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Radius of gyration of a polyion in salt free polyelectrolyte
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and R. Oberthur

I.L.L., 156 X, Centre de Tri, 38042 Grenoble Cedex, France
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Résumé. 2014 On a étudié des solutions de polyélectrolytes (NaPSS) en absence de sel ajouté. La diffusion de neutrons
aux petits angles a permis de mesurer le rayon de giration (Rg) du polyion grâce au marquage spécifique (deutéra-
tion) de chaînes associé a une méthode d’extrapolation qui permettent d’extraire le facteur de forme de la fonction
de correlation totale. En supposant que le modèle de chaîne à longueur de persistance tient compte de la flexibilité
locale du polyion, on a extrait des valeurs de la longueur de persistance bt à partir de Rg : Rg et bt décroissent quand
la concentration en polyions augmente. On distingue deux domaines de concentration : à faible concentration,
Rg cp-½ et bt cp-1 et à forte concentration, Rg cp-¼ et bt cp-½. Le calcul de Le Bret pour la contribution électro-

statique à la longueur de persistance décrit bien ces deux regimes.

Abstract 2014 In this paper measurements of the radius of gyration of a polyion in salt free semi-dilute polyelectrolyte
solutions are presented. We have used neutron scattering to extract the form factor of a single polyelectrolyte chain
from the total correlation function by using a specific labelling associated with an extrapolation method. Assuming
that the wormlike chain model takes into account the local flexibility of the chain due to electrostatic interactions
along the chain, we have extracted, from the radii of gyration, values for the persistence length bt. Both Rg and bt
decrease with increasing polyion concentration, cp. We can distinguish two concentration régimes : at low concen-
tration, Rg decreases as cp-½ and bt as cp-1 and at high concentration Rg decreases as cp-¼ and bt, as cp-½.

These two régimes for the variation of bt with cp are well described by a calculation of Le Bret for the electro-
static contribution to the persistence length of the polyion.
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1. Introduction

In solutions of polyelectrolytes, made from linear
flexible polymers, an essential parameter is the poly-
mer chain rigidity which is strongly influenced by the
ionic strength and in particular by the polyelectrolyte
concentration [1]. Electrostatic repulsions between
charges along the chain will affect the local flexibility
of the polyelectrolyte and will tend to increase the
global size of the polyion. This global size may be
estimated by the measurement of the mean square
radius of gyration. The aim of this paper is to report
such measurements obtained by small angle neutron
scattering on salt free polyelectrolyte solutions. The
only variable quantity is the concentration of the

(*) Laboratoire commun CEA-C.N.R.S.

polyions, cp (in moles of monomer units per liter)
and we study the variation of the radius of gyration
of the polyion with cp.

In salt free and dilute solution, the polyions are
assumed to be stretched by electrostatic repulsion.
The concentration c* (equal to MIRi where M and Rg
are the molecular weight and the radius of gyration
of the polyion) which defines the boundary between
the dilute and the semi-dilute regimes is very low

[2, 3] : it is then difficult to reach the dilute regime
using neutron scattering and we work with semi-
dilute solutions. In that case, the total monomer
correlation function ST(q) reflects the effect of the
internal structure of the polyion S, (q) as well as the
effect of the interchain correlations S2(q). Neutron
scattering is then a privileged tool to observe one
polyion among the others [3, 4] : a specific labelling
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(deuteration for neutron scattering) associated with
an extrapolation method allows these two contribu-
tions to be separated. This method was already
described in reference [3], and in reference [5] in a

detailed manner. Here, we recall it briefly. We work
at a fixed concentration of a mixture of deuterated

(sodium polystyrene sulfonate : NAPSSD) and hydro-
genated (NaPSSH) polymer in solution in a mixture
of xD D 20, (1 - xp) H 20, xD being the mole fraction
D20 necessary to match the scattering length density
of the hydrogenated chains. In that case, the total
monomer correlation function is :

Yo being the monomer fraction of labelled chains.
The extrapolation of ST(q)/YD to zero mole fraction
of labelled chains, at fixed total monomer concen-
tration cp of the polyelectrolyte, leads to S1(q). S2(q)
is given by the slope of these extrapolations. From
Sl(q), we can obtain, according to the q range, either
the radius of gyration of the polyion or additional
conformation parameters [5]. In reference [3], measure-
ments of the radius of gyration of a low molecular
weight NaPSS have been reported and for the first
time tested the method but the experimental conditions
were not adequate : in particular, the mole fraction
of D20 used in this first experiment did not match
the hydrogenated polymer. We have now corrected
this error and made new experiments with a similar
molecular weight of NaPSS over a large range polyion
concentration. In addition, assuming the wormlike
chain model for the polyelectrolyte chain, we extract,
from Rg, a persistence length bt which reflects the
flexibility of the chain at small distances : the variation
of bt with cp is then obtained.

2. Experiments.

2.1 SAMPLES. - The characteristics of the samples
are summarized in table I.

Sodium polystyrene sulfonate has been prepared

by one of us at the C.R.M. in Strasbourg by sulfonation
of polystyrene using the method of Vink [6] : this
method leads to a fully charged chain. Molecular
weight distributions have been measured first by GPC
in THF on the neutral polymer [7], then by aqueous
GPC on the sulfonated polymer. Their polydispersity
is characterized by the ratio M,,,IM. where MW is the
weight average molecular weight and Mn the number
average molecular weight. The polydispersities after
sulfonation are higher than those of the neutral

polymer.
After freeze-drying, chemical analysis shows that

some water always remains : the given concentrations
are corrected for this amount of residual water. The

range of the total concentration cp extends between
0.0817 M and 0.563 M ( 1 M = 1 mole/liter).

2.2 DETERMINATION OF xp. 
- Solutions are made

from a mixture of NaPSSH and NaPSSD in a mixture
of D20 and H20. The suitable value of xD for the
extinction of the scattering of the hydrogenated chain
is 0.485 ± 0.005. It is obtained by the relation

where Y bi = 50.89 fm is the total scattering length
of the NaPSS monomer (CsH7S03Na);

V2 = 108.2 cm3/mole is the partial molar volume
of the NaPSS monomer [8];
p H20 = - 0.56 x 101° cm-2 and p D20 =

6.36 x loll cm- 2 are the scattering length densities
of light and heavy water at 25 OC. An experimental
measurement of xp has been made for a slightly
different polystyrene sulfonate during the experiment
reported in reference [5] : the obtained value is 0.487.
We have finally chosen for the sample used here the
lower value of xD = 0.485 ± 0.05 which seems more
reasonable due to the uncertainty in the degree of
sulfonation.

Table I. - Characteristics of the sodium polystyrene sulfonates. The characteristics of hydrogenated and deute-
rated parent polystyrene used for the sulfonation are described in reference [7].
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2.3 NEUTRON MEASUREMENTS. - The S.A.N.S. ins-
trument used is D 11 at the I.L.L. in Grenoble : the

sample detector distance was 10.6 m with an incident
wavelength of 9.90 A which gave a q range from
4.43 x 10- 3 to 2.27 x 10- 2 A-1,

2.4 EXTRAPOLATION OF S1 (q) FROM ST(q, YD). -
We use formula (1) to plot ST(q, Y D)IY D as a function
of Yp for each value of q. The curves must appear
as straight line which was always the case using four
values of Yp. Representative extrapolations are shown
in figure 1 for two values of q and cp.

3. Measure of the radius of gyration.

The form factor S 1 (q) is extracted from the total

scattering function ST(q) using equation (1) : S 1 (q)
contains all information on the dimension of an
isolated polyion in solution.

First, we use the classical method to extract the
radius of gyration from the form factor S1(q), the
Zimm plot:

Fig. 1. - Scattering functions SD( YD, q)l YD as a function of
Yp for two q values, for cp = 0.563 M (i) and cp =

0.141 M (1). The extrapolation of the straight line to

YD = 0 yields S1(q).

The obtained values of the radius of gyration are
tabulated in the first column of table II. However,
these values of Rg greatly depend on the range over
which the extrapolation has been performed : the
Zimm plot representation gives a good linearization
of the scattering function only for Gaussian coils
with a Schulz-distribution of their molecular weight
and a polydispersity MW/Mn = 2. If MW/Mn approa-
ches 1, then more and more deviations occur from

linearity, especially if qRg exceeds 1 [9, 111. With
the obtained values of Rg and the experimental q
range, however, qRg extends between 0.7 and 2.1

for all the studied concentrations : hence, in this case
a Zimm plot is not recommended and another plot
which takes the conformation of the polyion into
account must be used to obtain a better estimate of

Rg.
Because the conformation of the polyion which

changes with the concentration of polyions is yet
unknown, we ,can consider only the two extreme

conformations, a rod at low concentration and a
Gaussian coil at high concentration, to extract Rg.

In both cases, for monodisperse or only slightly
polydisperse systems, the Berry plot is more suitable
for the linearization of the scattering curve in the
range qRg, 0.7-2 [9]. Sl-1/2(q) versus q2 gives a straight
line of slope Rg.

Figure 2 shows the behaviour of S 1 112 (q) for all the
samples.
We remark that the first five points fall well below

the straight line which well fits all the following points.
A straight line including these first five points leads
to a Rg &#x3E; R grod = 93 A (see Table II), which is

Table II. - Radius of gyration obtained from :

Rgrod = 93 A.
Rgo = 34 A.
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Fig. 2. - Berry plot of S1(q) for all the samples : 0 cp =
0.081 7 M; A cp = 0.123 M; N c, = 0.208 M; 0 cp =
0.338 M; A cp = 0.404 M; 0 cp = 0.484 M. The units for

S 1 ( q) are arbitrary.

obviously unrealistic. We believe that these points
correspond to an overscattering at small angles :
this has always been observed in all our polyelectro-
lytes (see for example Fig. 2 of Ref. [2]). We think that
this scattering does not depend on the purity of the
solution but mainly on the chemical preparation of
the sample : up to now, we did not succeed in elimi-
nating it.
The new radii of gyration are reported in the second

column of table II.
We can see in there that :
- The Zimm plot yields higher values and the

Berry plot lower values.
- The gap between these two sets of Rg which is

large for the lower concentrations (13 % for cp = 0.087)
is reduced for the higher concentrations (6 % for
cp = 0.563). This is well explained by the decrease
of Rg with cp : at high cp, Rg is smaller and (qRg)maX
is of the order of 1 and in that case, the results from
the two plots, Zimm and Berry, are very similar [9].
Since at high concentrations the two values are equal
to within the uncertainty of the two plots and since
at low concentrations, the Berry plot fits better the
quasi rod conformation, we decide to discuss the

Berry plot values.

4. Variation of Rg with cp.
Figure 3 shows the variation of Rg with the concen-
tration of polyions : it shows a continuous decay
as cp increases. At low concentration, an important
decrease of Rg is observed with increasing concen-
tration whereas at high concentration, this decrease
is slowed down. To compare these experimental
values with the two limiting cases, we can calculate :
- First, the radius of gyration of the totally

stretched chain of length L = Np where N and p
are the number and the repeat distance of monomers

along the chain. We take Rg = L/ 12 which gives
with p = 2.22 A the repeat distance of an isotactic

Fig. 3. - Variation of the radius of gyration with the con-
centration of polyions. The radius of gyration is extracted
from the Berry plot: s1/2 (q) versus q2.

polystyrene chain [20], and N = 122, L = 271 A
and Rg = 78 A. 

’

- Second, the radius of gyration of the parent
polystyrene in theta solvent which using the expres-
sion  R2 &#x3E;:/2 = 0.27 M’-’Ol [10], gives Rg = 32 A.

Introducing the polydispersity MW/Mn = 1 + U =

1.15, we obtain for the rod [11]

and for the coil

A double logarithmic plot of Rg as a function of cp
allows two concentration regimes to be distinguished
(Fig. 4) :
- In a low concentration regime, the first threepoints appear close to a line of slope 0.48 + 0.05.

The behaviour is then :

For the lowest studied concentration of this regime
the potion is very extended but not totally stretched :

This ratio could approach one at lower concen-
trations or if we have slightly overestimated Rgrod
(the actual chain conformation has to be taken into
account).
- In a high concentration regime another straight

line could be plotted of slope 0.20 ± 0.08. The decay
of Rg with the increase of cp can be roughly taken as :

Let us remark that for the highest studied con-
centration, the overall size of the corresponding
neutral polymer is not yet reached : RGIR gn,utal = 1.53.
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Fig. 4. - Double logarithmic plot of Rg versus cp.

4. Discussion.

The wormlike chain description.
These results show that the two possible extreme

conformations of the polyion, rod and Gaussian coil
conformation of the 0-state of polystyrene (A) have not
been observed and we are dealing only with inter-
mediate conformations of a polyion having a more

or less local stiffness. Such a chain is classically
described by the wormlike chain model which allows
a continuous transition from rod to Gaussian coil [12].
This model requires two parameters for its charac-
terization, the persistence length b, and the contour
length L. When Llb, is small, the chain is very stiff
and rodlike, and when Llbt is large, the chain is

Gaussian.
The radius of gyration of such a chain is given by

[13] :

with x = Llbt.
For Llb,  1, equation (7) leads to

which is the radius of gyration of a rod of length L.
For Llb, &#x3E;&#x3E; 1, equation (7) leads to

which is the radius of gyration of a Gaussian coil.
Equations (8) and (9) are the extreme conditions

for the dimension of the polyion.
Equation (7) is only valid for monodisperse samples

and appropriate corrections have to be made for
polydisperse samples [11]. A molecular weight dis-
tribution, approximated by the continuous Schulz-
distribution, leads to

where U = MwlMn - 1, and R 9 I &#x3E;z is the z-average
of the mean square radius of gyration as obtained
from the scattering data of polydisperse samples.

According to equation (10), Rg depends on three
parameters, bt, L and U. U can be obtained from
table I and two unknown parameters remain. With
this single experiment, we have no means to know
exactly the value of L but a maximum value can be
evaluated. The NaPSS molecule of molecular weight
26 000 consists of N = 122 monomers with a repeat
distance of p = 2.5 A (if the polymer is in a li-helix
(Zig-Zag) conformation [20]), so the maximum con-
tour length is L = 305 A.

Table III presents, in the first two columns, a
comparison of values of the persistence length bt
obtained with formula (7), U = 0, and formula (10),
U = 0.15. The effect of the variation of L is shown
in the last two columns with p = 2.5 A, L = 305 A
and p = 2.22 A, L = 271 A.

It appears, from comparison of columns 1 and 2,
that the value of bt strongly depends on the poly-
dispersity. We thus want to stress that the knowledge
of the polydispersity is absolutely necessary to extract
the persistence length, especially for the rod limit
It also appears that the extraction of bt is very sen-
sitive to both the absolute value of Rg and the error
on Rg. At low concentrations, Rg is close to the value
of the radius of gyration of the rod for which b, must
be infinite and a weak variation of Rg in this range
leads to a large variation of bt : for example for
c = 0.0817, the error in Rg is 10 % but the error in
bt is 50 %.
The variation of bt with the concentration of poly-

ions is shown in figure 5, for the two sets of values
corresponding to U = 0.15. The -plots b, versus

cp 1/2 appear linear for the higher concentration and
at an infinite concentration these two straight lines
converge to one value of bt which is the persistence
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Table III. - Persistence length as a function of poly-
electrolyte concentration extracted from Rg for various
assumptions. The first two columns of b, show the

influence of the polydispersity, the last two columns
the remaining uncertainty due to the unknown contour

length of the polyion.

length of the neutral polymer : we found 12 A, in

agreement with different determinations [5, 14]. At
low concentrations, a pronounced deviation from
this law bt oc cp112 is observed : a log log plot of bt
as a function of cp indicates a concentration depen-
dence close to cp 1.

In conclusion, these data indicate two clear features :
- at low concentrations :

- and at high concentrations :

During the last few years, theoretical estimates
of the persistence length have been given. The total
persistence length bt which gives some idea of the
local stiffness of the polyion is the sum of two contri-
butions : bp the intrinsic persistence length of the
neutral backbone and be the electrostatic contribution
arising from the interactions between charges along
the flexible backbone : bt = bp + be.
The electrostatic contribution to the persistence

length be has been calculated by several workers

[15,16,18,19].
T. Odijk [15] and J. Skolnick and M. Fixman [16],

assuming that the charges interact through a Debye-
Hfckel potential, have found :

where Q is the Bjerrum length (Q = (e2)IBo kT =
7.13 A in water), y = KL with L the contour length
of the polyion and K -1 the Debye-Hfckel screening
length related to the concentration through the
relation :

Fig. 5. - Variation of the total persistence length b, with
the concentration of polyions. The values of b, are extracted
from Rg using equation (10) with :

and

and

where c is the concentration of the non condensed
counter ions.

In the case of the rod limit

If the two following conditions are obeyed :
- Kbt &#x3E; 1, which is true for polyelectrolytes near

the rod limit or at least for polyelectrolytes having
a high intrinsic stiffness.
- The counter ion condensation model applies

[17].
Formula ( 11) gives

Then, the persistence length be, depends on the
concentration through K 2 : relations (14) and (12)
give a cp-’ dependence for be.

This cp i dependence is found experimentally for
the lower concentrations but a departure from this
law appears for the higher concentrations. This
deviation could be related to the fact that for this
kind of flexible polyelectrolyte having a small intrinsic
stiffness, the condition Kbt &#x3E; 1 is not fully satisfied
(for the smallest concentration Kbt - 12 and for the
highest Kb, - 4). In addition, the values of be cal-
culated with equation (14) are smaller than those
found experimentally (Fig. 6). As the condition Kbt &#x3E; 1

is not fulfilled for these concentrations, formula (11)
will be perhaps more suitable for calculating be.
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Fig. 6. - Calculated values of the electrostatic persistence
length by Le Bret (-) and Odijk [(- - -) be = 1/4 K2 Q
(- - - - -) be = (1/12) QN 2 h( y) with N = 122 and L = 271 A]
are compared to experimental values be = bt - bp with
bp = 12 A.

These new values are reported on figure 6 where
one can see that they also disagree with experimental
values.
More recently, Fixman [18] and Le Bret [19] have

performed new calculations of be. Le Bret has inte-
grated the complete Poisson-Boltzmann equation for a
toroid. The results cannot be put into a simple ana-
lytical form but numerical calculations made by
Le Bret (reported in Fig. 4 of Ref. [5]) lead to two
concentration regimes for the variation of be with
cp : at low concentration be oc Cp 1 and at high
concentration be oc C; 1/2 (for more details see Ref. [19]
and [5]).

First, these two concentration regimes agree with
the experimental determination and, moreover, cal-
culated and experimental values are in good
agreement : this is shown in figure 6 which gives the
comparison between be experimental, be Odijk and
be Le Bret ·

In reference [5], we report results concerning NaPSS
of a larger molecular weight and we have extracted bt
from a fit between the experimental curves Sl(q)
and the calculated correlations functions for a worm-
like chain [21-23] : these two sets of bt, extracted
from Rg and from S 1 (q) at high q are in good agreement.
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