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In this work, we first perform a systematic study of the transition magnetic moments and the
corresponding radiative decay behaviors of the B_-like molecular states associated with their mass spectra,
where the constituent quark model is adopted by considering the S-D wave mixing effect. Our numerical
results show that the radiative decay properties can be considered as the effective physical observable to
reflect the inner structures of these B.-like molecular states. Meanwhile, we also discuss the magnetic
moments of the B, .-like molecular states, and we find that the magnetic moment properties can be used to
distinguish the B, -like molecular states from the conventional B. mesonic states, which have the same
quantum numbers and similar masses. We expect that the present study can inspire the interest of the
experimentalist in exploring the electromagnetic properties of the B.-like molecular states, especially the

radiative decay properties.
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I. INTRODUCTION

At present, our understanding of the nonperturbative
behavior of the strong interaction is still insufficient. The
study of hadron spectroscopy is an important approach to
deepen our understanding of the nonperturbative behavior
of the strong interaction, which has become an interesting
research frontier in hadron physics. Since the discovery of
the first charmoniumlike state X(3872) by the Belle
collaboration in 2003 [1], more and more new hadronic
states have been reported in various high-energy physics
experiments, bringing the study of hadron spectroscopy to a
new stage [2-23].

In the past two decades, these novel phenomena
have stimulated a broad interest among theorists in the
study of the exotic hadronic states, such as multiquark
states, hybrids, glueballs, and so on [2-23]. Especially, the
observation of the molecular-type characteristic spectrum
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of the hidden-charm pentaquarks [24-31] in the A, —
J/wpK process [32], which is represented by the
P.(4312), P.(4440), and P.(4457) states, makes the
hadronic molecular states attract more attention from
the whole community [2-23].

Encouraged by this situation, the Lanzhou group focused
on the B_-like molecular states by checking the S-wave
DE;)) BEI; interactions within the one-boson-exchange model
[33], and predicted the existence of a new type of the
B, -like molecular states. We are waiting for the exper-
imental progress. Although some theoretical progress has
been made on the B_-like molecular states, our knowledge
of the properties of the B, -like molecules is not enough.
There are some aspects around the B,.-like molecules that
should be further explored.

We notice a phenomenon, i.e., some conventional B,
mesonic states [34—43] and some predicted B,.-like molecu-
lar states [33] have the same quantum numbers and similar
masses, such as the B.(2P}) state and the DB* molecular
state with I(J¥) = 0(17), the B.(2P;) state and the DB*
molecular state with 1(J*) = 0(17), the B.(3P}) state and
the D B} molecular state with 1(J¥) = 0(11), the B.(3°P,)
state and the D} B} molecular state with I(J”) = 0(2"), and
so on. How to distinguish them becomes a crucial problem.
In this work, we propose to study their electromagnetic
properties, by which answer whether or not the magnetic
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moment properties can be applied to distinguish the conven-
tional B,. mesonic states and the predicted B_.-like molecular
states with the same quantum numbers and similar masses.
Of course, we also study the transition magnetic moments
and the corresponding radiative decay behaviors of the
B_-like molecular states, which may provide crucial infor-
mation to disclose their inner structures.

Given the importance of the electromagnetic properties
of the hadrons, various models and approaches have been
adopted in the recent decades to discuss the magnetic
moments of the hadronic states quantitatively [22].
Borrowing the experience of studying the magnetic
moments of the decuplet and octet baryons based on the
constituent quark model [44-46], the Lanzhou group
already studied the electromagnetic properties of several
heavy-flavor hadronic molecules within the constituent
quark model in Refs. [47-49], which can provide valuable
information to reflect their inner structures.

In the present work, we first perform a quantitative
calculation of the transition magnetic moments and the
corresponding radiative decay behaviors of the B, -like
molecular states associated with their mass spectra [33].
Meanwhile, we also discuss the magnetic moments of
the B.-like molecular states. For achieving this goal, we
adopt the constituent quark model, which is well estab-
lished [44—88] and has been extensively used to discuss the
magnetic moment properties of hadronic molecules in past
decades [47-54]. In the concrete calculation, we discuss
the role of the S-D wave mixing effect to the electromag-
netic properties of the isoscalar D*B* and D} B} molecules.
By the present study, we may provide valuable information
to disclose the properties of the B.-like molecular states
and give more abundant suggestions to search for the
B_-like molecular states in future experiments.

This paper is organized as follows. After the Introduction,
we mainly study the transition magnetic moments and the
corresponding radiative decay behaviors of the B, .-like
molecular states in Sec. II. In Sec. III, we discuss the
magnetic moments of the B .-like molecular states, and
answer whether or not the magnetic moment properties can
be used to distinguish the hadrons with different configu-
rations. Finally, this work ends with a short summary
in Sec. IV.

II. TRANSITION MAGNETIC MOMENTS
AND RADIATIVE DECAY BEHAVIORS

The study of the hadronic mass spectra not only provides
crucial information to search for them experimentally, but
also gives important input parameters for the study of their
properties. In Ref. [33], the Lanzhou group once predicted
the mass spectra of the S-wave B,.-like molecules composed

of the D(j) and Béf)) mesons, where the S-D wave mixing

()
effect was considered. When the cutoff parameter in the

form factor less than 2 GeV is a reasonable input value, the

DB state with I(J?) =0(0"), the DB* state with
I1(JP) =0(17), the D*B state with I(J¥) =0(1"), the
D*B* states with I(J¥) =0(0T), 0(1F), 0(2*), and the
D;B; states with I(J”) =0(0"), 0(17), 0(2") can be
recommended as promising candidates of the B,-like
molecular states [33].

As is well known, the electromagnetic properties of the
hadrons mainly include the transition magnetic moments,
the radiative decay behaviors, the magnetic moments, and
so on. Compared with the magnetic moments of the B .-like
molecular states, it is very likely that the radiative decay
behaviors of the B_-like molecular states can be measured
much more easily in future experiments. In the present
work, we mainly study the transition magnetic moments and
the corresponding radiative decay behaviors of the B,.-like
molecular states. We hope that future experiments can bring
us more surprises for the transition magnetic moments and
the corresponding radiative decay behaviors of the B, -like
molecular states. In the concrete calculation, we adopt the
constituent quark model and follow the same convention as
previous work [47-50] to calculate the transition magnetic
moments and the corresponding radiative decay behaviors
of the B_-like molecular states.

First, we discuss the transition magnetic moments of the
B.-like molecular states within the constituent quark
model, which can provide important input information
for the study of the radiative decay behaviors of the B .-like
molecular states. Considering only the S-wave component,
the transition magnetic moments of the B, -like molecular
states can be calculated by [49]

. J,=Min{Jy.J
={(Ju.J ASPIN —ikor; Ju. J ) it}
HH-H = H'>Yz J:u]z e H>Jz ’
. e.
Aspin J A
Jz 2m JZ ( )

Here, we use e s M, and 6'jz to represent the charge, the
mass, and the z component of Pauli’s spin operator of the
Jjth constituent of the hadron, respectively. In addition, we
should mention that a lot of theoretical work uses the
maximum third component of the total angular momentum
of the lowest state of the total angular momentum when
presenting the transition magnetic moment of the hadrons
[47-50,62,68,70,74,76-81,84,88]. In the above expres-
sion, k is the momentum of the emitted photon with
k = (m}; —m%,)/2my. When the momentum of the emit-
ted photon is close to zero and the spatial wave functions
of the initial and final hadrons satisfy the normalization
condition, the contribution of the factor (R|e™*"/|R;) can
be ignored, and the above expression can be approximately
written as

Uopy = <JH”Jz Zjﬁj}z)mUHvJz>JZ:Min{JHJH/}‘ (2'2)
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The previous work often uses the above treatment approach
to discuss the hadronic transition magnetic moments and
radiative decay behaviors during the past few decades
[47,48,50,62,68,70,74,77-81,84,88]. However, the spatial
wave functions of the initial and final states can influence
the hadronic transition magnetic moments and radiative
decay behaviors when the factor (Ry|e™™%i|R;) does not
approach 1. Thus, we consider the contribution of the spatial
wave functions of the initial and final states when discussing
the transition magnetic moments and the radiative decay
behaviors of the B, -like molecular states in the following
numerical analysis.

For the B,-like molecular state, the color wave function
is 1 due to the color confinement. Thus, the color wave
functions do not affect the transition magnetic moments of
the B -like molecular states [47-50]. In the realistic
calculation, it is necessary to discuss the spatial, flavor,
and spin wave functions of the B .-like molecular states and
their constituent hadrons. In order to calculate the overlap
of the spatial wave functions of the initial and final states
quantitatively, we take the precise spatial wave functions
for the B_-like molecular states by solving the Schrodinger
equation quantitatively [33]. In addition, we adopt the
simple harmonic oscillator wave function R, ;,,(f.r) to
describe the spatial wave functions of the mesons, which
can be written as

2n!
Ryim(B¥) = . ] () A

F(n+l+%

22

xe 2 r'Y,,(Q). (2.3)

Here, we use Liﬁ(x) and Y, (Q) to denote the associated
Laguerre polynomial and the spherical harmonic function,
respectively. The radial, orbital, and magnetic quantum
numbers of the mesons are marked as n, /, and m,
respectively. In the concrete calculation, the oscillating
parameters S of the mesons can be estimated by
fitting their mass spectra [89], and we can obtain
Pp = 0344 GeV, pp- =0.291 GeV, pp =0.334 GeV,
and fp- =0.314 GeV. When calculating the factor
(Rple™™7i|R;), we need to expand the spatial wave
function of the emitted photon e~ by the spherical
Bessel function j;(x) and the spherical harmonic function
Y, (Q), i.e., [90]

ek Z Z 4r(—

=0 m=-1

) jikr )Y ()Y 1 (Q)). (2.4)

With the above preparation, we can calculate the fac-
tor (Ry|e™™®i|R,).

Taking into account the coupling of the flavor wave
functions of the constituent hadrons, the flavor wave

of the isoscalar D" B") systems can be
()7 (s)

constructed as [33]

1
V2

.0) = Di*B?,

D BG) - 0,0) = (D(*)OB(*H 4 D(*>+B(*>0),

D:B::

(2.5)

where we use the notations / and /5 to denote the isospin

and isospin’s third component quantum numbers of the
isoscalar DE;‘; Bg)) systems, respectively. The same method
is applied to construct the spin wave functions |S, S3) of the

isoscalar DET)) BET; systems, which can be written as

DB: [0,0) = |0,0)(0,0),
DB*: |1,1) = 0,01, 1),
D*B: |1,1) = |1,1)]0,0),
D{,B}: 0,0>:%( DL =1) = [1,0)[1,0)
1L 1)).
, >=if<|1,1> 0) = 1.O)|1.1)).
2) = [LD[L 1), (2.6)

Here, we take the notations S and S3 to represent the spin
and spin’s third component quantum numbers of the
investigated hadrons, respectively.

Within the constituent quark model, the transition
magnetic moments of the B -like molecular states can
be related to the combination of the transition magnetic
moments and the magnetic moments of their constituent
hadrons. At present, the experimental information of the
transition magnetic moments and the magnetic moments of

the D( ) ) and B( ) mesons is lacking [89], but there exists a
series of theoretical predictions. Thus, we can compare our
obtained transition magnetic moments and magnetic
moments of the DE;‘)) and Bg; mesons with those from

other theoretical work, which can test the reliability of our
predicted results. Of course, we expect that the future
experiments can focus on the transition magnetic moments

and the magnetic moments of the DET; and BE’:; mesons,

which can provide the important input information to
improve our numerical analysis of the transition magnetic
moments of the S-wave isoscalar B, -like molecules.

In the present work, we estimate their transition magnetic
moments and magnetic moments based on the constituent
quark model. The flavor wave functions of the DE:)) and

BE;‘)) mesons can be expressed as [89,91]
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(DO, D+ DY = (¢, cd, c5),

(B(*)+, B(*)O,Bg*)o) — (MZ), dl_)’ Si)), (27)

and their spin wave functions |S, S3) can be constructed by
the coupling of the spins of the constituent quarks, i.e.,

1
D) /By [0,0) = E(Ti -1,
DZFS)/B?S): |1’ 1> =11,
1
LO)Z’;E(Tiﬁ-iT%
1 -1) =4, (2.8)

where the notations 1 and | stand for the spin and the
spin’s third component quantum numbers of the quarks are
[1/2,1/2) and |1/2,—1/2), respectively.

In order to represent the transition magnetic moments
and the magnetic moments of the DE’:)) and B(;‘) mesons
quantitatively, we adopt the constituent quark masses as
m, = 0.336 GeV, m,; = 0.336 GeV, m; = 0.540 GeV,
m,. = 1.660 GeV, and m,;, = 4.730 GeV in the following
numerical analysis, which are often adopted to calculate the
hadronic magnetic moments in the past decades [54,92-96].
In Table I, we present the numerical results of the transition
magnetic moments of the D*) and B*) mesons. Here, we
compare our predicted transition magnetic moments of the
D™ and B™) mesons with those from other theoretical
work, and our obtained transition magnetic moments of the
D™ and B™ mesons are close to those from other
theoretical work [47,91,96]. Thus, this fact reflects that
our predicted transition magnetic moments of the D*) and
B) mesons are reliable within the constituent quark model.

For the S-wave DET)) and Bgi) mesons, there only exist the
spin magnetic moments. According to Refs. [44-88], the
spin magnetic moments of the hadrons can be calculated by
the following expectation values:

MUy = <JH, JH‘Z/???“ (2.9)
J

JH,JH>.

TABLEIL Our results of the transition magnetic moments of the
D®) and B®) mesons and comparison with other results. Here,
the transition magnetic moment of the hadrons is in units of the
nuclear magneton py = e/2m,,.

Processes Our works Other works

D*0 — po 2.134 2.233 [47], 2.250 [91]
D*t - DT -0.515 —0.559 [47], —0.540 [91]
B — B0 —-0.990 —0.990 [91], —1.00 [96]
Bt - Bt 1.783 1.800 [91], 1.730 [96]

Here, we need to specify that a lot of theoretical work uses
the maximum third component of the total angular momen-
tum of the hadron when presenting the magnetic moment of
the hadron [44—88]. In the realistic calculation, the spatial
wave functions of the S-wave Dgt)) and Bgf)) mesons satisfy
the normalization condition. Thus, the spatial wave func-

tions of the S-wave DE:)) and B E:))
magnetic moments [47-50].

In Table II, we present the results of the magnetic
moments of the D(:) and B(r) mesons. For the S-wave
charmed meson D and bottom meson B, their magnetic
moments are zero, which is due to the fact that their spin
quantum numbers are zero. In addition, we also present the

magnetic moments of the DE )) and BE;‘;

mesons do not affect their

X mesons from other
theoretical work in Table II. By comparing these numerical
results, we find that our obtained magnetic moments of the

DE;) and BE;) mesons are close to those from other
theoretical predictions [47,76,91,96,97], which may reflect
our adopted constituent quark masses are reliable.

Because the hadronic molecular state is a loosely bound
state with the reasonable binding energy at most tens of MeV
[10], the masses of the isoscalar D®*)B™*) molecular states
should satisfy the relation mpp < mpp < Mpp < Mpp:.
Furthermore, the binding energies of the isoscalar D*B*
states are Ep-p-(o+) < Ep+p-(1+) < Ep+p(o+) When taking
the same cutoff values [33], which shows that their masses
satisfy the relation mp-p-(p+) <mp+p-(1+) <mp-p-(o+). Thus,
the masses of the isoscalar D*)B*) molecular states are
Mpp(o+) < Mpp+(1+) < Mp+p(1+) < Mpg+(2+) < Mp+pr(1+) <
mp-g-(o+)- Similar to the above analysis, the binding energies
of the isoscalar Di B states satisfy Ep:p:(o+) < Ep:p:(1+) <
Ep:p:(2+) if adopting the same cutoff parameters [33]. Thus,
the masses of the isoscalar DjB; molecular states
are mD§B§(0+) < mDiB‘t(ﬁ) < mDﬁBﬁ(Z*)'

Assuming the mass relations of the isoscalar D(:)B(*)

. 5) 7 (s)
molecular states obtained above, we can further discuss

TABLEIL.  Our results of the magnetic moments of the Dg)) and
BE’:; mesons and comparison with other results. Here, we define
Hq = €,4/2m,, and the magnetic moment of the hadron is in units

of the nuclear magneton py.

Our work

Mesons  Expressions  Values Other work

D*0 Ue + g —1.485  —1.489 [47], —1.470 [91]
D*+ He + g 1.308 1.303 [47], 1.320 [91]
D:t He + Us 0.956 0.930 [76], 0.980 [97]
B0 Ha + Kp —0.865 —0.870 [91], —0.870 [96]
B*T My + g 1.928 1.920 [91], 1.900 [96]
B0 e + Hj —-0.513 —0.513 [76], —0.550 [91]
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TABLE III. The transition magnetic moments of the S-wave
isoscalar B, -like molecular states when only considering the
S-wave component. Here, the transition magnetic moment of the
hadrons is in units of the nuclear magneton py.

Transition magnetic moments

Processes -2 MeV -7 MeV —12 MeV
DB*(1") —» DB(0") 0.395 0.396 0.396
D*B(1") — DB(0") 0.684 0.758 0.773
D*B*(2%) - DB*(17) 0.486 0.537 0.547
D*B*(1*) - DB*(17) —0.484 -0.536 —0.546
D*B*(0") —» DB*(1%) -0.394 —-0.435 —0.442
D*B*(2%) - D*B(1™) 0.279 0.280 0.280
D*B*(17) - D*B(1™") 0.279 0.279 0.279
D*B*(0") —» D*B(1™") -0.227 -0.226 —-0.225
D*B*(17) - D*B*(27) —0.310 -0.310 -0.310
D*B*(0") - D*B*(1*)  —0.506 -0.506 -0.506
D:Bi(1*) —» DiB:(0") 1.199 1.199 1.199
DiB;(2") - D;B:(17) 0.735 0.735 0.735

their transition magnetic moments. When considering the
contribution of the spatial wave functions of the initial and
final states, we take the precise spatial wave functions for
the B,-like molecular states in this work, which can be
obtained by the study of their mass spectra [33]. However,
the precise spatial wave functions of the B -like mole-
cular states depend on their binding energies, and the

|

3
k aEM

S (o 1)
Ietse\ —Jp 0 Jp.) |up—m|?

experimental date of the binding energies of the B_-like
molecular states is lacking up to now [89]. For simplicity,
we take the same binding energies for the initial and final
B_-like molecular states and use —2, —7, and —12 MeV to
discuss their transition magnetic moments in this work. In
Table III, the numerical results of the transition magnetic
moments of the S-wave isoscalar B .-like molecular states
are collected.

As presented in Table III, the largest transition magnetic
moment is 1.199 py and corresponds to the D{B:(17) —
DiB:(0")y process, while the D*B*(0") - D*B*(17)y
process has the smallest transition magnetic moment and is
—0.506 py. In addition, the transition magnetic moments
of the D*B*(11) - D*B*(2%), D*B*(0%) —» D*B*(11),
DiB(17) - DiB:(0"), and D}Bi(2*)— D:Bi(1")
processes are not affected by the binding energies for
the initial and final B,.-like molecular states, since the factor
(R¢|le=™Ti|R;) is extremely close to 1 for these radiative
decay processes when taking the same binding energies for
the initial and final B, -like molecular states.

Then, we further discuss the radiative decay behaviors of
the S-wave isoscalar B,.-like molecular states. According to
Refs. [47-50,62,68,70,74,76-81,84-86,88,98], the widths
for the radiative decay processes B, — Bl.y can be
expressed in terms of the transition magnetic moments,
which can be given by [49]

FB(:—>B£.}/ =

Here, k represents the momentum of the emitted photon
with k = (m%‘_ - még) /2mpg_, m, is the mass of the proton
with m, = 0.938 GeV [89], the electromagnetic fine struc-
ture constant apy; is taken as apy ~ 1/137, the notation
4 7 ¢ is the 3-j coefficient, and J. = Min{Jp , J }. As
mentioned above, we also assume the same binding energies
for the initial and final B_.-like molecular states and take —2,
—7, and —12 MeV to discuss these radiative decay widths
in this work. In Table IV, the radiative decay widths of the
S-wave isoscalar B -like molecular states are collected.
According to Table IV, the radiative decay widths of the
B_-like molecular states strongly depend on the transition
magnetic moments and the phase spaces. For example, the
radiative decay width of the D*B(1"7) — DB(0")y process
is larger than that of the DB*(17) - DB(0")y process,
since the D*B(11) — DB(0™)y process has more transition
magnetic moment and phase space compared with the
DB*(1*) - DB(0")y process. The same reason also

m—12,2JBC+1 (JB;. 1 JB(,>2 M

-J, 0 U,

(2.10)

leads to the radiative decay behaviors between the
D*B*(2*/17/0") - DB*(1")y and D*B*(2*/11/0") —
D*B(1%")y processes. In addition, several radiative decay
processes have significant widths, which may provide the
crucial information to an experimental search for the B,-like
molecular states.

When adopting the same binding energies for the initial
and final B_.-like molecular states, the radiative decay widths
are zero for the D*B*(17) — D*B*(2")y, D*B*(0") —
D*B*(1*)y, D:B;(1%) — D:B;(0)y, and D;B;(2*) -
DB} (17)y processes, which is because the phase spaces are
zero for these radiative decay processes. However, the initial
and final B_-like molecules may have different binding
energies for these radiative decay processes. In the following
analysis, we take different binding energies for the initial and
final B,-like molecular states to discuss the radiative decay
widths of the D*B*(1*) - D*B*(2%)y, D*B*(0") —
D*B*(1")y, DiBi(1*) - D:B:(0")y, and D}B;(2%) —
DiB:(17)y processes. By scanning the binding energies of
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TABLE IV. The radiative decay widths of the S-wave isoscalar
B.-like molecular states when only considering the S-wave
component. Here, the radiative decay width of the hadrons is
in units of keV.

Radiative decay widths

Processes -2 MeV -7 MeV —12 MeV
DB*(17) - DB(0")y 0.039 0.040 0.040
D*B(17) - DB(0")y 3.542 4.358 4.527
D*B*(2%) - DB*(11)y 3.578 4.366 4.529
D*B*(1*) - DB*(1")y 3.547 4.359 4.521
D*B*(0") —» DB*(1")y 3.536 4.230 4.434
D*B*(2%) - D*B(1 ")y 0.039 0.040 0.040
D*B*(17) -» D*B(1 ")y 0.039 0.040 0.039
D*B*(0") - D*B(1T)y 0.039 0.039 0.039

the initial and final B, .-like molecular states in the range —12
to —2 MeV, we can further estimate the following relations:

FD*B*(1+)—>D*B*(2+)Y < 0001 keV,
FD*B*<0+)—>D*B*(1+)Y < 0002 keV,
FD§B§(1+)—>D§Bf(0+)Y < 0.004 keV,

< 0.003 keV. (2.11)

Upigi2)=niBi 1)y

Obviously, the widths of these radiative decay processes are
strongly suppressed, which is because the masses of the
initial and final B_-like molecular states are extremely close
to each other for these radiative decay processes.

In the following, we discuss the role of the S-D wave
mixing effect to the transition magnetic moments of the
isoscalar D*B* and D} B; molecules, which is similar to the
study of the mass spectra of the B, .-like molecular states in
Ref. [33]. Before calculating the transition magnetic
moments of the B, -like molecular states after including
the S-D wave mixing effect, we simply review their mass
spectra in the following [33]:

(1) For the DB state with I(J¥) = 0(0"), there only

exists the |'Sy) channel.

(2) Forthe DB* and D*B states with I(J) = 0(1%), the
probabilities of the D-wave channels are zero, which
is due to the absence of the contribution of the tensor
forces from the S-D wave mixing effect for the DB*
and D* B interactions. Thus, the D-wave channels do
not affect their magnetic moment properties.

(3) For the D*B* and DB states with I(J*) = 0(0"),
0(17),0(2"), the contribution from the S-D wave
mixing effect can affect their mass spectra. Similarly,
we conjecture that the D-wave channels can influ-
ence their magnetic moment properties.

In this work, we take into account the following S-wave
and D-wave channels for the isoscalar D*B* and D;B;
states with J© = 0%, 1+,2% [33], i.e.,

D*B*/D;B;(0%): |'S),
D*B*/D;B;(17): ['S)),
D*B*/D;B;(2%): [S)). |

°Dy),
°Dy).|°Dy),
'D,). ’D,). D).

(2.12)

Here, we take the notation [**1L;) to mark the quantum
numbers of the corresponding channel, while S, L, and J
denote the spin, orbit angular momentum, and total angular
momentum quantum numbers, respectively.

When discussing the transition magnetic moments of
the isoscalar D*B* and D?B; molecules after considering
the S-D wave mixing effect, it is necessary to deduce the
transition magnetic moments of the corresponding S-wave

and D-wave channels. For the D7 B (27) — D B{ (07),

DBy (I7) =~ D Bf,)(07), and  Df, B, (27) ~ DY,
B@(l*) processes, we need to mention that the momenta
of the emitted photon are zero when adopting the same
binding energies for the initial and final B,-like molecular
states, and their transition magnetic moments can be
calculated by the following expectation values [49]:

i . J.=Min{Jy.J s}
A Spin porbital | 7 z HY g

He—n = <JH’1 z

/’l]z ’
e m .
ﬁgrbltdl My s + s €a Lz‘ (213)
my +mg2mg  my +mg2m,

For the D*B* and Dj;Bj systems, the notations a and f
denote the DZ‘S) and BE‘S) mesons, and . . is the z component

*

of the orbital angular momenta operator between the D(S)
and B@ mesons. In the present work, we take the masses of

the DE:)) and BE:)) mesons from the Particle Data Group [89].

For obtaining the transition magnetic moments of the
D-wave channels, we follow the standard strategy in
Refs. [47-50]. In the realistic calculation, we first expand
their spin-orbital wave functions |**!L,) by the orbital

wave function Y, ,, and the spin wave function y ,, i.e.,

28+1 — E JM
| LJ> - CLmL SmS YL,mL)(S.mS'

my mg

(2.14)

Here, C7) ¢, is the Clebsch-Gordan coefficient. Then,

the transition magnetic moments of these discussed
D-wave channels can be deduced by calculating the
expectation values of the spin and orbital magnetic moment
operators.

Based on the obtained transition magnetic moments of
the S-wave and D-wave channels, the transition magnetic
moments of the isoscalar D*B* and DB’ molecules can be
calculated by summing the contribution of the transition
magnetic moments of the corresponding mixing channels.
Here, we need to mention that the transition magnetic
moments of the hadronic molecules not only depend on
the transition magnetic moments of the relevant S-wave and
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TABLE V. The transition magnetic moments of the isoscalar
D*B* and DB molecules after including the S-D wave mixing
effect. Here, the transition magnetic moment of the hadrons is in
units of the nuclear magneton py.

Transition magnetic moments

Processes -2 MeV -7 MeV —12 MeV
D*B*(1") - D*B*(27)  —-0.307 -0.306 -0.306
D*B*(0") - D*B*(17)  —0.481 —0.467 —0.460
D:Bi(1*) — D;B:(07) 1.185 1.174 1.169
D:Bi(2%) —» DiBi(17) 0.731 0.728 0.726

D-wave channels, but also rely on the spatial wave
functions of the mixing channels when considering the
contribution of the S-D wave mixing effect. However, the
spatial wave functions of the isoscalar D*B* and DB}
molecules are related to their binding energies. Here, we
also take three typical binding energies —2, —7, and
—12 MeV for the isoscalar D*B* and DB} molecules to
discuss these transition magnetic moments when consid-
ering the contribution of the S-D wave mixing effect. In
Table V, we present the transition magnetic moments of the
isoscalar D*B* and D} B} molecular states after including
the S-D wave mixing effect.

As shown in Table V, the D-wave channels with a small
contribution [33] play a minor role to decorate the transition
magnetic moments of the isoscalar D*B* and D;B;
molecules. When considering the contribution of the
D-wave channels, the change of their transition magnetic
moments is less than 0.05 py, and the most obvious change
is the D*B*(0") - D*B*(1")y process. Additionally, the
radiative decay widths of the isoscalar D*B* and D}B;
molecules depend on their transition magnetic moments.
Thus, the S-D wave mixing effect also plays a minor role to
change the radiative decay widths of the isoscalar D*B* and
DB molecular states.

As the important input parameters, the information of the
constituent quark masses is crucial when discussing the
transition magnetic moments and the radiative decay
behaviors of the B,-like molecular states within the
constituent quark model. However, the constituent quark
masses cannot be accurately determined due to the lack of
relevant experimental data. In order to intuitively clarify the
reliability of our adopted constituent quark masses, we
have compared our obtained transition magnetic moments

and magnetic moments of the DE;‘)) and BE;) mesons with
those from other theoretical work, and we find that our
obtained numerical results are comparable with those from
other theoretical work, which may reflect that our adopted
constituent quark masses are relatively reliable.

In the following, we briefly discuss the theoretical errors
for the transition magnetic moments and the radiative decay
widths of the S-wave isoscalar B, .-like molecular states. By

comparing our adopted constituent quark masses with those

of Ref. [62], we find that the differences in the constituent
quark masses are less than 10%. To estimate the theoretical
errors for the transition magnetic moments and the radiative
decay widths of the S-wave isoscalar B -like molecular
states, we take 10% uncertainties for the constituent quark
masses. Since the transition magnetic moments of the
hadrons are inversely proportional to the constituent quark
masses, we can obtain

I ( 5mq)
mg+mg (14 5”11:) m, m,
1

= (1-0.1).

(2.15)
Here, we take the uncertainties of the constituent quark
masses om, = 0.1m,, reflecting that 5m,/m, is the small
amount compared to 1. Thus, the theoretical errors for the
transition magnetic moments of the S-wave isoscalar B,.-
like molecular states are about 10%, assuming 10%
uncertainties for the constituent quark masses. Since the
radiative decay widths of the hadrons are proportional to
the squares of the transition magnetic moments of the
hadrons, we have

S 2
(u+5y)2_ﬂ2<1+7”) ~pA(1402),  (2.16)

where we take the uncertainties of the transition magnetic
moments oy = 0.1 p. Thus, the theoretical errors for the
radiative decay widths of the S-wave isoscalar B, -like
molecular states are around 20%, assuming 10% uncer-
tainties for the constituent quark masses. Undoubtedly, our
anticipation lies in the forthcoming experiments and lattice
QCD simulations, which will predominantly concentrate
on investigating the transition magnetic moments and
radiative decay widths of hadronic molecules. With the
data acquired from these investigations, we can refine the
constituent quark masses within the constituent quark
model. This refined information will serve as crucial input
for analyzing the transition magnetic moments and radia-
tive decay characteristics of isoscalar B -like molecular
states.

In addition to constituent quark masses, the determina-
tion of transition magnetic moments and radiative decay
widths of hadrons in the constituent quark model relies on
various factors, including spatial wave functions and the
masses of the initial and final states. Consequently, uncer-
tainties associated with these factors introduce theoretical
errors when calculating the transition magnetic moments
and radiative decay widths of isoscalar B, -like molecular
states. Notably, the spatial wave functions and masses of
the isoscalar B, -like molecules are interconnected with
their binding energies. Presently, the experimental detec-
tion of isoscalar B, .-like molecular states is lacking. In our
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current study, we consider three representative binding
energies to investigate the transition magnetic moments and
radiative decay widths. The numerical results for these
quantities, as presented in Tables III and IV, indicate that
the uncertainties arising from the spatial wave functions
and the masses of the initial and final states contribute to
theoretical errors of less than 15% for the transition
magnetic moments and less than 30% for the radiative
decay widths of the isoscalar B.-like molecular states.
Therefore, we express strong anticipation for future exper-
imental efforts aimed at measuring the binding energies of
isoscalar B.-like molecules. Such measurements would
significantly enhance our understanding of the transition
magnetic moments and radiative decay behaviors of these
intriguing molecular states.

III. MAGNETIC MOMENT PROPERTIES

In this section, we discuss the magnetic moments of the
B_-like molecular states, and answer whether or not the
magnetic moment properties can be used to distinguish the
hadrons with different configurations.

A. Magnetic moments of the B, -like molecules

In order to disclose the properties of the B,.-like mole-
cules, in this subsection we study the magnetic moment
properties of the B,-like molecular states associated with
their mass spectra. In the concrete calculation, we adopt the
constituent quark model and follow the same convention as
the previous work [47-50] to calculate the magnetic
moments of the B,-like molecular states. In our numerical
analysis, we discuss the magnetic moments of the B,-like
molecular states by performing the single channel and S-D
wave mixing analysis, respectively.

First, we discuss the magnetic moments of the B_-like
molecular states when only considering the S-wave com-
ponent, and there only exist the spin magnetic moments. In
the realistic calculation, the spatial wave function satisfies
the normalization condition when only considering the

TABLE VI. The magnetic moments of the S-wave isoscalar
B.-like molecular states when only considering the S-wave
component. Here, the magnetic moment of the hadron is in units
of the nuclear magneton py.

Systems Jr Magnetic moments
DB 0" 0
DB* I 0.532
D*B 1t —-0.089
0" 0
D*B* 1" 0.222
2+ 0.443
0" 0
DB 1" 0.221
27 0.443

contribution of the S-wave component. Thus, the spatial
wave functions do not affect the magnetic moments of the
B, -like molecular states when only focusing on the con-
tribution of the S-wave component [47-50].

By calculating Eq. (2.9), we can obtain the magnetic
moments of the S-wave isoscalar B_.-like molecular states,
which can be written as

HpB(ot) =
Hpp (1) = (ﬂB*+ +ﬂB*°)7

HD*B(1+) = (MD*+ +/“’D*0)7

ﬂD*B*(1+) = (ﬂD*+ +/’lD*” +'MB*+ +ﬂB*O),

(ko + o + g+ b )

01

1

2

1

2

HD*B*(0) = 0,
1

4

1

#D*B*(Tr) frd E
03

HpiBy(0t) =
1
HpiBi (1) = 5 (MDj+ + MB;O)v

(3.1)

Hprp:(2+) = Hpr+ T+ Hpo.

Based on the above results, the magnetic moments of the
S-wave isoscalar B -like molecular states are the combi-
nation of the magnetic moments of their constituent
(%)
S

hadrons. Thus, the magnetic moments of the D() and

BET)) mesons are the important input parameters for the

study of the magnetic moments of the S-wave isoscalar
B -like molecular states.

Based on the numerical results of the magnetic moments
of the D(:) and B(:; mesons, we can further obtain the
numerical results osf the magnetic moments of the S-wave
isoscalar B,-like molecular states. In Table VI, the numeri-
cal results of the magnetic moments of the S-wave isoscalar
B -like molecular states are collected.

From the results of the magnetic moments of the S-wave
isoscalar B, .-like molecular states presented in Table VI, we
can find several interesting results:

(i) The magnetic moments of the S-wave DB state

with 1(J¥) =0(0"), the S-wave D*B* state with
I1(J?) =0(0"), and the S-wave D}B; state with
I1(JP) = 0(0") are zero, and this is easy to under-
stand since the spin quantum numbers of these
S-wave isoscalar B, -like molecular states are zero.
(i) The S-wave DB* state with I(J*) = 0(17) and the
S-wave D* B state with I(J¥) = 0(1") have the same
quantum numbers and quark configurations, but their
magnetic moments have obvious differences, which
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is because the D* and B* mesons have different
magnetic moments.

(iii) The S-wave D*B* states and the S-wave D} B} states
with the same quantum numbers have extremely

similar magnetic moments, and their magnetic mo-
Hpepeot) _ Moisiet)

ments satisfy the relation

Hp*p*(1t) - Hprpr(t) ’

which can be viewed as the important relation to
test our theoretical results by future experiments and
other approaches.

Then, we further discuss the magnetic moments of
the B.-like molecular states after adding the contribution
of the D-wave channels. For the D*B* and D;B;
systems of the D-wave channels, their magnetic moments
can be calculated by the following matrix element
[47-52,54,55,57,59,63,64,67,75]:

My = <JH7JH‘Zﬁ;Em + pgrere! JH’JH>- (32)
J

For the D*B* and DB} systems, the notations a and S

denote the DZ*S) and Bz‘s) mesons, and I:Z is the z component

of the orbital angular momenta operator between the DZ‘S>

and B?, mesons.
(s)

In Table VII, we list the numerical results of the magnetic
moments of the isoscalar D*B* and D} B} molecular states
after including the S-D wave mixing effect. Here, we also
take three typical binding energies —2, —7, and —12 MeV
for the initial and final B, .-like molecular states to discuss
these magnetic moments.

The magnetic moments of the |'Sy) and |°D,) channels
for the isoscalar D*B* and DB systems are zero, which
implies that the magnetic moments of the isoscalar D*B*
and D*B’ molecules with J” = 0% are still zero after
considering the S-D wave mixing effect. By comparing the
obtained results of the single channel and S-D wave mixing
analysis, the magnetic moments of the isoscalar D*B* and
DB} molecules with J* = 17 and 2" will change accord-
ingly after considering the S-D wave mixing effect.
However, the change of their magnetic moments is less

TABLE VII. The magnetic moments of the isoscalar D*B* and
D;B; molecules after including the S-D wave mixing effect.
Here, the magnetic moment of the hadron is in units of the nuclear
magneton .

Magnetic moments

Systems JP E=-2MeV E=-7MeV E=-12MeV
D*B* 0t 0 0 0

1" 0.219 0.218 0.217

2F 0.442 0.441 0.441
D:B: O 0 0 0

1" 0.225 0.227 0.228

2+ 0.446 0.449 0.450

than 0.07 py, and the significant changes are the isoscalar
D’ B molecules with J® = 1* and 2*. Thus, the S-D wave
mixing effect plays a minor role to modify the magnetic
moments of the isoscalar D*B* and D}B¥ molecules.

B. Difference of the magnetic moments of the B, -like
molecule, the compact B, -like tetraquark,
and the B, mesonic state

In this subsection, we want to answer whether or not the
magnetic moment properties can be used to distinguish the
compact B, -like tetraquark states and the B,-like molecular
states, or the conventional B, mesonic states and the
B_-like molecular states, which may provide crucial infor-
mation to establish the mass spectra of these hadronic states.

In Ref. [99], the author already discussed the magnetic
moments of the compact B, -like tetraquark states with
I(JP) =0(17) in the diquark-antidiquark picture within
the QCD light-cone sum rules. In Fig. 1, we compare the
magnetic moments of the compact B_.-like tetraquark
states [99] and the B, -like molecular states with I(J¥) =
0(17). As shown in Fig. 1, the magnetic moments of the
compact B, -like tetraquark states with 1(J¥) = 0(17) are
larger than 2.30 py [99], while the magnetic moments of
the B.-like molecular states with I(J7)=0(1") are
smaller than 0.60 py. Thus, the compact B, -like tetra-
quark states and the B_-like molecular states with I(J¥) =
0(17) have significantly different magnetic moment prop-
erties, which shows that the measurement of the magnetic
moment properties can be used to distinguish the compact
B_-like tetraquark states and the B, -like molecular states
in the future experiments.

By comparing the mass spectra of the conventional B,
mesonic states [34—43] and the predicted B_.-like molecular
states [33], some conventional B, mesonic states and some
B -like molecular states have the same quantum numbers
and similar masses; for example, the B.(2P}) state and the
DB* state with I(J”) =0(1"), the B.(2P;) state and
the DB* state with 1(J*) = 0(17"), the B.(3P}) state and
the D;B; state with I(J) =0(17), the B.(3°P,) state

Compact | Jm ETE
| Motecutar |

05 05 15 25 35
@ (un)

FIG. 1. The comparison of the magnetic moments of the
compact B_-like tetraquark states [99] and the B, .-like molecular
states with I(J¥) = 0(1%). Here, the components corresponding
to the concrete states are marked.
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and the D} B; state with I(J¥) = 0(2"), and so on. Thus,
there may be a great challenge when establishing the mass
spectra of the conventional B, mesonic states and the
B -like molecular states. Facing this situation mentioned
above, we need to answer whether or not the magnetic
moment properties can be used to distinguish the conven-
tional B, mesonic states and the B.-like molecular states
with the same quantum numbers and similar masses.

In the following, we discuss the magnetic moments of
the B.(2P), B.(2P,), B.(3P}), and B.(3%P,) states within
the constituent quark model. For the conventional B,
mesonic states, we need to specify that the notations «
and $ denote the ¢ and b quarks, and L . 1s the z component
of the orbital angular momenta operator between the ¢ and
b quarks in Eq. (3.2). After expanding the spin-orbital wave
functions [*T!L;) by the orbital wave function Y, ,, and
the spin wave function yg,, ., we can get the following
relations:

‘1P1> = Y1,1)(o,o,

3 1 1
‘ P1> =—=Yixi0——F7=Y10x1.1:

V2 V2

‘3P2> =Y (33)

Thus, the magnetic moments and the transition magnetic
moment of the conventional B, mesonic states are

MB@|1P1> = 'M{“B = 0296 HN’

1 1 1
Mg ) =5He H oMy + Eﬂfg, =0.370 py,

1 1
3Py =—pu. ——=pp = 0.220 py,
HB,P))~B.|'P)) \/5/4 \/Eﬂh KN

Hg,fpy) = He + Hp + pls = 0.739 py. (3.4)
In the above expressions, we use the constituent quark
masses nm, = 1.660 GeV and m,;, = 4.730 GeV [54,92-96]
to present the magnetic moments and the transition mag-
netic moment of the conventional B, mesonic states.
Furthermore, the P-wave physical states of the conven-
tional B,. mesonic states are the linear combination of the
|'P,) and |°P,) states, which can be described by [41]

‘nP’]> = )n1P1> cosf,p + )n3P1> sin@,,p,

‘nP1> = —‘n1P1> sin@,,p + ‘n3P1> cosO,p. (3.5)

Here, the related mixing angles are 6, = 18.7° and 0;p =
21.2° [41]. According to the above preparation, the mag-
netic moments of the B.(2P}), B.(2P;), B.(3P}), and

B.(3%P,) states can be written as

TABLE VIII. The comparison of the magnetic moments of
several B_.-like molecular states and conventional B, mesonic
states with the same quantum numbers and similar masses. Here,
the B.-like molecular states and the conventional B, mesonic
states in the same row have the same quantum numbers and
similar masses.

B, -like molecular states Conventional B. mesonic states

DB*[0(1%)]  0.532 py B.(2P)) 0.437 py
DB[0(17)]  0.532 py B.(2P)) 0.229 py
D:B:0(17)]  0.221 py B.(3P)) 0.454 py
DIB:0(27)]  0.443 py B.(3°P,) 0.739 py

KB, (2P}) = H|ip,)COS™O2p +fip, ) L (1p,) SIN 2602p + psp sin*Orp
—0.437 iy,

H, 2p,) = Hjip,)SIN*O2p = Hpp, ) L 1p,) SIN205p 4 pipp  COS*0rp
—0.229 iy,

KB, (3P,) = H|ip,)COS*O3p +fp,y _1p,) SN 2603p + psp sin*O3p
=0.454 py;,

IMBC(33P2) =0.739 HNs (36)

respectively. When studying the magnetic moments of the
B.(2P)), B.(2P;), and B.(3P) states, we ignore the
contribution of the factor (Rp |e™*"|Rp ) for the tran-
sition magnetic moments of the |2°P;) — [2!P,)y and
|33P,) — |3'P,)y processes, since the momenta of the
emitted photon are less than 4 MeV for these radiative
decay processes [40].

In Table VIII, we compare the magnetic moments of
several B_.-like molecular states and conventional B,
mesonic states with the same quantum numbers and similar
masses, and we find that the magnetic moments of these
B_-like molecular states and conventional B, mesonic
states have differences. In short, the magnetic moment
properties can provide the crucial information to distin-
guish the B, -like molecular states and the conventional B,
mesonic states with the same quantum numbers and similar
masses in the future experiments, and we wish that more
theoretical and experimental colleagues can pay more
attention to focus on the magnetic moment properties of
the B,-like molecular states and the conventional B,
mesonic states, which can provide more abundant sugges-
tions to identify the B.-like molecular states and the
conventional B, mesonic states with the same quantum
numbers and similar masses.

Based on the above analysis, we can conclude that the
magnetic moment properties can be considered as the
effective physical observable to distinguish the compact
B, -like tetraquark states and the B_.-like molecular states, or
the conventional B, mesonic states and the B,_-like molecu-
lar states. Therefore, we hope that the future experiments
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can bring us more surprises when analyzing the magnetic
moment properties of the conventional B, mesonic states,
the B.-like molecular states, and the compact B, -like
tetraquark states.

Before closing this section, we need to specify that the
magnetic moments of the unstable particles can be the
complex-valued quantities. For example, the A(1232) [100]
is the unstable state, and its magnetic moment can be the
complex-valued quantity [101-103], which is due to the
intermediate pion-nucleon state being able to go on shell,
generating the imaginary part for its magnetic moment.
However, such behavior is not covered in the constituent
quark model [44,45]. For these discussed B, -like molecu-
lar states, they are the unstable particles, and their
magnetic moments can be the complex-valued quantities.
In the present work, we only give the real parts for their
magnetic moments by adopting the constituent quark
model. In addition, we hope that the magnetic moments
of the B, -like molecular states can be discussed by other
models and approaches in the future, and these inves-
tigations will make our knowledge of the magnetic
moments of the B_.-like molecular states become more
abundant.

IV. SUMMARY

As an important and active research topic in hadron
spectroscopy, the exploration of the hadronic molecular
states is full of opportunities and challenges. Since the
discovery of the charmonium-like state X(3872) in 2003,
there have been extensive experimental and theoretical
investigations around the hadronic molecules, which is
because the masses of a number of new hadronic states are
very close to the corresponding thresholds of two hadrons.
In addition to providing their mass spectra, we still need to
make more efforts to reveal other aspects of the hadronic
molecular states, where their electromagnetic properties are
the valuable physical observable. The electromagnetic
properties of the hadronic molecular states mainly include
the radiative decay widths and the magnetic moments,
which may reflect their inner structures.

In Ref. [33], the mass spectra of the B_.-like molecular
states composed of the DE;; and BE:)) mesons were inves-
tigated. For further disclosing the properties of the B, -like
molecular states, in this work we first study the transition
magnetic moments and the corresponding radiative decay
widths of the B_-like molecular states associated with their
mass spectra, where the constituent quark model is applied.
In the concrete calculation, we consider the contribution of

the spatial wave functions of the initial and final states. Our
numerical results show that there exist different radiative
decay widths for these discussed B,-like molecular states,
which strongly depend on the transition magnetic moments
and the phase spaces, and several radiative decay processes
of the B_-like molecular states have significant widths. In
addition, we also discuss the role of the S-D wave mixing
effect to the transition magnetic moments of the isoscalar
D*B* and D;B; molecules, and we find the S-D wave
mixing effect plays a minor role to decorate the transition
magnetic moments and the radiative decay widths of the
isoscalar D*B* and DB} molecular states.

Meanwhile, we also discuss the magnetic moments of
the B,.-like molecular states. By performing a quantitative
calculation, we find that (i) the D*B* molecules and the
D B; molecules with the same quantum numbers have
extremely similar magnetic moments, (ii) the DB* state
with I(J*) = 0(17) and the D*B state with I(J*) = 0(17)
have obviously different magnetic moments, and (iii) the
magnetic moment properties can be considered as the
effective physical observable to distinguish the hadrons
with different configurations, especially with identifying
the conventional B,. mesonic states and the B_.-like molecu-
lar states with the same quantum numbers and similar
masses.

Exploration of the electromagnetic properties of the
hadronic molecular states may provide new insights to
reflect their inner structures. In particular, the magnetic
moment properties can provide the important physical
observable to distinguish the hadrons with different con-
figurations or spin-parity quantum numbers. As a potential
research topic full of opportunities and challenges, explor-
ing the electromagnetic properties of the hadronic molecu-
lar states should be given more attention by both theorist
and experimentalist, which can make our knowledge of the
hadronic molecules become more complete.
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