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Abstract Meshfree methods based on radial basis function (RBF) approximation are of
interest for numerical solution of partial differential equations because they are flexible
with respect to the geometry of the computational domain, they can provide high order
convergence, they are not more complicated for problems with many space dimensions
and they allow for local refinement. The aim of this paper is to show that the solution of
the Rosenau equation, as an example of an initial-boundary value problem with multiple
boundary conditions, can be implemented using RBF approximation methods. We extend
the fictitious point method and the resampling method to work in combination with an RBF
collocation method. Both approaches are implemented in one and two space dimensions.
The accuracy of the RBF fictitious point method is analyzed partly theoretically and partly
numerically. The error estimates indicate that a high order of convergence can be achieved
for the Rosenau equation. The numerical experiments show that both methods perform well.
In the one-dimensional case, the accuracy of the RBF approaches is compared with that of
the corresponding pseudospectral methods, showing similar or slightly better accuracy for
the RBF methods. In the two-dimensional case, the Rosenau problem is solved both in a
square domain and in an irregular domain with smooth boundary, to illustrate the capability
of the RBF-based methods to handle irregular geometries.
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1 Introduction

The Rosenau equation has become an established research subject in the field of mathematical
physics since its introduction in the late 80s by Philip Rosenau [31]. The equation is intended
to overcome shortcomings of the already famous Korteweg—de Vries (KdV) equation [15]
in describing phenomena of solitary wave interaction. Knowledge about this interaction,
particularly when two or more wave packets called solitons are colliding with one another, is
indispensable in digital transmission through optical fibers. As data carriers, we need solitons
that interact “cleanly” in the sense that none of the solitons loose any information, shape,
or other conserved quantities, when they pass through each other. One may consult [7] for a
fascinating history behind this subject. The Rosenau equation in its general form is given by

u + a(x, ) A%u; =V - gw), (x,1)e 2 x(0,T], (1.1)

where £2 is a bounded domain in R? (d < 3), the coefficient «(x, 1) > o > 0 is bounded
in the domain £2 x [0, T'], and the nonlinear function g(u) is polynomial of degree ¢ + 1,
g > 1. Multiple boundary conditions are required at the boundary 942, such as

ulx,t) = fikx,1), (x,t)e€d2x(0,T], (1.2)

g—:(x, 1) = fax,1), (x,1)€dR2x (0, T], (1.3)

where 7 is the outward normal direction from the boundary, and we need an initial condition
ux,0) = fo(x), x e 2.

The well-posedness of the Rosenau equation has been studied theoretically by Park [27,
28]. Yet in practice, the equation poses difficulties to solve numerically due to the presence
of non-linearity, high spatial derivatives, multiple boundary conditions, and mixed time and
space derivatives. Numerical studies based on Galerkin formulations can be found in [5,6,
21,24], and numerical studies based on finite difference methods are found in [1,4,19,26].

The objective of this paper is to derive numerical methods based on radial basis function
(RBF) collocation methods [14,22] for the Rosenau equation, that can be applied to problems
in one, two, and three space dimensions, for non-trivial geometries. These methods will also
be applicable to other higher order partial differential equations. We derive and implement a
fictitious point RBF (FP-RBF) collocation method and a resampling RBF (RS—-RBF) collo-
cation method, and perform experiments in one and two space dimensions. We investigate the
accuracy and behavior of the derived methods theoretically and numerically. We also com-
pare the RBF methods with pseudospectral (PS) methods [12,35] with respect to accuracy
in one space dimension.

In this paper we are using global RBF approximation as a test case for implementation of
multiple boundary conditions in general geometries. The current direction in the research on
RBF approximation methods for PDEs is towards the use of localized RBF approximation
methods. The main categories are stencil-based methods (RBF-FD) [2,11] and partition of
unity methods (RBF-PUM) [23,32]. The (FP-RBF) technique should carry over in both
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cases, with minor differences in the implementation, whereas the (RS—RBF) method should
be applicable to RBF-PUM, but not as easily to RBF-FD.

The outline of the paper is as follows: In Sect. 2, a basic RBF collocation scheme is
introduced. Section 3 describes different approaches to handle the multiple boundary con-
ditions. Then in Sect. 4 the theoretical approximation properties of the RBF method for the
one-dimensional Rosenau problem are discussed, while the details of the analysis are given
in Appendix A. The implementation aspects are discussed in Sect. 5, followed by numerical
results in Sect. 6. Finally, Sect. 7 contains conclusions and discussion.

2 The Basic RBF Collocation Scheme

The approaches for handling multiple boundary conditions implemented in this paper are
combined with an RBF collocation method. In this section, we introduce the general notation
and quantities we need for RBF approximation of (time-dependent) PDEs. We start from given
scalar function values u(x ) at scattered distinct node locations x; € R4, j=1,...,N.We
assume that the function is approximated by a standard RBF interpolant

N
s() =Y ap(lx = xjl), 2.1)

j=1
where || - || is the Euclidean norm, ¢ is a real-valued function such as the inverse multiquadric
o(r) = ﬁ The coefficients A; € R are determined by the interpolation conditions

s(x;) =u(x;), j=1,..., N. On matrix form we have

AL =i, (2.2)
where the matrix elements A;; = ¢(llx; — x;l), i,j = 1,..., N, the vector p—
(A1, ..., an15, and @ = [u(x)), ..., u(xy)]¥. When solving a PDE, we prefer to work

with the discrete function values instead of the coefficients. Using (2.1) and (2.2) together,
we see that the interpolant can be written

s(x) = p()A = p(x)A™ i, (2.3)

where ¢ (x) = [¢(|x —x1]), ..., ¢(|x —xn )], assuming that A is non-singular. This holds
for commonly used RBFs such as Gaussians, inverse multiquadrics and multiquadrics [25,33]
for distinct node points x ;. We can furthermore, use (2.3) to identify cardinal basis functions
such that we can write the approximation on the FEM like form

N
() =P =Y Y (ulx)), (2.4)
j=1

where ¢(x)A~! = Y(x) = [Y1(x), ..., ¥n(x)]. Because our final target is to solve PDEs,
we need to look at how to apply a linear operator .# to the RBF approximation to compute
sy =[Ls(x1), ..., Ls(xy)]L. In cardinal form, we get

N
Ls) = LY@ =y Lyj@ulx)). 2.5)

j=1
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Using relation (2.3), the differentiation matrix Yo = { £V (x;)}; j=1
Z is given by

~ under operator

Uy =Dy A), (2.6)

where @ = {ZL¢(lx; — x;)}i j=1,...N-
For time-dependent PDE problems, we use the RBF approximation in space and then
discretize the time interval. The solution u(x, t) is approximated by

N
s, 1) =) Pi0uj), 2.7)

Jj=1

where u(t) ~ u(xj, t) are the unknown functions to determine.

3 Dealing with Multiple Boundary Conditions

If we consider the one-dimensional version of equations (1.1)—(1.3) on a symmetric interval
x € [—L, L] we have

up + o (x, Ditxexxr = gu(uy, (x,1) € [-L, L1 x (0, T1, (3.1
with boundary conditions

u(xL,t) = fi(£L,t), te (0, T], (3.2)
ux(xL,t) = fo(£L,t), te (@, T]. (3.3)

Even for the one-dimensional case, how to implement multiple boundary conditions for a
time-dependent global collocation problem is not obvious. In our case, we need to enforce
two boundary conditions at each end point resulting in a total of four boundary conditions at
the two boundary points. Collocating the PDE at all interior node points leads to a situation
where we have more equations than node points. That is, unless we accept an overdetermined
system, we need to either increase the number of degrees of freedom or discard some of the
equations.

In fact, the subtleties of implementing multiple BCs are not tied to RBF methods. They have
been actively researched in conjunction with other global collocations methods, particularly
pseudospectral methods, since the 70s. We list the following five popular methods:

Mixed hard and weak BCs [17]

Spectral penalty method [16]
Transforming to lower order system [34]
Fictitious/ghost point method [13]
Resampling method [9]

Nk L=

In this paper, we only consider methods (3)—(5) as we currently do not have a way to find
penalty parameters for methods (1) and (2) that give numerically stable solutions.

3.1 Transforming to Lower Order System
A common approach when solving PDEs containing high order derivatives is to transform

them into a system with lower order derivatives. By letting w = u,, the Rosenau equa-
tion (3.1) is transformed into
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ur +a(x, Dwyyre = wgy ()

wy — Uy =0

with boundary conditions u(+L, t) = fi(£L,t)andw(£L,t) = f>(xL, t). The advantage
of this method is that the Neumann conditions for u at the boundaries become Dirichlet
conditions for w. However, the system to solve becomes twice as large, as we need a total
of 2N degrees of freedom for # and w. Due to this reason, and especially for global RBFs
where differentiation matrices are dense, we are not pursuing this method. However, for
localized RBF methods, where differentiation matrices are sparse, this method may still be
worth trying.

3.2 Fictitious Point Method

Fictitious or ghost point methods have been commonly used as a way to enforce multiple
boundary conditions in finite difference methods. The implementation for global collocation
methods such as pseudospectral methods is due to Fornberg [13].

Let —L = xp < x3 < --- < xy—1 = L be distinct node points. The Dirichlet condi-
tions (1.2) can be imposed by fixing the values for u (x2) and u(xy_1), but for the Neumann
conditions (1.3) we use the fictitious point approach proposed by Fornberg [13], and introduce
two additional points at some arbitrary locations denoted by x| and xy.

We introduce an RBF approximation s(x, ) as in (2.7), extended to include the fictitious
points, for the spatial approximation of the solution u(x, 1),

N
sGe ) = i @uj(t). (3.4)

j=1

Loosely following the fictitious point approach, we will modify this ansatz so that the
boundary conditions are fulfilled. Conditions (1.2) are easily fulfilled by replacing u ()
with fi(x;,t) for j =2, N — 1. For the conditions (1.3), we need to formally solve a linear
system. Define the vectors Sy = [u1(t), u ~ (61T with values at the two fictitious points,
and Sy = [u3(®), ..., un—2(O]F containing the approximate solution values at points in the
interior of the domain, then we have

Vi) Yy (x2) ) ( Yi(x2) oo Yy (x2) >
<w{<xN71) Wi Gonn ) ST T\ ) - Wy Govn) ) 34
Bf By

+( Vy(x2)  Yy_(x2)
Vo (xn—1) Uy_ (xn-1)

By

) Fi(t) = Fa(1), (3.5

where Fj(t) = [fj(x2,1), fi(xn—1, 117 Inserting the boundary values Fi(¢) and the
expression we get for Sy by solving (3.5) into (3.4) leads to

s06,0) = (300, - w2001 = [ (), Y (01 B7 ' Ba) Sa
+ (200, Yv—1 01 = 100, Y01 BBy ) Filo)
+ [ (), Yn @)1 B; B(0). (3.6)
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This expression is awkward to work with directly. We introduce the shorthand notation

N-2

s, ) =Y P 6) + Fx, 1), (3.7)

=3

where v/ j(x) and F(x,t) can be directly identified from (3.6). In this simple two point
boundary case, we can actually derive the explicit form of the modified basis for illustration.
This yields

7 = v () Yy en—D Y (x2) —wwz)w;(w_l)w( )
() = W (o) — . )
' ! Y Cv—D Y] (x2) — Yy ()Y (xv—1) 1

1/fl(xN DY (x2) = Y ()Y (ev—1) i
1/fN(XN DY (x2) — ¥y ()Y (xy—1)

In order to use the RBF approximation (3.7) for a PDE problem, we need to compute the
effect of applying a spatial differential operator .# at the interior node points. That is, we
need a method to evaluate f&j(xi), i,j=3,....N=2,and ZF(xj,t),i =3,...,N—=2.
This is done in two steps. First, we use (2.6) to compute ¥ & for interior node points x;,
i =3,..., N — 2. Note however that we include all basis functions ¥;(x), j = 1,..., N.
Then we extract the columns pertaining to the fictitious points into ¥ ¢ ¢, the columns
pertaining to the boundary points into ¥ ¢ ;, and the remaining columns into ¥ ¢ 4. Then the
modified differentiation matrix and the contribution in the forcing function can be computed
as

(x). (3.8)

Uy =Wy 4 — qzz,fo—IBd, 3.9)
[Fy(x3,1),..., Fy(xn_2, D] = Wy — ¥y By 'By)Fi(1) + ¥y, n 'R @).
(3.10)

Note that from (2.6) and the definitions above, if no operator is applied, we have ¥; 4 = I and
Y r =¥ =0leading to F(x;,t) = F;(x;, t) = 0. We use this to simplify all subsequent
expressions where the RBF approximation (3.7) or its time derivative are evaluated at the
node points.

Collocating the modified RBF approximation (3.7) with the PDE (1.1) at the node points
leads to the system of ODEs

N-2 4 N-2

w0+ Y i = ‘p L0 = 3 sui )~ av; L Cxiu (1)
Jj=3 Jj=3
— o (Xi, 1) Frxxxr (i 1) + gu(ui (1) Fx (xi, 1), i=3,...,N—2. (3.11)

In matrix form, we get the method of lines formulation

(I + Ag(O)Wrxxx) Sy = Gu(S) Wy Sa + Gu(Sa) Fe(t) — Ag (1) F.
——— N — e’

o) D(Sa) F(S4.1)

(3.12)

XXXX ( )

where the diagonal coefficient matrices are

Ay (t) = diag(a(x3, 1), ..., 0(xy-2,1)),
G, (Sq) = diag(gu (wu3(1)), ..., 8u (un—2(1))),
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and the vectors in the right hand side are defined as F.o (t) = [F ¢ (x3,1), ..., Fo (xy—2, I
The problem (3.12) can be solved by employing a solution method for nonlinear ODE sys-
tems.

The mass matrix Q(¢) is in general invertible but non-singularity cannot be guaranteed.
Kansa [20] argued that if the centers of the RBFs are distinct and the PDE problem is well-
posed, matrices discretizing spatial operators are generally found to be non-singular. Hon
and Schaback [18] showed that occurrences of singular matrices are very rare, but do exist.
When a/(x, 1) is constant, the mass matrix is constant over time. Then we can LU-factorize
the matrix once and use this factorization throughout the time stepping algorithm.

An alternative to the derivation above is to use the original cardinal basis functions, and
include the boundary condition equations in the final system. Define rectangular identity
matrices Iy such that I (S4, Sp, Sf)T = Sk, fork =d, b, f. Also, we order the columns in
the differentiation matrices in accordance with the order of the unknowns such that ¢ =
Yy a, Wo b, Yo, r]. Then we can express (3.12) as

Id + AqWrxxx SZ] Gu(Sd)lpx Sd 0
0 s; | = I s | = R |- (3.13)
0 S} By By By Sy (1)

In this case, the mass matrix is singular and then a differential algebraic solvers is required
to compute the solution of the resulting system of differential algebraic equations (DAE).

3.3 Resampling Method

In the resampling method, we do not add any points as for the fictitious point method of the
previous section. The four boundary conditions are still enforced at the boundary points as
algebraic equations, but the PDE is instead collocated at N — 4 auxiliary interior points. Let
the solution u(x, t) be approximated in Lagrange form by

N
s@ 1) =Y Yiuj), (3.14)
j=1

where x| and xy are boundary points and x7, . .., xy_1 are interior points. The four algebraic

equations arising from the boundary conditions are
ui(t) = filx1, ), un@®) = fi(xy, 1), (3.15)

N N
dy; dy;

J; — LU0 = o, 0), ; —Lau0) = hay. 0. (16)

To write the equations on matrix form, we again divide the unknown functions into parts, Sy
for interior node points and S for boundary node points. Then the boundary conditions can

be expressed as
0 I Sq _ Fi(t)
(Bd Eb) <Sh> N <F2(t)>’ (.17)

where the boundary condition matrices By and By, are analogous to those in the previous
section, but with slightly different basis functions as there are no fictitious points. We have
N unknown functions, and we have used four equations for the boundary conditions. This
means that we need N — 4 additional equations. The idea in the resampling method is to

@ Springer



1562 J Sci Comput (2018) 75:1555-1580

collocate the PDE at N — 4 auxiliary interior points, instead of collocating at the node points.

We define the auxiliary points x;,i = 1, ..., N —4 and collocate the PDE to get the equations
N 4 N N
- N T . v .
Z [w,- (%) + (%, r)ﬁ(xn] u'y (1) = Z [gu (Z vfk<x,»>uk<r>> dx’(xi)} uj(t),
j=1 j=1 k=1
(3.18)
Define the resampling matrices 'Pf;, = {ZLY;(D)}i=1,...,N—-4, j=2,...N—1,1,N (columns

ordered according to the unknowns). The resampled equations (3.18), together with the
algebraic equations (3.17), yield an N x N DAE of index 1,

wR L AWk g Gu(S)WR S 0
d ) _ d
0 (S’) =10 & (Sb>_ i@ |, (3.19)
0 b B; By (1)
R ( Sa

where Ay = diag(a(%1,1), ..., a(Fy_4,1)) and S = ¥

The system of equations (3.19) can be solved using a differential algebraic solver. See
DASPK [3,29]. An example of how this can be implemented in MATLAB is given in Sect. 5.

3.4 Generalization to More Space Dimensions

The main differences when moving to more than one space dimensions is that we have a
boundary curve or a boundary surface that is discretized in the same way as the interior of
the domain instead of just two boundary points. The formulation of the two methods is in
all essential parts the same, and the formulations (3.13) and (3.19) are valid in the same
form, but when we before had two boundary points and two fictitious points, we instead have
Np, boundary points and Nj, fictitious points. Similarly, for the resampling method, we have
2N}, boundary conditions, and therefore we collocate the PDE at N — 2N}, auxiliary points.
Experiments for problems in two space dimensions are presented in Sect. 6.

4 Error Estimates

We have derived semi-discrete error estimates for the one-dimensional Rosenau problem and
the FP-RBF approach. The details of the analysis are provided in Appendix A. Exponential
convergence estimates for the spatial part of the error are based on theory for global RBF
interpolants [30], and expressed in terms of the fill distance

h = sup min [lx — x;]. “4.1)
xe2XjeX

The estimates for the error growth in time are more problematic. The global error estimate
is given by

_Y_
IE(®)lloo < C()e” VieSD max u(0)ll.v (@), 4.2)
0<t=<t

where the norm || - ||y () is the so called native space norm connected with the chosen type
of RBF. This estimate would be fine if the function C3(¢) was small. This part of the estimate
is connected with the non-linear term and has the form

C3(t) = Cyll Q™ I max (| Eyll, || Bx D7 (1), (4.3)
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Fig. 1 An example of a node

fictitious points
distribution for the fictitious point | , |
method in the one-dimensional

case

boundary points

where the function r(¢) represents a polynomial growth factor in time. The function C3(¢)
becomes large due to the matrix norms. When estimated separately like this, the product
o= 7, | becomes large, growing as &'(h~") (cf. Sect. A.5). The way we have derived the
estimates does not easily allow for an estimate that takes the norm of the product || 0! 7, I
instead. However, this is in principle the way the matrices appear in the critical terms, and if
the product norm is investigated numerically, it turns out to be small.

Because of this overestimate of the time growth, the error estimates are not quantitatively
useful, but they provide a qualitative insight into how the different errors interact, and illustrate
the difficulties of bounding the non-linear terms in an effective way.

5 MATLAB Implementation

In this section, sample MATLAB implementations of the fictitious point and resampling RBF
methods for the one-dimensional Rosenau equation (3.1)—(3.3) are presented and discussed.
We use an example with a known solution. For g(u) = 10u3 — 12u° — %u and x(x,t) = 0.5
it holds that u(x, t) = sech(x —¢) is a solution [28]. For both methods, equally spaced nodes
are used, and the spatial domain is [—L, L].

5.1 Implementation of the Fictitious Point Method

Following the idea of the fictitious point method in Sect. 3.2, we complement the interior
and boundary RBF nodes with two (the number of boundary nodes) fictitious points outside
the computational domain, see Fig. 1 for an illustration.

We generate the differentiation matrices using the modified basis functions according to
Equation (3.9). Collocating the Rosenau equation by applying the modified differentiation
matrices leads to ODE system (3.12), which we here solve by using the built-in MATLAB
ODE solver odel5s. The two functions below constitute a complete MATLAB implementa-
tion of the problem.

function [S,x,t]l=fictitious(N,L,T)

% N : The number of node points

$ L : [-L,L] is the domain

% T : Final time

% Exact solution and derivatives for test case

u = @(x,t) sech(x-t);
@(x,t) sech(t-x).*tanh(t-x);
ut = @(x,t) -sech(t-x).*tanh(t-x);
uxt = @(x,t) sech(t - x)."3 - sech(t - x).*tanh(t - x)."2;
% Generate nodes x. Map x to [-L,L] such that x(2) = -L, x(N-1) =L
% and x(1), x(N) are the left and right fictitious points respectively.
x = linspace(-L,L,N);
linmap = @(x,x1,x2,y1l,y2) (y2-yl1l)*(x-x1)/(x2-x1) + vy1;
x = linmap(x,x(2),x(N-1),-L,L); x = x(:);
% Differentiation matrices for inverse multiquadric RBF
phi = @(ep,r) 1./sgrt(l+(ep*r)."2);

ux
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ep = 0.08/min(abs(diff(x))); % Shape parameter
dx = bsxfun(@minus,x,x.’); A = phi(ep,dx);
Dx = (-ep”2*dx.*A."3)/A; % 1lst Derivative matrix
Dix = (3*ep”4* (3-24* (ep*dx)."2+8* (ep*dx)."4).*A."9)/A; % 4th Derivative
Bf = Dx([2 N-1],[1 N]); Bd = Dx([2 N-1],3:N-2); Bb = Dx([2 N-1],[2,N-1]);
% Modify differentiation matrices

Dxd = Dx(3:N-2,3:N-2) - (Dx(3:N-2,[1 NJ])/Bf)*Bd;

Dxb = [Dx(3:N-2,[2 N-1]) - (Dx(3:N-2,[1 N])/Bf)*Bb Dx(3:N-2,[1 N])/Bf];
D4xd = D4x(3:N-2,3:N-2) - (D4x(3:N-2,[1 NJ])/Bf)*Bd;

D4xb = [D4x(3:N-2,[2 N-1]) - (D4x(3:N-2,[1 NJ])/Bf)*Bb D4x(3:N-2,[1 NJ])/Bf];

% Initial condition
SO0 = u(x(3:N-2),0); opt = odeset(’RelTol’,le-10);
% Solve the ODE for the approximate solution S
fun = @(t,S) odefun(t,S,x,N,Dxd,Dxb,D4xd, D4dxb,u,ux,ut,uxt) ;
[t,S] = odel5s(fun, [0 T],S0,opt) ;
% Plot the solution for all times
figure(l),clf,plot(x(3:N-2),S)
Plot the error at the final time
E = abs(S(end, :)-u(x(3:N-2),T)");
figure(l),clf,plot(x(3:N-2),E)

o0

function Sprime = odefun(t,S,x,N,Dxd, Dxb,D4xd, Ddxb,u,ux,ut,uxt)
Fx = [u(x([2 N-11),t); ux(x([2 N-11),t)1;
FiAxt = [ut(x([2 N-11),t); uxt(x([2 N-1]),t)];
Gu = diag(-1.5 - 60*S."4 + 30*S."2);
Sprime = (eye(N-4) + 0.5*D4xd)\ (Gu*Dxd*S + Gu*Dxb*Fx - 0.5*D4xb*F4xt) ;

It can be noted that when we use the modified basis functions, we need to provide the
time derivatives of the boundary conditions as well as the boundary conditions themselves.
This is not needed with the alternative formulation (3.13), but instead the system is stated in
DAE form.

5.2 Implementation of the Resampling RBF Method

For the resampling method, we start directly from the DAE form derived in Sect. 3.3, where
the four boundary conditions enforced at the boundary points constitute the algebraic part.
The N —4 auxiliary points where the PDE is enforced are uniformly distributed in the interior
of the computational domain and do not in general coincide with the RBF node points where
the solution is sought. We organize the solution vector as S = [Sy Sp1T, where as before, Sy
contains solution values at the interior RBF nodes, and S, contains the two boundary values.
Then the DAE discretization scheme can be schematically be displayed as

R JwR Gu(S)wrR 0
S| = 0---010 N . J
0 0.--001 Fi@)
0 B (1)

where ¥R isan N —4 x N resampling matrix that provides values at the auxiliary points
given values at the node points, S = RS, G,(S) is an (N — 4) x (N — 4) diagonal matrix,
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wR and WR | are N — 4 x N resampled first and fourth derivative matrices respectively.

The derivative boundary condition matrix B = (f?d Bp) is a 2 x N matrix, see Eq. (3.17)
for details.

Both ODEs and DAE:s of index 1 can be solved in MATLAB using odelSs, previously
employed for the fictitious point method. One may also use the syntactically similar open
source software OCTAVE and there use dasspk as DAE solver. The following two functions
show the MATLAB implementation of the resampling RBF method.

function [S,x,t]=resampling(N,L,T)

N : The number of node points

L : [-L,L] is the domain

T : Final time

Exact solution and derivatives for test case

u = @(x,t) sech(x-t);

ux = @(x,t) sech(t-x).*tanh(t-x);

Generate N uniform RBF nodes with boundary pts last
x = linspace(-L,L,N).’;

o0

e

o0 oe

o0

x = [x(2:end-1); x([1 end])];
% Generate N-4 uniform auxiliary interior points
xt = linspace(-L,L,N-2).’; xt([1l end]) = [];

% Differentiation matrices for inverse multiquadric RBF
phi = @(ep,r) 1./sqgrt(l+(ep*r)."2);

ep = 0.08/(x(2)-x(1)); % Shape parameter

r = bsxfun(@minus,x,X.’); A = phi(ep,r);
% First derivative matrix at x = -L and x = L

r = bsxfun(@minus,x([N-1 NJ]),x.’);

Bt = (-ep”2*r.*phi(ep,r)."3)/A;
% Rectangular projection from x to Xt

r = bsxfun(@minus,xt,x.’); R = phi(ep,r);

PRX = (-ep”2*r.*R."3)/A; PR = R/A;

PR4x = (3*ep”4*(3-24*(ep*r) . 2+8* (ep*r)."4).*R."9)/A;
% Initial condition

SO0 = u(x,0);

M = [(PR + 0.5*PR4x); zeros(4,N)];

opt = odeset (’mass’,M, ‘'masssing’,’'yes’, 'RelTol’,1e-9);

[t,S] = odel5s(@(t,S) daefun(t,S,x,N,PR,PRx,Bt,u,ux), [0 T],S0,opt) ;
% Plot the solution for all times

ind = [N-1 1:N-2 NJ;

figure(l),clf,plot(x(ind),S(:,ind))
% Plot the error at the final time

E = abs(S(end, :)-u(x,T)’);

figure(2),clf,plot(x(ind),E(ind))

function Sprime = daefun(t,S,x,N,PR,PRx,Bt,u,ux)
F = [zeros(N-4,1); u(x([N-1 NJ),t); ux(x([N-1 NJ),t)1;
Gu = diag(- 60* (PR*S)."4 + 30* (PR*S)."2 - 1.5);
Sprime = [Gu*PRx; [zeros(2,N-2) eye(2,2)]; Btl*sS - F;

6 Numerical Results

In this section, we perform numerical experiments to investigate the accuracy and conver-
gence of the proposed schemes. Both one-dimensional and two-dimensional test cases are
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Fig. 2 Exact and numerical solutions based on the FP-RBF method with L = 1 and N = 30 (left) and
L =10and N = 100 (right) with ¢ = %08

considered. In all tests, the inverse multiquadric RBF is used. The shape parameter values are
chosen using a parametric relation such that they fall within the region where the method is
stable, while making the solution as accurate as possible. For the one-dimensional test case,
we compare the results with those of a pseudo-spectral resampling (RS—PS) and a pseudo-
spectral fictitious point (FP-PS) method. We have not included the code here, but it can be
downloaded from the authors’ web pages.

6.1 The One-Dimensional Case

We consider the same test problem as in the sample implementations in Sect. 5, with g(u) =
1003 — 1245 — %u and known exact solution u(x,t) = sech(x — t). Equispaced node
distributions over the interval [—L, L] are used for the RBF methods. The total number
of points N includes the fictitious points in the FP-RBF case. The initial and boundary
conditions are taken from the exact solution.

The exact solution over the interval [—L, L] for L = 1 and L = 10 is shown at different
times ¢ together with the numerical solution using the FP-RBF method in Fig. 2. The solution
is a pulse that travels to the right with time.

In Fig. 2, a shape parameter ¢ = % is used. This relation is experimentally determined
to ensure stable computations and high solution accuracy. Figure 3 shows how the errors of
the two RBF methods vary with ¢. Using the formula leads to ¢ = 1.16 and ¢ = 0.4 for
the two cases, which is within the best region for each method. It can be noted that the good
range of ¢ is narrower for the resampling method and that both methods rapidly become
ill-conditioned when ¢ is too small.

To illustrate the capability of the proposed methods, we start with comparing the approxi-
mation accuracy with that of the corresponding pseudo-spectral methods. The pseudo-spectral
methods employ the same number of Chebyshev nodes as the number of uniform nodes used
by the RBF methods. For a description of the implementations, see [9,13]. The absolute
errors for two different values of L are plotted in Fig. 4. As shown in the figure, the errors
of both the RBF based methods and the pseudo-spectral methods are similar in magnitude.
For the shorter interval, the RS-PS method has smaller errors near the boundaries, which
is consistent with the clustering of the Chebyshev nodes. However, for the larger interval,
where the solution is small at the boundary, this effect is not visible.
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Fig. 3 The L error at time t = 1 as a function of the shape parameter ¢ for L = 1 and N = 30 (left) and
L =10and N = 100 (right)
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Fig. 4 Absolute error of the FP-RBF method, the RS—-RBF method, the FP-PS and the RS—PS method at
timet = 1 for L = 1 and N = 30 (left) and for L = 10, N = 100 (right). For the RBF methods ¢ = Ohﬂ
was used

The L errors over time for the approximated solutions are illustrated in Fig. 5. If we
consider the global error estimate (A.41), and insert ¢ = 4 (for this test case), the exponential
time-dependent growth factor becomes exp(C3z((1 + H1Zz 1) /1.12). We do not know the
precise value of C3, but based on our experiments a value larger than one should be expected,
in which case the predicted growth would be at least two orders of magnitudes larger than
what is observed. However, as discussed in Sect. 4, this is expected to be an overestimate of
the true error growth. Both the accuracy and the growth rate of the errors of the four different
solutions are similar. For the shorter interval L = 1, the RS-RBF method is slightly worse
than the other three methods, while for the longer interval L = 10, both RBF methods are
slightly more accurate than the pseudo-spectral methods for longer times.

Figure 6 displays the convergence behavior as a function of N for the two RBF methods
compared with the PS methods. For all four methods, the highest attainable accuracy is almost
the same. When ¢/ is constant, as in this experiment, we would expect the error to reach a
saturation level, but accuracy is also limited by conditioning, and this may be the effect that
we see here. In both cases, the FP-RBF method reaches the highest accuracy faster than the
RS-RBF method. The PS methods performs best for the short interval, and performs worse
than the RBF methods for the longer interval. One explanation for this can be that the node
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Fig.5 The Lo error as a function of time ¢ for the FP-RBF method, the RS—RBF method, the FP-PS method

and RS—PS method. Results are shown for L = 1 and N = 30 (left) and L = 10 and N = 100 (right). Both
0.08

RBF methods use ¢ = =5 and a uniform node distribution, while the PS methods employs a Chebyshev
node distribution
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Fig. 6 The Lo error at time ¢ = 1 as a function of the number of node points N for the FP-RBF method,
the RS-RBF method, the FP-PS, and the RS—PS method. Results are shown for L = 1 and ¢ = 1 (left) and
L = 10and ¢ = 0.5 (right). Both RBF methods use uniform node distributions, while the PS method employs
Chebyshev node distributions

density for the Chebyshev nodes compared with the uniform nodes is lower in the interesting
region (middle of the domain) in this case.

6.2 Two-Dimensional Square Domain

In this section, we demonstrate how the flexibility of the RBF approximations allows us to
implement the FP-RBF method and RS-RBF method in a two-dimensional domain with
a similar effort as for the one-dimensional problem. Here, we do not compare with the
PS method, which is less straightforward to implement. We consider the square domain
2 =[-L, L] x [-L, L] and the Rosenau equation (1.1) witha = 1, g(u) = w3 + u? and
initial condition fo(x, y) = sech(x 4 y) and boundary conditions

fi(x,y,t) =sech(x +y — 1), 6.1)
fo(x,y,t) = —sech(x + y — t)tanh(x + y — 1), (6.2)

@ Springer



J Sci Comput (2018) 75:1555-1580 1569
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Fig. 7 Resampling RBF approximate solution in the square domain 2 = [-2, 212 at time ¢ = 1 (left) and
t = 3 (right) with n = 27 points and shape parameter ¢ = 0.9
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Fig. 8 A node distribution for the FP-RBF method, where the fictitious points are uniformly distributed
outside the domain (left) and a node distribution for the RS—-RBF method with auxiliary points displayed in
black as * (right) for a square computational domain

where the derivative in the second condition is taken as either u, or u, depending on which
part of the boundary is involved. For the two-dimensional test cases, we do not have any
analytical solutions. The approximate solution at two different times is displayed in Fig. 7.

We start from a uniform discretization of the domain §2 with n? points. We denote the
number of interior points by N, and the number of boundary points by Nj. For FP-RBF
we need to add N, fictitious points outside the domain to enforce the Neumann boundary
conditions. Note that if we simply choose an extension of the uniform grid, the resulting
number of fictitious points is too large. The total number of points becomes N = Ny;+2N), =
(n—2)>+2(4n—4) = (n+2)> —8. For the RS—RBF method we generate N — 2N}, auxiliary
points inside of the domain. Note that here the number of boundary points is modified (and
these are therefore not on the uniform grid) to make the total and auxiliary node numbers
compatible. If we choose N, = 4(n —2) — 4, then the number of auxiliary points is (n — 42,
The total number of node points is N = Ny + N = (n — 2)> + 4n — 12 = n®> — 8. Sample
node distributions for the two methods are displayed in Fig. 8.

According to the error estimate (A.41) for the FP-RBF method, we expect exponential
convergence in 1/ Vh for fixed . In practice, we often observe exponential convergence in
1/h. In Fig. 9, to make a fair comparison, we plot the error as a function of /N o 1/h.
For this range of N-values, the conditioning is low enough to not influence the error, and
exponential convergence can be observed for both RBF methods. We see that the estimated

@ Springer



1570 J Sci Comput (2018) 75:1555-1580

10
-©-FP-RBF -©-FP-RBF
—B—RS-RBF —B—RS-RBF
1072 1
_8 _8
g o
107 1
. . . 10— . .
15 20 25 15 20 25 30
N1/2 N1/2

Fig. 9 The error at time f = 1 against the square root of the number of points v/N for L = 1 and ¢ = 1.6
(left) and L = 2 and ¢ = 0.9 (right). In both cases, errors are computed against a reference solution computed
with the FP-RBF method for n = 30, (N = 1016) (left), n = 32, (N = 1148) (right), the error is evaluated
at 25 x 25 interior points

slopes in the right subfigure are precisely double those in the left subfigures. If we take into
account that £ is also twice as large for the case L = 2, we can conclude that the rate of
convergence in terms of 1/4 is the same in both cases.

6.3 Two-Dimensional Irregular Domain with Smooth Boundary

We now take a step further in demonstrating the flexibility of the RBF based methods by
considering an irregular two-dimensional domain. As a test problem, we consider the domain
with boundary defined by the parametric equation

r(0) =14 0.06(sin(60) + sin(30)), 0 € [0, 2x). (6.3)

We also need the derivative of the boundary equation in order to compute the outward normal
direction n = (ny, ny), which is needed for the boundary conditions. We have

r'(0)(sin(0), — cos(8)) + r(0)(cos(0), sin(9))

et = NEOETns 04
We use a similar test problem as for the square domain with boundary Dirichlet data
fi(x,y, 1) =sech(x +y —1). (6.5)
For the normal derivative condition, we impose
folx,y, 1) = Vu-n = —sech(x +y — H)tanh(x +y — 1)(n, +ny). (6.6)

The approximate solution at three different times is shown in Fig. 10.

Sample node distributions for the FP-RBF and RS—RBF methods are illustrated in Fig. 11.
Just as for the square domain, N is the total number of points, where the number of fictitious
points outside the domain is Np, i.e., N = Ny + 2Nj, and the number of auxiliary points
inside the domain in the resampling method is Ny — 2Np,.

The max error as function of /N for a fixed shape parameter value is illustrated in Fig. 12.
The reference solution is computed using the FP-RBF method with N; = 547, and N, = 84
nodes. The max error is estimated from evaluation at 540 radially uniformly distributed points
in the domain. The RS—RBF method is less accurate in this case even if it converges with
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Fig. 10 Resampling RBF approximate solution in the irregular domain with N; = 386 interior points,
Njp = 70 boundary points using ¢ = 1.3 for # = 0.5 (left), t = 1 (middle), and r = 2 (right)

Fig. 11 Sample node distributions with N; = 386 and N;, = 70 for the irregular domain for the FP-RBF
method (left) and the RS—RBF method (right) with auxiliary points in black marked with %

Fig. 12 Errorattimes =l asa 107"

function of the square root of the

number of points v/N where

e =13 forRS-RBFande = 1.5 "

for FP-RBE. The reference 10

solution is produced using the _8

fictitious point method with =

N =715 ~ 26.742 T
107

14

a similar rate. It has also been observed in other experiments in this section that it is more
sensitive to parameter values and method parameters.

Overall, the error trends are similar to those for the square domain, showing that the RBF
methods provide a well functioning generalization of both the fictitious point method and
the resampling method to general domains.
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7 Conclusion

The Rosenau equation, which is used as an application throughout this paper, is an example of
anon-linear PDE with multiple boundary conditions as well as mixed space-time derivatives.
Multiple boundary conditions provides an extra challenge when solving PDE problems. The
standard form of a typical collocation method assumes that one condition is imposed at
each node point/grid point. Hence, the additional conditions at the boundary nodes lead to a
mismatch between the number of conditions and the number of unknowns.

Two approaches to manage multiple boundary conditions that have been introduced for
spectral methods are fictitious point methods and resampling methods. In this paper we have
shown how to implement these approaches in the context of RBF collocation methods. From
numerical experiments for a one-dimensional test problem, we could see that the behavior
of the method with respect to accuracy in space and time is very similar to that of the
corresponding pseudo-spectral method.

For two-dimensional problems, already in a regular geometry such as the square, the
application of spectral methods becomes more complicated. Approximations are typically
based on tensor product grids, but if we use the one-dimensional extension techniques for
each grid line, again the number of extra conditions and extra points do not naturally match.
The problem can for example be resolved by choosing one of the directions for the corner
points, but then the approximations in the other direction needs to be of lower order.

We show that with the two RBF methods, due to the freedom of node placement, we
can distribute the fictitious points or the resampled nodes uniformly and symmetrically with
respect to the domain. Furthermore, we show that the concept can be transferred also to
irregularly shaped domains.

‘We have also analyzed the theoretical properties of the fictitious point RBF approximation
for the one-dimensional Rosenau equation. We could show that the spectral convergence of
the spatial approximation carries over to the PDE solution, while the growth of the error in
time in our estimate strongly depends on the bounds on the non-linear term.

To conclude, both the implemented approaches are promising for problems with multiple
boundary conditions, especially for geometries where spectral methods cannot easily be
applied. Global RBF approximations as the ones used here are competitive for problems in
one or two space dimensions, but the computational cost can become prohibitive for higher-
dimensional problems due to the need to solve dense linear systems. Therefore, an interesting
future direction is to see how resampling and fictitious point methods can be combined with
localized (stencil or partition based) RBF methods.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and
reproduction in any medium, provided you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license, and indicate if changes were made.

A Details of Error Estimation
In this appendix, we drive the error bound of approximaion for the FP-RBF method of

Sect. 3.2. For the analysis, We assume that « > 0 is constant and that the function g is a
polynomial of degree g + 1 with g > 1.
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A.1 ODE System for the Semi-discrete Approximation Error

We work with spatially discrete solution and approximation values evaluated at the interior

node points x;, i = 3, ..., N — 2. We denote the exact solution vector and its derivatives by
Ug(t) = (Lu(xs, 1), ..., Lu(xy_s,1))T. From the Rosenau equation (3.1), we have
U'+aUyy,, = Gu(U)Uy, (A1)

For the RBF approximation, we use (3.12), but to simplify notation we replace S; with §
and the matrix A, with the constant «.

(I 4+ aW)S +aF. . = Gu(S)¥ S + Gy (S)Fy. (A.2)

XXXX

We introduce the auxiliary function z(x, ¢), which interpolates the exact solution at each time
and also satisfies the boundary conditions (1.2) and (1.3),

N-=-2
2. 0) =Y Pulx;, 1)+ F(x,0). (A3)

Jj=3
We denote the auxiliary function vector by Z(¢) and note that
Zy =¥yU+Fy (A4)

Furthermore, Z(¢t) = U(t), Z'(t) = U’(t), and Z(0) = S(0) = U(0), while Z» # Ug.
We define the discrete interpolation error vector e(t) = U(t) — Z(t). The interpolation

error itself is zero at the node points, but its derivatives ¢ ¢ are non-zero. By noting that

U(t) = e(t) + Z(¢t) and by using (A.4) for the derivatives of Z(¢), we can rewrite (A.1) as

U'+ oy + UraxU' + Fio) = Gu(U)(ex + WU + Fo). (A.5)

Finally, we introduce the discrete error E(t) = U(t) — S(¢), and subtract (A.2) from (A.5)
to get

(I + aWyyr) E'tael, o = Gu(U)ex + Gy (U)W U — Gy (S)¥ S+ (G (U) — Gy (S)) F.

o
(A.6)
This equation can be seen as an ODE-system for the error E(¢) by writing it as
QE'(t) = H(1), (A7)
where H(1) = —ag. (1) + G, (U)W U — G (¥ S + G,(U)ex(t) + (G, (U) —

G, (S))F,(t). In the following, we will consider H (¢) as a forcing function. For a discus-
sion of the non-singularity of Q, see Sect. 3.2. The system of ODEs (A.7) can be formally
integrated to yield

t
E(1) :/ 0~ 'H(t)dr. (A.8)
0
In the following subsections, we will look into each part of the forcing function.

A.2 Estimates for the Non-linear Term

In order to determine the influence of the non-linear term on convergence and stability, we
consider the particular form g(u) = u9%!, g > 1. This matches the functions typically used
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in the literature. Furthermore, we will use an estimate by Park from [28] showing that with
this form of g(u),

lux, 1) <C +t)1_%, t>0, xeR. (A.9)
We can then form the following estimate
qu) =@+ Dul <CA+011-9 ¢>o. (A.10)

Note that the exponent can never become larger than 1.25, which occurs at g = 2.5. For the
second derivative, we have

dgy
du

) = q(g + Dud~! < CA +naDI=H ;5 0. (A.11)

If we instead consider a point s, close to u we have

dg - _
T =@+ D5 =q(q+ D@+ s —u)?™!
q—1 1
=qg(g+1) Z (‘] - ) ud=1=P (s —u)P (A.12)
p=0 P
g [ca+n TN n— g2, g <55, o Ala
=1 A-H§5a-1, _ op » >0, (A.13)
L5 ]! C(l+1) szolu s|P, q > 5.
which allows the following estimate
q
18 (1) — gu(s)| < Cq(1+t)qZ|u—SI”, (A.14)
p=1

where § = max((g — D(1 — %), (1 — 1)).
A.3 Term by Term Estimates for the Error Contributions

In this section, we are going to derive an estimate for the discrete approximation error. We
first note that H (¢) is a sum over number of terms H () and split the integral in (A.8) to get

t
52”/0 0 'Hj(v)dt
©

t
IE@ oo = H /0 0~ H(1)dx

oo

For the first error term, we have H (1) = —a¢’

exx (1. Integration leads to

t
Ei(t) = —a f 07l (AT = =2 Q7" (Brxax () — 82122 (0)) (A.15)
0
then we can get the following estimate

IE1(®) oo < |a|||Q_1||oo max |[&xyxx (T)lloo- (A.16)
0<t<t
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The second error term that we consider is generated by H»(t) = G, (U)ex(t), leading to

t
[E2(D) )0 = H/o 07 'G,(U)e(r)dt

[ee)

t
- r _q
<107 laoC max ||ex<r>||oo/0 1+ 070 H

(1+4090-9+ _
g1 —%)+1

=107 o€ max. llex(®)lloc ( (A1)

where we used (A.10) for the term involving G, (U).
The final part focuses on the non-linear term and is the most complicated. We start by
rewriting the generating term

H3(1) = Gu (U)W, U — Gu ()T S + (Gu(U) — Gu(S)) Fi(t)
= G (U)W (U = 8) + (Gu(U) = Gu())(Fx(t) + ¥ (U + (S = U))).  (A.18)

If we rewrite equation (3.10) in matrix form, the function Fy (¢) can be expressed as

Fot) = BoF () = (¥ — W0 BT By W sBT ) (28) . (A9

Using this, we can provide the first estimate for contribution to the error from the term H3(t)
given by (A.18)

I1E3() oo

t
V 07 (GuW) T (U =)+ (GuU) = Gu(SH(BLF (1) + T, (U+(S—U)) ) de
0

1
< IIQflIIII@XIIfO G )HINIU — Sldr
t
+ IIQ_lllllBXII/O 1Gu(U) = Gu(SIIIF(r)dT
t
+ IIQ_lllllll’xII/O 1Gu(U) = Gu(DHINU + (S = U)ldr. (A.20)

Using equations (A.9), (A.11), and (A.14) together with the inequality |U + (S — U)| <
|U| 4+ |S — U] yields

t
_ ~ ~ _4q
IE3()]loo < 110 ‘||||wx||/ C(1+1)?=9|U - S|dz
0

1 ) q
+ ||Q—1||||Bx||/0 Co(L+DINF@ YU ~ S|Pdr

p=1
t q
_ ~ g _9
+10 1||||llfx||/0 Co1+ DT YU = SI7 (€ +0)179 + U = 51]) dr.

p=1
(A21)
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Table 1 Values of the different

powers involved in the error 4 (1-q/3) q(1—q/5) q q(1—q/5)

estimates 1 0.8 08 08 0.64
2 0.6 1.2 0.6 0.36
3 0.4 1.2 0.8 0.32
4 0.2 0.8 0.6 0.12
5 0 0 0 0
6 -0.2 —-1.2 —-0.2 0.04
7 —-0.4 —-2.8 —0.4 0.16
8 —0.6 —4.38 —0.6 0.36
9 —0.8 —-7.2 —-0.8 0.64
10 —1 —10 -1 1

Because this term contains the error in the right hand side, it is the most difficult one to
include in the error estimate. We simplify it as far as possible. First we write

_ tq+1
IE3()loo < 110" max (|| &y, IIBxII)/O pr(r)llE(T)Il"df, (A.22)
p=1
where
bi(r) = C(1+ 1)1 4., (1 + 1)1 <||F(t)|| +C+ r)“—%)) (A.23)
by(1) = C,(1 + 7)1 <||F(T)|| +Cc+0)09H 4 1) (A.24)
by1(t) = C,(1 4 1)d (A.25)

Then we make the observation that either the error is small and ||E(t)| > ||E(7)||? for
p > 1 or the error is larger than one, in which case || E(7)||?T! > ||[E(T)||? for p < q. We
letv =1o0rv =gq -+ 1, sum up the coefficients and pick the highest power of (1 + 7) to get

t ~
IE3(0)lloo < CollQ ™" I max (| |I, [| Bl fo 1+ I E@)|" dr, (A.26)

where
éq =(@+1 (2 + 0max ||F(7.’)||> max(é, Cq, C40). (A.27)
<t<t

Table 1 shows the different powers that are involved as a function of ¢g. The final power in
the estimate grows with q.

A.4 Global Error Bound

By combining the error terms (A.16), (A.17) and (A.26), we get the following relation for
the error due to the spatial discretization

IEMlloo < C1 max [lexxxx(T)lloo + C2(1) max [l&x(7)|loo
0<t<t O<t=<t

! ~ q
+c3/ 1+ =DIE@)|" dr, (A.28)
0
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where
C1 = 110 loo, (A.29)
- _ (1 _{_t)‘I(l*%)Jrl -1
C(t)=C 1 , A.30
(1) =C|lQ ||oo< =D (A.30)
C3 = Cyll Q™ |l max (| Fyll, | Bx ). (A31)

To convert this into an error estimate, we need the following Gronwall inequality [8]:

Lemma 1 (Gronwall inequality) Let the functions E(t), a(t) and k(t) > 0 be continuous
Sunctions defined for t € [0, b]. We assume that for t € [0, b] we have the inequality

t
E(t) <al(t) +f k(z)E"(t)dr. (A.32)
0
Then for the case n = 1 it holds
t 1
E(t) <a(t)+ / k(t)a(r)el Kwdu gz, (A.33)
0
If the function a(t) is also non-decreasing, then
E(t) < a(t)eh T, (A.34)
For the casen > 2
t nl]
E(t) <a(t) |:1 —(n— 1)[ k(r)a" (1) dri| , t < By, (A.35)
0

where By, = sup{t : (n — l)fot k(t)a" Y (r)dr < 1}.
In our case, it can easily be verified that the function
a(t) = Cp max ||&xrxx (T)lloo + C2(r) max |l&x(7) oo (A.36)
0<t<t 0<t<t

is non-decreasing in time. For the case of small errors, n = v = 1, and

t t . 1 t q(]—%)—i—l -1
kyde = [ (1 4+ 00D gr = ¢, LD , (A37)
q
0 0 gl —3)+1
the Gronwall inequality leads to
G(1—%)+1
3<1+f3‘1 5T
IE@l < [a MaX [lexar (7)lloo + Ca(r) max, ||ex<r)||oo]e WD (A38)

For the case of errors larger than one, we do not carry out the full derivation, but note that
the limit on the time interval becomes less severe when a(¢) is small enough, which is the
case when the spatial resolution is high enough.

It remains to insert estimates for the derivatives of the RBF interpolation errors. These are
typically measured in terms of the fill distance £, which in one space dimension with uniform
nodes becomes i = %|x j+1 — x|, and more generally for a domain §2 in d dimensions and
anode set X is defined as

h = sup min |x — x;||. (A.39)

rxe XjeX
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Fig. 13 The norm || Q_1 lloo (top), the norm || By ||oo (bottom left), and the norm 1%y lloo (bottom right) as a
function of & for eh = 0.4 (o), e¢h = 0.5 (¢), e¢h = 1 () and L = 10 (solid lines) and L = 5 (dashed lines)

Exponential estimates for inverse multiquadric interpolants are given in [30] provided that
£2 is a bounded domain with Lipschitz boundary that satisfies an interior cone condition.
lezlloo < ce™ M ully (), (A40)

where the constant y depends on the order of the differential operator .#, the dimension d,
and the shape parameter of the RBF ¢, and c is a positive constant. The norm in the right
hand side denoted by || - || (-) is the native space norm. For more details about this norm
see [10,30].

Now, by inserting the interpolation error estimate (A.40) into the global error esti-
mate (A.38) we get

G1-4
, o arn?TH

IE@ oo < Ce Ve 197 max [u()] s (). (AA1)
05‘[51

where C(t) = ¢(Cy 4 Ca(2)). The final estimate tells us that the spatial RBF discretization
does allow for exponential convergence in /, but we should expect the error to grow in time.
For any finite interval ¢ € [0, T'] the growth in time is however bounded.

A.5 Numerical Investigation of the Matrix Norms in the Estimates

There are three different matrix norms that appear in equations (A.29)—-(A.31) of the error
estimates. We do not have theoretical bounds for these, and therefore we perform a numerical
investigation of their behaviors. Based on previous experience of RBF approximation, we
have selected the following representation of the method parameters, the fill distance %, the
relative shape parameter value ¢/, and the (half) domain size L. In Fig. 13, the norms are
plotted as a function of & for different combinations of the parameters. The chosen values
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are such that they are reasonable for approximation. By choosing extreme values, different
behaviors can be observed. We see that the norm ||Q~!|| does not change much with £ or
eh, but slightly with L. Both of the norms || By || and || 7, || grow as h~!, and we can observe
a little bit of instability in the value for small ¢. This rate is what would be expected for a
first derivative such as is represented by these matrices. Changing L has a very small effect
also in this case.
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