obtained by

combining Corollary 1 with Corollary 2. To this end, for any v > 0, let

i) <o}

n

R.(f)

Example 2 Let ¢(t) = (1 — t), be the hinge loss. Then, for any margin v > 0, we

have the following estimation for gaussian-type kernel set and the set of finite kernels:

L IfK = Kgau or K = ’Crbf then, with probability 1 — 0, there holds

(3846—!—2)&2)% ( 1 )5 (ln%)é
—_ 2 — .
nAy? Ten nAy? 3 n

2. If K is the convex hull of m candidate kernels, then, with probability 1 — ¢,

Risgn(f)) < Ry(£2) +2(

2

50ex?log(m + 1)\ 3 1 \3 In£y3
2 () +3(50)"
nAy? ) Tan nAy? 3 n

3 Generalization Bounds by Rademacher Chaos

Rsgn(f7)) < Ry(£2) +2(

In this section we prove Theorem 1 which states that the generalization bound of MKL
algorithm (1) can be bounded by well-established Rademacher chaos of order two. To
this end, recall the definition of the ordinary Rademacher averages, see e.g. Bartlett
and Mendelson (2002); Bartlett et al. (2005); Koltchinskii (2001); Koltchinskii and
Panchenko (2002).

Definition 5 Ler 1 be a probability measure on ) and F be a class of uniformly
bounded and measurable functions on (). For any n € N, define the random variable

by

B (F) = % sup| 3 s ()

where {z; : i € N,,} are independent random variables distributed according to |1 and
{€¢; : i = 1,...,n} are independent Rademacher random variables, that is, P(e; =

+1) = P(e; = —1) = 1/2. Also, we often call R,,(F') := E[R,(F)] = E,E.[R,(F)]

the Rademacher averages (complexity)* over the class F.

2The empirical Rademacher average is usually defined by R,,(F) := L sup feF | > ien, 6if (21)]-

For technical simplicity, we use its scaling version here.

11



Hence, R, (F) is the suprema of the Rademacher process {\/Lﬁ > ien, Gif(zi) 1 f € F}
indexed by F' which can also be regarded as the homogenous Rademacher chaos process
of order one. Some useful properties of Rademacher averages can be found in Bartlett
and Mendelson (2002). Now we assemble the necessary materials to obtain the main

technical result.

Theorem 4 Let 1) be a Lipschitz continuous cost function satisfying inf, )(t) = 0 and
¥(0) = 1. Let B, be defined by equation (2) and MY, C;ﬁ be respectively defined by (3)
and (4). Then, with probability at least 1 — 6, there holds

N|=

220 —ezis)] <20t (F409) e () o (42)'

Similarly, with probability at least 1 — 0, we have

N

sup [E4(f) — EY(f)] < 207 (%)é + 26CY (n—l)\f + SM;p(%) :

fEBy n
Proof By McDiarmid’s bounded difference inequality (see e.g. Devroye et al. (1997)),
with probability 1 — g we have that

1

sup [EV(f) — EL(f)] < Esup [EY(f) — EL()] + M (1“—5) a8

feB, fEB, 2n
The first term on the righthand side of the above inequality can be estimated by the
standard symmetrization arguments. Indeed, with probability at least 1 — g, there holds
E|supses, (£9(f) = £2()) | < 2BE.| supyes, 2 3 eito(yif (@)

€Ny,

InZ 1
SQEJQH%wA%§:€m“”ﬂ%D}+2Aﬁ(§i)%

1€Ny,

(19)

where the last inequality used again the McDiarmid’s bounded difference inequality.
Note that || f||c < #+/1/X for any f € By. Then, from the definition of CY given
by equation (4), function ¢/ has a Lipschitz constant C;Z’. Applying the contraction
property of Rademacher averages (Theorem 7 of Meir and Zhang (2003)) implies that,
with probability 1 — £,

E. |:Supfe8)\ Z Ei¢(yif(xi))] <E. fSélg Z e (yif (xi))

i€N, A GEN,
< C;p E. sup Z €if (1)
fEBX ieN,,

< Cf\ﬁ E. [SupfesA Z €zf<xz>i|

1€ENy,

12



Also,

E. sup Z €.f(zi) = Ee \/;SUPKGIC SUP||fHK§1<Z €ilu;, )

feBx ieN, €Ny,
1

2
< \/iE SUPgexc ‘ Zz ,JENy, i 8JK(xZ7 ZL'])

< ,/2”\/ [supKeK Vitrace(K

Putting all the above inequalities back into (19) yields that

1\3 In2 1
‘f‘QC;\Z}H(E)Q +2Mw( 2;)27

P oY [ QZ/A{n(IC)
E| sup £°() - £/()] <268\ =5

where we used the fact that trace(K) < r?n. Putting this back into inequality (18)
yields the desired result.

By similar arguments as above, we can prove the second statement. This completes
the proof of the theorem. a

We are ready to prove Theorem 1.

Proof of Theorem 1: Recall that f, € B, and note that ¢ is a normalized classifying

loss. Then, applying Theorem 4 with ¢ = ¢ implies inequality (5). a

4 Estimating the Rademacher Chaos Complexity

In this section we discuss how to estimate the Rademacher chaos complexity. First,
parallel to the properties of Rademacher averages, it is useful to outline some properties

of the Rademacher chaos complexity some of which may be interesting in its own right.

Proposition 1 Let F',--- , F}, and H be classes of real functions on X x X. Then the
following holds true.

(a) If F C H thenU,(F) < U,(H).
(b) an(conv(F)) :Z;{n(F)
(¢) For any ¢ € R, U, (cF) = |c|t,(F).

(d) an(ZieNk F) < ZieNk an(E)

13



(e) Forany 1 < q < p < oo, the Khinchin-type inequality holds true

1

EAD @) < (BI0P) < (21) (BI0,E1)’
(Bdster)” < (BdOser)” < (=

q

Proof Properties (a), (c), and (d) are directly from Definition 2 of the Rademacher
chaos complexity. To prove Property (b), we note, for any m € N, f, € F, and
{A\e : k € N, } satisfying >, A\, = 1 and Ay > 0, that

Zi,j,i<j €i€j D pen,, MeSr(Ti 1) | < D pen,, )‘k‘ Zi<j gy fi(wi )

< SUpP fep ‘ ZK]- 5i5jf<xi7$j) .

Since Ay, fr € F are arbitrary, U, (conv(F)) < U, (F). The reverse inequality is obvi-
ous which completes the proof of the desired Property (b). The last property is from
Theorem 3.2.2 of De La Pefia and Giné (1999). O

Now we are in a position to prove Theorem 2 using the standard chaining arguments.
The estimation of the Rademacher chaos complexity by entropy integrals is a simple
version of of maximal inequalities based on metric entropy (De La Pefia and Giné,
1999, Chapter 5) which we give a proof for completeness. To this end, let G be a set of
functions on X x X and x = {z; € X : i € N,,}, define the [* empirical metric of two
functions f, g € G by

dx(f,9) = (i

n2

> i) = glas )

i, €N, i<
The empirical covering number N/ (G, dy, n) is the smallest number of balls with radius
7 required to cover G.

We begin with a useful lemma which deals with a finite class of homogeneous

Rademacher chaos of order two.

Lemma 1 Let {f, : ¢ € Ny} be a finite class of functions on X x X and {¢; :
i € N, } are independent Rademacher random variables. Consider the homogeneous
Rademacher chaos process of order two {ﬁfe (&) = 3 2 jen, ic; Eifife(wizy) 1 £ €

N N}. Then, we have that

E[HlaX|Uf£( )|} <2elog(l+ N) max( Z|fz Ti, ) ) ;

(ENy
where E[-] denotes the expectation with respect to the Rademacher variable ¢.

14



Proof: By Jensen’s inequality,

B maxeeny 05,@)] 1 < p[eAmasieny 107, _ 1]

= E[g%]}é(e)“ﬁfg(a)l _ 1)} (20)

< 2 teny E[(BMU&(E” -1)].
For any ¢/ € Ny, the term ]E[eMUffz ©! — 1] can be estimated by the Khinchin-type
inequality (see property (e) in Proposition 1) as follows:
B[N Ol 1] = X0, EANE[Ty ()]
< Zk>1 L)‘kkk [E\Uﬂ(g) 2}
< Yot (CA[ENT ()] 1)

Here, in the second to last inequality of (21), we used the fact the E[|Uy,()[] <

k
2

2D

E|| U 1) 7] : and, for k£ > 2, the Khinchin-type inequality for homogeneous Rademacher
chaos process of order two: EUUfe (e)|F] < k* [E|Uf£ (&)]?] *. In the last inequality of
(21), we used the Stirling’s inequality i.e. e *k*F < k!,
Now set A = (2e maxeny [E|Uy, (€)]?] %)*1, the above inequality can be bounded
by
E[MUn@ —1] <3 27 =1, Ve e Ny.

k>1
Putting this back into (20) yields that

6)\E [InaXegNN |Uf[(5)‘i| — ]_ S N

Equivalently,
< ) 23
E [g@ [E )|} < 2elog(1+ N) max[E[ () ") . (22)
Observe that
E|Ufz(‘€)| Z E 815352’€J fz(l’z,l’])fz Lit 7xj fo xwx]
z<] i <j’ 1<j
Plugging this back into inequality (22) completes the proof of the lemma. a

Equipped with the above lemma, we can prove Theorem 2 by the standard chaining

arguments. To this end, let D be the diameter of K with respect to dy then

D= dy (K, Ks) <2 K(z;, < 22,
sup (K, K) < SUP(ﬂ Z‘ (@, x;) ) k

Ki,K2eK Ker i<j
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Proof of Theorem 2: Foreach k = 0,1,2,..., let X*) be a minimal cover of C of
radius D27* and the cardinality of KC*) denoted by |KC*)| = N(K, dy, D27F). Without
loss of generality, choose some K € K and let () = {K;}. For any Rademacher
variable ¢, let

K* = arg sup |Uxe (¢)|
KeKk

and choose a K} € K whose distance to K* is minimal. Obviously,
do (K71, K7) < do(Kj_ ), K*) 4+ do(K*, K}) < D27%D 4 D27F = 3D27F. (23)
Moreover, limy_,, dx(K*, K;) — 0. Hence,
Sup Uk (e)] = Uk (€)] = Uy () + Y _ Uz (e) = Usp_, (),

k—1
keN

and therefore

A~

E[supen [0x(0)| <E[lU@l] + SienB[  max —[0k() - Ugle)]
(K, K")ek (k) x c(k—1)
dx (K,K')<3D2—k

1
S <% E |K0(ZE2‘,IJ‘)|2) ’ + E E|: max ’UK_K/(€)|i| .
s (K, K" ek (k) xc(k=1)
1< keN dx (K,K')<3D2—k

Applying Lemma 1, we have, for k£ > 1, that

E[ max |UK—K'(€)|} < 6eD2 ¥ log(1 + N (K, dx, D27*)N (K, dy, D27¢71))
(K, K"ek (k) xc(k=1)
dx (K,K')<3eD2—Fk

< 12eD2 *log(1 + N(K, dy, D27F))

Consequently,

~

U, (K) = E[supKeK |UK(5)|} < K24 Y0 12eD27F log(1 + N (K, dy, D274)
D/2
<Kk 4+ 246/ log (1 + N (K, dx,0)) dd.
0

Combining this with the estimation D < 2x? completes the proof of Theorem 2. a

It is worth mentioning that the above arguments hold true for the suprema of ho-
mogeneous Rademacher chaos processes of order m and a general function space F'
(not only the space of kernels). Here, the Rademacher chaos processes of order one
is reduced to the standard Rademacher averages. The only difference in the proof is
the Khinchin-type inequality. For instance, for the homogeneous Rademacher chaos

processe { X : f € F'} of order m, the general Khinchin-type inequality is given by

B0 < B < (27)" ERE:
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By this inequality, we can show that, in analogy to the proof of Theorem 2, the superma
of a homogeneous Rademacher chaos process of order m is bounded by the following
entropy integral

m
2

D/2
/ [logN(lC, dy, )| 7 do.
0

One can refer to Arcones and Giné (1993); De La Pefia and Giné (1999) for more
general entropy integrals to bound the suprema of Rademacher chaos processes of order
m for any m € N.

Now we turn our attention to the proof of Theorem 3 in Section 2 which states that
the empirical covering number is further estimated by the shattering dimension (Alon
et al., 1997; Anthony and Bartlett, 1999) of the set of candidate kernels.

Proof of Theorem 3: For the first assertion, observe that the pseudo-dimension is
equivalent to the VC-dimension of the following space (Anthony and Bartlett, 1999,
Theorem 11.4)

{((x,2"),t) € X x X xR : g((z,2'),t) = sgn(t — K(x,2")), K €K}.

Combining this fact with (Bartlett, 2006, Theorem 3.1), we have

4\ dx
N (K, dx,e) <2 (4% ) : (24)

which completes the proof of the first assertion®.

For the second assertion, we obtain from Theorem 2 and inequality (24) that

2

~

U,(K) <r?+ 246/ log (1 + N(K,dx,e)) de
0

2

K 4 4
< K?+ 246/ In [e( o )dK} de
0

e2

K2 4
< K%+ 24er? + 24eIn(de)k?dy + 246/ ln(H—)d’Cde
0

Observe that
? KA a L |
/ ln(—Q) e = 2/{2d,c/ In —de = 4k>d.
0 € 0 €

Putting these estimates together implies that

U, (K) < (24e + 1)k% 4 k2(120e + 24eIn 4)dyc < (192e + 1)kd,

3Similar covering number bound was also established in (van der Vaart and Wellner, 1996, Theorem
2(dic—1)
2.6.7): there exists a universal constant C' such that N'(KC, dy, €) < Cdy(16e)9< (%2) o However,

we failed to work out what is the universal constant C.
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which completes the proof of the theorem. O

For the set of scalar Gaussian kernels given by equation (10), we have the following

estimation.

Lemma 2 Let the set of basis kernels Kgau be given by equation (10), then we have

gy = 1

Proof: It is obvious that there exists at least one pair of points (z,t) € X x X
such that it is pseudo-shattering by K. Now assume that two pairs of points (z1,1;)
and (x9,t2) are shattering by K. By Definition 3 of pseudo-dimension, there exists

r1,79 € Rand 0,0’ € [0, 00) such that
_ _ 2 _ _ 2
eollmtl® 5 g - pmolleell® )

and
—o! —t112 - 45112
e g ||331 tlH < rr‘l’ e o ||CE2 t2H > 7"2.

Hence,

— _ 2 g _ 2 _ _ 2 i _ 2
e=olo=tl? 5 c=oler—tl’ gng e=ollea—tal” o =o' lle2—tal?

Equivalently, 0 < ¢’, and o > o', which is obviously a contradiction. Consequently,
the pseudo-dimension of ICgau is identical to one. O
We are ready to prove Corollary 1 with estimation of the Rademacher chaos com-

plexities of ICgau and K.

Proof of Corollary 1: The first statement follows directly from Theorem 2 and the
observation that N (KCqpite, dx,€) < m where m is the number of kernels in the set
Kfinite-

Note that x = 1 for Gaussian kernels. Then, the estimation of Z/ln(ngau) follows
immediately by combining inequality (9) in Theorem 3 with Lemma 2. For the RBF

kernels set K¢, note, for any {z; : i € N, }, that
Z;[n(,crbf) <E. sup

/ Z 8i€j€—a||a:i—wj||2dp(o-)‘/n

<E. sup ‘Z . gjefgnxfxm?} /n < Un(Keau).

+ .
ceR i<

This completes the proof of the corollary. O

18



The estimation of pseudo-dimensions for Gaussian kernels with covariance matrices

can be referred to Srebro and Ben-David (2006); Anthony and Bartlett (1999).

5 Deriving Error Rates in Classificaiton

We are now ready to derive explicit error rates for classification using the above gener-
alization bounds. In subsequent examples we emphasize that the set of base kernels are
given by either Gaussian kernels defined by equation (10) or the RBF kernels defined
by equation (11).

We begin with the proofs of example 1 and example 2 stated in Section 2.1. To
this end, we notice that, by the definition of f{, we have E2(f{) + A f{l% < £(0) +
A|0]|% = £9(0) = 1 which implies that || £{||x < v/1/\.

Proof of Example 1: First note, for the hinge loss, that C{ = 1 and M{ < 1+ 7
and observe that S,y < sup;cp, [E2(f) — EZ(f)] + supsep, [EL(f) — E2(f)] - Then,
combining Theorem 4, Corollary 1 and the error decomposition (15) together, with
probability at least 1 — ¢ there holds that

e - (1) < o () + (22) 1) + oo, 25)

nA nA

In addition, we know from Theorem 10 of Chen et al. (2004) that if the distribution
enjoys the weakly separation condition with exponent ¢ then the regularization error
decays as D(\) = O ()\9%2) Letting A = no e Combining inequality (25) with the
comparison inequality (e.g. Bartlett et al. (2006); Zhang (2004))

R(sgn(f)) < E°(f5) — €°(fe)

yields the desired result. a

Proof of Corollary 2: The margin-based cost function 1) obviously satisfies the condi-
tions in Theorem 4 with O} = > and MY = 1. Since yyzsgn(sz) < U(yf(x)), there
holds that R(sgn(f?)) < E¥(f¢) which, combining with inequality (5) in Theorem 1,

yields the desired assertion. O

Proof of Example 2: The results can be directly obtained by combining Corollary 1
with Corollary 2. a
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Now we turn our attention to general g-norm soft margin SVM losses ¢(t) = (1 —
t)% for ¢ € (1, 00) for classification. In this case, we know from Chen et al. (2004) that

the target function fj’ becomes

(L+ fy (@)™ = (1= fy(@)T
(1 + fola)) T + (1 = folx)) o1
where f,(z) := P(Y = 1|z) — P(Y = —1|z).

(@) = folw) =

Y

Example 3 Let ¢(t) = (1 — )% for some q € (1,00) and suppose that the separa-
0
tion condition holds true with exponent 6 > 0. Then, choosing A\ = n~ TG with

probability at least 1 — § there holds

1

Rsgn(f7)) = R(f.) < O( [In %] et )

Proof: First observe that C < (1 + %)q‘l and MY < (1 + 75)?. Hence, from
Theorem 4, Corollary 1 and the error decomposition (15), we know, for any A € (0, 1),

that

eo(s2) - &) < o(() " + (22)") + D).

n\4 I\
Also, we know from (Chen et al., 2004, Theorem 10) that if the distribution enjoys
the weakly separation condition with exponent 6 then the regularization error decays as
D(\) = O(Aﬁ) Letting A = T yields that

e(f) - &°(fy) < O[3 e,

Recall the comparison inequality (Theorem 14 of Chen et al. (2004)) for g-norm SVM:

Risgn( 1)) ~ R(7) < 1 [2(£2(0) ~ (1),

Consequently, with probability at least 1 — 9 there holds

1

Rsgn(f7)) ~ R(f) < O([m 1] 'n-romtiemn ),

which completes the proof of the example. a
Our last example is the least square loss for classification which is extensively stud-

ied in the single kernel case (Caponnetto and De Vito, 2007; De Vito et al., 2006; Smale
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and Zhou, 2004; Zhang, 2004). In this case, in order to get meaningful rates of the reg-
ularization error D(\) we can assume the target function enjoys some Sobolev smooth-
ness. Recall in the regression case, the target function f/? = fo(z) forany z € X
usually referred to as the regression function and the nature of least square loss implies

that

() — E(f,) = / (@) — £,(0)Pdpx (@),

Example 4 Let X be a domain in R? with Lipschitz boundary. Assume the regression

function f, € H*(X) with some s > 0. Then the following holds true.

1. Ifd/2 < s < d/2+ 2 then for any 0 < ¢ < 2s — d, by taking A\ = n72(452i;i26>,
with probability at least 1 — ¢ there holds

1

Risgn(2) = R(f) < ([ 1£20) = fe) o ()

4 s—d—e
S(’)([ 6] n 4(4sd25))'

2. If X is bounded, px is the Lebesgue measure, and 0 < s < 2 then by choosing

A= n_2<24ss++%i), with probability at least 1 — 0, there holds

1

R(sgn(f9)) —R(f) < (/X ’ff‘fp’deX($)>§
coffui'ree)

Proof: For the least square loss, we observe that C’f =2(1+ \%) and Mf\i’ < (1+ %)2

Then, we know from Theorem 4, Corollary 1 and the error decomposition (15) that
&) =2l = [ 112 = @) Pdox@
1
2 In 2
< 0<(w) + (w) + ) + 20,

Then, for the first assertion we know from Proposition 22 of Ying and Zhou (2007)

(26)

that

DN <O (A22§f§d>.

2s—¢ . .
Putting the above two equations together and letting A = n~ 2(s-2:-d) implies that

/X 12(0) = fyfo)Fps (@) < O( [ 4] P59,
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Hence, the desired result follows from the comparison inequality (Chen et al., 2004;

Bartlett et al., 2006; Zhang, 2004 ) for the least square loss:

Risign( ) - R(%.) < \[2(90) ~ (7). @

The proof of the second assertion is similar as above. Recall that Proposition 22 of

Ying and Zhou (2007) implies that the regularization error is estimated as follows:
D(\) <O <>\T> .

Combining this with inequality (26) and the comparison inequality (27), with choice

_ _2s+d . .
A =mn 206s+d) we get the desired second assertion. a
We end this section with a comparison with error rates in Ying and Zhou (2007)
on the least square loss for classification. In Example 1 there, it was proven that: if

d/2 < s <d/2+ 2then forany 0 < € < 25 — d, we have that

B [ 156~ @) dpx e /|f¢ (@) dps (@) )’
== =55
>

Ignoring the difference of the forms to express error rates using expectations and prob-

__2s—d—¢ . .
abilistic inequalities, Example 4 yields that O(n 4<4S*d*2s>>. Likewise, for the case
0 < s < 2 and px is the Lebesgue measure, we got improved rates O(n_ 2<4:+d>> in

1 s . .
comparison with O ((ln n) in 40s+d) > obtained previously. Hence, our new error rates

substantially improve those in Ying and Zhou (2007).

6 Related Work and Discussion

Statistical bounds with Rademacher complexities were first pursued by Lanckriet et al.
(2004); Bousquet and Herrmann (2003) for learning the kernel from a linear combi-
nation of finite candidate kernels. The Rademacher complexities are estimated by the
eigenvalues of the candidate kernel matrix over the inputs.

Ying and Zhou (2007) pioneered the generalization analysis of learning Gaussians
with varying variances. In particular, it was proved the union space By is a uniform
Glivenko-Cantelli (uGC) class (see definition in Alon et al. (1997)) if and only if, for
any v > 0, the V,-dimension of Kx = {K(-,z) : € X, K € K} is finite. There,
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the empirical covering number of Ky for Gaussians was also estimated. Based on
these main results, the Rademacher bounds were established in Ying and Zhou (2007);

Micchelli et al. (2005)*:

(SIS

E(f9) — Ef7) <4CY (2Rnf’§)<>) +4nC5 ()
() + 5

Here, the Rademacher complexity R, (Kx) is defined by Esup ¢, \/iﬁ ‘ > ien, Eif (i) |
which is often bounded by (’)(d,cln n) by using metric entropy integrals, see Theorem
20 in Ying and Zhou (2007). Hence, the resultant rates are quite loose whose depen-
dence on the sample number is of order n=1in comparison with our new bound of order
n~z summarized in equation (12). Specifically, for the hinge loss, as stated in Example
1 we can get a better rate O (n_ﬁ) in comparison with the rate O ((log n)%nfm)
given in Ying and Zhou (2007).

Srebro and Ben-David (2006) employed matrix analysis techniques to directly es-
timate the empirical covering number of By with the pseudo-dimension of the candi-
date kernels. Margin bounds were established for SVM. Specifically, recall R)(f) =
w Note ff € %BK where By is the same as the notation Fy used in Srebro
and Ben-David (2006). A simple modification of Theorem 2 in Srebro and Ben-David
(2006) to the function class \%B,C, for any margin cost function ¢ defined by equation

(17), there holds

128en3k? k2 128nk? 1\ 3
@ @
Since RY(f2) > EY(f¢), Corollary 2 implies

Risen(s?) < Rys?) + 2 RIS o (LyE (i)

Comparing the above two margin bounds, there is no logarithmic margin term, i.e.

In 2, in our bound. The empirical covering approach Srebro and Ben-David (2006) is
g

1
is roughly of the form (d,c In % + 7% In %) ’ /+/n. The Rademacher approach is of the

form g—fz due to the contraction inequality of Rademacher averages for the margin

“This bound is originally given in the form of expectation. However, it is easy to convert it to the cur-
rent probabilistic form by the bounded difference inequality from which the extra term M ¢ (ln( )/ n)

appears.
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cost function. Hence, our bound is comparable to their bounds. Moreover, there is no
logarithmic term, i.e. In n, in our bound.

We can use the covering number in Srebro and Ben-David (2006) to derive general-
ization bounds. To see this, using standard symmetrization techniques and McDiarmid’s

inequality we have, with probablity 1 — ¢, that

Dy}
E(f) —&ls7) <2l (D)

1
Rn(B (%)) 2
<20 Bl 1 g (HE)*
where ¢ o By = {¢(yf(z)) : f € By}. To estimate the Rademacher complexity, recall

the scaling version of Theorem 1 in Srebro and Ben-David (2006):

4enK? )d)c ( 16nk? | o421y (sen) .

No(Fre,e) < 2( )

6d}c
Then, we use the following Dudley’s entropy bound, for any N € N, there exists an
absolute constant C' such that for every N € N,

N
R,.(Bx) < C’Z k1 log% N (Fx,dx, er) + 25Nn%.
k=1

Since N (Fic,dx,ex) < Ny(Fx,er), selecting g, = 2% and N = 1"% implies that
R, (Bx) < Cdi(In n)%. Hence,

1 1
d%(lnn)% o (INZ\2 2
M2 oy (28) 4 2

\/nA + A n + \/ﬁ

In contrast, our generalization bound given by (12) is slightly better since it mainly

E(f) —&(f) <C

depends on i_}i' Moreover, Rademacher approaches are usually more flexible. For
instance, it is unknown how to directly estimate the pseudo-dimension of RBF kernels
K;pf and hence it could be a problem to directly apply the approach of Srebro and
Ben-David (2006). The Rademacher approaches can handle this general case using the
Rademacher chaos complexity of Kgau instead of directly using that of Iy as stated

in Corollary 1 in Section 2.

7 Conclusion

In this paper we provided a novel statistical generalization bound for kernel learning

system which extends and improves previous work in the literature (Lanckriet et al.,
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2004; Wu et al., 2006; Ying and Zhou, 2007; Micchelli et al., 2005; Srebro and Ben-
David, 2006). The main tools are based on the theory of U-processes such as the
so-called homogeneous Rademacher chaos of order two and metric entropy integrals
involving empirical covering numbers. There are several questions remaining to be

further studied.

e Firstly, it would be interesting to get fast error rates with respect to the sam-
ple number as those in Bartlett et al. (2006); Steinwart and Scovel (2005); Wu
et al. (2006). For this purpose, the extension of localized Rademacher averages

(Bartlett et al., 2005) to the scenario of multiple kernel learning would be useful.

e Secondly, it would be interesting to investigate generalization bounds based on
decoupling Gaussian chaos of order two, see its definition in De La Pefia and

Giné (1999).

e Thirdly, as mentioned in Section 6, it remains unknown how to get additive mar-

gin bounds using Rademacher approaches.

e Finally, another direction for further investigation is to apply Rademacher Chaos

complexities to practical kernel learning problems.
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