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Radion and holographic brane gravity
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Jiro Soda’
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The low energy effective theory for the Randall-Sundrum two-brane system is investigated with an emphasis
on the role of the nonlinear radion in the brane world. The equations of motion in the bulk are solved using a
low energy expansion method. This allows us, through the junction conditions, to deduce the effective equa-
tions of motion for gravity on the brane. It is shown that the gravity on the brane world is described by a
quasi-scalar-tensor theory with a specific coupling function w(W)=3W¥/2(1—"V) on the positive tension brane
and w(P)=—3dP/2(1+ D) on the negative tension brane, where ¥ and & are nonlinear realizations of the
radion on the positive and negative tension branes, respectively. In contrast with the usual scalar-tensor gravity,
the quasi-scalar-tensor gravity couples with two kinds of matter; namely, the matter on both positive and
negative tension branes, with different effective gravitational coupling constants. In particular, the radion
disguised as the scalar fields ¥ and ® couples with the sum of the traces of the energy-momentum tensor on
both branes. In the course of the derivation, it is revealed that the radion plays an essential role in converting
the nonlocal Einstein gravity with generalized dark radiation to local quasi-scalar-tensor gravity. For complete-
ness, we also derive the effective action for our theory by substituting the bulk solution into the original action.
It is also shown that quasi-scalar-tensor gravity works as a hologram at low energy in the sense that the bulk

geometry can be reconstructed from the solution of quasi-scalar-tensor gravity.

DOI: 10.1103/PhysRevD.66.083506

I. INTRODUCTION

Motivated by the recent development of superstring
theory, the brane world scenario has been studied intensively.
In particular, the warped compactification mechanism pro-
posed by Randall and Sundrum (RS) has given birth to a new
picture of the universe [1]. The single brane model (RS2) has
been well studied so far because of its simplicity and the
absence of a stability problem of the radion mode [2-5]. As
for the two-brane model (RS1), Garriga and Tanaka have
shown that the gravity on the brane behaves as in Brans-
Dicke theory at a linearized level [6]. Thus, the conventional
linearized Einstein equations do not hold even on scales
large compared with the curvature scale / in the bulk. Char-
mousis et al. have clearly identified the Brans-Dicke field as
the radion mode [7]. Subsequent research has been focused
on the role of the radion in the brane world scenario [8—10].

However, the above-mentioned works are restricted to lin-
ear theory or to homogeneous cosmological models. It is
important to study nonlinear gravity for applications to as-
trophysical and cosmological problems. Recently, Wiseman
has analyzed a special two-brane system with the negative
tension brane taken to be in vacuum and has shown that the
low energy effective theory becomes a scalar-tensor theory
with a specific coupling function [11]. Here, we consider the
general case including matter on the negative tension brane
and derive the effective equations of motion for this system
using a low energy expansion method developed by us [12].
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To further illuminate the role of the radion in the brane
world, let us pose the issue in the following way. In our
previous paper, we derived the low energy effective equation
on the brane as [12] (see also [13])

K2

2
o= T8, = 7x"(x5), (1)
where G*,, k, and T*, denote the four-dimensional Ein-
stein tensor, the five-dimensional gravitational constant, and
the energy-momentum tensor on the brane, respectively.
Here, the “constant of integration” y ,,(x) is transverse and
traceless. When we impose maximal symmetry on the spatial
part of the brane world, Eq. (1) reduces to the Friedmann
equation with dark radiation:

87Gp C
H*= 3 T 2)
ay

where H, a,, and p are, respectively, the Hubble parameter,
the scale factor, and the total energy density of each brane,
while C is a constant of integration associated with the mass
of a black hole in the bulk. Hence, x,,(x) can be regarded as
a generalization of the dark radiation appearing in Eq. (2).
The point is that Eq. (1) holds irrespective of the existence of
other branes. The effect of the bulk geometry comes into the
brane world only through x,,, .

On the other hand, as we have noted, a scalar-tensor
theory emerges in the two-brane system. How can we recon-
cile these seemingly incompatible pictures? In this paper, we
reveal a mechanism to convert the Finstein equations with
generalized dark radiation to quasi-scalar-tensor gravity.

©2002 The American Physical Society
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Eventually, it turns out that the radion disentangles the non-
locality in the nonconventional Einstein equations and leads
to local quasi-scalar-tensor gravity.

This paper is organized as follows. In Sec. II, our iteration
scheme to solve the Einstein equations at low energy is ex-
plained. In Sec. III, the background solution is presented. In
Sec. IV, we derive the brane effective action from the junc-
tion conditions at leading order. We see that the effective
theory is described by quasi-scalar-tensor gravity with a spe-
cific coupling function. The relation to holography is also
discussed. In Sec. V, a systematic method for computing the
higher order corrections is discussed. Section VI is devoted
to discussion and conclusions. In Appendix A, we explain the
physical meaning of our method, especially the relation to
the zero mode and Kaluza-Klein modes in linear theory, by
using a simple scalar field model. In Appendix B, linearized
gravity is analyzed in detail using our method.

II. LOW ENERGY APPROXIMATION
A. RS1 model and basic equations

The model is described by the action

1 .
s=3e| g Re g |- 3 o[ ateymgm
i=A,B

12
R+ l—2

- 2 f d4x \/Wﬁinaller’ (3)

i=A,B

where R, g;f,r,ane, and «? are the scalar curvature, the in-

duced metric on the branes, and the gravitational constant in
five-dimensions, respectively. We consider an S /Z, orbifold
spacetime with the two branes as the fixed points. In the RS1
model, two flat three-branes are embedded in the five-
dimensional asymptotically anti—de Sitter (AdS) bulk with
curvature radius / with the brane tensions given by o,
=6/(k*l) and o= —6/(k*]).

For general nonflat branes, we cannot keep both the two
branes straight in the Gaussian normal coordinate system.
Hence, we use the following coordinate system to describe
the geometry of the brane model:

ds2=ez‘/’(y’xﬂ)dyz+gﬂ,,(y,x“)dx“dx". 4)

We place the branes at y=0 (A-brane) and y =1 (B-brane) in
this coordinate system. The proper distance between the two
branes with fixed x coordinates can be written as

d(x)= foled’(y’x)dy. (5)

Hence, we call ¢ the radion (see Fig. 1). In this coordinate
system, the five-dimensional Einstein equations become
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FIG. 1. Radion as a distance between two branes.

)
e P(e k")~ (e ?K)(e” ?K*,))+R*,

—VEV, o= VEPV, ¢
1
3

4 w2
—1—25V+K

1
Sta + T — 3 5*;TA) e ?8(y)

1 _ | B
+ k? 55ﬁ03+TB“V—g&‘;TB)e_d’é(y—l),
(6)
e~ e ?K) = (e ?KP)(e” K o)
— VNV, =V PV,
4 K
:_1_2_?(_4UA+TA)67¢5(}])
K2
~ 3 (4ot e oy-D, ()
V(e ?K",) = V(e ?K)=0, ®)

(4)
where R*, is the curvature on the brane, Vﬂ denotes the
covariant derivative with respect to the metric g,,,, and we
introduced the tensor K ,,=—g,, /2 for convenience. One
can read off the junction condition from the above equations
as

K2 A
674)[](5_5/;[(“)1:0:7(_UA‘S’;+T ") ©)

- K’ 7B
e d)[Kl;_&':KMy:l:_7(_035¢+T 'uv)’ (10)

where K%' =g#“K ,, and the fact that we are considering a Z,
symmetric spacetime is used. Decompose the extrinsic cur-
vature into the traceless part and the trace part:
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1 1%
e_¢K[J,V:E/.LV+ Zg,qu7 Q:_e_(b@log\/_g'
(11)

Then, off the brane, we obtain the basic equations

@ 1 @
R, =78, R=VV,6=V ¢V, ¢

e—qﬁzﬂw_QEMV:_
1
+70,(V¢ a¢+V"‘¢Va¢)}, (12)
(4)

3 0 < [} 12
ZQ_EBE a:R+l_2, (13)

1 5 4
37¢Q,)‘_ZQ _EQ,BEQB:VU( a¢+Va¢Va¢_l_2’

(14)
N
V)\Eﬂ— ZVMon' (15)
The junction conditions are
3 K> A
Sh——8k0 =—(—0,64+T")), (16)
v 4 v N 2 v 14
y=0
3 K? 5
Se-Tolo|| =-S(mepstT). ()
y=1

The problem now is separated into two parts. First, we must
solve the bulk equations of motion with the Dirichlet bound-
ary condition at the A-brane, g,,,(y=0,x*)=h,,(x*). Then,
the junction condition is imposed at each brane. As the junc-
tion conditions constrain the induced metrics on both branes,
they naturally give rise to the effective equations of motion
for gravity on the branes.

B. Low energy expansion scheme

Unfortunately, it is a formidable task to solve the five-
dimensional Einstein equations exactly. However, notice that
typically the length scale of the internal space is /<<0.1 mm.
On the other hand, the usual astrophysical and cosmological
phenomena take place at scales much larger than this scale.
Thus we need only the low energy effective theory to ana-
lyze a variety of problems, for example, the formation of a
black hole, the propagation of gravitational waves, the evo-
lution of cosmological perturbations, and so on. It should be
stressed that low energy does not necessarily implies weak
gravity on the branes.

Along the normal coordinate y, the metric varies with the
characteristic length scale [; g, ,~ 8 ,,/l. Denote the char-
acteristic length scale of the curvature on the brane as L.
Then we have R~g,,,/ L?. For the reader’s reference, let us
take /=1 mm, for example. Then the relations in the RS1
model

PHYSICAL REVIEW D 66, 083506 (2002)

2

K
K20A=7, - =87Gy (18)
give k>~ (10 GeV) ? and |o;|~1 TeV*.

In this paper, we will consider the low energy regime in
the sense that the energy density of the matter, p;, on a brane
is smaller than the brane tension, i.e., p;/|o;|<<1. In this
regime, a simple dimensional analysis

Pi ! szi 1\?
lol ™ol T N(Z) <! 19)

implies that the curvature on the brane can be neglected
compared with the extrinsic curvature at low energies. Thus,
the anti-Newtonian or gradient expansion method used in the
cosmological context [14] is applicable to our problem.

Our iteration scheme is to write the metric g, as a sum
of local tensors built out of the induced metric on the brane,
with the number of derivatives increasing with the order of
iteration, that is, O((I/L)*"), n=0,1,2, . ... Hence, we seek
the metric as a perturbative series

8oy, x#) =2 (3, 2) [ () + 8430 (3, x*)

+g Dyt + -], (20)
g(y=0.x")=0, n=123,..., (21)

where the factor az(y,x) is extracted for a reason explained
later and we use the Dirichlet boundary condition g,.,(y
=0,x)=h,,(x) at the A-brane. We do not need to know the
geometry of the B-brane when we focus on the effective
equations on the A-brane. In other words, from a viewpoint
on the A-brane, the junction condition at the B-brane simply
gives the boundary condition for the bulk geometry. Other
quantities are also expanded as

SH=3Ou ;3Dp 4 s@n 4 (22)

In Appendix A, we illustrate our method using a simple sca-
lar field example to clarify the relation of the low energy
expansion to the zero mode and Kaluza-Klein modes in lin-
earized theory.

III. BACKGROUND GEOMETRY

As we can ignore the matter at the lowest order, we obtain
a vacuum brane; namely, we have an almost flat brane com-
pared with the curvature scale of the bulk spacetime. At the
zeroth order, we can neglect the curvature term. Then we
have

e*d)E(O)MV’y_ Q(O)E(O)”VZO, (23)
3 12
7030 OF = o, (24)
—$(0) _ l (02 _3®apy0) — _ i (25)
e Q,y 4 Q aﬂ_ 12 5
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3
WO, -1 V.00=0. (26)

The junction condition is

2

3 K
3O, — 15’;Q(°’} =—Zod. @)
y=0
3 K>
{Em“‘y— 7 5/;Q<0>} =S ol (28)

y=

Using Eq. (11), Eq. (23) can be readily integrated,

CH (xM)
SOw ————— ¢ =0, (29)

\/__g I3

where C* is a “constant” of integration. This term is not
allowed to exist because of the junction conditions (27) and
(28). Thus, it is easy to solve the remaining equations. The
result is

4
sOk,=0. QW=7 (30)
Using the definition
(0):_11 (O)Zl ¢,(0) (31)

mv Z&yg,uv le g/.LV’
we get the zeroth order metric as

ds*= ez¢(y’x)dy2+az(y,x)h#,,(x")dx”dx”,

a(y.x)=exp , (32)

1 (y
—— | dye?O®
l Jo e

where the tensor £, is the induced metric on the positive
tension brane. Note that the metric derived by Charmousis
etal, e?=1 +2f(x)ezy”/l, is consistent with this solution
[7]. To proceed further, we take the coordinate system to be
é(y,x)=¢(x). Then we have a(y,x)=exp[—ye?l]. Al-
though this choice of the coordinate system is generally pos-
sible at least locally, there may be a global obstruction. How-
ever, as we show below, we can consistently get nontrivial
solutions. Moreover, we explicitly demonstrate the validity
of our choice at the level of linear theory in Appendix B.

Given the zeroth order solution, junction conditions (27)
and (28) lead to the well known relations

6 6
Te KOp=T 7. (33)

K o=

Note that ¢(x) and h ur(x) are arbitrary functions of x at
zeroth order.

PHYSICAL REVIEW D 66, 083506 (2002)

IV. HOLOGRAPHIC QUASI-SCALAR-TENSOR GRAVITY
A. Bulk geometry

The next order solution is obtained by taking into account
the terms neglected at zeroth order. It is at this order that the
effect of matter comes in. At the first order, Egs. (12)—(15)
become

4 (4)
e*(ﬁz(l)uv’y_ 7E(l)uyz —[R*,—V~V, ¢
- V’u(l)vvqs]srla)ce less » (34)

(1
; (35)

(4)

?Q(l)= R

2
e = 70V =[VV,+ VRV, ] M,
(36)

3
W, -7V =0, (37)

where the subscript “traceless’ represents the traceless part
of the quantity in square brackets. The junction conditions
are given by
2
K
A
= 7 T I'LV 5 (38)
y=0

3
[z(nuv_z(gng}

K2~B,u
:——T v

[E(I)Mv_ %‘%Q(l)}
. (39)

where the superscript (1) represents the order of the gradient
expansion. Here, [R‘W* ]V means the Ricci tensor of
a’h uv- Note that now a=exp[—ye?/l]. It is convenient to
introduce the Ricci tensor of 4, denoted by R%/(h), and
express [R(4)“V]“) in terms of R% and ¢;

) }“)
R*,(g)

1
==

RE () + 25 e+ gl )

2
y a N y
+ OBt D)+ 2 e P,

2

Y
—207 7P (40)

where | denotes the covariant derivative with respect to /1, .
Similarly, it is convenient to express the second derivatives
of ¢ as

B+ 2 el - %e%ﬁd)“d)a}
(41)

1
(V4,61 =

Substituting the trace of Eq. (40) into the right-hand side
of Eq. (35), we obtain

083506-4
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2,2¢

/ ¢
0= SR+ == (8", + B )~ ——lg).

(42)

Note that Eq. (36) is trivially satisfied now. Hereafter, we
omit the argument of the curvature for simplicity. Substitut-
ing Egs. (40) and (41) into Eq. (34) and integrating it, we
obtain the traceless part of the extrinsic curvature as

(Hp [1 “ ! “ ye! [ ! w pla
2 V:a_Z 5 R V—Z(SVR +— ¢ |V_Zav¢ |a
y262¢ @ 1
i B (¢“¢|y—26¢¢'“¢|a)
7(x)
A (43)
a

where x’ is an integration constant with the property x*,
=0. And x*, must be transverse, x* " .= 0, in order to sat-
isfy Eq. (37). The definition (11) gives

1 0 1
¢, (0au (1) s (Dpu + —s*oM
s¢ %8 o —gL, =2k, 1 o0 . (44)

Integrating Eq. (44), we obtain the metric in the bulk:

b 1 1
g'uy__g ?_1 R}LV_ghMVR

> 1 2ye? 1 1 o
ol 2 Bt S Pla
y2e2¢

{1
(¢|ﬂ¢|y 5 PCILI ) ( 1)XW,
(45)

where we have imposed the boundary condition gﬁjﬁ(y
=0,x*)=0. From these results, one can calculate the Weyl
tensor as

22Xy

C =
yuyv :
la*

(46)

Hence, the term y,,, is essentially the Weyl tensor at this
order. Note that we have obtained the bulk metric in terms of

d(x), hy(x), and x,,(x).

B. Quasi-scalar-tensor gravity

We shall deduce the equations for ¢(x),h ur(X), and
X ur(x) from the junction conditions. Using Egs. (42) and
(43), one gets the junction conditions. The junction condition
at the A-brane is written as

2

l K°
EG"V(h)-l-X“V:?T "o (47)

PHYSICAL REVIEW D 66, 083506 (2002)

This equation is nothing but the Einstein equation with gen-
eralized dark radiation y,,. It should be noted that y,, is
undetermined at this level, exhibiting the nonlocal nature of
Eq. (47).

The junction condition at the B-brane is given by

! le?
lu |a | _ |
sz"ﬁ Qz(d)’ﬂv Oyt DD, = P D)

2¢ 2
[ e X v K B
¢ ¢|V+ 5 (b ¢|a - 292T 7

(48)

where Q(x)=a(y=1,x)=exp[—e?]. Here, the index of
7" #  is the energy-momentum tensor with the index raised
by the induced metric 4, on the A-brane, while T , 1s the
one raised by the induced metric on the B-brane. At the
present order, we have the following relations:

TB _TB

b TP =0T (49)
To reveal the role of the radion field, we must write Eq. (48)
using the induced metric on the B-brane, ngr"“e O*(h,,

+gU ) =Ff., Q%)) At this order, the Ricci tensor R% of
the mduced metric on the B-brane is equal to that of f,,.
Using this fact, we rewrite Eq. (48) to obtain the effective
equations on the B-brane:

© 2

l X _
M v Bu
G+ . (50)

2

Again, we have the nonconventional (nonlocal) Einstein
equations, as in the case of the A-brane.

Although Egs. (47) and (50) are nonlocal individually,
with undetermined yx,,,, one can combine the two equations
to reduce them to local equations for each brane. This hap-
pens to be possible since x,,, appears only algebraically; one
can easily eliminate y ,, from Egs. (47) and (48). Defining a
new field U'=1-0Q2, we find

2 2
(1-W) 1
N _ A B - |/-L
G ()= 15 T +—W T+ g (Y,
| w(P) 1
— VY )+ — \If‘“\lqv—iaﬁ\lf'“\lqa,

(51)
where the coupling function w(¥) takes the following form:

3 v

oV)=5 1"

(52)

We can also determine y/ by eliminating G from Egs. (47)
and (48). Then,

083506-5
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*(1=v) 5 Lo |
X=— gy (T T) = o (P, = 8,9)
w(W) 1
+ Wy, — Sl || (53)

The condition x*,=0 gives rise to the field equation for WV:

K2 T+ T8 1 do

_K - |u
v “rer3av L Vi

[ 2w+3 54)

where we have used the explicit form of w(W). This equa-
tion tells us that the trace part of the energy-momentum ten-
sor determines the radion field and hence the relative bend-
ing of the brane, and Y, is determined by the traceless part
of the right-hand side of Eq. (53). Remarkably, x ,, is now a
secondary entity.

Equations (51) and (54) are the basic equations to be used
in cosmological or astrophysical contexts when the charac-
teristic energy density is less than |o;|. Notice that the con-

servation law with respect to the metric &, reads
N4
Zyn _ B u | _ [v B
e =

In contrast to the usual scalar-tensor gravity, this theory
couples with two kinds of matter, namely, the matter on both
positive and negative tension branes, with different effective
gravitational coupling constants. For this reason, we call this
theory quasi-scalar-tensor gravity. Thus, the (nonlocal) Ein-
stein equation (47) with generalized dark radiation has trans-
formed into the (local) quasi-scalar-tensor gravity (51) with
the coupling function w(V).

1
1+~ /Wg;g

S=— 212 d.X\ J dZa

+fd4x\/—h£A+fd4x —hQ4L8.

Using Eq. (45) and the definition W=1—Q2, we finally
have the action:

‘PR—L\I’”“PM}

=—f d*x\[—h|

+fd4xJ—_hcA+fd4xJ—_h(1—\lf)2£B. (58)

This is a complete derivation of the action with the correct
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C. Effective action

Let us consider an effective action for 4 ,,(x) and d(x).
If one wants to calculate the quantum fluctuations in the
inflationary scenario, for example, one needs the action to
determine their magnitude. The action has to be derived from
the original five-dimensional action by substituting the solu-
tion of the equations of motion in the bulk and integrating
out over the bulk coordinate. We shall start with the follow-
ing action:

2] 2
+?f d*x\—hQ*

1
R+ 77

1
= — 5 —
S 2K2fdx\/ g

——fd“xJ_QB d*x\=h+— fd“xJ—_f

(56)

+J d4x\/—_h£A+j d*x\—fL8,

where we have taken into account the boundary term, the
so-called Gibbons-Hawking term, instead of introducing
delta-function singularities in the curvature. The factor 2 in
the Gibbons-Hawking term comes from the Z, symmetry of
this spacetime. As we substitute the solution of the bulk
equations of motion, we can use the equation R= —20/I°
which holds in the bulk. It should be stressed that the bulk
metric is solved without using junction conditions and is
expressed in terms of ¢, h,,,, and x,,, . That is why we can
get the effective action on the brane by simple substitution of
the solution. Now, up to first order, we obtain

1
v, (1)
1+2h” Suv

4 1 2
—+—R ——2J d*x—hQ*
I 6 K

6
d4X\/_h+mf d4X\/ hQ*

1+ =h#rgth
zh S

(57)

normalization, which is important for quantization of the
theory.

Here, it should be noted that x% , which appeared in gi},} ,
is a nonlocal quantity. In fact, eliminating ¥ from Eq. (53)
by solving Eq. (54) yields a nonlocal expression for % . If
we substitute this nonlocal expression into Eq. (47), we ob-
tain a nonlocal theory. Conversely, one can see that introduc-
ing the radion disentangles the nonlocality in the nonconven-
tional Einstein equation (47) and yields the quasi-scalar-
tensor gravity given by Egs. (51) and (54). This important
point is more transparent in the derivation of the effective
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action. Indeed, the nonlocal part x’; disappears because of
the traceless nature, XZZO- A similar mechanism is dis-
cussed by Gen and Sasaki [8] in the context of linear theory.

D. Holographic brane gravity

We have obtained four-dimensional quasi-scalar-tensor
gravity from the five-dimensional action. The bulk metric
corresponding to the four-dimensional effective theory is
given by

8uv=(1=9)"[h,,(x)+ g (h

wv

w1, Th, 1.
(59)

uv

where y,,, in Eq. (45) is eliminated by using Eq. (53). Here,
the y dependence of gi}v) is explicitly known. Thus the bulk
metric is completely determined by the energy-momentum
tensors on the two branes, the radion, and the induced metric
on the A-brane. Therefore, once the four-dimensional solu-
tion of quasi-scalar-tensor gravity is given, one can recon-
struct the bulk geometry from these data. Quasi-scalar-tensor
gravity works as a hologram at low energy. In this sense, one
can call the quasi-scalar-tensor gravity the holographic brane
gravity. Equation (59) gives a holographic picture of the
brane world. Recalling that the radion specifies the position
of the second brane, the radion can be interpreted as a kind
of “phase” in the holographic picture of the brane world.

E. Effective theory on B-brane

For completeness, we shall derive the effective equations
of motion on the B-brane. To do so, let us simply reverse the
role of the A-brane and that of the B-brane. Substituting
h,,= QO 2%f v into the junction conditions yields

2

l x4 K>
gG’J(f)Jr@:—?TV“ (60)
and
102 _ .
TG’;JrlQZ (log Q). ,— 84(log Q)5

1
+(log Q)*#(log Q). ,+ 7 O, (log Q) *(log )., | + x4

K*Q)?
=" (61)

where ; denotes the covariant derivative with respect to the
metric f v Thus, defining ®=0"2-1, we obtain the ef-
fective equation on the B-brane:

K K(+d) 1 »
G“V(f)=—lq)T E o+ —e 7 E o+ g(cb’“;y— ShD, )
AP [ gy~ Lsugragy 62
(I)Z sV 5 v ca | ( )

where

PHYSICAL REVIEW D 66, 083506 (2002)

)= 3 9
o(P)=— R (63)
The equation of motion for the radion becomes
DCI)—K2 TA+ T8 1 dw(I)'r“(I) 4
Tl 20+3 20+3dd w69

Thus, we have shown that the gravity on the negative tension
brane is described by quasi-scalar-tensor gravity with the
coupling function w(P)=—3D/2(1+ D).

It should be noted that the dynamics on the two branes are
not independent. We know the gravity on the B-brane once
we know that on the A-brane, and vice versa. The transfor-
mation rules are

b= v 65
RS (65)

gB brane_(l —‘I’)[h,“ﬂ'gm(h

b orane = G V.1, Th, . y=D]

uv> uv>

(66)
This relation is useful when we consider concrete applica-
tions.

V. KALUZA-KLEIN CORRECTIONS

As explained in Appendix A, our analysis so far to first
order in the gradient expansion corresponds to the zero mode
truncation in the language of a linearized theory. Although it
is obscure to use the words ‘‘Kaluza-Klein corrections” in a
nonlinear theory, we shall call their nonlinear counterpart
simply Kaluza-Klein corrections in this paper.

In principle, we can continue our analysis up to a desired
order using the following recursive formulas:

1 ) o
s — a_J dya*

R¥,=VEV, =V PV, ¢
n—1
_ E] Q(P)E(V”_P)M] i (67)
=

traceless part

n—1

l
Q(")=g >

(4)}(11)
p=1

_ %Q(p)Q(n—p)+E(p)aﬁ2(n—p)5a+ [ R

s

(68)
n—1

2
oy -70"=2

p=1

1
—0WPon—p (p)aps (n—p)
(4Q"Q rhE zaﬁ"}

+[VVp+ VPV, ], (69)

n—1

3
N E: —p)N
25:’) |)\_ ZQ|(Z)+[7=1 {1";\”;“2(" ? I

~TPAsmPay—g, (70)
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These equations give the solution as an infinite sum. The
existence of an infinite series is a manifestation of the non-
locality of the brane model [15].

To get the effective equations of motion with second order
corrections using the above formula is straightforward. How-
ever, carrying out the calculation is laborious and the result-
ant expression is too long to write down. As for the linear
theory, we will obtain the explicit effective equations of mo-
tion with Kaluza-Klein corrections in Appendix B. Here, we
will only sketch how the Kaluza-Klein corrections appear
using an easy method.

o 2 Ko, ?
G (h):_T(XﬂV+t}LV)+TT;LV_ 5

l 1
— @ _ _ a B
lX,u,aR V+ 6RXMV 4h,uVXBXa’

2 K> 0?
G(4)( Bbrane) _ lQ4 (X[LV+I;LV)_ TTﬁV_ZZ 1+7>S
a Ja !
+x I/;,U.Dt_X/.LV;a] 2 1+Q X,u.aR -

[ 1
— VepB_ _yepBy . a B
+ZQ4XﬁRa 6XﬁRa+3Q8XBXa},

where ¢,,, is an integration constant at second order and we
have defined the quantity

SH=RLRS—

RR“ 15” R .RP 1R2
R )

1 2 1
_ _| pa alp _ Zple _ _
2 (R 'u|ya+R V’u|a 3R M‘V DR’;'F 655":|R)
(73)

Here, ; represents the covariant derivative with respect to f,,,
and all the curvatures in Eq. (72) are calculated from

ﬁfmne What we should do is to eliminate ,, from Eqs.
(71) and (72) and substitute the relation gB brane_ Qz[h
+ g(l)] into the resulting equation. Then we obtam a higher
derlvatlve but local theory on the brane.

Noticeably, the same is true for all higher order correc-
tions. Thus, one can infer that the radion disentangles the
nonlocality in the system to all orders at the expense of in-
troducing higher derivative terms.

VI. CONCLUSION

We have developed a method to deduce a low energy
effective theory for a two-brane system. The five-
dimensional equations of motion in the bulk are solved using
a low energy expansion method. This allows us, through the

l 3
= EQZ(RR __ngraneRazRﬂ)

B bre
gﬂyraneXaBRaB

Bt o U F Ry
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Although we need the explicit y dependence of the bulk to
obtain the action, as long as we are interested only in the
effective equations on the brane, we do not have to solve the
bulk explicitly. The reason is as follows. We can write down
the nonlocal Einstein equations corresponding to Egs. (47)
and (50) without knowing the bulk geometry. Then, since we
know how the nonlocal term, i.e., the generalized dark radia-
tion term, behaves in the bulk, we may eliminate it just as in
the first order case.

The nonlocal Einstein equations on the branes are [12]

13
S h R+ Sh, RGR

[
] a _ |
D 4wy +2[X M\Va—‘rx viwa™ Xpvla ]

(71)

2
l+

5 7| [X wiva

! 3 I? 2
B brane apB_ " p2
6Q4RX,LLV 4g,u.v [4(R3Ra 9R )

(72)

junction conditions, to deduce the effective equations of mo-
tion for gravity on the brane. As a result, we have shown that
gravity on the brane world is described by a quasi-scalar-
tensor theory with a specific coupling function (V)
=3W¥/2(1—W¥) on the positive tension brane and w(P)=
—3®/2(1+ D) on the negative tension brane, where ¥ and
@ are Brans-Dicke-like scalars on the positive and negative
tension branes, respectively. In contrast to the usual scalar-
tensor theory, the quasi-scalar-tensor theory couples with
matter on both branes but with different effective gravita-
tional coupling constants. In particular, the radion disguised
as the scalar fields W and ® couples with the sum of the
traces of the energy-momentum tensors on both branes.
Moreover, we have derived the effective action by substitut-
ing the solution of the bulk equations of motion into the
original action. This direct method determines the normaliza-
tion of the effective action, which is indispensable for quan-
tizing the theory.

In the process of derivation of the effective equations of
motion, we have clarified how quasi-scalar-tensor gravity
emerges from Einstein’s theory with a generalized dark ra-
diation term described by ., . A brane can feel the nonlocal
effect of the bulk geometry only through x ,,, , irrespective of
the existence of another brane. This is the picture given to us
by Einstein equations with generalized dark radiation. Then,
what is the role of the radion? In order to make the connec-
tion between the radion and y,, , we have to know the bulk
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geometry. In the case of a single brane, x,, is determined by
the boundary conditions at the Cauchy horizon. If we require
that the geometry is asymptotically anti—de Sitter there, then
X v Must vanish [16]. In the two-brane case, we have no
asymptotic region; instead we have the second brane in the
bulk. The radion determines the location of the second brane
where the junction conditions are imposed. The junction con-
ditions give x,,, as a function of the energy-momentum ten-
sor and the radion. The resultant equation is nothing but the
holographic quasi-scalar-tensor gravity. Thus, the difference
between the Einstein equations with generalized dark radia-
tion and quasi-scalar-tensor gravity is just superficial. The
radion has converted the nonlocal nonconventional Einstein
equations to local quasi-scalar-tensor gravity.

We have also given a systematic method to calculate the
corrections due to Kaluza-Klein massive modes. It is conjec-
tured that all of the nonlocality arising from the integration is
disentangled by the radion in the two-brane system. We have
also emphasized the holographic aspect of our result. It turns
out that the effect of bulk gravity on low energy physics in
the brane world can be described solely in four-dimensional
language. Conversely, the bulk geometry can be recon-
structed from knowledge of the four-dimensional data. In
this sense, the quasi-scalar-tensor gravity we have found in
this paper works as a hologram and hence can be called
holographic brane gravity.

Let us discuss some implications of our results. Cosmol-
ogy is usually formulated on the basis of local field theory.
However, superstring theory suggests that nonlocal field
theories are ubiquitous. Although a nonlocal field theory is
not easy to treat properly, the holographic description opens
a new possibility for studying cosmology with nonlocal
terms. Brane world cosmology can be regarded as a realiza-
tion of a nonlocal field theoretic approach to cosmology. In
the single brane picture, nonlocal terms due to the integration
constant appear [12]. Furthermore, there are infinite series of
higher derivative terms in the low energy expansion scheme.
This is also a manifestation of the nonlocality of brane world
gravity [12,15]. In the two-brane system, the above two
types of nonlocality exist also. Intriguingly, the radion disen-
tangles the nonlocality of the homogeneous solutions and
leads to quasi-scalar-tensor gravity. Hence, the quasi-scalar-
tensor theory is a nonlocal theory disguised as a local theory.
In fact, integrating out the scalar field yields a nonlocal field
theory. In addition, the nonlocality due to Kaluza-Klein type
corrections remains as an infinite series in the low energy

PHYSICAL REVIEW D 66, 083506 (2002)

expansion even in the two-brane system. Cosmology with
nonlocal fields from this point of view deserves further in-
vestigation.

As we have succeeded in obtaining the effective action for
nonlinear brane gravity, various problems can now be inves-
tigated. Two-brane inflation is under investigation using our
method [17]. Astrophysical applications such as gravitational
waves from binary stars are also intriguing. Extension of our
formalism to more general models that include bulk scalars
or vector fields might be interesting.
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APPENDIX A: SCALAR FIELD EXAMPLE

In order to illustrate the method used in the main text, we
examine a toy model in this appendix. Let us consider a
massless scalar field ¢ in the background

ds*=dy’*+exp

Y v
—27 N pdxtdx”, (A1)

where the branes are located at y=0 and y =d. The equation
of motion for ¢ with a source on the branes becomes

O ¢=e9 [e M9, p]+e>'TO ¢
=J4(x) 8(y) +JP(x)8(y —d). (A2)

From this equation, one can deduce the junction conditions

1
ay¢|y:0:§‘]A(x)7 (A3)

1
ay¢|y=d:_EJB(x)' (A4)

Let us focus on the A-brane at y=0 and put

H(y=0,x)= g(x). (AS)

The Green’s function with the Neumann boundary condition
is easily calculated as

d*p 1 J1(gle”yH (ql)—J5(ql)HP (qled!")

AS(O,x;O,x')=fWexp[ip.(x—x')];
_J d'p o
= | Gayrespliv- (=21

and

q (1 _672(1/1)

Ji(qle®H D (ql)—J,(g)H{"(gle™)

3 1 1 d
NERY) e Y /] Rl BT
I zu(g se 2(1_62d,,)l) ] (A6)
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A(Oidox’) 2ie”  d'p Cip- (x—x)] 1 1
Kiad,X )= — — —~—aCXplip-(X—Xx —
5 al ) @m e ¢ J,(qle™ H (gl — I, (qDH (gle™)
d*p 2 11 1 d
_ e + 22| = 4 —p2dr e
(27)4exp[lp ('x X )]qQ’l(l—eizd”) q l 8 8e 2(]—672‘1/1) l) ‘|’
(A7)
where ¢>=— 70" p". Thus, the standard Green’s function method gives the solution for Eq. (A2) as
1 1
do(x)= Ef d*x' As(0,x;0x")JA(x") + EJ d*x"e A (0x;d,x")JB(x"). (A8)
This gives
1 1
Oepo(x)= EJ d*x'OA5(0,x;0.x" ) JA(x")+ Ef d*x'e *OA(0x:d,x")JB(x")
o 4l
=—JMx)+ —————e 4B (x)+
l(l_e—Zd/l) l(l_e—2d/l) l(l_e—Zd/l)
3 1 d —4d/l
| = = —p—2dri_ 1 2OgAG) + —4d/l
8 8 2(1_€_Zd/l) l roJ ()C) 1(1_6—2(1/[)
1 1 d
Y/ Z112m B
X 8+86 21 —e 2 1 FOJ%(x)+ - - - (A9)

Note that the first two terms come from the zero mode and
the rest are Kaluza-Klein corrections. Now we shall compare
the above result Eq. (A9),with our method.

1. Zeroth order

At zeroth order, we ignore gradients on the brane; thus we

get
e [e™ 9,4 0]=0. (A10)
The solution of Eq. (A10) is given by
¢'= ot iy, (A11)

However, as we are regarding the source terms as first order
quantities, the junction conditions (A3) and (A4) imply ¢,
=0. Hence, we simply obtain ¢©)= ¢,,.

2. First order

At first order, we must solve

Mg [ 9, ¢ D)= —e>''T gy (x). (A12)
The result is
L Lo
¢V=7 et 7eC(0)+D(x)  (A13)

083506-

where C and D are homogeneous solutions. The junction
conditions (A3) and (A4) become

ay¢|y:0=ém¢o+c=%ﬂ(x), (A14)
Ay dly—a= éez"”D po+ Cell=— %JB(x).
(A15)
Eliminating C from these equations, we obtain

e*4d/l

A JB.

U= (A16)

JA+
l(l_e—Zd/l) l(l_e—Zd/l)

This agrees with the zero mode part of Eq. (A9). Thus our
method to first order corresponds to the zero mode truncation
when linearized. The homogeneous part is also determined
as

Clx)=————[JA+e 241)B]. (A17)
2(1 _ ezd/l)
3. Second order
At the second order, we have
e4y”(9y[e74y”(9y ¢(2)] =—e2g d)(”(x). (A18)

Equation (A18) can be integrated as
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I !
Iy =— Z(ye‘”"“r Eezﬂl) 02 ¢y

12
—g(eéy”+ezy”)DC(x) +eMD(x).

(A19)
Hence, the junction conditions (A3) and (A4) yield

! ;P r 1,
ED(,{)O‘FC()C)—gD ¢0—ZDC(X)+D(X)—§J (x),

(A20)

2
éeZy/lD ¢O+ C(x)e4y”— {I(de4y/l+ éeZy/l) |:|2¢0

? 1
- g(eGy”-Fezy”)DC(x)+e4y”D(x)= — EJB(x).

(A21)
Combining both Egs. (A20) and (A21), we get

Ry (xH)=— Kzf d*x' As(0.x*;0.x#") T, (x")

— K2f d4x’e72d”A5(O,x“;d,x’")
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1
— A —4d/l yB
D¢O_l(l_e_2d/l)[J +e J ]

> 1d 1

+ - 2
42 (1—e 2 D%

_ £€2d/l[l —eiZd/l]DC.

1 (A22)

Substituting Egs. (A16) and (A17) into the right-hand side of
Eq. (A22) yields Eq. (A9). Thus, we have shown that the
second order equations in our method correspond to taking
into account the Kaluza-Klein corrections when the equa-
tions are linearized.

APPENDIX B: LINEARIZED GRAVITY

Let us now turn to our case of interest, that is, linearized
gravity. In linearized gravity, following the method in [5], the
solution is explicitly given in terms of the scalar Neumann
Green’s function Ag in Egs. (A6) and (A7):

2

l k 4 1 "NAf L
T3 7 Twr | AT

; (B1)

where /% is the small fluctuation in the metric on the A-brane. Applying [J to this equation and expanding As as Egs. (A6)

and (A7§L, we obtain

2;(2 1 A B 1 K2 e—2d/l (A B) K2 1 3 1
e — ~2d1l Lk e I T T
Sl == T Tt e T 3 g e T =2 T S 7
dll ) A 1 A &2 oe2 [1 - d/l i B »
_—2(1_672[1/1) - T,uv_gn,uyT _ZT—l_e*Zd/l PR —ml TMV_EWMVT . (B2)

This may be regarded as the effective Einstein equation cor-
rected to O((1/L)*). Now we demonstrate that our low en-
ergy expansion scheme leads to linearized quasi-Brans-Dicke
gravity. Then we will show that our method correctly repro-
duces Eq. (B2).

Our solution for the bulk metric is

ds?=e??0dy? +exp

2 d(y.x) v
- 7] dye®’ "\ h,,,(x*)dx"dx".
(B3)

Here, two branes are located at y=0 and y=1[. We will
assume that ¢(y,x*)= p(x*) for simplicity. After some ob-
vious changes of variables and rescalings of coordinates,
small fluctuations in the metric can be represented as

ds’>=(1+268¢)dy>

oy 2y
+e (2/1)}( nﬂ,,-l—hw,(x”)—T 7]”,,5¢(x”))dx“dx”;

(B4)
thus

(0) )
08 u(x,y)=a

2y —yl/l

h,u,v(x)_ 777#1/6¢(~x) , a=e s
(B5)
where %, and 8¢ represent tensor and scalar fluctuations,

respectively. Now the two branes are located at y=0 and y
=d, because of the relation e?=d/l. Decomposing the ex-
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trinsic curvature into the traceless part and the trace part, the
small fluctuations of each part are

4
2’::52'5, Q=7+5Q (B6)

Here we used our results in Eq. (30). The equations off the
brane, Egs. (12)-(15), are linearized to become

4 1
o — 7 o2 h=—| RN~ 7 S4R—VHV,6¢
1
+ ZéﬁV“%ﬁd)}, (B7)
[
50= ¢IR]. (B3)
2
50 ,~ T 80=V"V, 50, (B9)
N
W\O%, — ZV,L(SQ:o. (B10)
The junction conditions become
3 2 A
52“,,—255,‘5Q =T, (B11)
y=0
3 K> P
53K, —— 880 =— =T, (B12)
4 y=d 2

We now work with our low energy iteration scheme. The
goal is to construct the metric fluctuation as

(1)

2y
08 u(:3) = | By (X) = = 77,,,0(x) F 8 4,(x.y)

(2)

1. First order
The solution at the first order is
(1) I y
60=——R(h)+—056¢, (B14)
6a® a?

(1)

1 y 1
b | pu_ _ gm 2 lw __ ou
el 2a2(RV 45VR +a2 0P, 45VD5¢
N
+ e x*,=0, (B15)
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(1) “

1 y | X v
OKF,=— | Ry = =0",R|+ =64, + ,
Y242\ 607 a’ oat
(B16)
& 1 1
5g,u,v 2 ;_1 R,U,V_gn,uVR
ly I? +12 5 11 |
) A P
(B17)
From Eg. (B10), we obtain the constraint x*,;,=0 for the
homogeneous solution. The junction conditions are
M 3 ] I K2 A
Mo T om =—GH* + — M
_52 Y 45V5Q- - 2G X, 2T "
(B13)
m 3 (1 | [ [ |
oM, — —=6460 =—G* +— (59",
] 4 Iy 202 02
y7a
—5555¢)+X -
Q4
< (B19)
202 "
B B

Here, we used the relation (49) between 7#, and T*,. The

homogeneous solution x*, can be eliminated from Egs.
(B18) and (B19) to yield
-2

— 5*08¢).

o

T Qe )+ 207 (5"
v v 1_92 |v

(B20)

We now introduce a linearized version of the field ¥ in-
troduced in Eq. (51) by ¥=(1—Q%)+2025¢=V¥,+ V.
The linearized effective equations can then be written as

K2 A B 1

G =g | TH (1= W) T, |+ 5= (80, = 54057).
0 0

(B21)

Equations (B11) and (B12) determine the homogeneous so-
lution x*, as

pe 1—@0({; +Ti) I
Xy = 7 q,o v v

z—%(a\p‘ﬂly— SMOSW).
(B22)

The traceless condition of y’' leads to

083506-12



K

* KYOTO UNIVERSITY

RADION AND HOLOGRAPHIC BRANE GRAVITY

A B
gew=" I+T B23
T 2w+3” ( )

Thus we found that linearizing our method leads to “‘linear-
ized quasi-Brans-Dicke gravity”” with the Brans-Dicke pa-

rameter
3/ 1 3
e T B ¥/
o) 2(92 1) 2(6 1). (B24)
By linearizing G*, in Eq. (B20) and defining
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one gets
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Note that 2" (x) is the fluctuation of the induced metric on
the A-brane located at y=0. The gauge freedom can be used

to set
pan = 2 Spl+ (B27)
|a 1_92 ’
and then Eq. (B26) becomes
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This is in agreement with the leading order term in Eq. (B2)
and of course is the same as the one derived by Garriga and
Tanaka [6].

2. Second order

Next we compute the second order solution. The basic
equations become
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The junction conditions are
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From Egs. (B29) and (B30), the solution is
(2)
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and
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Here we have introduced the tensor S% ,
1 1
S“V=§R‘“|V—DR’V‘+ < 9" 0R, (B37)

with the properties S*,,=S8*,=0.
(2)
Equation (B31) is trivially satisfied by 6Q in Eq. (B35).
(2)

To satisfy Eq. (B32), the homogeneous solution in 6%% is
constrained as C*,;,=0. The junction conditions (B33) and
(B34) then give

13 2 2 A(2)
_ QM _ __ “ mo— Tk
SSV 4DX S =T TR, (B38)
I? d+ 1 o 2 +1 _
T A O
cH K2 B(2)
e TH (B39)

+—= .
a4 202 7

By combining Egs. (B38) and (B39) with the junction con-
ditions at first order, we obtain the following equations:
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i e 2 d 121 If we rewrite this equation using ¥, we get
SGF A+ —| —+ |8 — = | —+1 | Ox*
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Eliminating C*, from the above two equations, we obtain
the effective four-dimensional theory of gravity with correc- 2
tion terms: + —l d_Yo w_l Yo Ox* B43
' W, 172 ST T, Y (B
2 ( A B 2 ‘
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2 d 1-02 Note that y%, given by the traceless part of Eq. (B22), sat-
—6,16¢)+ 2(1-0?) (7_ ) o isfies the transverse-traceless condition. Thus we have ob-
( tained the linearized quasi-Brans-Dicke theory with Kaluza-
11-02 Klein corrections. Using E;w defined by Eq. (B25), Eq.
Ox“,. (B42)  (B42) leads to
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Imposing the gauge condition
R NP LS dil 1) 1? Dé¢|“+l2 an__ 1o, (B45)
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we get the following equation:
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This result coincides with the result of the standard linear theory given in Eq. (B2).
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