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Abstract We solve the Riemann problems for isentropic compressible Euler equa-
tions of polytropic gases in the class of Radon measures, and the solutions admit
the concentration of mass. It is found that, under the requirement of satisfying
the over-compressing entropy condition: (i) there is a unique delta shock solu-
tion, corresponding to the case that has two strong classical Lax shocks; (ii) for
the initial data that the classical Riemann solution contains a shock wave and a
rarefaction wave, or two shocks with one being weak, there are infinitely many
solutions, each consists of a delta shock and a rarefaction wave; (iii) there is no
delta shocks for the case that the classical entropy weak solutions consist only of
rarefaction waves. These solutions are self-similar. Furthermore, for the general-
ized Riemann problem with mass concentrated initially at the discontinuous point
of initial data, there always exists a unique delta shock for at least a short time.
It could be prolonged to a global solution. Not all the solutions are self-similar
due to the initial velocity of the concentrated point-mass (particle). Whether the
delta shock solutions constructed satisfy the over-compressing entropy condition is
clarified. This is the first result on the construction of singular measure solutions
to the compressible Euler system of polytropic gases, that is strictly hyperbolic,
and whose characteristics are both genuinely nonlinear. We also discuss possible
physical interpretations and applications of these new solutions.
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1 Introduction

We consider the following one-space-dimensional unsteady isentropic compressible
Euler equations of gas dynamics{

ρt + (ρu)x = 0,

(ρu)t + (ρu2 + p(ρ))x = 0.
(1)

Here t ≥ 0 and x ∈ R are the independent time and space variables. The unknown
functions ρ(x, t) ≥ 0, p(x, t) ≥ 0, u(x, t) denote the mass density, pressure, and
velocity of the gas respectively. For polytropic gases, the state equation p = p(ρ)
takes the form p(ρ)

.
= ργ , with γ ≥ 1 being the adiabatic exponent.

It is well-known that in 1860, Riemann [57] pioneered the research of discon-
tinuous solutions of hyperbolic conservation laws by studying the Cauchy problem
for (1), with initial data of the form

(u(x, 0), ρ(x, 0)) =

{
(u1, ρ1), if x < 0,

(u2, ρ2), if x > 0,
(2)

where ρ1,2 > 0 and u1,2 are all constants. He constructed piecewise smooth solu-
tions consisting of constant states, shock waves, and/or rarefaction waves. He also
proposed an entropy condition (which is a special case of the Lax condition [18,
(8.3.1) in p.240]), to guarantee uniqueness of solutions in the class of piecewise-
smooth functions, and the corresponding solutions are called entropy solutions.
It turns out that this problem and its entropy solutions are fundamental for the
mathematical theory and numerical computation of hyperbolic partial differential
equations and their applications to aerodynamics and engineering. Hence, Cauchy
problems like (1)(2) with piecewise constant initial data are named as “Riemann
problems”. In this paper, we will further look for solutions to (1)(2) in the class of
Radon measures, which admit concentration of mass in the (x, t)-physical space.
For convenience of comparison, we list the entropy solutions obtained by Riemann
in the Appendix of this paper. One may also refer to [11, 62] for more details on
the classical theory.

Why do we study Radon measure solutions to the Riemann problem (1)(2)?
To answer this question, we briefly review, best to our knowledge, some develop-
ment on the mathematical theory of hyperbolic conservation laws and compressible
Euler equations.

Up to now, by using Riemann problems as building blocks, a complete math-
ematical theory on well-posedness and asymptotic behavior of entropy weak so-
lutions of strictly hyperbolic conservation laws in a single space variable with
genuinely nonlinear or linearly degenerate characteristics has been established for
initial values with small total variations (cf. [7,18,25]). However, difficulties related
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to concentration may arise, due to failure of strict hyperbolicity, or problems asso-
ciated with large initial data (cf. Remark 3 in [8] and [18, Section 9.6]). Certain Rie-
mann problems for hyperbolic conservation laws do not have solutions in the class
of locally Lebesgue-integrable functions, when the two constant states are not close;
for a number of models where strict hyperbolicity fails or all the characteristics are
linearly degenerate, the solutions with bounded initial value may lie in the larger
space of measures (see, for instance, [5, 19,24,30–32,34,43,47,59,60,63,64,68]).

A non-strictly hyperbolic system requiring measure solutions was firstly re-
ported by Korchinski [36] in 1977:

ut + (
1

2
u2)x = 0, vt + (

1

2
uv)x = 0. (3)

Motivated by numerical results, he extended the class of admissible solutions to
that of “δ-solution” — “a distribution which is the sum of a function, continuous
except on a finite set of curves, and one or several generalized δ-functions, and
which satisfies the integral form of the partial differential equations (in conserva-
tion form), and the initial conditions. If no δ-function term appears, then to be
admissible the solution must be of classical weak solution” ( [36, p.30]). He solved
Riemann problems for (3) in this class when u develops shocks and then v contains
Dirac measures supported on space-time lines. Notice that the “generalized delta
functions” were introduced by him to overcome the difficulty of multiplication of
a Dirac measure and a discontinuous function appearing in the term 1

2uv. This is
always a key point to understand how a measure could satisfy a nonlinear partial
differential equation in a reasonable sense. We remark that the Radon measure
solutions we seek to (1)(2) still lie in the class defined by Korchinski, while we use
the Radon-Nikodym derivatives of measures instead of generalized delta functions
to avoid any confusion.

Being not aware of Korchinski’s unpublished work (see [64, p.2]), in 1990s,
Tan and Zhang reported in [63, p.247] and [10] their discovery of necessity of
introducing Dirac measures when solving the two-dimensional Riemann problems
for the system

ut + (u2)x + (uv)y = 0, vt + (uv)x + (v2)y = 0, (4)

whose hyperbolicity fails on a curve in the (u, v)-state space. They also coined the
now well-accepted term “delta shock” (δ-shock, see [63, p.247] and [18, p.289]). It
is remarkable that, like Riemann, who derived the Rankine-Hugoniot conditions
and entropy condition of (1) without a rigorous mathematical definition of weak
solutions, Tan and Zhang, with their great intuition, obtained the generalized
Rankine-Hugoniot conditions [63, p.245] and the δ-entropy condition [63, p.246]
— “all of the characteristic curves on both sides of the discontinuity curve are
incoming at every point on the discontinuity”, also without a definition of measure
solutions to (4). They also showed that delta shock is well-posed in the sense that
if the Riemann initial data admit a classical solution, then they admit no delta
shock solution, and vice-versa (p.247). Tan, Zhang, and Zheng justified delta shock
of (3) by viscous approximation in [64].

Keyfitz and Kranzer had studied Riemann problems for the system

ut + (u2 − v)x = 0, vt + (
1

3
u3 − u)x = 0, (5)
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which is strictly hyperbolic and genuinely nonlinear [35, p.421]. They found that
for some “large data”, there is no classical Riemann solutions. By constructing ap-
proximate solutions via the artificial self-similar viscosity approximation developed
by Tupc̆iev [65] and Dafermos [17], they showed that the approximate solutions
have a limit in some topology, and called such a limit a singular shock. It is not
clear how to give a sense in which the limit measures satisfy the equations, perhaps
due to the nonlinearity in u.

Since the equations (3)-(5) are somewhat artificial, the more physically signif-
icant pressureless Euler equations (i.e., (1) with p(ρ) ≡ 0) attract great attention
to study measure solutions. It is indicated to explain the formation of large-scale
structure in the universe. The characteristics of this system are coincident, thus it is
not strictly hyperbolic. Due to its special structure, its measure solutions could be
defined through distribution, with Lebesgue measure of physical space replaced by
the mass measure, see, for example [42, Section 3.3], and the generalized Rankine-
Hugoniot conditions could be derived rigorously. Bouchut [2] proposed the Borel
measure solutions and showed existence of Riemann solutions containing delta
shocks by viscosity approximation. Then E, Rykov, and Sinai [20] constructed a
global weak solution to the Cauchy problem with density being a Radon mea-
sure, by making use of generalized variational method. They also proved that a
convex entropy-entropy flux pair is not sufficient to single out all non-physical so-
lutions for the pressureless flow. Cheng, Li, and Zhang [14] and Li, Warnecke [40]
firstly established well-posdness of measure solutions by the method of generalized
characteristics. Wang, Huang, and Ding [66] established the existence for general
velocity by employing Lebesgue-Stieltjes integral and the potential function simi-
lar to [20]. Huang and Wang proved uniqueness of the measure solution under the
Oleinik entropy condition and the energy condition for initial data belonging to
the space of Radon measures [28].

The pressureless Euler equations also describe the dynamics of sticky parti-
cles, which provides a different approach to construct measure solutions through
interacting discrete particles and optimal transport methods. Since these methods
and the motivations are quite different from the present paper, we will not review
them in detail, but just recommend [6,9, 29,44,49] to the interested readers.

Except the aforementioned general mathematical theories, to justify the math-
ematical concept and physical implications of delta-shocks, there are numerous
literatures on the analysis of approximate problems and convergence of their so-
lutions. One specific direction of study is the vanishing viscosity method as men-
tioned above [2,4,41,64]. The other is on flux approximation. Li [39] firstly proved
that delta shock appears as the temperature goes to zero for the Riemann problem
(1)(2), if it admits two shocks. Chen and Liu [12, 13] justified similar results for
the vanishing pressure limit. See also [15,21,27,61,67] for more related works.

The Euler equations (1) of the Chaplygin gas (i.e. p(ρ) = −1/ρ) provide a
prototype of a strictly hyperbolic system of conservation laws with linearly de-
generate characteristics that admits delta shocks. Brenier [5] investigated the Rie-
mann problem and constructed delta shock with a mass concentration located in
the moving point of discontinuity. Dozens of articles were devoted to the study of
delta shocks of Chaplygin gas and modified Chaplygin gases, see, for example, [24]
and those cited it.

There are many other ways to define measure solutions. For example, Bouchut
and James [3] employed a duality method to solve linear transport equations for
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BV functions, and the linear continuity equations for measures. For equations in
nonconservative form, one may also consult [37] for ideas on definitions of products
of measures and discontinuous functions. The methods of shadow waves, split δ-
functions, Colombeau’s generalized functions, as well as Sarrico’s α-product frame-
work, could be found in [16,45–47,50]. From these works, we notice that an under-
lying philosophy is this: to solve a Riemann problem not solvable in the usual sense
of functions with minimal waves, which means that one has an over-determined
(usually algebraic) problem. Then one adds some extra structure in the solution,
thus has more freedom to get a solvable system. For example, introducing a delta
shock in the flow field brings some weights which are time-dependent functions
to be solved; the shadow wave method adds extra narrow regions in the Riemann
solution, such as two constant intermediate states for a 2× 2 system, rather than
one for a classical Riemann solution, etc. It is obvious that adding more freedom,
there will be more solutions. So in the construction of delta shocks, we shall always
try to minimize the total number of waves. The crucial point left is how to give
a reasonable sense, i.e., definition, that the extra structure satisfies the differen-
tial equations. To judge whether a definition of (measure, or generalized) solution
is acceptable and useful, apart from its mathematical preciseness and theoretical
consistency, from applied mathematics points of view, one also wishes to obtain
from the definition some significant results that were demonstrated by physical
experiments or engineering practice.

To tackle real physical problems, one usually needs to study initial-boundary
value problems, rather than the Cauchy problems, for which all the works men-
tioned above were devoted to. In 2018, motivated by the paper [26] authored by
Hu, Qu, Yuan, and Zhao started to study the problem of hypersonic-limit flow
passing straight wedges [56]. It turns out that under suitable scaling, the hyper-
sonic limit is exactly the vanishing pressure limit, and the hypersonic-limit flow
is actually the well-studied pressureless Euler flow. The authors proposed a rig-
orous definition of Radon measure solutions of a boundary value problem for the
two-space-dimensional stationary compressible Euler equations with general state
equations. The new definition employs the Radon-Nikodym derivatives of abso-
lutely continuous measures, rather than the integration of velocity with respect to
the mass density measure used in the previous works, thus eliminates the confu-
sion that whether a discontinuous function is integrable with respect to a general
Borel measure. The authors also showed that as the Mach number of upcom-
ing flow increases to infinity, the Lax shock-front ahead of the wedge approaches
the wedge, and the classical Riemann solutions converge weakly as measures to
a singular Radon measure solution. What’s more, as a by-product of the limiting
Radon measure solution, for which mass concentrates on the wedge, one obtains
the Newton’s sine-squared pressure law, which is a fundamental formula for hy-
personic aerodynamics [1, Section 3.2].

It turns out that the definition presented in [56] is rather flexible, as it could
be used to deal with quite different and more difficult problems. By the definition
of Radon measure solutions, we proved the Newton-Busemann law for hypersonic
flow passing curved wedges and cones, and obtained formulas not known before for
pressure distributions on bodies in hypersonic flows [54]; we studied interactions of
delta shocks leaving finite obstacles and discovered the extinction of delta shocks,
which was not reported before, see [32, 33, 51, 53, 56]. In [52, 55], the authors also
studied the high-Mach number limit of piston problems for the Euler equations
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of polytropic gases and the Chaplygin gas, and measure solutions with density
concentrated on pistons were constructed.

The studies of hypersonic-limit flows and piston problems show that all the pre-
vious works on measure solutions are not only of mathematical curiosity, but also
closely connected to significant physical phenomena and hypersonic aerodynamics.
It is somewhat out of expectation that, to our knowledge, priori to [32,52,53,55,56],
there is no research paper on measure solutions to initial-boundary-value problems
for hyperbolic conservation laws. (It is noted that until recently, Neumann and
Oberguggenberger [48] studied measure-valued solutions to an initial-boundary-
value problem for the one-space-dimensional pressureless Euler equations, by using
the method of [28].)

Being confident with the above concept of Radon measure solutions, we turn
to the classical Riemann problem (1)(2) for polytropic gases, wondering whether
it has delta shock solutions. The point is that, to our knowledge, no delta shock
solution has ever been constructed for a strictly hyperbolic system of conservation
laws whose characteristic families are all genuinely nonlinear. The existence or non-
existence will definitely help us to understand better the physics of delta shocks,
as well as to what extent the compressible Euler equations are valid.

Theorem 1 in this paper (see Section 4.1) shows that, roughly speaking: (i) for
most of the Riemann data that produce two strong classical Lax shocks, there
is a unique admissible delta-shock solution; (ii) for the Riemann data that the
classical Riemann solution contains a shock wave and a rarefaction wave, or two
shocks with one being rather weak, there are infinitely many solutions, each of
which consists of a delta shock and a rarefaction wave; (iii) there is no admissible
delta shocks for the case that the classical entropy weak solutions consist only
of rarefaction waves. These new solutions satisfy the over-compressing entropy
condition (see (23)), and the delta shocks are straight lines in the (x, t)-physical
plane.

We also solve the generalized (or singular) Riemann problem for (1), which
means the initial data are{

%0 = ρ1L1b{x < 0}+ ρ0δ{x=0} + ρ2L1b{x > 0},
u0(x) = u1I{x<0} + u0I{x=0} + u2I{x>0},

(6)

where u0(x) is considered as a function measurable with respect to the Radon
measure %0, which is the sum of a Dirac measure δ{x=0} supported at the origin,

and the standard Lebesgue measure L1 on R, restricted to the positive/negative
real axis. We use IA to denote the indicator function of a set A, and mbA is
the measure obtained by restricting a measure m on an m-measurable set A. See
Theorem 2 for the complete results, which in particular imply local existence of a
delta shock if the initial concentration ρ0 is positive.

Since the classical Riemann solutions (see Appendix) had been thoroughly
examined mathematically and physically for over a century, one would argue that
the obtained delta shocks are extraneous, as it is well-known that there are too
many weak solutions to conservation laws but physically meaningless. However,
in a conversation with Professor Jiequan Li, he suggested a natural connection
between delta shocks and the free pistons which could absorb or release gases
while the gases pushing it at the two sides. The identification of a delta shock
as a free piston had been verified for the pressureless gas [22]. In Remark 4, we
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show that from the generalized Rankine-Hugoniot conditions of delta shocks, one
could derive the movement of a classical piston that neither absorbs nor releases
gas all the time. The key observation is, using the concept of delta shocks, we
could transform a complicated solid-fluid interaction problem, which consists of
coupled initial boundary value problems (modeling the gas) and moving boundaries
(describing the pistons), to a single Cauchy problem, and treat the large scale of
fluids and small scale of particles/pistons in a unified way. This new approach
may significantly reduce expenses on analysis and computations. Also, our results
indicate that a delta shock (i.e., a suitable piston absorbs gases) provides a way
to eliminate shock waves in the polytropic gases, which helps to smooth up flow
fields, and might have some applications in control and engineering, such as wind
tunnels.

Alerted readers wonder that how to understand the term p(ρ) = ργ for a delta
shock solution to (1), in which ρ contains a Dirac measure. This term does not exit
for the case of pressureless flows, or the Chaplygin gas. For the latter, it is natural
to take p(ρ) = −1/ρ to be zero on the support of Dirac measures contained in ρ.
So what about the case γ > 1? This is a long standing obstruction to accept delta
shock solutions for general Euler equations. However, to our experience, this is a
spurious concern. The previous studies of physical problems demonstrated that
the state equation p(ρ) = ργ is useless when ρ concentrates; we can determine a
unique delta shock with all the other conditions in the definition of Radon mea-
sure solutions. Intuitively speaking, concentration of mass for the isentropic Euler
equations (1) is not a thermotic, but a kinetic phenomena. Therefore, defining
pressure for delta shocks (concentrated mass, or particles) is meaningless for this
simplified model of isentropic gas.

It is remarkable that by the definition of Radon measure solutions, similar
analysis as that in this paper can also be undertaken for the general case that
on the left of the delta shock, the state equation of the gas is p(ρ) = A1ρ

γ1 , and
on the right, it is p(ρ) = A2ρ

γ2 , with different constants A1, A2 and γ1, γ2. This
is a special type of multi-phase flow, or, mathematically speaking, a hyperbolic
system of conservation laws with discontinuous fluxes. The result will be reported
in another work. Interested readers may also see [25, Chapter 8] and [23] for theory
of scalar conservation laws with discontinuous fluxes and [38] for applications. No
delta shocks had been considered for such problems before.

At the end of this introduction, we describe briefly the structure of the paper.
In Section 2, we firstly present a definition of Radon measure solutions to a linear
scalar conservation law in a very natural way, and derive the generalized Rankine-
Hugoniot conditions of delta shock solutions. Then the definition of Radon measure
solutions to the compressible Euler system is followed, based on the further idea
of nonlinear algebraic constraints on the Radon-Nikodym derivatives of certain
measures. In Section 3, we characterize the subset of the (u, ρ)-phase plane in
which the right state can be connected to the given left state by a single delta
shock. Unlike standard shocks, such a set is not a curve, but regions bounded by
two curves in the phase plane. The over-compressing entropy condition is checked
for these delta shocks, as well as the impact on the profile of a delta shock by
its initial velocity u0 of concentrated mass. The last Section 4 is devoted to the
solvability of Riemann problems with general initial states. We construct solutions
to (1)(2) in Section 4.1, and compare them with the classical Riemann solutions
with the same initial data. See Figure 5 and Table 2. In Section 4.2, we construct
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Radon measure solutions to (1)(6) for ρ0 > 0. The solutions are in general no
longer self-similar. There is mass concentration for at least a short time, no matter
what the left and right initial states are, which is different from the case ρ0 = 0.
The solutions depend also on the initial velocity u0 of the concentrated mass. The
main results of this paper is Theorems 1 and 2. The classical Riemann solutions
to (1)(2) are listed in Appendix.

2 Radon measure solutions to Euler equations

In this section, after presenting a definition of Radon measure solutions to a scalar
conservation law and the compressible Euler equations, we introduce the general-
ized Rankine-Hugoniot conditions and over-compressing entropy condition of delta
shocks.

Let M (R) be the space of signed Radon measures on the real line R. It is
the dual space of Cc(R) consisting of compactly supported real-valued continuous
functions on R. We call m : [0,+∞) → M (R) a weak continuous mapping, if for
all φ(x) ∈ Cc(R), the function

[0,+∞)→ R : t 7→ 〈m(t), φ(x)〉 .=
∫
R
φ(x)dm(t) (7)

is continuous. The collection of such mappings is denoted by C([0,+∞); M (R)).
Naturally, the (generalized) derivative of a measure m(t) ∈M (R) with respect to
the space variable x, denoted as m(t)x, is a distribution on the space C1

c (R), of
continuously differentiable functions with compact supports in R, defined by

〈m(t)x, φ(·)〉 .= −〈m(t), φx(·)〉, ∀φ ∈ C1
c (R). (8)

The derivative of m(t) with respect to time t, (m(t))t = m′(t), is defined through
the following weak derivative of the real-valued function t 7→ 〈m(t), φ(x)〉:

〈m′(t), φ(·)〉 =
d

dt
〈m(t), φ(·)〉, ∀φ ∈ Cc(R). (9)

An important example is the Dirac measure supported on a Lipschitz curve L,
given by x = x(t) for t ∈ [0, T ), with a weight ωL(t) ∈ C1([0, T )). It is denoted by
ωL(t)δ{x=x(t)}, and

〈ωL(t)δ{x=x(t)}, φ(·)〉 .= ωL(t)φ(x(t)), ∀φ(x) ∈ Cc(R). (10)

One checks easily that
(
ωL(t)δ{x=x(t)}

)
x

= ωL(t)δ′{x=x(t)}, with δ′{x=x(t)} the
dipole at the point x(t), and(

ωL(t)δ{x=x(t)}
)
t

= ω′L(t)δ{x=x(t)} + ωL(t)x′(t)δ′{x=x(t)}.

Definition 1 We say (m(t), n(t)) ∈ (C([0,+∞); M (R)))2 is a Radon measure
solution to the scalar conservation law

mt + nx = 0, t > 0, x ∈ R, (11)
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with initial datum m0, if m(0) = m0, and (11) holds in the sense specified above,
i.e., for any φ(x), ψ(t) ∈ C1

c (R):∫ +∞

0

〈m(t), φ(·)〉ψ′(t) dt+

∫ +∞

0

〈n(t), φ′(·)〉ψ(t) dt+ ψ(0)〈m0, φ(·)〉 = 0. (12)

ut

By an application of Stone-Weierstrass theorem, it is well-known that linear
combinations of functions of the form φ⊗ψ(x, t)

.
= φ(x)ψ(t) are dense in C1

c (R2),
the set of continuously differentiable functions with compact supports on the (x, t)-
plane [58, Chaper 4, Theorem 3]. Thus we infer that (12) could be written equiv-
alently as∫ +∞

0

〈m(t), ϕt(·, t)〉dt+
∫ +∞

0

〈n(t), ϕx(·, t)〉dt+〈m(0), ϕ(·, 0)〉 = 0, ∀ϕ ∈ C1
c (R2).

(13)
This enables us to derive the following generalized Rankine-Hugoniot conditions
for delta shocks:

Lemma 1 Assume that x = x(t) is a Lipschitz curve with x(0) = 0, and

m(t) = ml(x, t)L1b{x < x(t)}+mr(x, t)L1b{x > x(t)}+ wm(t)δ{x=x(t)}, (14)

n(t) = nl(x, t)L1b{x < x(t)}+ nr(x, t)L1b{x > x(t)}+ wn(t)δ{x=x(t)} (15)

are piecewise smooth Radon measures solving the scalar conservation law

m′(t) + n(t)x = 0, t > 0, x ∈ R (16)

with initial data{
m(0) = ml(x, 0)L1b{x < 0)}+mr(x, 0)L1b{x > 0}+ w0

mδ{x=0},

n(0) = nl(x, 0)L1b{x < 0)}+ nr(x, 0)L1b{x > 0}+ w0
nδ{x=0},

(17)

where ml,mr, nl, nr are all continuously differentiable functions satisfying the
equation (16) point-wisely in their respective domain of definition, and contin-
uous up to the boundary for t > 0; moreover, w0

m, w
0
n are constants. Then it holds

along x = x(t) that 
d(wm(t))

dt
= [m]x′(t)− [n],

wm(0) = w0
m, wn(t) = wm(t)x′(t),

(18)

with

[m]
.
= mr(x(t)+, t)−ml(x(t)−, t), [n]

.
= nr(x(t)+, t)− nl(x(t)−, t).

The proof of this lemma depends on straightforward integration-by-parts and
the arbitrariness of test functions ϕ in (13). Details can be found in [33, Lemma
2.1, p.2672].
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Definition 2 Let % ∈ C([0,+∞); M (R)), and u(t) be a %(t)-measurable function
on R for t ≥ 0. We call (%(t), u(t)) a Radon measure solution to the Riemann
problem (1)(6), if there exist m, n, ℘ ∈ C([0,+∞); M (R)) satisfying

i) [linear relaxation] for any ϕ ∈ C1
c (R2), there hold∫ +∞

0

〈%(t), ϕt(·, t)〉dt+

∫ +∞

0

〈m(t), ϕx(·, t)〉dt+ 〈%(0), ϕ(·, 0)〉 = 0, (19)

∫ +∞

0

〈m(t), ϕt(·, t)〉dt+

∫ +∞

0

〈n(t), ϕx(·, t)〉dt

+

∫ +∞

0

〈℘(t), ϕx(·, t)〉dt+ 〈m(0), ϕ(·, 0)〉 = 0;

(20)

ii) [nonlinear constraints] %(t) is non-negative for all t ≥ 0, such that (m(t), n(t))
is absolutely continuous with respect to %(t) (written as (m,n)� %), and the cor-
responding Radon-Nikodym derivatives satisfy for any t ≥ 0 and %(t)-a.e. x ∈ R
that

dm(t)(x)

d%(t)(x)

.
= u(x, t), u(x, t)2 =

dn(t)(x)

d%(t)(x)
; (21)

furthermore, ℘ � % on the set where % � L1; and for this case, there holds the
state equation

p(x, t) = p(ρ(x, t)), L1-a.e. x, (22)

where ρ(x, t) = d%(t)/dL1, and p(x, t) = d℘(t)/dL1;

iii) [entropy condition] on the set where %� L1, all discontinuities in the flow
field (ρ, u) satisfy the classical Lax condition. ut

Remark 1 It is easy to see that integral weak solutions could be identified as Radon
measure solutions. It is also natural that on the complement of support of %(t),
the velocity u(x, t) is meaningless, hence not defined. However, by (21), it is still
possible that u is defined and nonzero on a %(t)-measure null set. ut

Remark 2 We recognized that the idea of considering mass and momentum as
measures had appeared in [20] and [42]. Then the velocity is derived from the
Radon-Nikodym derivatives, as shown in the above definition. It seems that this
approach is more fundamental, as it could be easily generalized to study multidi-
mensional problems.

Definition 3 Let 0 < T ≤ +∞ and t ∈ [0, T ]. A piecewise-smooth Radon mea-
sure solution (%(t), u(x, t)) to (1)(2) is called a delta shock solution, if: 1) %(t)
contains a Dirac measure supported at {x(t)}, where x = x(t) is a Lipschitz curve,
and T ≥ t ≥ 0; 2) for any T ≥ t ≥ 0, on the region Ω1

.
= {x ∈ R : x < x(t)},

Ω2
.
= {x ∈ R : x > x(t)}, %(t) is absolutely continuous with respect to the

Lebesgue measure L1, with the Radon-Nikodym derivative ρ(x, t); 3) both u(x, t)
and ρ(x, t), as functions of (x, t), are differentiable in {(x, t) : x < x(t), T ≥
t ≥ 0} ∪ {(x, t) : x > x(t), T ≥ t ≥ 0}, and continuous up to the boundary
{(x(t), t) : T ≥ t ≥ 0}. The curve {x = x(t), 0 ≤ t ≤ T} is called a delta shock-
front, or simply a delta shock. ut
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A delta shock solution is called global, if T = +∞; and local, if T < +∞.
We consider the following admissibility condition of delta shocks. It resembles

the entropy conditions for (4) conjectured by Tan, Zhang, and Keyfitz, Kranzer,
mentioned in the articles cited in Introduction. It is reasonable from the view point
of sticky particles. However, its relevance to a well-posedness theory on the Radon
measure solutions to general compressible Euler equations is still unclear.

Definition 4 We say a delta shock solution (%, u) to (1)(6) satisfying the over-
compressing entropy condition, if

ul(t) ≥ x′(t) ≥ ur(t), (23)

with ul(t)
.
= u(x(t)−, t) and ur(t)

.
= u(x(t)+, t). ut

3 Delta shocks and their properties

In this section, we focus on the existence, entropy conditions, and geometric prop-
erties of delta shock solutions to the Euler system (1).

Firstly, we specify the right constant state U2 = (u2, ρ2) that can be connected
to the given left constant state U1 = (u1, ρ1) by a delta shock, which means we
consider a solution to (1)(6) of the form

%(t)
.
= ρ1L1bΩ1 + ρ2L1bΩ2 + wρ(t)δ{x=x(t)}, (24)

m(t)
.
= ρ1u1L1bΩ1 + ρ2u2L1bΩ2 + wm(t)δ{x=x(t)}, (25)

n(t)
.
= ρ1u

2
1L1bΩ1 + ρ2u

2
2L1bΩ2 + wn(t)δ{x=x(t)}, (26)

℘(t)
.
= p1L1bΩ1 + p2L1bΩ2 + wp(t)δ{x=x(t)}. (27)

Here, Ω1 and Ω2 were defined in Definition 3, with x = x(t) the delta shock front
to be determined, which satisfies x(0) = 0. The weights, wρ(t), wm(t), wn(t), and
wp(t), are all functions of t, to be solved. The non-negativeness of % requires that
wρ(t) ≥ 0.

Applying Lemma 1 to (19) (which is %t +mx = 0), with initial data{
%0 = ρ1L1b{x < 0}+ ρ0δ{x=0} + ρ2L1b{x > 0},

m0 = ρ1u1L1b{x < 0}+ ρ0u0δ{x=0} + ρ2u2L1b{x > 0}
(28)

provided by (6), we have

wρ(0) = ρ0, wm(t) = wρ(t)x
′(t), (29)

d(wρ(t))

dt
= [ρ]x′(t)− [ρu], (30)

where [ρ]
.
= ρ2 − ρ1, [ρu]

.
= ρ2u2 − ρ1u1. It follows that

wρ(t) = [ρ]x(t)− [ρu]t+ ρ0. (31)

In a similar way, applying the generalized Rankine-Hugoniot conditions of (20)
(which is mt + (n+ ℘)x = 0), one has

wm(0) = ρ0u0, wn(t) + wp(t) = wm(t)x′(t), (32)

d(wm(t))

dt
= [ρu]x′(t)− [ρu2 + p], (33)
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where [ρu2 + p]
.
= ρ2u

2
2 − ρ1u21 + p2 − p1. Consequently,

wm(t) = [ρu]x(t)− [ρu2 + p]t+ ρ0u0. (34)

By (21), we have wn(t) = wm(t)x′(t). Then (32)2 implies that wp(t) ≡ 0.
Recalling (21) and (24), once we know the delta shock front x = x(t), we obtain

the Radon measure solution to problem (1)(6) that contains only a delta shock:

%(t) = ρ1L1bΩ1 + ρ2L1bΩ2 + ([ρ]x(t)− [ρu]t+ ρ0)δ{x=x(t)}, (35)

u(t) = u1IΩ1
+ u2IΩ2

+ x′(t)I{x=x(t)}. (36)

Thanks to wm(t) = wρ(t)x
′(t) from (29), equations (31) and (34) yield the

following Cauchy problem for a nonlinear ordinary differential equation of x = x(t):{
[ρu]x(t)− [ρu2 + p]t+ ρ0u0 =

(
[ρ]x(t)− [ρu]t+ ρ0

)
x′(t),

x(0) = 0.
(37)

Integrating (37) from 0 to t gives

[ρ]

2
x2(t)− ([ρu]t− ρ0)x(t) = − [ρu2 + p]t2

2
+ ρ0u0t. (38)

Set

∆
.
= at2 + 2ρ0bt+ ρ20, b

.
= [ρ]u0 − [ρu], (39)

a
.
= [ρu]2 − [ρ][ρu2 + p] = ρ1ρ2[u]2 − [ρ][p]. (40)

We have the following conclusions about the existence of x(t):

Lemma 2 Consider the Riemann problem (1)(6) for polytropic gases with a so-
lution given by (35)-(36).

(♠) For ρ0 = 0, the existence of solution requires that a ≥ 0. More precisely,

1) there is a unique global delta shock solution with x(t) = (u1+u2)t
2 and

wρ(t) = −ρ1[u]t if [ρ] = 0 and [u] ≤ 0;

2) there is a unique global delta shock solution with x(t) = ([ρu]+
√
a)t

[ρ] and

wρ(t) =
√
a t if [ρ] 6= 0 and a ≥ 0.

(♠) For ρ0 > 0, the existence of solution requires that ∆ ≥ 0. More precisely,
3) if [ρ] = 0, then there is a unique global delta shock solution with x(t) =

ρ1[u
2]t2−2ρ0u0t

2(ρ1[u]t−ρ0) and wρ(t) = −ρ1[u]t + ρ0 if [u] ≤ 0; and a unique local

delta shock solution for t ∈ [0, t∗) with t∗ = ρ0
ρ1[u]

if [u] > 0. Moreover,

wρ(t∗−) = 0 and x(t∗) = +∞ (−∞, respectively) if u0 ≥ u1+u2

2 (u0 <
u1+u2

2 , respectively);
4) if [ρ] 6= 0, then there is a unique global delta shock solution with x(t) =

[ρu]t−ρ0+
√
∆

[ρ] and wρ(t) =
√
∆, if the initial data hold a ≥ 0 and b ≥ −

√
a;

and a unique local delta shock solution for t ∈ [0, t∗], if the initial data
satisfy one of the following: i) b < −

√
a and a > 0; ii) a < 0; iii) a = 0

and b < 0. Here t∗ = −ρ0b−ρ0
√
b2−a

a for a 6= 0 and t∗ = −ρ02b for a = 0.
Moreover, x(t∗) is finite, wρ(t

∗−) = 0 and x′(t∗−) =∞.
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Remark 3 The solutions to the (singular) Riemann problems for pressureless Euler
equations could be found in [42, Section 3.4], see also [22], which corresponds to
the case [p] ≡ 0 in (40) and is much simpler. The differences reflect the role played
by the pressure. ut

Proof By the preceding analysis, we only need to focus on the solvability of x(t)
satisfying (38).

1. For [ρ] = 0, we have [p] = 0, and (38) is reduced to

2(ρ1[u]t− ρ0)x(t) = ρ1[u2]t2 − 2ρ0u0t. (41)

It follows that

x(t) =
ρ1[u2]t2 − 2ρ0u0t

2(ρ1[u]t− ρ0)
. (42)

By (31), we find

wρ(t) = −ρ1[u]t+ ρ0. (43)

If ρ0 = 0, then x(t) = (u1+u2)t
2 and wρ(t) = −ρ1[u]t. For this case, the non-

negativity of wρ(t) is equivalent to [u] ≤ 0, while for [u] = 0 there is no disconti-
nuity. We complete the proof of item 1).

If ρ0 > 0, it is easy to see that if [u] ≤ 0, then wρ(t) > 0 for t > 0. However, if
[u] > 0, x(t) blows up as t↗ t∗ = ρ0

ρ1[u]
, and wρ(t∗) = 0. Moreover,

lim
t→t∗−

x(t) = lim
t→t∗−

ρ1[u2](t2 − (t−∗ )2) + ρ0(u1 + u2 − 2u0) ρ0
ρ1[u]

2(ρ1[u]t− ρ0)

=

{
+∞, if u0 ≥ u1+u2

2 ,

−∞, if u0 <
u1+u2

2 .

This completes the proof of item 3).
2. For [ρ] 6= 0, it follows from (38) that

x(t) =
[ρu]t− ρ0 ±

√
∆

[ρ]
. (44)

Combining it with (31) gives wρ(t) = ±
√
∆. Nonnegativity of wρ(t) requires that

wρ(t) =
√
∆. (45)

Correspondingly the delta shock front is

x(t) =
[ρu]t− ρ0 +

√
∆

[ρ]
. (46)

If ρ0 = 0, a ≥ 0, then ∆ =
√
at ≥ 0. Thus there is a global delta shock front

x(t) = ([ρu]+
√
a)t

[ρ] , with wρ(t) =
√
at. We complete the proof of item 2).

For the case ρ0 > 0, if a ≥ 0, b ≥ −
√
a, then ∆ = at2 + 2ρ0bt+ ρ20 ≥ 0 for all

t ≥ 0. It is easy to check that ∆ ≥ 0 for t ∈ [0, t∗] with some positive t∗ if there
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Table 1: Existence of a single delta shock solution. (a, b and ∆ were defined by
(39)(40).)

ρ0 = 0
[ρ] = 0 x(t) =

(u1+u2)t
2

wρ(t) = −ρ1[u]t [u] < 0
wρ(t)↗∞ global

delta
shock

solution

[ρ] 6= 0 x(t) =
([ρu]+

√
a)t

[ρ]
wρ(t) =

√
at

a > 0
a = 0 wρ(t) = 0

ρ0 > 0

[ρ] = 0 x(t) =
ρ1[u

2]t2−2ρ0u0t
2(ρ1[u]t−ρ0)

wρ(t) = −ρ1[u]t
+ρ0

[u] < 0 wρ(t)↗∞
[u] = 0 wρ(t) = ρ0
[u] > 0

wρ(t)↘ 0

local
delta
shock

solution

a > 0,
b < −

√
a

a = 0,
b < 0
a < 0,
b < 0
a < 0,
b ≥ 0

wρ(t)↗↘ 0

[ρ] 6= 0 x(t) =
[ρu]t−ρ0+

√
∆

[ρ]
wρ(t) =

√
∆

a > 0,
b > −

√
a

wρ(t)↗∞
global
delta
shock

solution
a > 0,
b = −

√
a

wρ(t)↘ 0↗∞

a = 0,
b > 0

wρ(t)↗∞

a = 0,
b = 0

wρ(t) = ρ0

holds one of the three cases: i) a > 0, b < −
√
a; ii) a < 0; iii) a = 0, b < 0. In

particular,

t∗ =


−ρ0b− ρ0

√
b2 − a

a
, if a 6= 0,

−ρ0
2b
, if a = 0.

Moreover, x(t∗−) = [ρu]t∗−ρ0
[ρ] and wρ(t

∗−) =
√
∆ = 0. It follows from (46) that

x′(t) =
[ρu]
√
∆+ at+ ρ0b

[ρ]
√
∆

,

hence

x′(t∗−) = lim
t→t∗−

−ρ0
√
b2 − a

[ρ]
√
∆

=∞.

The proof of item 4) is completed. ut

The results of Lemma 2 are summarized in Table 1, except for the case ρ0 = 0,
[ρ] = 0, [u] = 0, for which the solution is a trivial constant state.

We now illustrate the set of initial data in the upper-half (u, ρ)-plane that
admit a single delta shock for ρ0 = 0. From the equation a

.
= ρ1ρ2[u]2− [ρ][p] = 0,

we get four curves passing (u1, ρ1) as follows:

S1
.
=

{
(u, ρ) | u− u1 = −

√
(ρ− ρ1)(p− p1)

ρρ1
, ρ > ρ1

}
,
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R2
S22

a=0
S1

a=0

S2

a=0 S11
a=0R1

U1

I0
, u>u1

R2

a>0

a<0

a<0

a>0

III

IV

II V

ρ=ρ1

Fig. 1: For ρ0 = 0 and given U1 = (u1, ρ1), those U2 lying in
(
I0 \

{
(u, ρ) | ρ =

ρ1, u > u1
})
∪ IV could be connected to U1 by a single delta shock.

S11
.
=

{
(u, ρ) | u− u1 =

√
(ρ− ρ1)(p− p1)

ρρ1
, ρ < ρ1

}
, (47)

S2
.
=

{
(u, ρ) | u− u1 = −

√
(ρ− ρ1)(p− p1)

ρρ1
, ρ < ρ1

}
,

S22
.
=

{
(u, ρ) | u− u1 =

√
(ρ− ρ1)(p− p1)

ρρ1
, ρ > ρ1

}
. (48)

Note that these curves are exactly the Rankine-Hugoniot loci derived from the
classical Rankine-Hugoniot conditions of shock-fronts.

Let R1 and R2 be the rarefaction wave curves as indicated in Appendix (see
(83) and (84)). Then they, together with S1 and S2, divide the upper half-plane
{(u, ρ) : ρ > 0} into five regions I ∪ II ∪ III ∪ IV ∪ V, see Figure 6. We now prove
that for any (u, ρ) ∈ R2 \ {U1}, it holds a(u, ρ) < 0, which means that R2 is on
the left-hand-side of S22, as drawn in Figure 1. By (84) and (48), we need to show
that

H(ρ)
.
=

2
√
γ

γ − 1

(
ρ
γ−1
2 − ρ

γ−1
2

1

)
−

√
(ρ− ρ1)(p− p1)

ρρ1

=

4γ
(γ−1)2

(
ρ
γ−1
2 − ρ

γ−1
2

1

)2
− (ρ−ρ1)(p−p1)

ρρ1

2
√
γ

γ−1

(
ρ
γ−1
2 − ρ

γ−1
2

1

)
+
√

(ρ−ρ1)(p−p1)
ρρ1

< 0, ∀ ρ > ρ1.

(49)

It is equivalent to prove that the numerator is negative, namely

h(ρ)
.
=

4γρρ1
(γ − 1)2

(
ρ
γ−1
2 − ρ

γ−1
2

1

)2
− (ρ− ρ1)(p− p1) < 0, ∀ ρ > ρ1.
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Some computation yields h(ρ) =
ργ+1
1

(γ−1)2G(A), where A = ρ
ρ1
> 1, and

G(A)
.
= (γ + 1)2A(A

γ−1
2 − 1)2 − (γ − 1)2(A

γ+1
2 − 1)2

= {(γ + 1)A
1
2 (A

γ−1
2 − 1) + (γ − 1)(A

γ+1
2 − 1)}︸ ︷︷ ︸

>0

· {(γ + 1)A
1
2 (A

γ−1
2 − 1)− (γ − 1)(A

γ+1
2 − 1)}︸ ︷︷ ︸

.
=g(A)

.

Notice that g′(A) = γ+1
2 A−

1
2 g1(A), with g1(A)

.
= γA

γ−1
2 −1−(γ−1)A

γ
2 .Obviously

g1(1) = 0, and

g′1(A) =
γ(γ − 1)

2
(A

γ−3
2 −A

γ−2
2 ) < 0 for A > 1, γ > 1.

Thus g1(A) < 0, g′(A) < 0, g(A) < 0, G(A) < 0, h(ρ) < 0 and H(ρ) < 0.
Similarly, it can be shown that R1 is on the left-hand-side of S11, as depicted

in Figure 1. It is easy to check that a > 0 in the domain IV on the left-hand-side
of U1 bounded by S1 and S2, and the domain I0 on the right-hand-side of U1

bounded by S11 and S22, while a < 0 in the other domains, see Figure 1. Then
the existence region of delta shock solution is

(
I0 \

{
(u, ρ) | ρ = ρ1, u > u1

})
∪ IV.

We remark that the solutions do not satisfy the continuous dependence on initial
value for those initial data near the half-line {(u, ρ) | ρ = ρ1, u > u1}.

Remark 4 The connection of a delta shock and a classical free piston could be ex-
plained by using the generalized Rankine-Hugoniot conditions. Here by a classical
free piston, we mean a finite solid body (modeled by an intervals with fixed length)
carrying mass ρ0 > 0 in a tube (i.e., the x-axis), driving by the differences of gas
pressures on both sides of it [22], and moving according to the Newton’s second
law; while for all the time the piston does not absorb or release any gas. Thus the
gas moves with the same speed as that of the piston nearing its surface, and the
mass of the piston does not change. A natural quotient topology of R suggests
that the piston could be regarded as a point. Now from (30), and the assumption
that [u] = 0 (the speed of gas is the same on two sides of the piston), as well
as wρ(t) ≡ ρ0 for all t ≥ 0, one has x′(t) = u(x(t)−, t) = u(x(t)+, t), namely
the piston has the same speed as the gas close to it. (If [ρ] ≡ 0, then there is no

discontinuity in the flow.) Now by (29), the equation (33) reads d(ρ0x
′(t))

dt = [p],
which is exactly the Newton’s second law. Of course, Lemma 2 implies that such a
classical piston could not be used to eliminate all thermal discontinuities (shocks)
in the flow field, such that the flow becomes uniform. ut

Remark 5 For cases in item 4), since wρ(t
∗) = 0, we say that the delta shock

disappears at the moment t∗, and the problem is reduced to the case of ρ0 = 0 to
prolong the solution, provided that x(t∗) is finite. ut

We now check that whether the delta shocks constructed above obey the over-
compressing entropy condition (23). Since

b = [ρ]u0 − [ρu] = ρ2(u0 − u2) + ρ1(u1 − u0),
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b < 0 implies that at least one of u0 − u2 and u1 − u0 is less than zero. Hence
the initial value does not satisfy (23) as long as b < 0. Also (23) implies that the
weight of mass wρ(t) is a monotonically non-decreasing function of time, thus the
global/local delta shock solutions obtained in Lemma 2 satisfying (23) are only
those with increasing or constant weight of mass. So we can exclude some cases
that do not satisfy (23) from Table 1. Moreover, we have the following conclusions.

Proposition 1 Consider the Riemann problem (1)(6) for polytropic gases.

1○ If the initial data satisfy one of the following conditions:
a○ for ρ0 = 0,

i) [ρ] = 0 and [u] < 0;
ii) [ρ] > 0, [u] ≤ 0, a ≥ ρ21[u]2;
iii) [ρ] < 0, [u] ≤ 0, a ≥ ρ22[u]2;

b○ for ρ0 > 0,
iv) [ρ] = 0, u2 ≤ u0 ≤ u1;
v) [ρ] > 0, u2 ≤ u0 ≤ u1, a ≥ ρ21[u]2, b ≥ −

√
a;

vi) [ρ] < 0, u2 ≤ u0 ≤ u1, a ≥ ρ22[u]2, b ≥ −
√
a,

then there exists a unique global delta shock solution satisfying (23) for t ∈
[0,+∞).

2○ For ρ0 > 0, if the initial data satisfy one of the following conditions:
vii) [ρ] > 0, u2 ≤ u0 ≤ u1 : 0 < a < ρ21[u]2, b ≥ −

√
a;

viii) [ρ] < 0, u2 ≤ u0 ≤ u1 : 0 < a < ρ22[u]2, b ≥ −
√
a,

then there exists a unique global delta shock solution satisfying (23) for a finite
time.

Proof The conclusion about item i) follows from x′(t) = u1+u2

2 and u2 < u1.
We go on to prove item ii). By item 2) of Lemma 2, we have

x′(t) =
[ρu] +

√
a

[ρ]
.

Thus

x′(t)− u1 =
ρ2[u] +

√
a

[ρ]
=

ρ22[u]2 − a
[ρ](ρ2[u]−

√
a)
≤ 0,

since [u] < 0, [ρ] > 0 and then ρ22[u]2 ≥ a. From a ≥ ρ21[u]2, we have

x′(t)− u2 =
a− ρ21[u]2

(
√
a− ρ1[u])[ρ]

≥ 0. (50)

This completes the proof of item ii). The proof of item iii) is similar.
Next, we prove item iv). By item 3) of Lemma 2, we know that if [ρ] = 0 and

[u] < 0, then problem (1)(6) admits a global delta shock solution given by (42),
i.e.

x(t) =
ρ1[u2]t2 − 2ρ0u0t

2(ρ1[u]t− ρ0)
,

hence

x′(t) =
ρ21[u][u2]t2 − 2ρ0ρ1[u2]t+ 2ρ20u0

2(ρ1[u]t− ρ0)2
.
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Since u2 ≤ u0 ≤ u1, we have

x′(t)− u1 =
ρ21[u]3t2 − 2ρ0ρ1[u]2t+ 2ρ20(u0 − u1)

2(ρ1[u]t− ρ0)2
≤ 0 (51)

and

x′(t)− u2 =
−ρ21[u]3t2 + 2ρ0ρ[u]2t+ 2ρ20(u0 − u2)

2(ρ1[u]t− ρ0)2
≥ 0 (52)

for all t ≥ 0. Thus, the entropy condition (23) is satisfied. The proof of item iv) is
completed.

Next we turn to the proof of item v). In view of u2 ≤ u0 ≤ u1, we have

b = [ρ]u0 − [ρu] = ρ2(u0 − u2) + ρ1(u1 − u0) ≥ 0.

By item 4) of Lemma 2, the delta shock front is

x(t) =
[ρu]t− ρ0 +

√
∆

[ρ]
, t ∈ [0,+∞).

So

x′(t) =
[ρu]
√
∆+ at+ ρ0b

[ρ]
√
∆

,

and

x′(t)− u1 =
(a− ρ22[u]2)at2 + 2ρ0b(a− ρ22[u]2)t+ ρ20(b2 − ρ22[u]2)

[ρ]
√
∆(at+ ρ0b− ρ2[u]

√
∆)

.

Since [ρ] > 0 implies a ≤ ρ22[u]2, b ≥ 0 and

ρ22[u]2 − b2 = (ρ2[u] + b)(ρ2[u]− b) = [ρ](u0 − u1)(ρ2[u]− b) ≥ 0 (53)

for u2 ≤ u0 ≤ u1, we have x′(t)− u1 ≤ 0, ∀t ≥ 0. Directive calculations give

x′(t)− u2 =
(a− ρ21[u]2)at2 + 2ρ0b(a− ρ21[u]2)t+ ρ20(b2 − ρ21[u]2)

[ρ]
√
∆(at+ ρ0b− ρ1[u]

√
∆)

. (54)

Since a ≥ ρ21[u]2, and b2 ≥ ρ21[u]2, we have x′(t)− u2 ≥ 0 for all t ≥ 0. Item v) is
proved. The proof of item vi) is similar.

We go on to prove item vii). Due to 0 < a < ρ21[u]2 and b ≥ −
√
a, it follows from

(54) that u2 < x′(t) only holds for t ∈ [0, t?), where t? = −ρ0b
a − ρ0ρ1[u]

a

√
b2−a

ρ21[u]
2−a

satisfying x′(t?) = u2 and wρ(t
?) = ρ0

√
b2−a

ρ21[u]
2−a ≥ 0. That is to say, the entropy

condition (23) is only valid for t ∈ [0, t?]. Item vii) is proved. The proof of item
viii) is similar. ut

Remark 6 It follows from the first equality of (50) that the global delta shock
solution in item 2) of Lemma 2 does not satisfy the entropy condition (23) if the
initial data satisfy [ρ] > 0, [u] ≤ 0, 0 < a < ρ21[u]2. So do those initial data such
that [ρ] < 0, [u] ≤ 0, 0 < a < ρ22[u]2. ut
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Remark 7 To illustrate the initial data for the case ρ0 = 0 that the Riemann
problem admits a global delta shock satisfying (23), we introduce two curves by
the equation a = min{ρ2, ρ21}[u]2:

D1
.
=

(u, ρ) | u = u1 −
√
p− p1
ρ1

= u1 −

√
ργ − ργ1
ρ1

.
= d1(ρ;U1), ρ > ρ1

 ,

(55)

D2
.
=

(u, ρ) | u = u1 −
√
p1 − p
ρ

= u1 −

√
ργ1 − ργ

ρ

.
= d2(ρ;U1), ρ < ρ1

 .

(56)
The curve D1 lies below S1 as shown in Figure 2. This follows from (55) and (78),
since√

(ρ− ρ1)(p− p1)

ρρ1
−
√
p− p1
ρ1

=

(ρ−ρ1)(p−p1)
ρρ1

− p−p1
ρ1√

(ρ−ρ1)(p−p1)
ρρ1

+
√
p−p1
ρ1

=
−(p− p1)

ρ(
√

(ρ−ρ1)(p−p1)
ρρ1

+
√
p−p1
ρ1

)
< 0, ∀ρ > ρ1.

(57)

Similarly, D2 lies above S2. Then D1 and D2 divide the region IV into three parts:

IV0
.
= the region bounded by curves D1 and D2,

IV1
.
= the region bounded by curves D1 and S1,

IV2
.
= the region bounded by curves D2 and S2.

Both D1 and D2 are tangential to the line {ρ = ρ1} at the point U1.

By Proposition 1, there is a unique global delta shock solution satisfying the
over-compressing entropy condition (23) with initial weight of mass ρ0 = 0, for
right state U2 lies in the subregion IV0. The corresponding classical Riemann
solution consists of two shocks, each of which is rather strong, in the sense that
U2 is separated from the shock curves S1 ∪ S2 by the curves D1 and D2. ut

For the local delta shock solution obtained in Lemma 2, we have the following
conclusions.

Proposition 2 Consider the Riemann problem (1)(6) for polytropic gases. If the
initial data satisfy ρ0 > 0 and one of the following conditions:

1) [ρ] > 0, u2 ≤ u0 ≤ u1, 0 > a ≥ −ρ21[u]2;
2) [ρ] < 0, u2 ≤ u0 ≤ u1, a ≤ −ρ21[u]2;
3) [ρ] < 0, u2 ≤ u0 ≤ u1, 0 > a ≥ −ρ22[u]2;
4) [ρ] > 0, u2 ≤ u0 ≤ u1, a ≤ −ρ22[u]2,

then there exists a local delta shock solution and it satisfies (23) for a shorter time.
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IV0

IV1

IV2 R2
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D2

Fig. 2: For ρ0 = 0, IV = IV1 ∪ IV0 ∪ IV2, and for U2 = (u2, ρ2) ∈ IV0, the global
delta shock connecting it with U1 = (u1, ρ1) satisfies the over-compressing entropy
condition for all the time.

Proof In view of u2 ≤ u0 ≤ u1, we have b ≥ 0. By item 4) of Lemma 2, for all
these items above, there exist local delta shock solutions given by

x(t) =
[ρu]t− ρ0 +

√
∆

[ρ]
, t ∈ [0, t∗).

Then

x′(t)− u1 =
(a+ ρ22[u]2)at2 + 2ρ2[u](ρ0ρ2b[u] + a

√
∆)t+ (ρ22[u]2 − b2)ρ20

[ρ]
√
∆(ρ2[u]

√
∆+ at− ρ0b)

.

We now prove item 1). Recall that we have ρ22[u]2 − b2 ≥ 0 by (53). In view of
a < 0, a+ ρ21[u]2 ≥ 0 and [u] < 0, it holds

(a+ ρ22[u]2)at2 + 2ρ2[u](ρ0ρ2b[u] + a
√
∆)t+ (ρ22[u]2 − b2)ρ20 ≥ 0 (58)

only for t ∈ [0, t∗∗), for some t∗∗ < t∗. Therefore, x′(t)− u1 ≤ 0 for t ∈ [0, t∗∗).
Similarly,

x′(t)− u2 =
(a+ ρ21[u]2)at2 + 2ρ1[u](ρ0ρ1b[u] + a

√
∆)t+ (ρ21[u]2 − b2)ρ20

[ρ]
√
∆(ρ1[u]

√
∆+ at− ρ0b)

.

One checks that ρ21[u]2 ≤ b2 under the assumptions of item 1). Thus we also have
x′(t) − u2 ≥ 0 for t ∈ [0, t∗∗), where t∗∗ < t∗. So the local delta shock solutions
obtained by Lemma 2 satisfy entropy condition (23) for t ∈ [0, min{t∗∗, t∗∗}).
Item 1) is proved.

The proofs of items 2)-4) are similar, and thus omitted. ut
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Proposition 3 For the delta shock solution obtained in Lemma 2 and satisfying
(23), the initial data affect the profiles of the solutions in the following way:

α) for ρ0 = 0, each solution obtained in Lemma 2 is self-similar;
β) for ρ0 > 0,

a) the delta shock front is convex if the initial data satisfy in addition one of
the following three conditions: i) [ρ] = 0 and u2 ≤ u0 < u1+u2

2 ; ii) [ρ] 6= 0

and u2 ≤ u0 < min{u1, [ρu]+
√
a

[ρ] };
b) the delta shock front is concave if the initial data satisfy in addition one of

the following three conditions: i) [ρ] = 0 and u1 ≥ u0 > u1+u2

2 ; ii) [ρ] 6= 0

and u1 ≥ u0 > max{u2, [ρu]+
√
a

[ρ] }.

Proof Item α) follows directly from the expression of x(t) in items 1) and 2) of
Lemma 2.

We now prove item β). For ρ0 > 0, if [ρ] = 0, we have x′′(t) =
ρ1ρ

2
0[u](u1+u2−2u0)

(ρ1[u]t−ρ0)3 .

Since [u] < 0, it is obvious that

x′′(t)


> 0, if u0 <

u1 + u2
2

,

= 0, if u0 =
u1 + u2

2
,

< 0, if u0 >
u1 + u2

2
.

This completes the proof of the cases i) of a) and i) of b) in item β).

If [ρ] 6= 0, we have x′′(t) =
ρ20(
√
a+b)(

√
a−b)

[ρ]∆3/2 =
ρ20(
√
a+b)

[ρ]∆3/2 (
√
a + [ρu] − [ρ]u0).

Due to u2 < u0 < u1, and then b ≥ 0, we have

x′′(t)



> 0, if u0 <
[ρu] +

√
a

[ρ]
,

= 0, if u0 =
[ρu] +

√
a

[ρ]
,

< 0, if u0 >
[ρu] +

√
a

[ρ]
.

Combining it with the assumption u2 ≤ u0 ≤ u1, we complete the proofs of the
other items. ut

4 Radon measure solutions to Riemann problems

Based upon analysis in the previous section on a single delta shock solution, we
now study the existence of (Radon measure) solutions to the Riemann problems
(1)(6). There are two cases: for ρ0 = 0, we call it a classical Riemann problem; for
ρ0 > 0, we call it a generalized or singular Riemann problem.
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4.1 The classical Riemann problems

The classical Riemann solutions consist of only two kinds of elementary waves:
rarefaction waves and shock waves, and the latter correspond to delta shocks with
trivial weight of mass. We now focus on the existence of Radon measure solution
consisting of delta shocks with positive mass weights. As before, we denote (ui, ρi)
by Ui (i = 1, 2).

Theorem 1 Given U1, for the Riemann problem (1)(2), we have the following
conclusions:

1) there is a unique global solution consisting of a single delta shock if and only
if U2 ∈ (I0 \ {(u, ρ)|ρ = ρ1, u > u1}) ∪ IV. However, only those with U2 ∈ IV0

satisfy the over-compressing condition (23);
2) if U2 ∈ IV1∪ III, then there are infinitely global solutions satisfying (23). Each

of these solutions consists of a delta shock followed by a rarefaction wave R2;
3) if U2 ∈ IV2 ∪ II, then there are infinitely global solutions satisfying (23). Each

consists of a rarefaction wave R1 followed by a delta shock;
4) if U2 belongs to the other part of the upper-half (u, ρ)-plane, then there is no

solution consisting of one or two waves (one of which is a delta shock), even
for a short time and without the restriction of (23).

Proof Item 1) follows directly from Lemma 2 and Proposition 1.
We now define, for U = (u, ρ) ∈ R× R+, and i = 1, 2, the curves

Di(U)
.
= {(u, ρ) | u = di(ρ;U), u < u},

Ri(U)
.
= {(u, ρ) | u = ri(ρ;U), u > u},

R∗i (U)
.
= {(u, ρ) | u = ri(ρ;U), u < u},

where di(ρ; Ū) are given by (55)(56), ri(ρ; Ū) by (83)(84), and for R∗i (Ū), see
(85)(86).

For given U1 ∈ R × R+, and any U2 ∈ IV1 ∪ III (these regions depend on
U1), along the curve R∗2(U2), u is increasing with respect to increasing ρ, and ρ
monotonically decreases to 0 as u decreases to −∞. Also notice that u = d1(ρ, U1)
is decreasing with respect to ρ, and it monotonically goes to −∞ as ρ increases to
+∞, while r2(ρ, U1) is increasing with respect to ρ and goes to +∞ as ρ goes to
+∞. Then the horizontal line {ρ = ρ2} meets D1(U1) at a point A, and R2(U1)
at a point B (see Figure 3). By continuity, we know that the curve R∗2(U2) with
u < u2 will penetrate into the domain IV0 and thus R∗2(U2) ∩ IV0 6= ∅. We claim
that:

(z): There are infinite Ũ ∈ R∗2(U2) ∩ IV0 such that the delta shock

x = x(t) connecting U1 and Ũ satisfies x′(t) ≤ λ2(Ũ) and the entropy

condition (23).

If it is true, then as Ũ can be connected to U2 by a 2-rarefaction wave, the solution
to Riemann problem (1)(2) consists of a delta shock followed by a 2-rarefaction
wave R2, written shortly as δ + R2. It follows from this claim that there are
infinitely global solutions satisfying (23).

We are left to prove the claim (z). By item 1), for all Ũ
.
= (um, ρm) ∈ R∗2(U2)∩

IV0, the delta shock satisfies the entropy condition (23). So we only need to show
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Fig. 3: The case of U2 in region IV1 ∪ III: delta shock followed by a rarefaction
wave.

that there are infinite Ũ satisfy x′(t) ≤ λ2(Ũ). Recalling from Lemma 2 that

x′(t) = [ρu]+
√
a

[ρ] , it is reduced to [ρu]+
√
a

[ρ] ≤ um + cm for um ≤ u1. Notice here

that for [ρ] = ρm − ρ1 > 0, and [ρu] = ρmum − ρ1u1, this is equivalent to
√
a ≤ [ρ](um + cm)− [ρu] = [ρ]cm − ρ1[u],

or, remembering that a > 0 and [u] = um − u1 < 0 in IV0,

a = ρ1ρm[u]2 − [ρ][p] ≤ ([ρ]cm − ρ1[u])2 = [ρ]2c2m − 2ρ1cm[ρ][u] + ρ21[u]2,

which is simplified to

ρ1[ρ][u]2 − [ρ][p] ≤ [ρ]2c2m − 2ρ1cm[ρ][u].

For [ρ] > 0, it reads
ρ1[u]2 − [p] ≤ [ρ]c2m − 2ρ1cm[u]. (59)

The solution to (59), together with um < u1, gives

u1 −
√
γργ−1
m −

√
(γ + 1)ργm − ργ1

ρ1
≤ um ≤ u1, ρm > ρ1. (60)

For [ρ] = ρm − ρ1 < 0, similar to the case of [ρ] > 0, we obtain that Ũ ∈
R∗2(U2) ∩ IV0 satisfies x′(t) ≤ λ2(Ũ) if and only if

u1 −
√
γργ−1
m −

√
(γ + 1)ργm − ργ1

ρ1
≤um ≤ u1 −

√
γργ−1
m +

√
(γ + 1)ργm − ργ1

ρ1
,

ρ1
(γ + 1)1/γ

≤ρm < ρ1. (61)
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For [ρ] = 0, we require that u1+um
2 ≤ um + cm, i.e.,

u1 ≥ um ≥ u1 − 2cm = u1 − 2c1. (62)

It is observed that u1 −
√
γργ−1
m −

√
(γ+1)ργm−ργ1

ρ1
→ u1 − 2c1 as ρm → ρ1, and

u1 −
√
γργ−1
m +

√
(γ+1)ργm−ργ1

ρ1
→ u1 as ρm → ρ1. Therefore, (60), (61) and (62)

are consistent.

To clarify the region defined by (60), (61) and (62), it is natural to define the
curves

M1
.
=

(u, ρ) | u = u1 −
√
γργ−1 −

√
(γ + 1)ργ − ργ1

ρ1
, ρ ≥ ρ1

(γ + 1)1/γ

 , (63)

M2
.
=

(u, ρ) | u = u1 −
√
γργ−1 +

√
(γ + 1)ργ − ργ1

ρ1
,

ρ1
(γ + 1)1/γ

≤ ρ ≤ ρ1

 .

(64)

We now prove that M2 lies below D2, hence it is not drawn in Figure 3. To
this end, by (64) and (56), we need to show that

√
(γ + 1)ργ − ργ1

ρ1
−
√
γργ−1 +

√
ργ1 − ργ

ρ

=
{(γ + 1)ργ − ργ1}(ρ− ρ1) + 2ρρ1

√
{(γ+1)ργ−ργ1}(ρ

γ
1−ργ)

ρρ1

ρρ1

(√
(γ+1)ργ−ργ1

ρ1
+
√
ργ−ργ1
ρ +

√
γργ−1

) > 0.

(65)

Since the denominator is positive, it is equivalent to prove the numerator is posi-
tive. That is,

K(ρ)
.
= {(γ + 1)ργ − ργ1}(ρ− ρ1)2 − 4ρρ1(ργ1 − ρ

γ)

= γργ(ρ− ρ1)2 + (ρ+ ρ1)2(ργ − ργ1 ) < 0.
(66)

In fact, it follows from the fact that, for ρ1
(γ+1)1/γ

≤ ρ ≤ ρ1, there holds

K′(ρ) = γ2ργ−1(ρ− ρ1)2 + 2γργ(ρ− ρ1)

+ γργ−1(ρ+ ρ1)2 + 2(ργ − ργ1 )(ρ+ ρ1)

= γ(γ + 1)ργ−1(ρ− ρ1)2 + 2{(γ + 1)ργ − ργ1}(ρ+ ρ1) > 0, (67)

and K(ρ1) = 0.

In summary, for given U1, and any U2 ∈ IV1 ∪ III, U1 can be connected to any
Ũ = (um, ρm) ∈ (R∗2(U2)∩ IV0∩Q1) ⊂ IV0 by a delta shock, while Ũ is connected
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Fig. 4: U2 in region IV2 ∪ II: a 1-rarefaction wave followed by a delta shock.

to U2 by a 2-rarefaction wave, where

Q1
.
=

(u, ρ) | u1 −
√
γργ−1 −

√
(γ + 1)ργ − ργ1

ρ1
≤ u ≤ u1, ρ ≥ ρ1


⋃(u, ρ) | u1 −

√
γργ−1 −

√
(γ + 1)ργ − ργ1

ρ1
≤ u ≤ u1 −

√
γργ−1

+

√
(γ + 1)ργ − ργ1

ρ1
,

ρ1
(γ + 1)1/γ

≤ ρ ≤ ρ1

 . (68)

In Figure 3, Ũ is taken on the part of the curve R∗2(U2) in the region surrounded

by M1, D2, D1 and the line {ρ = ρ2}. Obviously there are infinite such Ũ . This
proves the claim (z) and hence item 2).

The proof of item 3) is similar to that of item 2), see Figure 4. For fixed

U2 ∈ II ∪ IV2, we show that there are infinite Ũ = (um, ρm) ∈ R1(U1), such that

the delta shock connecting Ũ and U2 satisfies x′(t) ≥ λ1(Ũ) = um − cm and the
entropy condition (23).

For Ũ = (um, ρm) satisfying x′(t) = [ρu]+
√
a

[ρ] ≥ um − cm, we find that

u2 +

√
γργ−1
m −

√
(γ + 1)ργm − ργ2

ρ2
≤ um ≤ u2 +

√
γργ−1
m +

√
(γ + 1)ργm − ργ2

ρ2

(69)
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if ρ2
(γ+1)1/γ

≤ ρm ≤ ρ2; and

u2 ≤ um ≤ u2 +

√
γργ−1
m +

√
(γ + 1)ργm − ργ2

ρ2
(70)

if ρm ≥ ρ2. The entropy condition (23) requires that

um ≥ u2 +

√
ργm − ργ2
ρ2

, for ρm ≥ ρ2, (71)

and

um ≥ u2 +

√
ργ2 − ρ

γ
m

ρm
, for ρm ≤ ρ2. (72)

Hence we define the curves

M11
.
=

(u, ρ) | u = u2 +
√
γργ−1 +

√
(γ + 1)ργ − ργ2

ρ2
, ρ ≥ ρ2

(γ + 1)1/γ

 ,

M21
.
=

(u, ρ) | u = u2 +
√
γργ−1 −

√
(γ + 1)ργ − ργ2

ρ2
,

ρ2
(γ + 1)1/γ

≤ ρ ≤ ρ2

 ,

D21
.
=

(u, ρ) | u = u2 +

√
ργ2 − ργ

ρ
, ρ ≤ ρ2

 ,

D11
.
=

(u, ρ) | u = u2 +

√
ργ − ργ2
ρ2

, ρ1 > ρ ≥ ρ2

 .

Similar to (65), one can show that M21 is on the left-hand-side of D21, hence not
drawn in Figure 4.

Therefore, for given U1 and any U2 ∈ IV2 ∪ II, U1 can be connected to Ũ =
(um, ρm) ∈ R1(U1) ∩Q2 by a 1-rarefaction wave, while Ũ is connected to U2 by

a delta shock satisfying x′(t) ≥ λ1(Ũ) and the entropy condition (23), where

Q2 =

{
(u, ρ)|u2 +

√
ργ − ργ2
ρ2

≤ u ≤ u2 +
√
γργ−1 +

√
(γ + 1)ργ − ργ2

ρ2
, ρ2 ≤ ρ

≤ ρ1

}⋃{
(u, ρ)| u2 +

√
ργ2 − ργ

ρ
≤ u ≤ u2 +

√
γργ−1 +

√
(γ + 1)ργ − ργ2

ρ2
,

ρ2
(γ + 1)1/γ

≤ ρ ≤ ρ2

}
. (73)

Thus, as shown in Figure 4, there are infinite Ũ on R1(U1), lying in the region
bounded by M11, D11, D21 and {ρ = ρ1}, and fulfilling the requirements. This
proves item 3).
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Fig. 5: Solutions to Riemann problem for ρ0 = 0.

We turn to the proof of item 4). Let U2 lie in the region I. Proposition 1
indicates that U1 and U2 cannot be connected by a single delta shock satisfying
(23). We claim that there is neither a solution of type δ +R2, nor of type R1 + δ.
We prove below that δ +R2 is impossible. Then by symmetry, the case R1 + δ is
also impossible.

Since the 2-rarefaction wave curves cover the region I and are not intersecting,
by the fact that if U ′ ∈ R2(U ′′), then U ′′ ∈ R∗2(U ′), it is enough to show that
the curve R∗2(U1) locates below D2. To demonstrate this, noticing that similar to
the verification of (49), where we showed that S22 is on the right-hand-side of R2,
we know that R∗2(U1) lies below S2, as shown in Figure 5. Then recalling that we
have shown that D2 locates above S2, we have the desired conclusion.

Obviously, for U2 in region V, there is also no solution that contains a delta
shock satisfying the over-compressing entropy condition (cf. the proof of item 3)
above). The proof of item 4) is completed. ut
Remark 8 We summarize the new solutions to (1)(2) and compare them with the
classical Riemann solutions in Table 2. However, back to item 1) of Theorem 1,
even for U2 ∈ IV0, if we discard the principle of finding solutions with minimal
number of waves, it is easy to see that there are infinite solutions consisting of
δ +R2, R1 + δ, or two delta shocks, which do fulfill the over-compressing entropy
condition. ut

4.2 The singular Riemann problems

Recall that for given initial data (6), we have set a
.
= [ρu]2 − [ρ][ρu2 + p] =

ρ1ρ2[u]2 − [ρ][p], b
.
= [ρ]u0 − [ρu].

Theorem 2 For the generalized Riemann problem (1)(6) with ρ0 > 0, we have
the following conclusions about the existence of solutions:
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Table 2: Solutions to (1)(2) for given left-state U1 and variable right-state U2.

U2 New solutions Classical Riemann solvers
in region IV0 a single delta shock (δ) S1 + S2

in region IV1 δ +R2 S1 + S2

in region IV2 R1 + δ S1 + S2

in region III δ +R2 S1 +R2

in region II R1 + δ R1 + S2

in region I none R1 +R2

in region V none R1 + Vacuum +R2

1) if the initial data satisfy one of the following: i) a > 0, b > −
√
a; ii) a =

0, b ≥ 0; iii) [ρ] 6= 0, a > 0, b = −
√
a, then there is a unique global solution

that the left and right states can be connected by a delta shock;
2) if the initial data satisfy one of the following: i) a > 0, b < −

√
a; ii) a ≤

0, b < 0; iii) a < 0, b ≥ 0, then there is a solution consisting of a single delta
shock for t ∈ [0, t∗] and two waves for t > t∗;

3) if the initial data satisfy [ρ] = 0, a > 0, b = −
√
a, then there is only a

local solution consisting of a single delta shock for t ∈ [0, t∗]. In addition,
limt→t∗− x(t) = +∞ (resp., −∞) if u0 ≥ u1+u2

2 (resp., u0 <
u1+u2

2 ).

The proof of item 1) follows immediately from Lemma 2. While the proof of
item 2) follows from Lemma 2 for the existence of a delta shock front for t ∈ (0, t∗).
We have wρ(t

∗) = 0. The problem for t ≥ t∗ is reduced to a classical Riemann
problem. One can get the solution for t ≥ t∗ by Theorem 1. For item 3), by Lemma
2, we have limt→t∗− x(t) = ±∞, hence the existence of the solution is local in time.

Proposition 2 shows that it is impossible to construct a delta shock solution
with delta shock front separating piecewise constant states and satisfying the over-
compressing entropy condition for all the time. To get a global solution that satis-
fies (23), one needs to study a problem such that on at least one side of the delta
shock, the flow is not uniform, and interactions of rarefaction waves and delta
shocks may be involved. This will be reported in other works.

A Wave curves and classical solutions of Riemann problems

In this appendix, we recall some fundamental results on wave curves and entropy weak solutions
to Riemann problems for system (1), with the initial conditions

(u, ρ)|t=0 =

{
(u1, ρ1), if x < 0,

(u2, ρ2), if x > 0.
(74)

The complete analysis and results could be found in [11, Chapter 2]. It is well-known that (1)
has two real eigenvalues

λ1 = u− c, λ2 = u+ c (75)

when ρ > 0, where c = (p′(ρ))
1
2 . So it is strictly hyperbolic for polytropic gases without

vacuum. The associated right eigenvectors are

r1 =
(
−ρ, c

)>
, r2 =

(
ρ, c
)>

.

Moreover, ∇(u,ρ)λi · ri 6= 0 if p′′(ρ) > 0, i = 1, 2. Hence both the characteristics are genuinely
nonlinear for non-vacuum polytropic gases with γ > 1.
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For the shock wave curves in the (u, ρ)-plane, with σ being the speed of shocks, considering
the Rankine-Hugoniot conditions

σ[ρ] = [ρu], σ[ρu] = [ρu2 + p(ρ)], (76)

which yield

u− u1 = ±

√
(ρ− ρ1)(p− p1)

ρρ1
. (77)

According to the Lax condition, or equivalently, density increases across shock front [62, Section
18.B, p.349], for 1-shocks, we have ρ > ρ1. Since σ < 0, the first equation in (76) implies that
u < u1. Thus

S1
.
=

{
(u, ρ) | u− u1 = −

√
(ρ− ρ1)(p− p1)

ρρ1
, ρ > ρ1

}
. (78)

Similar analysis shows that

S2
.
=

{
(u, ρ) | u− u1 = −

√
(ρ− ρ1)(p− p1)

ρρ1
, ρ < ρ1

}
. (79)

For the rarefaction wave curves, set ξ
.
= x

t
. Then system (1) is reduced to the ordinary

differential equations {
(u− ξ)ρξ + ρuξ = 0,

p′(ρ)ρξ + ρ(u− ξ)uξ = 0.
(80)

Which implies that
ξ = λ1 = u− c or ξ = λ2 = u+ c. (81)

For 1-waves, from the first equation in (80), we have

du

dρ
= −

c

ρ
< 0. (82)

Integrating both sides of (82) gives

R1
.
=

{
(u, ρ) | u− u1 = −

∫ ρ

ρ1

√
p′(s)

s
ds, ρ < ρ1

}
. (83)

Similarly the 2-rarefaction wave curve is

R2
.
=

{
(u, ρ) | u− u1 =

∫ ρ

ρ1

√
p′(s)

s
ds, ρ > ρ1

}
. (84)

For the Riemann problem (1)(74) with given left state (u1, ρ1), if the right state (u2, ρ2)
lies on any of the above four curves, then (u1, ρ1) and (u2, ρ2) can be connected by a single
shock wave or rarefaction wave as indicated by the name of the wave curves above. If (u2, ρ2)
lies in one of the four open regions I, II, III or IV as depicted in Figure 6, then the solution
contains two waves. To be more specific, it is R1 + R2 (two rarefaction waves) if (u2, ρ2) ∈ I;
R1 +S2 (a rarefaction wave followed by a shock) if (u2, ρ2) ∈ II; S1 +R2 (a shock followed by
a rarefaction wave) if (u2, ρ2) ∈ III; and S1 +S2 (two shocks) if (u2, ρ2) ∈ IV. States in region
V can only be connected to (u1, ρ1) by a vacuum lying in the middle of 1- and 2-rarefaction
waves.

In Section 4.1, for the proof of Theorem 1, we utilized the inverse rarefaction wave curves.
R∗1(U1) is exactly the curve given by{

(u, ρ) | u− u1 = −
∫ ρ

ρ1

√
p′(s)

s
ds, ρ > ρ1

}
, (85)



30 Jin, Qu and Yuan

S1 R2

S2

R1

R2

I

III

II

IV

V

Fig. 6: Wave curves of Riemann problem (1)(74) in the (u, ρ)-plane.

which consists of left state U that could be connected to the right state U1 by a 1-rarefaction
wave. Similarly, U on the curve

R∗2(U1)
.
=

{
(u, ρ) | u− u1 =

∫ ρ

ρ1

√
p′(s)

s
ds, ρ < ρ1

}
(86)

could be connected from right by a 2-rarefaction wave to the right state U1.
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