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Stochastic generalizations of some fixed point theorems on a class of nonconvex

sets in a locally bounded topological vector space are established.  As

applications, Brosowski-Meinardus type theorems about random invariant

approximation are obtained.  This work extends or provides stochastic versions of

several well known results.
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1. Introduction

Probabilistic functional analysis is an important mathematical discipline because of its

applications to probabilistic models in applications.  Random operator theory is needed for

the study of various classes of random equations.  The study of random fixed point theorems

was initiated by the Prague school of probabilists in the 1950s.  Random fixed point theorems

and random approximations are stochastic generalizations of classical fixed point and

approximation theorems, and find their applications in probability theory and nonlinear

analysis.  The random fixed point theory for self-maps and nonself-maps has been developed

by various authors (see e.g., [2-3, 13, 19]).  Recently, this theory has been further extended

for 1-set contractive mappings that include condensing, nonexpansive, semicontractive and

completely continuous random maps, etc.

 Brosowski [4] initiated the study of invariant approximations using the fixed point theory

and subsequently various generalizations of Brosowski's results have appeared in the

literature (see for example, [7, 12]).

 In this paper, we prove some random fixed point theorems for nonexpansive random

operators defined on a class of nonconvex sets containing the subclass of starshaped sets in a

locally bounded topological vector space.  As applications of our results, we obtain

Brosowski-Meinardus type results on random invariant approximation (cf. [4, 14]).  These

results are obtained in Section 3, while in Section 2 we recall certain technical deinitions and

known results.
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2.  Preliminaries

A subset  of a (real or complex) linear space  is called  if there exists at leastW \ starshaped

one point  such that  for all , ;  is called a D − W >D  Ð"  >ÑB − W B − W > − Ð!ß "Ñ D star center

of .  Let .  A real-valued map  on a linear space  is called -  ifW !  : Ÿ " ² † ² \ :: norm

   and  iff ,Ð3Ñ ² B ²   ! ² B ² œ ! B œ !: :

  , andÐ33Ñ ² B ² œ ± ± ² B ²- -: :
:

   for all  and .Ð333Ñ ² B  C ² Ÿ ² B ²  ² C ² Bß C − I −: : : - ‚
The formula  defines a translation invariant metric on .  It is well. ÐBß CÑ œ ² B  C ² \: :

known that the topology of any Hausdorff locally bounded topological vector space is given

by some -norm.  In the sequel, unless mentioned specifically otherwise,  denotes a: \
Hausdorff separable complete locally bounded topological vector space (not necessarily

locally convex) whose topology is generated by a -norm.  Of course, if , then  will: : œ " \
stand for a separable Banach space.

 Let  and  a family of functions from  into  such that W © \ œ Ö0 × Ò!ß "Ó W 0 Ð"Ñ œY αα α α−W

for each .  Following Dotson [6], the family  is said to be  if there exists aα Y− W contractive

function  such that for all  and all , we have9 α "À Ð!ß "Ñ Ä Ð!ß "Ñ ß − W > − Ò!ß "Ó
² 0 Ð>Ñ  0 Ð>Ñ ² Ÿ Ò Ð>ÑÓ ²  ²α " : :

:9 α " Y.  The family  is said to be jointly continuous

(resp. ) if  in  and  in  (resp.  in  andjointly weakly continuous > Ä > Ò!ß "Ó Ä W > Ä > Ò!ß "Ó! ! !α α

α αÄ W 0 Ð>Ñ Ä 0 Ð> Ñ 0 Ð>Ñ Ä 0 Ð>ÑÑ W ÐA
A A

! ! in ), then  (resp.  in   denotes the weakα α α α! !

convergence).

 We observe that if  is starshaped with  as star center and  ,W © \ D 0 Ð>Ñ œ Ð"  >ÑD  >BB

ÐB − Wà > − Ò!ß "ÓÑ œ Ö0 ×, then  is a contractive jointly continuous family withY α α−W

9Ð>Ñ œ > \.  Thus the class of subsets of  with the property of contractiveness and joint

continuity contains the class of starshaped sets which in turn contains the class of convex sets.

 Throughout this paper,  denotes a measurable space if not mentioned otherwise.  AÐ ß ÑH T
mapping  is said to be  if for any open subset  ofX À Ä # GH \ measurable

\ßX ÐGÑ œ Ö − À X Ð Ñ ∩ G Á g× − W \" = H = T.  Let  be a nonempty subset of .  A mapping

0À ‚ W Ä \ B − W 0Ð † ß BÑH  is called a if for any ,  is measurable.  Arandom operator 

measurable mapping  is called a  of a random operator0 HÀ Ä W random fixed point

0À ‚ W Ä \ − Ð Ñ œ 0Ð ß Ð ÑÑH = H 0 = = 0 = if for every , .

 Suppose that  is a family of functions from  into  having the property[ œ Ö0 × Ò!ß "Ó Wα α−W

that for each sequence  in , with  as , we haveÐ Ñ Ð!ß "Ó Ä " 8 Ä ∞- -8 8

0 Ð Ñ œ BÞ Ð‡ÑB 8 8- -

We observe that  and it has the additional property that it is contractive, jointly[ Y©
continuous and jointly weakly continuous.

 If for a subset  of , there exists a contractive jointly continuous family of functionsW \
Y œ Ö0 × Wα α−W  (resp. a family of functions satisfying (*)), then we say that  has the property

of contractiveness and joint continuity (resp. property (*)).

 Example 2.1:  Any subspace, a convex set with , a starshaped subset with center  and a! !
cone of a -normed space have the family of functions associated with them which satisfy:
condition (*).

 Let  be a random operator.  If we restrict it to the family , then theX À ‚ W Ä WH [
operators  defined by  are random operators becauseX X Ð ß BÑ œ 0 Ð Ñ œ XÐ ß BÑ8 8 8 8X Ð ßBÑ= - - ==

of the randomness of .X
 A map  is called0À W Ä \
   if  for all Ð3Ñ ² 0ÐBÑ  0ÐCÑ ² Ÿ ² B  C ² Bß C − Wnonexpansive : :

   if there is a constant ,  such thatÐ33Ñ 5 ! Ÿ 5  "Banach operator

² 0ÐBÑ  0 ÐBÑ ² Ÿ 5 ² B  0ÐBÑ ² B − W#
: :, for all 

Ð333Ñ . Ð0ÐBÑß 0ÐCÑÑ œ . ÐBß CÑ Bß C − W  if  for all .isometric : :
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A random operator  is , etc.)  if0À ‚ W Ä \H continuous nonexpansive, Banach operatorÐ
for each ,  is continuous (nonexpansive, Banch operator, etc.).  For any ,= H =− 0Ð ß † Ñ B − \
we set inf  and  ;. ÐBß WÑ œ Ö ² B  C ² À C − W× T ÐBÑ œ ÖC − WÀ ² B  C ² œ . ÐBß WÑ×: : W : :

T ÐBÑ B W \W  is called the set of all  of  from  in .best approximations

 A subspace  of  is said to beQ \
  if for each ,  is a nonempty and finite di-Ð3Ñ B − \ T ÐBÑpseudo-Chebyshev Q

mensional set in \
Ð33Ñ B − \ T ÐBÑ \  if for each ,  is a nonempty and compact set in .quasi-Chebyshev Q

 Every finite dimensional subspace of a Banach space  is pseudo-Chebyshev.  Moreover,\
every pseudo-Chebyshev subspace is quasi-Chebyshev but not conversely, in general (see

[15] for more details).

 We say that  (the dual of  is  if for each nonzero , there exists\ \Ñ B − \‡ separating

9 9− \ ÐBÑ Á ! \‡ such that .  In this case, the weak topology of  is Hausdorff ([11]).

 We shall need the following results.

  ([11, Theorem 3.1]).  Theorem A: Let  be a compact subset of .  If  is a family ofW \ Y
contractive and jointly continuous functions associated with , then any nonexpansiveW
selfmap  of  has a fixed point.X W
 Let  be a weakly compact subset of  withTheorem B:  ([11, Theorem 3.4]).  W \
separating dual .  Suppose that  has the property of contractiveness and joint continuity.\ W‡

Then any nonexpansive selfmap  of  has a fixed point.X W

3.  Main Results

We begin with the following “random fixed point theorem" for nonexpansive operators which

extends Theorem 1 of Dotson [6].

 Theorem 3.1:  Suppose that  is a compact subset of  with the property  andW \ Ð‡Ñ
X À ‚ W Ä W XH  is a nonexpansive random operator.  Then  has a random fixed point.

 Proof:  By assumption, there is a family  satisfying (*).  If we take[ œ Ö0 ×α α−W

- H = -8 8 8 8
8

8" X Ð ßBÑœ − Ð!ß "Ó X À ‚ W Ä W X Ð ß BÑ œ 0 Ð Ñ 8 œ "ß #ßá and define  by , , the=

continuity of  and its randomness imply that each  is a continuous random operator fromX X8

W X into itself.  We first show that each  is a Banach operator.8

  ² X Ð ß BÑ  X Ð ß BÑ ² œ ² 0 Ð Ñ  0 ÑÐ Ñ ²8 : 8 8 :
#
8 X Ð ßBÑ X Ð ß0 Ð Ñ= = - -= = -XÐ ßBÑ 8=

 Ÿ Ò Ð Ñ ² X Ð ß BÑ  XÐ ß 0 Ð ÑÑ ²9 - = = -8 8 :
:

X Ð ßBÑ=

 Ÿ Ò Ð ÑÓ ² B  0 Ð Ñ ²9 - -8 8 :
:

X Ð ßBÑ=

 œ Ò Ð ÑÓ ² B  X Ð ß BÑÑ ²9 - =8 8 :
:

for each .= H−
 By [3, Theorem 2.1],  has a random fixed point .  For each , define X 8 K À Ä OÐWÑ8 8 80 H

by  where  is the set of all nonempty compact subsets of .K Ð Ñ œ Ö Ð ÑÀ 3   8× OÐWÑ W8 3= 0 =
Define  by .  Then  is measurable by [8, Theorem 4.1]KÀ Ä OÐWÑ KÐ Ñ œ K Ð Ñ KH = =+∞

8œ" 8

and hence it has a measurable selector .  We now show that  is the random fixed point of .0 0 X
Fix .  Since , therefore there exists a sub= H 0 = =− Ð Ñ − KÐ Ñ
sequence  of  that converges to .  Since , we haveÐ Ð ÑÑ Ð Ð ÑÑ Ð Ñ X Ð ß ÐBÑÑ œ Ð Ñ0 = 0 = 0 = = 0 0 =8 8 8 8 84 4 4 4

X Ð ß Ð ÑÑ Ä Ð Ñ X Ð ß † Ñ X Ð ß Ð ÑÑ Ä XÐ ß Ð ÑÑ8 8 8= 0 H 0 = = = 0 = = 0 =
4 4

.  The continuity of  implies   and

hence, using  and the joint continuity, we get - = 0 =8 8 84 4 4
Ä " X Ð ß Ð ÑÑ œ

0 Ð Ñ Ä 0 Ð"Ñ œ XÐ ß Ð ÑÑ \X Ð ß Ð ÑÑ X Ð ß Ð ÑÑ8= 0 = = 0 =84 4
- = 0 = .  As  is Hausdorff, we get
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X Ð ß Ð ÑÑ œ Ð Ñ= 0 = 0 = .

 As an immediate consequence of the above theorem, we have the following Brosowksi-

Meinardus type theorem on best random approximation and random fixed points.

 Theorem 3.2:  Suppose that  is a nonexpansive random operator withX À ‚ \ Ä \H
deterministic fixed point .  Assume further that  leaves a compact subset  of  asB X Q \
invariant and  has the property .  Then  has a best random approximationT ÐBÑ Ð‡Ñ BQ

0 HÀ Ä Q X which is also a random fixed point of .

 Proof:  It is easy to see that  is nonempty.  Let .  Then for each ,T ÐBÑ , − T ÐBÑ −Q Q = H
X Ð ß BÑ œ B X Ð ß † Ñ . ÐBßQÑ Ÿ ² B  XÐ ß ,Ñ ² œ= = =.  As  is nonexpansive, so : :

² X Ð ß BÑ  XÐ ß ,Ñ ² Ÿ ² B  , ² œ . ÐBßQÑ ² B  XÐ ß ,Ñ ² œ . ÐBßQÑ= = =: : : : :.  So  for

each .  Therefore,  is -invariant for each .  Also,  being, − T ÐBÑ T ÐBÑ X Ð ß † Ñ − T ÐBÑQ Q Q= = H
a closed subset of a compact subset is compact.  Therefore, by Theorem 3.1,  has a randomX
fixed point in .T ÐBÑQ

 The following corollary provides a random generalized version of Theorem 3 in [16] and

extends Theorem 4 in [2].

 Corollary 3.3:  Let  be a separable Banach space.  Suppose that  is a\ XÀ ‚ \ Ä \H
nonexpansive random operator with deterministic fixed point .  Assume that  leavesB X Ð ß † Ñ=
a quasi-Chebyshev subspace  invariant.  Then the point  has a random bestQ B
approximation  which is also a random fixed point of .0 HÀ Ä Q X
 Proof:  The set  is nonempty and compact for each  in .  As in the proof ofT ÐBÑ B \Q

Theorem 3.2,  is -invariant for each .  Hence the result follows fromT ÐBÑ X Ð ß † Ñ −Q = = H
Theorem 3.1.

 Note that Theorem 2.1 of Beg and Shahzad [3] remains true for a closed subset  of aW

separable metric space  and  is compact for each  (cf. Remark 2.2 [3]).\ XÐ ß WÑ −= = H
Consequently we obtain the following version of Theorem 3.1 which gives an extension of

Theorem 3 of Beg and Shahzad [2].

 Theorem 3.4:  Let  be a closed subset of  and  a nonexpansive randomW \ X À ‚ W Ä WH

operator.  Assume that  is a compact set for each .  If  has a family  with theX Ð ß WÑ − W= = H [
property , then  has a random fixed point.Ð‡Ñ X
 The following is a random analog of Theorem 2 of Dotson [6].

 Theorem 3.5:  Let  be a separable Banach space and  a weakly compact subset of .\ W \
Suppose that  has a family  with the property  and  is a weaklyW Ð‡Ñ X À ‚ W Ä W[ H
continuous nonexpansive random operator.  Then  has a random fixed point.X
 Proof:  As in the proof of Theorem 3.1, let , .  Define mappings-8

8
8"œ 8 œ "ß #ßá

X À ‚ W Ä W X Ð ß BÑ œ 0 Ð Ñ − Bß C − W8 8 8X Ð ßBÑH = - = H by .  Then for any  and , we have=

  ² X Ð ß BÑ  X Ð ß CÑ ² œ ² 0 Ð Ñ  0 Ð Ñ ²8 8 8 8X Ð ßBÑ X Ð ßCÑ= = - -= =

 Ÿ Ð Ñ ² X Ð ß BÑ  XÐ ß CÑ ²9 - = =8

 Ÿ Ð Ñ ² B  C ² Þ9 -8

Hence, each  has a random fixed point  (see [9]) and so  for eachX X Ð ß Ð ÑÑ œ Ð Ñ8 8 8 8 80 = 0 = 0 =
= H H = 0 =− 8 K À Ä [OÐWÑ K Ð Ñ œ A Ö Ð ÑÀ 8 Ÿ 3×.  Now for each , define  by -cl  , where8 8 3

=-cl  denotes the weak closure of  and  is the set of all nonempty weaklyÐEÑ E [OÐWÑ
compact subsets of .  Define  by .  Then argumentsW KÀ Ä [OÐWÑ KÐ Ñ œ K Ð ÑH = =+∞

8œ" 8

similar to those in [5, Theorem 6.3.2] ensure the existence of a measurable selector  of0 =Ð Ñ
KÐ Ñ X= 0.  We show that  is a random fixed point of .  Fix

= H 0 = = 0 = 0 =− Ð Ñ − KÐ Ñ Ð Ð ÑÑ Ð Ð ÑÑ.  Since , therefore there exists a subsequence  of  that8 84

converges weakly to ; that is, .  Since  , we have0 = 0 = 0 = = 0 = 0 =Ð Ñ Ð Ñ Ä Ð Ñ X Ð ß Ð ÑÑ œ Ð Ñ
A

8 8 8 84 4 4 4

X Ð ß Ð ÑÑ Ä Ð Ñ X Ð ß † Ñ
A

8 84 4
= 0 = 0 = =.  The weak continuity of  implies
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X Ð ß Ð ÑÑ Ä XÐ ß Ð ÑÑ
A

= 0 = = 0 =84
 

and hence, using the joint weak continuity, we get

X Ð ß Ð ÑÑ œ 0 Ð Ñ Ä 0 Ð"Ñ œ XÐ ß Ð ÑÑ
A

8 8 8X Ð ß Ð ÑÑ X Ð ß Ð ÑÑ4 4 484
= 0 = - = 0 == 0 = = 0 = .

By the Hausdorff property of the weak topology, we get the required result

X Ð ß Ð ÑÑ œ Ð ÑÞ= 0 = 0 =
 The following result generalizes Theorem 8 of Habinaik [7].

 Theorem 3.6:  Let  be a weakly continuous nonexpansive random opera-X À ‚ \ Ä \H
tor with deterministic fixed point .  Assume that  leaves a weakly compact subset  of B X Q \
invariant,  is compact and  has the property .  Then the point  has aX Ð ß † Ñ ± Q T ÐBÑ Ð‡Ñ B= Q

best random approximation  which is also a random fixed point of .0 HÀ Ä Q X
 Proof:  The proof is analogous to that of Theorem 3.2 and is therefore omitted.

 An affine continuous map is weakly continuous so we deduce from Theorem 3.5, the

following random version of Corollary 1.10 of Veeramani [18].

 Corollary 3.7:  Let  be a weakly compact convex subset of a separable Banach space .W \
If  is an affine nonexpansive random operator, then  has a random fixedX À ‚ W Ä W XH
point.

   Let  be a weakly compact convex subset of a strictly convex separableCorollary 3.8: W
Banach space .  If  is an isometric random operator, then  has a random\ XÀ ‚ W Ä W XH
fixed point.

 Proof:  It is sufficient to show that  is affine for each .  Let  andX Ð ß † Ñ − Bß C − W= = H
D œ >B  Ð"  >ÑC > Ò!ß "Ó, for any  in .  Then we have

² X Ð ß BÑ  XÐ ß DÑ ² œ ² B  D ² œ Ð"  >Ñ ² B  C ² œ Ð"  >Ñ ² X Ð ß BÑ  XÐ ß CÑ ²= = = =

and

² X Ð ß CÑ  X Ð ß DÑ ² œ ² C  D ² œ > ² B  C ² œ > ² X Ð ß BÑ  XÐ ß CÑ ²= = = = .

By the strict convexity of , we get , for each  in \ XÐ ß DÑ œ >X Ð ß BÑ  Ð"  >ÑX Ð ß CÑ > Ò!ß "Ó= = =
and .= H−
 An application of Corollary 3.7 leads to the following random analog of a result of

Brosowski [4].

 Corollary 3.9:  Let  be a separable Banach space and  a linear nonex-\ XÀ ‚ \ Ä \H
pansive random operator with deterministic fixed point .  Let  be a -invariantB Q XÐ ß † Ñ=
subset of .  If  is nonempty convex and compact, then the point  has a random best\ T ÐBÑ BQ

approximation  which is also a random fixed point of .0 HÀ Ä Q X
 Proof:  As before, we can show that  is -invariant and so the conclusionT ÐBÑ X Ð ß † ÑQ =
follows from Corollary 3.7.

 In the presence of a measure  on , we can talk about a zero set.  This is the case, if. H TÐ ß Ñ
for example,  is a -finite measure, then a subset  of  is a zero set provided .. 5 H .R ÐRÑ œ !
In this case, a measurable map  is said to be a 0 HÀ Ä W random fixed point of a random

operator  if  for almost all .  That is, there may exist a0À ‚ W Ä \ Ð Ñ œ 0Ð ß Ð ÑÑ −H 0 = = 0 = = H
zero set  with  such that  for all  (the difference setR ÐRÑ œ ! Ð Ñ œ 0Ð ß Ð ÑÑ − ÏR. 0 = = 0 = = H
of  and .H RÑ
 The Borel -algebra  is the smallest -algebra containing all open subsets of .  If5 5FÐ\Ñ \
Ð ß Ñ Ð ß Ñ ŒH T F D H F 5 and  are two measurable spaces, then  denotes the smallest -algebra on

H F H F 5‚ E ‚F E − F − which contains all the sets , where , .  Note that the Borel -

algebra  contains , in general.  The map  is said toFÐ\ ‚ ] Ñ FÐ\Ñ Œ FÐ] Ñ X À Ð ß Ñ Ä #H T \

have a  if Graph   (seemeasurable graph X œ ÖÐ ß CÑ − ‚\À C − X Ð Ñ× − Œ FÐ\Ñ= H = T
[17]).

 Tarafdar, Watson and Yuan [17] have proved the following.
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  ([17, Theorem 7]).  Theorem C: Let  be a measurable space with a positiveÐ ß ß ÑH D .
measure  e.g.  is an outer measure  and  a nonempty Polish set in a topological space. .Ð Ñ \
I JÀ ‚ \ Ä # − ÖB − \À.  Suppose  is such that for every , the set H = HI

B − JÐ ß BÑ× Á g J − Œ FÐ\ ‚IÑ= D and Graph .  Then there exists a single-valued

measurable mapping  such that  for almost every .0À Ä \ 0Ð Ñ − JÐ ß 0Ð ÑÑ −H = = = = H
 The existence of random fixed point in almost sense of a nonexpansive operator is

established in the following theorem which generalizes Theorem 3.1 to the family .  HereY
incidentally, we obtain the conclusion of Theorem 2.4 [3] for the sets which are not

necessarily starshaped in a locally bounded topological vector space.

 Theorem 3.10:  Let  be any measure space with positive measure  e.g.,  is anÐ ß ß Ñ ÐH T . . .
outer measure  and  a nonempty compact subset of .  Suppose that  is a family ofÑ W \ Y
contractive jointly continuous functions associated with  and  a nonexpansiveW 0À ‚ W Ä WH
random operator.  Then  has a random fixed point in almost sense.0
 Proof:  Clearly,  is separable and metrizable under the complete metric .  Hence  is aW . W:

Polish set.  It is well known that each jointly measurable single-valued mapping has a

measurable graph and each random continuous single-valued mapping defined in a product

domain is jointly measurable (cf. [17, p. 309]).  Moreover,  isÖB − WÀ JÐ ß BÑ œ B×=
nonempty by Theorem A.  The result now follows by the single-valued version of Theorem

C.

 Theorem 3.11:  Let ,  and  be as in Theorem .  If  is a separable weaklyÐ ß ß Ñ 0 $Þ"! WH T . Y
compact subset of  and  has separating dual , then  has a random fixed point in\ \ \ 0‡

almost sense.

 Proof:  Similar to the proof of Theorem 3.10 with the exception that we apply Theorem B

instead of Theorem A to show that  has a fixed point for each .0Ð ß † Ñ −= = H
 In the absence of the family  or , random fixed points for nonexpansive randomY [
operators may not exist as is clear from the following.

   (cf. [10, Example 3.5]).  Let  and  be a measurableExample 3.12: W œ Ö!ß "× Ð ß # ÑH H

space.  Define  byX À ‚ W Ä WH

X Ð ß !Ñ œ " X Ð ß "Ñ œ !Þ Ð‡‡Ñ= = and 

Then  is a nonexpansive random operator with no random fixed point because if there is anyX
measurable function  such that , , then either0 H 0 = H 0 = = HÀ Ä W Ð Ñ œ XÐ ß Ð ÑÑ −
  , ,Ð3Ñ Ð Ñ œ ! −0 = = H
  , ,Ð33Ñ Ð Ñ œ " −0 = = H
or

   for some Ð333Ñ Ð Ñ œ ! −0 = = H
and  for some  and obviously equation  does not hold in all the three0 = = HÐ Ñ œ " − Ð‡‡Ñ
cases.

     For the corresponding deterministic results of Theorems 3.1-3.2 andRemarks 3.13: Ð3Ñ
Theorems 3.5-3.6, we refer to [11].

   Theorems 3.1-3.2 and Theorems 3.5-3.6 hold in the setup of the Frechet space (see´Ð33Ñ
[1] for the corresponding deterministic results).

   Theorem 3.5 removes the condition of convexity and the fixed point property of Ð333Ñ W
and the strict convexity of  required in Theorem 1 of Xu [19].\
   Example 3.12 contradicts Theorem 2.2 and hence Theorem 3.2 of [20].Ð3@Ñ
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