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RADICAL SEMISTAR OPERATIONS
DARIO SPIRITO

ABSTRACT. We introduce and study the set of radical stable oper-
ations of an integral domain D. We show that their set is a complete
lattice that is the join-completion of the set of spectral semistar op-
erations, and we characterize when every radical operation is spec-
tral (under the hypothesis that D is rad-colon coherent). When D
is a Priifer domain such that every set of minimal prime ideals is
scattered, we completely classify stable semistar operations.

1. INTRODUCTION

Let D be an integral domain. Semistar operations on D are a class
of closure operations on the set of D-submodules of the quotient field
K of D, defined by Okabe and Matsuda [I3] as a generalization of
the concept of star operation, originally introduced by Krull [I1] and
Gilmer [10, Chapter 32]. Semistar operations enjoy greater flexibility
than star operations, making them a good tool to use in order to study
several topics relative to the properties of ideals of D, as well as the
properties of overrings of D. There are several subclasses of semistar
operations that are particularly of interest, among which we cite finite
type operations, eab operations (that are related to the valuation over-
rings of D, cf. [9] and [5, Section 4]) and spectral operations (related to
the spectrum of D, cf. [3], 2l §]). See Section @2l for a precise definition.

A semistar operation * is stable if it distributes over finite intersec-
tions, i.e., if (INJ)* = I*NJ* for all D-submodules I, J; in particular,
every spectral semistar operations is stable. Stable operations are nat-
urally connected to localizing systems [8] and singular length functions
[T7, Theorem 6.5 and subsequent dicussion|, meaning that there are
canonical order-preserving bijections between the sets of stable oper-
ations, localizing systems and singular length functions on the same
domain D (see Section [M); in particular, any classification of stable
semistar operations classifies, as well, localizing systems and singular
length functions. However, while spectral semistar operations can be
easily classified through subsets of the spectrum of D (see |8, Remark
4.5] and [7, Corollary 4.4]), the same does not hold for stable opera-
tions; indeed, a standard representations and a classification of stable
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operations have only be obtained in very specific situations, like for
one-dimensional domains with scattered maximal space (see [18]) and
for Priifer domains such that every ideal has only finitely many minimal
primes (see [14] and [17]).

In this paper, we study radical semistar operations, i.e., stable semis-
tar operations such that, for every ideal I, 1 € [I* if and only if
1 € rad(])*. This notion arose in the study of almost Dedekind domains
that generalize the notion of SP-domains: indeed, it can be proved that,
for the class of SP-scattered domains, every stable operation is radical
[19]. We systematize the study of this class of stable operations, show-
ing that their set SStar.,q(D) is a complete lattice (Theorem [.6]) that
is, furthermore, the join-completion of the set SStarg,(D) of spectral
operations inside the set SStar(D) of all semistar operations. For rad-
colon coherent domains (a large class of domain that includes domains
with Noetherian spectrum and Priifer and coherent domains), it follows
that the set SStar,,q(D) depends uniquely on the spectrum of D (in
the sense that any two such domains with homeomorphic spectra have
isomorphic set of radical operations; Theorem [(5.3]).

In Section [6, we connect the study of radical operations with the use
of the derived set and of scattered topological spaces (following [18], [T9]
20]) to show that (under the hypothesis that D is rad-colon coherent)
the two sets SStar,,q(D) and SStarg, (D) coincide if and only if the space
Min(7) of minimal ideals of D is scattered for every ideal /. Specializing
further to the case of Priifer domain, we show that this property is
enough to obtain a full classification of all stable operations of D by
means of a standard representation (Theorem [6.7]), generalizing the
results obtained in [14] and [17] for the case where each Min([7) is finite;
in particular, we show that for these Priifer domains the set SStarg (D)
depends only on the spectrum of D (as a topological space) and on
which prime ideals are locally principal (Theorem [6.9]). In particular,
these results hold when the spectrum of D is countable.

In Section [7, we define the concepts analogue to radical semistar
operations in the context of localizing systems and length functions.

2. PRELIMINARIES

Throughout the paper, D will denote an integral domain with quo-
tient field K, and F(D) will denote the set of D-submodules of K. An
overring of D is a ring between D and K.

2.1. Semistar operations. A semistar operation on D is a map * :
F(D) — F(D), I — I*, such that, for every I,J € F(D), x € K:

o [ C I
e if ] C J, then I* C J*;
o (I*)r =17

o (xI)*=u-1".
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A submodule I is said to be %-closed if I = I*. The set of x-closed
ideals uniquely determines .

The set SStar(D) of the semistar operations on D has a natural
partial order, where x; < x5 if and only if I** C I** for every I € F(D),
or equivalently if every %o-closed ideal is xq-closed. Under this order,
SStar(D) is a complete lattice: the infimum of a family {*,}aca is the

map
I () I,
acA

while its supremum is the semistar operation # such that a submodule
I is f-closed if and only if it is %, closed for every a € A.

An ideal I of D is said to be a quasi-x-ideal if I = I* N D; if [
is a prime quasi-x-ideal, we say that I is a quasi-x-prime. The set of
quasi-x-primes is called the quasi-spectrum of %, and is denoted by
QSpec*(D).

A semistar operation * is said to be of finite type it I* = J{J* | J C I
is finitely generated}, for every I € F(D). It is semi-finite (or quasi-
spectral) if every quasi-x-ideal is contained in a quasi-x-prime; every
semistar operation of finite type is semi-finite.

A very general way to define semistar operations is through overrings:
any family A of overrings induces the semistar operation

Y= ﬂIT.

TeA

When A is a family of localizations of D, we say that % is a spectral
semistar operation. A spectral semistar operation can also be defined
through a subset of the spectrum Spec(D) of D: given a family A C
Spec(D), we denote by sa the semistar operation

sa I s ﬂ IDp.
PeA

Setting A¥ := {Q € Spec(D) | Q C P for some P € A}, we have that
QSpec®2 (D) = A}, and that sp = sa1; moreover, sp = s, if and only
if A¥ = A+ [8, Remark 4.5]. A spectral operation sa is of finite type
if and only if A is compact, with respect to the Zariski topology [T,
Corollary 4.4).

A semistar operation is stable if (I N J)* = I* N J* for every I,J €
F(D). Every spectral semistar operation is stable, while every semi-
finite stable operation is spectral [I, Theorem 4]. There exist stable
operations that are not spectral: an example is the v-operation I +—
(D : (D : 1)) when D is a valuation domain with non-principal maximal
ideal. The localizing system associated to x is |8, Section 2]

Fri={lidealof D | "N D =D} ={lideal of D |1 € I"};
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this set uniquely determines %, in the sense that if xi,x, are stable,
then x; = %o if and only if F** = F*2. More precisely, x; < %5 if and
only if F* C F*.

The set SStarg,(D) of spectral semistar operations of D is closed
by infimum, but not by supremum (see [0, Example 4.5] and Example
4.1l below); note, however, that SStarg,(D) is a complete lattice (see
below the discussion after Corollary .3]). On the other hand, the set
SStarg (D) of stable operations is closed by both infima and suprema
[15, Proposition 5.3].

2.2. Topologies on the spectrum. Let Spec(D) denote the spec-
trum of D, i.e., the set of all prime ideals of D. We denote by V(I) and
D(I), respectively, the closed and the open sets of the Zariski topology
associated to an ideal I; i.e., V(I) := {P € Spec(D) | I C P}, while
D(I) := Spec(D) \ V(I).

The spectrum of a ring can also be endowed with two other topolo-
gies. The inverse topology is the topology whose subbasic open sets
are those in the form V(I), as I ranges among the finitely generated
ideals of D; the constructible topology is the topology whose subbasic
open sets are the V(I) and the D(I), for I ranging among the finitely
generated ideals of D. In particular, the constructible topology is finer
than both the Zariski and the inverse topology, and, furthermore, it is
Hausdorft.

If I is an ideal of D and Min(/) denotes the set of minimal primes
of D, the Zariski and the constructible topology agree on Min(I) (by
[4, Corollary 4.4.6(i)], applied to the spectral space V(I)).

2.3. Derived sets and scattered spaces. Let X be a topological
space. A point z € X is isolated if {z} is an open set; the set of non-
isolated points of X is called the derived set of X, and is denoted by
D(X). Given an ordinal «, we define the a-th derived set as

D(X) = D(D(X)) ifa=v+1;
- ﬂg<a DA(X) if a is a limit ordinal.

If D*(X) = 0 for some «, the space X is said to be scattered. On the
other hand, if D(X) = X, then X is said to be perfect.

3. RADICAL SEMISTAR OPERATIONS

Definition 3.1. We say that a semistar operation x on D is quasi-
radical if, whenever 1 ¢ I* for some ideal I of D, then 1 ¢ rad(I)*.

We collect in the next few propositions the main properties of quasi-
radical semistar operations.

Proposition 3.2. Let D be an integral domain and * be a semistar
operation on D. If x|p(p+) is quasi-radical as a semistar operation on
D>, then x is quasi-radical.
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Proof. Let I be an ideal of D such that 1 ¢ I*. Then, 1 ¢ (ID)* =
(ID*)*, and thus, by hypothesis, 1 ¢ rad(/D*)*. However, rad(l) C
rad(ID*); hence, 1 ¢ rad([)*. It follows that * is quasi-radical. O

Proposition 3.3. Let D be an integral domain and * be a semistar
operation on D.

(a) If x is semi-finite, then it is quasi-radical.

(b) If  is of finite type, then it is quasi-radical.

(c¢) If  is induced by overrings, then it is quasi-radical.

(d) If x is spectral, then it is quasi-radical.

Proof. Suppose x is semi-finite, and let I be an ideal of D such that
1 ¢ I*. Then, J := I*N D is a quasi-x-ideal such that 1 ¢ J*. Since
* is semi-finite, there is a quasi-x-prime ideal P containing J; thus,
1 ¢ P* Drad(J)* Drad(I)*. Therefore,  is quasi-radical.

The next three points follows from the fact that every semistar op-
eration of finite type is semi-finite, as well as any semistar operation
induced by overrings, and that any spectral semistar operation is in-
duced by overrings. O

Proposition 3.4. Let {x,}aca be a set of quasi-radical semistar oper-
ations on D. Then, inf e %o s quasi-radical.

Proof. Let  := inf,c4 %4, and let I be an ideal of D such that 1 ¢ I*.
Since I* = (,c4 I*, it follows that there is a 3 € A such that 1 ¢ I*5.
Since *g is quasi-radical, then 1 ¢ rad(/)*#, and thus also 1 ¢ rad(/)*.
Hence « is quasi-radical. U

The previous proposition does not extend to the supremum of a
family of quasi-radical operations, as the next example shows.

Example 3.5. Let D be a Priifer domain of dimension 1 such that
Max(D) = {P,Qo,Q1,-..,Qn, ..., } is countable and with a single non-
isolated point, P; suppose also that Dp is not discrete. For every n € N,
let T,, :=(\;>,, Dq,; then, T, is a Priifer domain whose maximal ideals
are the extensions of ; (for i > n) and of P; in particular, |, T;, = Dp.

Recall that a fractional ideal of a domain T is an I € F(T') such
that dI C T for some d € K, d # 0. For every n, let 4, and x, be the
semistar operations defined by

The 1T, if IT, is a fractional ideal over T},
" | K otherwise,

and
I .= I'" N (IDp)"?,
where vp is the v-operation on Dp. Since T,, C Dp, for every ideal

I of D we have I*" = [*: hence, if 1 ¢ I*" then IT, # T, and so
rad(I)T,, # T,. Thus, every %, is quasi-radical.
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Let now * be the supremum of all x,,. Then, D} = Dp since Dy C
(Dp)"? = Dp. Moreover, if t € Dp, then t € T,, for some n, and thus
t € D™ C D*. Hence, D* = Dp. For every n, PDp is not a fractional
ideal over T},, and thus

(PDP)*n =KnNn (PDP)UP =KNDp=Dp.

Hence,

P*=(PD)*=(PD*)* = (PDp)* = Dp.
On the other hand, if L # P is a P-primary ideal, then (LDp)"" =
LDp; hence, LDp is x-closed and thus L* C LDp N D, so that 1 ¢ L*
while 1 € P* =rad(L)*. Therefore, * is not quasi-radical.

The main problem of the previous example is that the restriction of
a quasi-radical operation on D to an overring of D is not quasi-radical
(as it happens for %;|g(p,)); this in turn is due to the fact that the
property of being quasi-radical depends only on the ideals of D, rather
than on all D-submodules of K. For this reason, we are only interested
in the following subclass of semistar operations.

Definition 3.6. We say that a semistar operation = on D is radical if
it 1s quasi-radical and stable.

Lemma 3.7. Let x be a radical stable operation, and suppose that T is
an overring of D. Then *|p(r) is radical.

Proof. Let I be a T-ideal such that 1 ¢ I*. Then, 1 ¢ (IND)*, and since
* is radical we have 1 ¢ (rad(IND))*. However, rad(IND) = rad(I)ND;
hence

1 ¢rad(I N D) = (rad(l) N D)* =rad({)* N D*.
Thus 1 ¢ rad(/)* and so |p(r) is radical, as claimed. O

Proposition 3.8. Let D be an integral domain and let x be a radical
semistar operation on D such that D = D*. Let J be an ideal of D
such that J = J*. Then, rad(J)* = rad(J).

Proof. Let s € rad(J)*, and let t € s~'rad(J) N D. Then, st € rad(J),
and thus there is an n such that s"t" € J, i.e., t" € s7"J N D. Hence
t e rad(s™J N D) and so s~ 'rad(J) N D C rad(s™"J N D).

Since s € rad(J)*, we have 1 € s~*rad(J)*; hence also 1 € rad(s~™JN
D)*. Since * is radical, it follows that 1 € (s™™J N D)*; thus 1 € s™"J*
and s" € J* = J. Therefore, s € rad(.J), and rad(J)* = rad(J). O

Theorem 3.9. Let D be an integral domain. Then, the set SStar,,q(D)
of radical stable semistar operations is a complete sublattice of SStar(D).

Proof. Let {*4}aca be a family of radical semistar operations. Then,
its infimum is quasi-radical by Proposition [3.4] and stable since every
*, 18 stable, and thus SStar,,q(D) is closed by infima. Let x be the
supremum of {*, }aca-
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Let T := D*: then, T is x,-closed for every «. By Proposition [3.2] it
suffices to show that x|g(r) is radical; furthermore, by Lemma 3.7, each
*a|r(r) is radical. Therefore, without loss of generality, we can actually
suppose that T'= D, i.e., that D is x,-closed for every .

Let J be an ideal of D such that 1 ¢ J*. Let L := J*; then, L is an
ideal of D that is x,-closed for every «, and thus by Proposition [3.8 also
rad(L) is x,-closed for every «; thus, rad(L) = rad(L)*. In particular,
1 ¢ rad(L)*; the claim now follows from the fact that rad(J) C rad(L).

O

4. RADICAL OPERATIONS AS A COMPLETION

By Proposition [3.3] each spectral semistar operation sa is radical; in
this section, we explore the link between these two classes of semistar
operations. Following [6, Example 4.5], we first give an example of a
radical operation that is not spectral.

Example 4.1. Let A be the ring of all algebraic integer, i.e., the in-
tegral closure of Z in Q. Then, A is a Bézout domain (every finitely
generated ideal is principal) and, for every maximal ideal P, we have
that A = {Ag | @ € Max(A) \ {P}}. Hence, for each P the spectral
operation §(P) := smax(a)(p} closes A, and thus the supremum % of
all the §(P) closes A too, and thus it closes every principal ideal (since
(zAY* =z -A*=x-A).

As the supremum of a family of radical operations, x is itself radical.
However, for every P-primary ideal @, we have Q'F) = A; therefore,
QSpec*(D) contains only the zero ideal. In particular, were x spectral,
it should be equal to s(), and in particular 1 would belong to I* for
every nonzero ideal x, contradicting the fact that principal ideals are
closed. Hence * is radical, but not spectral.

The following proposition characterizes which radical operations are
spectral.

Proposition 4.2. Let x be a radical stable operation on D. Then, % is
spectral if and only if, for every radical ideal I,

r'nD=({P|PeV{I)NQSpec*(D)}.

Proof. Suppose first that % is spectral, say * = sa with A = A¥. For
every P € A, the ideal I Dp is radical, and its minimal primes are the
minimal primes of I contained in P; all of them belong to A, and thus
they are all in V(I) N QSpec*(D). Hence,

rFabp=({QDpND|QeMin(l),QCPt= () Q.

PeA QeMin(I)NA

The claim follows.
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Conversely, suppose that the equality holds, and let A := QSpec*(D).
For every P € A, PDp is x-closed, and thus x is the identity on F(Dp);
it follows that I* C I Dp for every P € A, and thus x < sa.

Suppose that x < sa: then, there is an ideal I of D such that I* C
I*a. Let x € I°4\ I* and let J := (I :p x). Since * is stable, we have
1 € J*a while 1 ¢ J*; since both sa and % are radical, it follows that 1 €
rad(J)®*s while 1 ¢ rad(J)*. However, by the hypothesis and the first
part of the proof, rad(J)*4 N D = rad(J)* N D; this is a contradiction,
and thus » must be equal to sa. In particular, x is spectral, as claimed.

0

Corollary 4.3. Let D be an integral domain such that every ideal has
only finitely many minimal primes. Then, every radical stable operation
18 spectral.

Proof. Let I be a radical ideal and Pi,..., P, be its minimal primes.
Then, I = P N---NP,, and thus I* = Py N---N P}. Since * is stable,
for each i the ideal PF N D is either equal to P; or to D [14, Lemma
3.1] hence, I* N D is equal to the intersection of the minimal primes
that are quasi-x-ideals. By Proposition [4.2] x is spectral. O

The following result is a variant of [14, Lemma 3.1].

Proposition 4.4. Let x be a stable semistar operation, and let J be a
radical ideal of D. Then, J* N D 1is either D or a radical ideal.

Proof. Suppose J*N D # D. Let s € D be such that s" € J* for some
integer n. Let L := s7"J N D: since % is stable, 1 € L*. We claim
that s7'J N D = rad(L). Indeed, if z € s7'J N D then sr € J and
thus also s"xz € J, ie,, x € s7"JND = L C rad(L). On the other
hand, if z € rad(L), then 2% € s™J for some k, and thus z*s" € J.
Since x,5s € D, we have zVs" € J, where N := max{n, k}; since
J is radical, it follows that xs € J, that is, z € s 'J N D. Thus
s'JND =L =rad(L).

Since 1 € L*, it follows that 1 € (s7!J)* = s71J*, that is, s € J*.
Hence J* is radical, as claimed. O

Proposition 4.5. Let D be a domain, let I be a radical ideal of D and
A = At C Spec(D). Then, the following are equivalent:
(i) I = I*> N D;
(i) V(I) N A is dense in V(I);
(#i) Min(I) N A is dense in Min([).

Proof. By Proposition [d.4], the ideal J := I*2N D is a radical ideal of D
containing I; therefore, V(J) C V(I) is a closed set, and V(J) contains
V(I) N A since, if P € V(I)NA, then J =1"NnD C P ND = P.
In particular, if V(I) N A is dense then it must be I = J. On the
other hand, if V(I) N A is not dense, then there is an ideal L such that
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ANV(L) € V(I); thus, IDp = LDp for every P € A, and J D L, so
that I # J. Thus, the first two conditions are equivalent.

If Min(Z) N A is dense in Min(7), then Min(/) is contained in the
closure of V(I)NA; then, V(I)NA is dense since Min(7) is dense in V(I).
Conversely, suppose V(I) N A is dense in V(I) and take P € Min([/).
For every open set © meeting V(I), 2 N AN V(I) is nonempty; if @
belongs to the intersection, then N AN Min(/) contains the minimal
primes of I contained in Q). Hence, ANMin(7) is dense in Min(7). Thus
also the last two conditions are equivalent. O

Let D be an integral domain. The space SStarg, (D) of spectral semis-
tar operation on D is a complete lattice: indeed, let X := {sa, | « € A}
be a subset of SStarg,(D) with A, = Al. Then, setting AY := U, A,
and A" := (", A,, it is easy to see that the infimum of X in SStarg,(D)
is sau and that its supremum is san.

However, while sau is also the infimum of X as a subset of SStar(D),
the same does not hold for san (see Example . ]). We now want to
prove that the set SStar,,q(D) of radical semistar operations is the join-
completion of SStarg,(D) in SStar(D). In particular, the construction
of Example [4.T]is the only way to obtain non-spectral radical semistar
operations.

Theorem 4.6. Let D be an integral domain. Then:
(a) SStarg, (D) is join-dense in SStaryq(D);
(b) SStarq(D) is the completion of SStarg,(D) in SStar(D).

Proof. Since SStar,,q(D) is a complete sublattice of SStar(D) (Theorem
[3.9), we only need to prove that every radical stable operation is the
supremum of a family of spectral operations.

Fix thus * € SStar,,q(D). Let A C Spec(D) be such that A NV(I)
is dense in V(I) for every radical ideal I such that I = I* N D. Then,
sa < *: indeed, if J is an ideal such that 1 € J*4 and 1 ¢ J*, then
ANV(J*N D) would be dense in V(J* N D), and thus by Proposition
J* N D would be quasi-sa-closed, against the fact that 1 € J*2.
Hence, sp < . Let § be the supremum of all such sa: by construction,
f <~

We claim that « = . Let J be a proper radical ideal: if 1 € J¥, then
1 € J* since § < *. Suppose that 1 € J*. We claim that D(J)NV(I) is
dense in V() for every radical ideal I such that I = I*ND. If not, there
is a P € V(J) that is not in the closure of D(I) N V(J); hence, there
is a radical ideal L such that P € D(L) and D(L)ND(J)NV(I) = 0.
Since D(L)ND(J) = D(LNJ), it follows that D(LNJ)NV(I) = 0, and
thus V(I) CV(LNJ). Thus, LNJ CI,and L*NJ* = (LNJ)* C I
Hence

(J'nD)N(L*NnD)CI*ND=1.
By hypothesis, J* contains 1; hence, J*ND = D and L*ND C I, so that
L C I. In particular, D(L) C D(I); it follows that D(L) N V(I) = 0,
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against the hypothesis that P € D(L) N V(I). Therefore, D(J) N V(1)
is dense in V([) for all radical ideal I such that I = I* N D; thus, sp()
is one of the spectral operations used to define §; hence, sp(;) < f. It
follows that 1 € J*») C J*. Therefore, 1 € J* if and only if 1 € J¥;
since x and f are stable, it follows that x = 4, as claimed, and x is in
the completion of SStarg, (D). O

5. ISOMORPHIC SETS OF RADICAL OPERATIONS

Let Dy, Dy be two integral domains. If ¢ : Spec(D;) — Spec(Ds)
is an order isomorphism, then ¢ induces an order isomorphism & :
SStarg,(D1) — SStarg,(Ds) by setting ®(sa) = sg(a) for every A C
Spec(D;). However, ® does not, in general, extend to a similar iso-
morphism between the set of radical semistar operations, for example
because it may be SStarg,(D;) = SStary,q(D;) while SStarg,(Ds) #
SStar,.q(D2) (take for example Dy := K[X] and Dy := A, where K is
a field of the same cardinality of Max(A)).

In this section, we extend this result to radical operations by us-
ing the Zariski topology. We work in a particular class of domains: we
say that a domain is rad-colon coherent if, for every x € K, the rad-
ical of the ideal (D :p x) is the radical of a finitely generated ideal.
This property is linked with the relationship between the Zariski, in-
verse and constructible topology of Spec(D) and the Zariski, inverse
and constructible topology of Over(D). Every Noetherian domain (or,
more generally, every domain with Noetherian spectrum) is rad-colon
coherent; likewise, every Priifer domain and every coherent domain are
rad-colon coherent, as well as every polynomial in finitely many vari-
ables over a Priifer domain. See [16] for applications of this property
and for an example of a domain that is not rad-colon coherent.

In our context, the reason why we use this notion is essentially the
following lemma.

Lemma 5.1. Let D be a rad-colon coherent domain and let I be a
radical ideal. Define T := (\{Dp | P € Min(I)}. If x is a radical
semistar operation such that I = I*ND, then T* =T and (IT)* = IT.

Proof. Suppose first that « = s is spectral, with A = At. Then, by
Proposition 4.5, AN V(1) is dense in V(I) and A N Min(/) is dense in
Min(7), with respect to the Zariski topology. By [4, Corollary 4.4.6(i)],
the Zariski and the constructible topology agree on Min([/); hence,
A N Min(7) is dense in Min(/) also with respect to the constructible
topology.

Let x € T*, and let J := (D :p z) = x7'D N D. We claim that
V(J)NMin(I) N A = (. Indeed, let P € Min(I) N A. Since z € T* C
D%, we have 1 € (z7'Dp)*, and thus 1 € (JDp)*; however, if P &
V(J) then (JDp)* C (PDp)* = PDp since P € A. Therefore, V(J) N
Min(I) N A = @, and thus Min(/) N A C D(J). Since D is rad-colon
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coherent, rad(.J) is the radical of a finitely generated ideal, and thus
D(J) is a closed subset, with respect to the constructible topology; thus
D(J)NMin(7) is closed in Min(/). Since Min(/)NA is dense in Min(7),
it follows that D(J) N Min(/) must be equal to the whole of Min(7),
that is, V(J) N Min(I) = 0. Thus, JDp = Dp for every P € Min(I),
and z € T. Hence, T* =T.

This also implies that (I7)* is a radical ideal of T contained in PT'
for every P € Min(I). Hence (IT)* = IT, as claimed.

Suppose now that x is any radical operation. By Theorem (.6 * is
the supremum of a family Y of spectral semistar operation. For each
# €Y, we have § < «, and thus I = I* N D; by the previous part of the
proof, T* = T and (IT)* = IT. Hence, also T* = T and (IT)* = IT,
as claimed. U

Proposition 5.2. Let D be a rad-colon coherent domain and let I be
a radical ideal. Let'Y be a family of radical semistar operations and let
f:=supY. IfI =1*"ND for everyx €Y, then [ = I*N D.

Proof. Let T := (\{Dp | P € Min(I)}. By Lemma E1], (I7)* is closed
by every x € Y, and thus also (IT)* is closed. Then, I* "D C (IT)* N
D=1,and thus I = I*N D. U

We are ready to prove the main result of this section.

Theorem 5.3. Let Dy, Dy be rad-colon coherent integral domains, and
suppose that there is a homeomorphism ¢ : Spec(D;) — Spec(Ds).
Then, there is an order isomorphism

® : SStar;,q(D1) — SStarq(Ds)
such that ®(sa) = sea) for every A C Spec(Dy).

Proof. Let X; := SStarg,(D;) and Y; := SStar,,q(D;) for i = 1,2.

By Theorem[3.9] Y is a join-completion of X7; hence, we can consider
Y1 as a sublattice of the set £(X;) of lower sets of X; by the map e,
defined by €(y) = {z € X; | * < y} for every y € Y. In particular,
e1(x) = {x}t for every x € X;. Likewise, we can consider Y, as a
sublattice of £(X3) through a map ey defined analogously.

The map

d: X — XQ,

SA —— Se(A)

is an order isomorphism; thus, it can be extended to a map ® between
L(X;) and £(X3), that remains an order isomorphism. We claim that

®(e1(Y1)) = €2(Y3), and to do so it is enough to prove that, if A C X7,
then the supremum supy, A in Y; (that is, the supremum of A as a
semistar operation) is spectral if and only if supy, ®(A) is spectral.
Suppose first that * := supy, A is not spectral, and let § = sa be
the supremum of A in X;. Let ¥ and #’ be, respectively, the supremum
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of ®(A) in Y5 and X,. By construction, x < £, and thus there is a
radical ideal I such that I = I* N D; while I = Dﬁ. Let now J be
the radical ideal such that V(J) = ¢(V(I)); we claim that J = J* N D
while J¥ = Dg/.

Indeed, if sy € ®(A), then ¢~ (A) N V() is dense in V(I), and thus
ANV (J) is dense in V(J); since D, is rad-colon coherent, by Proposition
J = A N D, ie., J=J" N D, On the other hand, § = sa
for some A such that ANV(I) = 0; hence, ' = ®(§) = P(sa) = s4(a),
where ¢(A) N V(J) is empty. Hence, J¥ = DY. Thus, « # #, and
supy, ®(A) is not spectral.

The opposite implication follows by applying the same reasoning to
the homeomorphism ¢! (which induces the map ®~! on the sets of
spectral semistar operations).

Therefore, ® restricts to an isomorphism between ¢;(Y;) and e5(Y5);
since Y; ~ ¢(Y;) for i = 1,2, it follows that Y; = SStar.,q(D;) and
Yy = SStar,q(Ds) are isomorphic, as claimed. O

6. WHEN EVERY SPECTRAL OPERATION IS RADICAL

We have seen that, in general, not every radical semistar operation
is spectral, although the two sets are equal when every ideal has only
finitely many minimal primes (Corollary [£.3]). In this section, we char-
acterize when the two sets are equal for rad-colon coherent domains;
specializing to Priifer domain, we also show that under this hypothesis
we can obtain a standard representation of all stable operations.

We start with two topological lemmas.

Lemma 6.1. Let D be an integral domain and I a radical ideal that is
not prime. Then, Min(I) is not perfect if and only if there are a prime
ideal QQ and a radical ideal J # I such that [ = QN J.

Proof. 1f I is not perfect, there is an isolated point @) of Min(7), and
Min(1)\{Q} = Min(I)NV(J) for some radical ideal J. By construction,
J 2 I and V(J)UV(Q) = V(I), so that I = @ N J. Conversely, if
I=0QnNJ, then V(I) =V(Q)UV(J). Since I # J, V(J) cannot contain
all minimal primes of I; therefore, () must be contained in Min(7).
Hence, {Q} = Min(7) \ V(J) is open in Min(7) and @ is isolated; thus
Min(7) is not perfect. O

Lemma 6.2. Let D be an integral domain. Then, the following are
equivalent:

(i) Min(I) is scattered for every ideal I;

(i) Min(I) is not perfect for every ideal I.

Proof. - is obvious. To show —= , let I be a radical ideal
and let X := (1), D*(Min(/)): then, X is perfect. Let J := ({Q | Q €

X} then, I C J C P forall P € X, and thus X C Min(J). We claim
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that Min(J) is perfect. Indeed, suppose not: then, it has an isolated
point P, and P cannot belong to X, since X is perfect. Since P is
isolated, there is a finitely generated ideal L such that D(L)NMin(J) =
{P}; therefore, L ¢ P while

rc (1 <e=J

QeMin(J)\{P} QeX

a contradiction. Thus Min(.J) is perfect, as claimed. O

Definition 6.3. We say that D is min-scattered if Min(I) is a scat-
tered space for every ideal I.

Proposition 6.4. Let D be a domain such that Spec(D) is countable.
Then, D is min-scattered.

Proof. The space Spec(D), endowed with the constructible topology,
is Hausdorff, compact and countable, and thus scattered [12]. There-
fore, for every ideal I, also Min([/) is scattered, with respect to the
constructible topology; however, on each Min(7) the constructible and
the Zariski topology coincide. Hence D is min-scattered. U

Theorem 6.5. Let D be a rad-colon coherent domain. Then, the fol-
lowing are equivalent:

(i) D is min-scattered;

(i1) every radical semistar operation is spectral.

Proof. = Suppose that there is a radical ideal [ such that
Min([) is perfect. For every P € Min([), let §(P) := sain)\ (P}, and
let * be the supremum of all these §(P). Then, * is a radical semistar
operation; we claim that x is not spectral.

Indeed, since Min(7) is perfect each Min(I) \ { P} is dense, and thus
by Proposition I = I'") 0 D for every P; since D is rad-colon
coherent, by Proposition we have I = I* N D. However, P#") 51
for every P € Min([/); hence, 1 € P* for every P € V(I). By Proposition
A2 # cannot be spectral.

== Suppose that there is a radical operation x that is not
spectral. By Proposition [.2] there is an ideal I such that I* N D C
({P | P € V(I) N QSpec*(D)}; without loss of generality we can
suppose that I = I*. Let J be equal to the intersection, and let I' :=
Min(7) \ V(J). By construction, I' is nonempty.

The set I' does not contain isolated points of Min(7): if @ € T is
isolated, then I = @ N Iy for some Iy 2 I, and thus I* N D = (Q N
Ip)*N'D = Q*N 1N D can only be equal to I if @ = Q* N D, ie.,
Q € QSpec*(D) and J C Q.

For every P €I, let 4(P) be the minimal ordinal number such that
P ¢ DV(I'). Note that y(P) exists since Min(/) is scattered and no
element of T is isolated; furthermore, v(P) is a successor ordinal. Let
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~ be the minimal element of the set of all v(P), and let Q) € Min([) be
such that v(Q) = ~. Let also 8 be such that v = 3 + 1.

By construction, @ is a limit point of Min(/), while @ is isolated
in D?(Min(I)). Hence, @ is a limit point of Min(I) \ D?(Min(I)). The
latter set is contained in V(J), by definition of @Q); since V(.J) is closed, it
follows that also @ € V(J). This is a contradiction, and thus I' must be
empty, i.e., there cannot be a radical non-spectral semistar operation.
The claim is proved. O

We now restrict to the case of Priifer domains, extending results
proved in [I4] and mostly following the general method of that paper.
Given a semistar operation = on the Priifer domain D, we define the
pseudo-spectrum PsSpec* (D) as the set of those prime ideals ) such
that 1 € @*, but there is a Q-primary ideal L such that L = L* N D.
Using the quasi-spectrum and the pseudo-spectrum, we can define from
* a new semistar operation *, called the normalized stable version of
D, as

*:I— () IDpn () (IDg)*™,
PeQSpec* (D) QePsSpec* (D)

where v is the v-operation on the valuation domain Dg. Note that vp
is different from the identity on Dp if and only P is idempotent.

Lemma 6.6. Let x be a radical semistar operation. Then, x = % if and
only if * is spectral.

Proof. If x is spectral, then * = Sqspect(p) = *. Conversely, if x = % but
* is not spectral, there is a ) € PsSpec*(D). By definition, 1 € Q*,
while 1 ¢ L* for some Q-primary ideal L; since rad(L) = @, this
contradicts the fact that x is radical. Hence x must be spectral. U

Theorem 6.7. Let D be a Prifer domain. Then, the following are
equivalent:

(i) D is min-scattered;
(i1) every radical semistar operation is spectral;
(111) x =% for every stable semistar operation *.

Proof. — follows from Theorem [6.5] since a Priifer domain
is rad-colon coherent, while = follows from Lemma

To prove |(1)| == [(iii)} fix a stable semistar operation . By [14], The-
orem 3.9], x < %, and thus if 1 € I* then also 1 € I*. Suppose that
1 € I* while 1 ¢ I*. Then, J := I* N D is a proper ideal of D that is
quasi-x-closed. Changing notation from [ to .J, we can suppose without
loss of generality that [ = I* N D.

Since Min(/) is not perfect, there is an isolated point @. Since
Min(I) \ {Q} is closed, it is equal to V(I;) N Min(/;) for some radical
ideal I1. Let T := ({Dp | P € V(Q)} and S := ({Dp | P € V(11)}:
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Then, I = ISNIT, and in particular
I'onD=({ISy"nDNIT)*ND.

The radical of IT N D is @, which is a prime ideal. By the proof of [14]
Theorem 4.5], since 1 € (IT N D)*, we also have 1 € (IT' N D)*, and
thus (I7)* N D = D. On the other hand, IS N D is not contained in
@; hence, neither does (1.5)* N D. By construction, I = I* N D; this is
a contradiction, and thus * and * must be equal, as claimed. O

Corollary 6.8. Let D be a domain such that Spec(D) is countable.
Then, every radical semistar operation is spectral. If D is Priifer, more-
over, x = % for every stable semistar operation x.

Proof. 1f Spec(D) is countable, then D is min-scattered by Proposition
6.4l The claims now follow from Theorems and [6.7] O

The following is a version of Theorem [5.3] for stable operations on a
Priifer domain; it can also be seen as a variant of [I7, Theorem 5.12]
(in view of [I7, Section 6]).

Theorem 6.9. Let Dy, Dy be Priifer domains. Suppose that there is a
homeomoprhism ¢ : Spec(D;) — Spec(Ds) such that a prime ideal P
is idempotent if and only if ¢(P) is idempotent. If Dy is min-scattered,
then there is an isomorphism ® : SStarg (D7) — SStarg(Ds).

Proof. We first note that if J is an ideal of Dy, then Min(.J) is the set of
minimal elements of the closed set V(.J); then, ¢~ (V(.J)) is a closed set
of Spec(Dy), and thus it is equal to V(J) for some ideal J' of D;. By
hypothesis, Min(.J’) is scattered, and thus also ¢(Min(J")) = Min(J) is
scattered. Hence also D, is min-scattered.

Given a stable semistar operation * on Dj, we define ®(x) as the
map

() : I — N I(Dy)p N N (I(Dy)g)"e.
Pep(QSpec* (D1)) Qeg(PsSpec*(D1))

We claim that QSpec®™ (D,) = ¢(QSpec*(D;)) and PsSpec®™ (Dy) =
¢(PsSpec*(Dy)).

Indeed, let P € Spec(D;) and let @ := ¢(P). If P € QSpec*(Dy),
then

Q™ NDCQ(D)oN Dy =Q,

and thus Q € QSpec®™ (D,); conversely, if Q € QSpec®™(D,), then
either Q(D3)a # (D2)a for some A € ¢(QSpec*(Dy)) or (Q(D2)p)"8 #
Q(Ds)p for some B € ¢(PsSpec*(Dy)). In the former case, P C A;
since the quasi-spectrum is closed by generizations [14, Proposition
3.4(a)], P € QSpec*(D;) and thus @ € ¢(QSpec*(D;)). In the latter
case it must be @ C B, and thus Q € ¢(QSpec*(D;)) since every
B’ € B is in the quasi-spectrum [I4, Proposition 3.4(b)]. Therefore,

QSpec®™ (D) = ¢(QSpec*(Dy)).
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Suppose now that P € PsSpec*(D;). By the previous paragraph,
Q ¢ QSpec®™(Dy). There is a P-primary ideal L C P such that
L = L* N D; in particular, P is not branched in the valuation domain
(D1)p. The map ¢ induced a homeomorphism between Spec((D;)p)
and Spec((Ds)q); therefore, neither ) is branched, and thus there exist
a Q-primary ideal L' C ). By definition,

(L)*Y N Dy, C L'(Dy)oN Dy =1L,

and thus Q € PsSpec®™(D,). Conversely, if Q € PsSpec®™(D,), then
there is a Q-primary ideal L C @ such that L*®)ND, = L. By the previ-
ous part of the proof, P ¢ QSpec*(D,); if P is not even in PsSpec*(D),
then L®™® would just be equal to D®®) a contradiction. Hence, Q =
$(P) € ¢(PsSpec*(Dy)). Therefore, PsSpec®™(D,) = ¢(PsSpec*(Dy)).
Consider now the map U : SStarg (Dy) — SStarg(D;) defined by

U(t): T M I(D)en M ((D)e)*
Peg—1(QSpect(D2)) QEp—1(PsSpect(Dy))

for every ideal I of D; and every f € SStarg(Ds). Then, U is the map
associated to the homeomorphism ¢! by the previous construction;
hence,

Uod(x): I — ﬂ I(Dy)pN ﬂ (I(Dy)g)"@
Pe¢=1(QSpec®*) (Dy)) Q€e¢=1(PsSpec®™) (Dy))
= () IDyen () UD)ge=T
PeQSpec*(D1) Q€EPsSpec*(D1)

since ¢ is a homeomorphism. By Theorem 6.7, * = %, and thus ¥ o
O(x) = *, i.e.,, ¥ o ® is the identity on SStarg(D;). By symmetry,
also ® o U is the identity on SStarg(Ds); hence, ® and ¥ are inverses
one of each other. It is straightforward to see that they are also order-
preserving; thus, they establish a isomorphism between SStarg(D;) and
SStarg(Ds), as claimed. O

Corollary 6.10. Let Dy, Dy be Priifer domains with countable spec-

trum. Suppose that there is a homeomoprhism ¢ : Spec(D;1) — Spec(Ds)

such that a prime ideal P is idempotent if and only if ¢(P) is idempo-
tent. Then, there is an isomorphism ® : SStarg (D;) — SStarg(Ds).

Proof. 1f Spec(D;), Spec(Ds) are countable, then Dy, Dy are min-scattered

by Proposition [6.4l The claim now follows from Theorem U

7. OTHER VERSIONS

Stable semistar operations are linked to two other structures on a
ring: localizing systems and length functions.
A localizing system on a domain D is a set of ideals F such that:

eif € Fand I C J, then J € F;
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eif ] € Fand (J:piD)e F foralliecl, then J e F.

The map x — F* := {I | 1 € I*} establishes a bijective correspon-
dence between the set of stable semistar operations and the set of all
localizing systems, whose inverse is given by the map associating to F
the semistar operation [8, Section 2]

*xr [ U([:DJ).

JeF

We say that a localizing system is radical if, for every ideal I such
that rad(/) € F, we have I € F. This notion corresponds exactly to
radical semistar operations.

Proposition 7.1. Let x be a stable semistar operation. Then, x is rad-
teal if and only if F* is a radical localizing system.

Proof. If % is radical and rad(I) € F*, then 1 € rad(])* and thus 1 € I*
by definition, so that I € F and F* is radical. Conversely, if * is not
radical there is an ideal I such that 1 ¢ [* while 1 € rad(/)*: then,
rad(/) € F* while I ¢ F*, so that F* is not radical. O

Therefore, the bijection between stable operations and localizing sys-
tems restricts to a bijection between SStar,q(D) and the set LS,.q(D)
of radical localizing systems; it follows that Theorems [5.3] and can
be expressed also in the terminology of localizing systems.

A singular length function on D is a map ¢ from the set of all D-
modules to {0,000} such that:

e ( is additive on exact sequences;
e for each module M, ¢(M) is the supremum of /(N), as N ranges
among the finitely generated submodules of M.

A singular length function is uniquely determined by its ideal colength
7, where 7 is the map associated to each ideal I the length ¢(D/I)
[21), Proposition 3.3]. We denote by Lgng(D) the set of singular length
functions on D.

There is a bijective correspondence between localizing systems and
singular length functions, where we associate to a localizing system F
the colength [I7], Section 6]

0 ifleF
)= ’
() {oo it ¢ F.

We say that a length function ¢ with associated colength 7 is radical
if 7(I) = 7(rad(I)) for every ideal I. This definition corresponds to
radical semistar operations and radical localizing systems.

Proposition 7.2. Let F be a localizing system. Then, F is radical if
and only if the associated length function {x is radical.
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Proof. If I is an ideal, by definition 7(I/) = 0 if and only if I € F.
Therefore, 7(I) = 7(rad(l)) = 0 if and only if I,rad(/) € F, while
7(I) = 7(rad(I)) = oo if and only if I,rad(l) ¢ F. The claim follows.

U

Let D be a Priifer domain. To every singular length function ¢ with
associated colength 7 we can associate the space

Y(0) := {P € Spec(D) | 7(Q) > 0 for some P-primary ideal Q},
and the length function

gﬁ:: Z €®DP

Pex(f)

(where ({ ® Dp)(M) := ¢(M ® Dp)). Then, we get an analogue of
Theorem [6.7]

Proposition 7.3. Let D be a Prifer domain. The following are equiv-
alent:

(i) D is min-scattered;

(ii) € = (% for every singular length function (.

Proof. Let @ be the isomorphism between SStarg (D) and Lgng(D)
obtained composing the bijections of the two with the set of local-
izing systems. The claim follows from Theorem and the fact that
®(%) = ®(%)* [17, Proposition 6.8]. O

As a consequence, we also obtain a version of Theorem (compare
with [I7, Theorem 5.12]).

Theorem 7.4. Let Dy, Dy be Prifer domain. Suppose that there is a
homeomoprhism ¢ : Spec(D;) — Spec(Ds) such that a prime ideal P
is idempotent if and only if ¢(P) is idempotent. If Dy is min-scattered,
then there is an isomorphism ® : Lgng(D1) — Lging(D2).

To conclude, we express [19, Corollary 7.5] in the terminology of this
paper; see [19] for the definition of SP-scattered domain.

Proposition 7.5. Let D be an SP-scattered domain. Then, every stable
semistar operation on D is radical.
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