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Radial birefringent element and its application to laser resonator
design
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We have invented a quasi-Gaussian profile-transmittance filter based on radially varying the phase retardation
in a birefringent element. The radial birefringent element has been applied to resonator design and has demon-
strated its usefulness in generating an improved resonator spatial-mode profile.

It has been known for more than one decade that reso-
nators constructed with a Gaussian profile-reflector
element offer the possibility of arbitrary large mode
diameters,14 thus overcoming the small-mode-volume
limitation of TEMOO mode resonators. To date, ex-
perimental verification of the theory has not been
demonstrated. It has also been recognized that un-
stable resonators 5 offer an advantage of large mode
volume, but at a sacrifice of mode quality because of
aperture-generated Fresnel fringes.6' 7 Furthermore,
the stability of unstable resonators improves with in-
creasing magnification and thus with higher output
coupling. Thus unstable resonators have been limited
to relatively high-gain laser media, such as CO2 (Ref. 8)
and Nd:YAG.9

We propose an elegant yet simple optical device, the
radial birefringent element (RBE), as a method of
realizing a Gaussian reflectance profile. We show that
the RBE can be used in both stable and unstable reso-
nators to realize the advantages predicted by theory. In
particular, the RBE, in conjunction with an unstable
resonator, provides a smooth spatial-mode profile and
arbitrary output coupling and yet maintains the sta-
bility associated with large-magnification unstable
resonators.

The RBE is shown schematically in Fig. 1 as the end
reflector of a resonator, The element consists of a bi-
refringent crystal with a radius of curvature polished
on one surface situated between a polarizer and an end
mirror. The reflectance at the center of the element is
determined by the net phase retardation 00 =
27rL\nlo/X, where An is the birefringence, lo is the
physical thickness, and X is the wavelength. Since the
phase retardation 0(r) is a function of radial position,
the reflectance also varies radially. If we assume that
the reflected beam retraces the optical path of the for-
ward beam at the element, an analysis of the mirror,
polarizer, and RBE combination using Jones's matrix
approach10 shows that the reflectance and transmit-
tance of the device are given by

R = COS2 0(r) + sin2 0(r)cos 2 20, (la)

T = sin2 0(r)sin2 20, (lb)

where 0 is the angle between the polarizer and the

principal axis of the birefringent plate. To a good ap-
proximation,

0(r) = X 1(r)

X2rAn (° .r 2

= X \ 2p) (2)

where r is the radial position and p is the curvature, with
the upper and lower signs corresponding to convex or
concave curvatures, respectively. Equation (la) can be
written in the form

R(r) = COS
2 20 + sin2 20 COS

2 0(r),

which explicitly shows that the reflectance is given by
a constant factor depending on 0 modulated by a term
varying as cos2 0(r) with amplitude sin2 20. For 0 = 450,
we find that R(r) = COS

2 0(r), or

R(r) = cos2 |rn X ( - (3)

If we want to set R (r) = 0 at a specific radius ro, de-
termined, for example, by an aperture or rod radius
within the resonator, then Eq. (3) can be inverted to
give

l0 = 2 ,n cos-1[R(O)]1/2 + m7r),
r0A27rn

P = ° 2X { cos-l[R(ro)J112-cos- 1[R(0)]1/2
- l,

(4)
where m is an integer.
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Fig. 1. The radial birefringent element consisting of a po-
larizer and a birefringent plate with curvature p, within an
unstable resonator cavity.
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Fig. 2. Reflectance profiles of the RBE using two crystal-
quartz elements. Two elements have equal but opposite
curvature p. 01 and 02 are the angles between the principal
axis of the quartz elements and the polarizer axis. The mode
radius ro is chosen equal to the radius of the Nd:YAG rod.

It is convenient to define the equivalent Gaussian
spot size of the RBE wm as

Wi
2 = r0

2 Cos'1[R(0)/e]1/2 -cos-1[R(0)]1/2
cOs'1[R(ro)1/ 2

- cos-1 [R(O)]3/2'
(5)

where e is the Neper number. Note that for R (0) = 1
and R (ro) = 0, Win2 = 0.58 wo2, and that, unlike for a
Gaussian reflector, we can arrange R (ro) > R (0). Thus
the RBE is a pseudo-Gaussian mirror with reflec-
tance

- (r2/wm2)

Equation (5) can be used with previous analyses of
resonators' with Gaussian reflectance elements as the
effective spot size of the Gaussian reflector.

Finally, for ABCD resonator analysis of the cavity
shown in Fig. 1, the radius of curvature of the equivalent
mirror is given by

R, ( 1 +1-1
R e = + f (6)

where f is the focal length of the birefringent plate with
curvature p and Rm is the end mirror's radius of cur-
vature. This is a good approximation when the element
is a distance from the end mirror that is small compared
with the mirror's curvature or the element's focal
length.

We have also designed, constructed, and analyzed"
other variations of the RBE. Of interest for resonator
studies is a two-element RBE consisting of a positive-
curvature element next to a negative-curvature element.
By varying the angles 01 and 02, which are the angles
between the polarizer and the principal axis of the bi-
refringent elements, various reflectance profiles can be
generated. Figures 2 shows some reflectance profiles
for various 02 and fixed 01. Here both elements have
equal refractive indices and equal but opposite curva-

tures p. This variation of the RBE was used in the
resonator studies described next.

We have constructed both stable and unstable reso-
nators using the RBE for a Nd:YAG gain medium. The
resonators with the geometric magnification larger than
2 demonstrated that large TEMOO mode spot sizes could
be supported, as expected from previous theoretical
analysis." 3' 4 However, when the mode size is big
enough to extract high energy from the rod, the dif-
fraction loss that is due to the rod causes the stability
of such a resonator to be marginal.

The RBE in combination with an unstable resonator
offers the advantages of good alignment stability, ex-
cellent output spatial-mode profile, and good discrim-
ination against higher-order modes. The RBE was
constructed by combining a convex and a concave
crystal quartz lens with equal p = 25-cm curvatures.
The mirror curvatures of the RBE resonator were cho-
sen to form an unstable resonator with the thermal fo-
cusing of the rod taken into account. Best collimation
at the output was achieved with the combination of a
-400-cm-curvature mirror and a -200-cm-curvature
mirror. The resonator length was 65 cm. In this res-
onator, the output coupling was changed by rotating the
RBE. The optimum performance was found when 01
= 450 and 02 = 1000, although the angles were relatively
uncritical with AO, = W5' and A02 = +10°.

We chose to compare the RBE resonator performance
against the standard 60-cm-long, M = 3.3 Nd:YAG
confocal unstable resonator.9 Figure 3 shows the
transverse-mode quality of the RBE unstable resonator
and the confocal unstable resonator with a 1.8-mm-
diameter polka-dot-coated output coupler. The video
scans clearly show the flat-top profile of the RBE res-
onator compared with strongly Fresnel-modulated
unstable-resonator output.7 The RBE, with its
cos2 ¢(r) reflectance profile, effectively eliminates

RBE UNSTABLE RESONATOR

CONFOCAL UNSTABLE RESONATOR

Fig. 3. Transverse-mode profiles of the RBE and standard
confocal unstable resonator configurations. The Polaroid
exposures of the output are at the right side and the vidicon-
scanned profiles are at the left side. The slightly asymmetric
patterns are due to a damage spot on one end of the Nd:YAG
rod.
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Fig. 4. Second-harmonic-generation conversion efficiency
versus input pump energy for the confocal unstable resonator
and for the RBE unstable resonator in Type II KD*P.

Fresnel fringes that arise from diffraction caused by
hard apertures. The weak Fresnel fringes on the profile
of the RBE resonator are due to the finite aperture size
of the YAG rod.

As a further comparison of performance, we carried
out second-harmonic-generation (SHG) conversion-
efficiency measurements in a Type II angle-phase-
matched KD*P crystal. Figure 4 shows the improved
SHG performance of the RBE unstable resonator.

In conclusion, we have invented a new class of optical
elements based on radially varying the phase retarda-
tion in a birefringent plate. In particular, the radial
birefringent element has been applied to resonator de-
sign and has demonstrated its usefulness in generating
an improved resonator spatial-mode profile and im-
proved nonlinear conversion. The RBE is simple to
implement and should prove useful in designing un-
stable resonators for large-aperture but low-gain laser
media. The RBE should also find applications as a
spatial filter or soft aperture.

We wish to acknowledge the support provided by the
U.S. Air Force Office of Scientific Research under grant
#AFOSR-80-0144 and the support provided one of us
by the NATO Fellowship Program.

* Visiting scholar from the University of Rome,
Italy.

t Present address, System & Research Center, Hon-
eywell, Minneapolis, Minnesota.

References

1. L. W. Casperson, "Mode stability of lasers and periodic
optical systems," IEEE J. Quantum Electron. QE-10,
629-634 (1974).

2. L. W. Casperson and S. D. Lunnam, "Gaussian modes in
high loss laser resonators," Appl. Opt. 14, 1193-1199
(1975).

3. U. Ganiel and Y. Silberberg, "Stability of optical reso-
nators with an active medium," Appl. Opt. 14, 306-309
(1975).

4. A. Yariv and R. Yeh, "Confinement and stability in optical
resonators employing mirrors with Gaussian reflectivity
tapers," Opt. Commun. 13, 370-374 (1975).

5. A. E. Siegman, "Unstable optical resonators for laser
applications," Proc. IEEE 53, 217-287 (1965); "Unstable
optical resonators," Appl. Opt. 13, 353-367 (1974).

6. A. J. Campillo et al., "Fresnel diffraction effects in the
design of high power laser systems," Appl. Phys. Lett. 23,
85-87 (1973).

7. S. Sheng, "Studies of laser resonators and beam propa-
gation using fast transform methods," Ph.D. thesis,
Ginzton Laboratory Report # 3106 (Stanford U. Press,
Stanford, Calif., 1979).

8. W. F. Krupke and W. R. Sooy, "Properties of an unstable
confocal resonator CO2 laser system," IEEE J. Quantum
Electron. QE-5, 575-586 (1969).

9. R. L. Herbst, H. Komine, and R. L. Byer, "A 200 mJ un-
stable resonator Nd:YAG oscillator," Opt. Commun. 21,
5-9 (1977).

10. R. C. Jones, "A new calculus for the treatment of optical
systems," J. Opt. Soc. Am. 32, 486-493 (1942).

11. G. Giuliani and R. L. Byer, "The radial birefringent ele-
ment" (to be published).


