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Radical of weakly ordered semigroup algebras
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Abstract We define the notion of weakly ordered semigroups. For this class of semi-
groups, we compute the radical of the semigroup algebras. This generalizes some
results on left regular bands and on 0- Hecke algebras.
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1 Foreword

In the summer of 2006 Manfred and I projected to work on generalizing the construc-
tions of [1] on left regular bands to more general semigroups. We wanted to define a
class of semigroups for which we could compute the radical and the minimal idem-
potents of the semigroup algebras explicitly. Our hope was that this could be done
uniformly for left regular bands (possibly even for bands in general) and for the 0-
Hecke algebras of finite types. Soon after, Manfred sent me the results presented here
as the starting point of our project. I have added only the examples and the remarks
showing how we intended to apply this result. — Nantel Bergeron (Toronto, 2007)

2 Weakly ordered semigroups

Let S be a finite semigroup with unity. If u,v ∈ S, we write u ≤ v if there exists an
element w ∈ S such that uw = v. This “weak ordering” on S is easily seen to be
reflexive and transitive. However, in general it is not anti-symmetric. We write u ∼ v

if u ≤ v and v ≤ u.
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Let (L,�) be an upper semi-lattice. That is, a partially ordered set in which any
two elements I, J have a least upper bound, or join, I ∨ J . The join operation turns
L into a commutative semigroup.

Suppose there exist two maps C:S → L and D:S → L such that the following
three conditions hold:

(1) The map C is an epimorphism of semigroups.
(2) If u,v ∈ S are such that uv ∼ u, then C(v) � D(u).
(3) If u,v ∈ S are such that C(v) � D(u), then uv = u.

Lemma 2.1 The conditions (2) and (3) above imply that ≤ is anti-symmetric, hence
a partial order on S.

Proof Suppose u,w ∈ S such that u ∼ w. Then u ≤ w, so we may choose v ∈ S such
that w = uv. Hence u ∼ uv, and from (2) and (3) it follows that u = uv = w. �

Definition 2.2 We say that a semigroup S (finite with unity) is a weakly ordered
semigroup if there exist two maps C,D:S → L satisfying the three conditions (1),
(2) and (3).

If I ∈ L, let SI denote the set of all v ∈ S such that C(v) = I . As usual, we write
uSI = {uv : v ∈ SI }.

Lemma 2.3 Conditions (2) and (3) above imply that if we have u ∈ S and I ∈ L such
that u ∈ uSI , then uSI = {u}.

Proof Let u,v ∈ S and I ∈ L such that C(v) = I and u = uv. Then (2) implies that
I = C(v) � D(u), hence C(v′) � D(u) for all v′ ∈ SI . By (3), it follows that uv′ = u

for all v′ ∈ SI . �

There are two main examples of weakly ordered semigroups.

Example 2.4 A semigroup S is called a left regular band (see [1]) if there exists a
lattice L and a surjective map C:S → L such that C(xy) = C(x) ∨ C(y) and xy = x

whenever C(y) � C(x). The map C in this context is referred to as the support map
(or content map). This is equivalent the requirement that x2 = x for all x ∈ S and
xyx = xy for all x, y ∈ S. If we set D = C then it is easy to check that such a
semigroup S is a weakly ordered semigroup.

Example 2.5 For a positive integer n, consider the semigroup S generated by the
elements T1, T2, . . . , Tn satisfying the relation T 2

i = Ti and the braid relations TiTj =
TjTi if |i − j | > 1 and TiTi+1Ti = Ti+1TiTi+1. This is a presentation of Hn+1(q)

the Hecke algebra of type An at q = 0 (see [3]). Let L be the lattice of subsets of
{1,2, . . . , n}. These relations imply that the map C:S → L where C(Ti1Ti2 · · ·Ti�) =
{i1, i2, . . . , i�} is well defined. We also define D:S → L by D(x) = {i : xTi = x}.
We say that C(x) is the content of x and D(x) is the descent set of x (analogous to
the descent set definition for Coxeter groups). Conditions (1) and (3) for these two
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maps are clear. To see that (2) holds as well, let uv ∼ u. There is an x ∈ S such that
uvx = u. The length �(u) = � of u is defined by the length of a minimal expression for
u = Ti1Ti2 · · ·Ti� . From the defining relations, �(uTi) ≥ �(u) and �(uTi) = �(u) if and
only if i ∈ D(u). If Ti ∈ C(v) but Ti 
∈ D(u), then �(uvx) > �(u) which contradicts
the fact that uvx = u. So we must have C(v) ⊆ D(u). Hence S is a weakly ordered
semigroup.

Remark that there is a weakly ordered semigroup like Example 2.5 for any finite
Coxeter group.

Remark 2.6 Arbitrary bands (semigroup generated by idempotents) are not weakly
ordered in general. Take, for example, u = x1x2 and v = x1x2x1 in the free band with
generators x1, x2. Then u ≤ v and v ≤ u, but u 
= v.

3 Radical of weakly ordered semigroup algebras

We now show that the radical of a weakly ordered semigroup algebra is given by
kerC.

Proposition 3.1 Let S be a weakly ordered semigroup and let R be a commutative
ring with unity. We extend C linearly to RS. Then kerC is a nilpotent ideal of RS.
More precisely, (kerC)n = 0 where n is length of the longest chain in (S,≤).

Proof The kernel of C is linearly generated by the elements v − v′, where v, v′ ∈ S

are such that C(v) = C(v′).
Let u ∈ S. We prove by downward induction on ≤ that there exists a positive

integer n = nu such that

u(v1 − v′
1)(v2 − v′

2) · · · (vn − v′
n) = 0

for all v1, . . . , vn, v
′
1, . . . , v

′
n ∈ S with C(vi) = C(v′

i ) for all 1 ≤ i ≤ n. The claim
follows taking u to be the unity in S.

Assume first that u is maximal with respect to ≤ in S. Then u = uv for all v ∈ S

since u ≤ uv by definition of ≤. Hence u(v − v′) = 0 for all v, v′ ∈ S (regardless of
the values of C(v) and C(v′)). So nu = 1 in this case.

Now suppose we have found nw for all w ∈ S such that u < w. Then take n =
nu = max{nw + 1 : u < w}.

Choose v1, . . . , vn, v
′
1, . . . , v

′
n ∈ S such that C(vi) = C(v′

i ) for all 1 ≤ i ≤ n. We
have u ≤ uv1. Hence u = uv1 or u < uv1.

If u = uv1, then Lemma 2.3 gives us that u = uv′
1. This means u(v1 − v′

1) = 0.
On the other hand, if u < uv1, then Lemma 2.3 gives us u < uv′

1. Set w = uv1 and
w′ = uv′

1. Then

u(v1 −v′
1) · · · (vn−v′

n) = (
w(v2 −v′

2) · · · (vn−v′
n)

)−(
w′(v2 −v′

2) · · · (vn−v′
n)

) = 0,

due to our choice of n. �
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Theorem 3.2 Let S be a weakly ordered semigroup and let k be a field. Then
radkS = kerC, and the nilpotency index of rad kS is at most the length of the longest
chain in (S,≤). Moreover all simple representations of kS are of dim = 1 and are
indexed by the elements of L.

Proof Condition (1) implies that kS/kerC = kL. It is well known that kL is a com-
mutative semi-simple algebra (see [1]). Hence rad kS ⊆ kerC and all simple repre-
sentations of kS are of dim = 1. Conversely, Proposition 3.1 gives us that kerC is
a nilpotent ideal in kS. Hence kerC ⊆ rad kS and L indexes the simple representa-
tions. �

Example 3.3 In the case where S is a left regular band, Theorem 3.2 corresponds to
a result of [1]. Brown also computes the minimal idempotents (hence the projective
modules) of kS.

Example 3.4 To our knowledge, in the case where S = Hn+1(0) is a 0-Hecke algebra
(as in Example 2.5), Theorem 3.2 gives us the simplest proof of Norton’s results [3].
In this case it is an open problem to construct explicitly the minimal idempotents. The
best description of the projective modules is given by [2] where they are described
explicitly by left ideals Hn(0)νI with I ⊆ {1,2, . . . , n}. But the elements νI are not
the minimal idempotents. In general they are not even idempotents.

Remark 3.5 As mentioned in the foreword, the result presented here is the beginning
of a larger project. We are interested in adapting the explicit construction of [1] in
order to get the minimal idempotent of a weakly ordered semigroup S. The idea
would be to lift the idempotents from L using C. The hope would be to get a nice
description of the minimal idempotents of Hn(0).

It would be nice to find other non-trivial examples of weakly ordered semigroups
that are not left regular bands or 0-Hecke algebras.
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