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RANDOM VARIATE GENERATION1
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ABSTRACT:

The presentation begins with a discussion of basic concepts and con-

cludes with a state of the art survey of methods for generating random variates

on a digital computer.
last year's paper.

1. INTRODWCTION
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Figures 1-29 in the Appendix are copies of the
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2. ADDITIONAL REFERENCES

Ahrens, J.H. and U. Dieter (1980), Sampling from
Binomial and Poisson Distributions: A Method
with Bounded Computation Times, Computing,
25, 3, 193.208,

Ahrens, J.H. and U. Dieter (1980), Computer Gener-
ation of Poisson Deviates from Modified Nor-
mal Distributions, Department of Mathematics,
University of Kiel, Kiel, West Germany.

Bendel, R.B. and M.R. Mickey (1978), Population
Correlation Matrices for Sampling Experiments,
Communications in Statistics, B: Simulation

and Computation, B7, 163-182.

Bentley, J.L. and J.B. Saxe (1980}, Generating
Sorted Lists of Random Numbers, ACM Transac-
tions on Mathematical Software, 6, 3, 359-364.

Cran, G.W., K.J. Martin, and G.E. Thomas (1977),
A Remark on Algorithms AS63: The Incomplete
Beta Integral, AS64: Inverse of the Incom-
plete Beta Function Ratio, Applied Statistics,
26, 111-114,

1Supported by the Office of Naval Research under
contract N00014-79-C-0832.

This paper updates the more than 300 references cited in
Copies of the visual aids are given.

Devroye, L. (1980) On the Computer Generation of
Random Convex Hulls, School of Computer
Science, McGill University, Montreal.

Friedman, J.H. (1971}, Random Event Generation with
Preferred Frequency Distributions, J. Comput.
Phys., 7, 2, 201-218.

Johnson, M.E. and A. Tenenbein {1981), A Bivariate
Distribution Family with Specified Marginals,
Journal of the American Statistical Associa-
tion, 76, 373, 198-201.

Johnson, N.L. (1949), Systems of Frequency Curves
Generated by Methods of Transiation,
Biometrika, 36, 149-176.

Kahn, H. (1950), Random Sampling (Monte Carlo)
Techniques in Neutron Attenuation Probliems - I,
Nucleonics, 6, 5, 27.

Kemp, C.D. and S. Loukas (1981), Fast Methods for
Generating Bivariate Discrete Random Variables,
In: Statistical Distributions in Scientific
Work, C. Taillie, G.P. Patil and B. Baldessari
{eds.), Reidel, Dosdrecht.

Kindle, K. and P. Kubat (1981), A Direct Method for
Generating Beta Variates with Nonintegral Par-
ameters, Working Paper Series No. 8101, Grad-
vate School of Management, University of
Rochester.

Kottas, J.F. and H. Lau (1978), On Handling Depen-
dent Random Variables in Risk Analysis, Journal
of the Operational Research Society, 29, 1209-
1217,

Kronmal, R.A. and A.V. Peterson, Jr. (1981), A
Variant of the Acceptance-Rejection Method for
Computer Generation of Random Variables,
Journal of the American Statistical Associa-
tion, 76-374, 446-451,

81CH1709-5/81/0000-0227%00.75 (:) 1981 IEEE



Bruce SCHMFISFR

228

Law, A.M. and W.D. Kelton (1982}, Simulation
Modeling and Analysis, McGraw-Hi11, New York,
200 p.

Marsaglia, G. (1966), A General Method for
Producing Random Variables in a Computer,
Proceedings of the Fall Joinﬁ Computer Confer-

ence, AFIPS, 29, 169-173.

Monarchi, D., J. Weber, and B. Baldessari (1980},
A Simple Heuristic for the Generation of Cor-
relation Matrices with Specified Determinants,
Boulder Business Research Division, University
of Colorado, Boulder.

Neuts, M.F. and M.E. Paganoc (1981), Generating
Random Variates from a Distribution of Phase
Type, Technical Report 73B, Applied Math-
ematics Institute, University of Delaware,
Newark.

Ryan, T.P. (1978), A Method of Simulating Matrices
for Comparing Estimation Methods in Linear
Regression, Proceedings of the Statistical
Computing Section, American Statistical
Association, 95-99.

APPENDIX

Tadikamalla, P.R. and M.E. Johnson (1980}, The
AB...Z's of Gamma Random Variate Generators,
Wp-392, Graduate School of Business,
University of Pittsburgh, Pittsburgh.

Tadikamalla, P.R., {1980), A Look at the Burr and
Related Distributions, International
Statistical Review, 48.

Votaw, D.F. and J.A. Rafferty (1951), High Speed
Sampling, Math. Tables Other Aids Comp., 5,
1-18.

REFERENCE

Schmeiser, B.W. (1980), Random Variate Generation:
A Survey, In: Simulation with Discrete Models:
A State-of-the-Art View, T.I.0ren, C.M. Shub,
and P.F. Roth {eds.), Winter Simulation Con-
ference, IEEE, 79-104.

RANDOM VARIATE GENERATION:

A SURVEY

BRUCE SCHMEISER

PURDUE UNIVERSITY

SUPPORTED BY:

OrF1ce oF NavaL RESEARCH

ConTrRACT NOOO14-79-C-0832




RANDOM VARIATE GENERATION 229

INPUT MODELLING SCHMEISER / 2

r— 1. HYPOTHESIZE FAMILY
2, DETERMINE PARAMETERS
2.1 FROM DATA

2.2 FROM OPINIONS

DIAGNOSTIC CHECKING
RANDOM VARIATE GENERATION

THE TRANSFORMATION OF THE BASIC SOURCE OF RANDOMNESS,
USUALLY U€0,1), TO THE DISTRIBUTION OF INTEREST.

OUTLINE SCHMEISER / 3

1, FUNDAMENTAL CONCEPTS
1.1 INVERSE TRANSFORMATIONS
1,2 ComposiTioNn
1.3 Acceptance/REJECTION
1.4 SpeciAL PROPERTIES

CRITERIA FOR ALGORITHM COMPARISON

STATE OF THE ART

3.1 ConTinuous UNIVARIATE
3.2 DiscreTe UNIVARIATE
3.3 MULTIVARIATE

CONTINUOUS VECTORS
DISCRETE VECTORS
POINT PROCESSES
TIME SERIES

ORDER STATISTICS
GEQMETRIC PROBLEMS
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SCHMEISER / 4

§1.1 INVERSE TRANSFORMATION: X = F'l(U)

DISCRETE 1 ¢
W m oo 77T T T T T PO ) = Pl - P
FlXpgg) f= == === - = P(F(x) < U < F(xpy )

wHen U ~ U(0,1)

RESULT: U= F(X) ~ U(0,D

NOTE: NUMERICAL INVERSION ROUTINES FOR NORMAL, GAMMA, AND BETA
DISTRIBUTIONS ARE AVAILABLE.

ADVANTAGES OF THE INVERSE TRANSFORMATION, X = F~*(U)

SCHMEISER / 5
A, TRUNCATED DISTRIBUTIONS

-- WANT A<X<B

== ALGORITHM
1, W=F) + (F® - Fa) * U
2. X=F*tmw
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ADVANTAGES OF THE INVERSE TRANSFORMATION, X = F™M(U) SCHMEISER / 6

A. TRUNCATED DISTRIBUTIONS
B. ORDER STATISTICcS: ScHucany (1972) anNp LuriE AND HArRTLEY (1972)

~~ WANT TO GENERATE X(I,N)
-~ RESULT! U(I,N)A-BETA (1, N-1+1)
-- ALGORITHM: J. GENERATE ”(1,N)
20 Xp,m = FHUq, )
SPECIAL CASES!

Lo X,y = FHM™

2, X(l;N) = F_l(l_ - (l“U)l/N)

30 X = F - (1'U(1-1,N))*U11/(N—l+l))

WHERE U, ~ U,

ADVANTAGES OF THE INVERSE TRANSFORMATION, X = F~(U) SCHMEISER / 7

A. TRUNCATED DISTRIBUTIONS
B. ORDER STATISTICS
C. VariANCE RepucTIoN
-= FACILITATES CORRELATION INDUCTION
1, EASIER SYNCHRONIZATION
2. OBTAINS MOST EXTREME CORRELATIONS

vy = F ) = uax corr(X,Y)

v' = Fla-u) —> MmN corr(X,Y)
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COMPOSIT 10N '  SCHMEISER / 8

A. DISCRETE MIXING
N
- IF DENSITY FUNCTION IS #00 = 3 Py 70

WITH 35 p =1 AN 0s<p, FRAL I,

=1

-- THEN VARIATES MAY BE GENERATED USING
1. SELECT I WITH PROBABILITY P
2, GENERATE X FROM Fq(1),

-- EXAMPLES

1

LAPLACE OR DOUBLE EXPONENTIAL TRAPEZOTDAL

COMPOSITION ' SCHMEISER 7 O

A. DISCRETE MIXING
1. MULTIPLE ROOTS: MicHAEL, ScHucany AND Haas (1976)

-~ WE CAN GENERATE Y ~ CHI-SQUARED(1) USING Y = X*
IF X ~N0,1)

-~ HOW CAN WE GENERATE X FROM Y? PROBLEM: TWO ROOTS

NORMAL (0, 1) 3 CHI-SQUARED(1)

ANOTHER EXAMPLE: X ~ INVERSE GAUSSIAN
Y ~ CHI-SQUARED(1)

Y = ACX-B)2/(B2X)
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COMPOSITION ScHmEIsER / 10
A. DISCRETE MIXING
1., MULTIPLE ROOTS
2, ALIAS METHOD: WALKER (1977)

THEOREM: ANY DISCRETE DISTRIBUTION
Pl’ Pz; vy PNJ
WHERE N IS FINITE; T S R
MAY BE EXPRESSED AS AM
EQUIPROBABLE MIXTURE
OF N TWO-POINT
DISTRIBUTIONS.

A XXTEX X}

|
4

COMPOSITION ScHMEISER / 11
A. DISCRETE MIXING
B. CONTINUOUS MIXING
== IF THE CDF CAN BE WRITTEN AS Fy(x) = ./~FX|Y(X) dG(y)

-~ THEN VARIATES MAY BE GENERATED USING

1. GENERATE v FROM G(+)
2, GENERATE x FROM Fy i ()

-- EXAMPLE: PEARSON TYPE VI
1. B~ GAMMA(D,c)
2, X ~ GAMMA(A,1/B)

-- EXAMPLE: NEGATIVE BINOMIAL (n,P)
1. vy ~ GAMMA(N, (1-P)/P)
2, x ~ POISSON(y)
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ACCEPTANCE/REJECTION ScHMEISER / 12
GIVEN: T(Xx) = F(X) FOR ALL X

ALGORITHM:

1. GENERATE (x,v) UNIFORMLY OVER
THE REGION UNDER T(+)

2. IF v <r(x), THEN x IS ACCEPTED;
OTHERWISE REJECT x BY GOING
TO STEP 1.

ACCEPTANCE/REJECTION ScHMEISER / 13

-- EXAMPLE: BETA DISTRIBUTION, AHRens anp DieTer (1974)

11 ALGORITHM

1. GENERATE x ~ NORMAL(n,0?)
2, GENERATE v ~ U0, K #(x))

3. IF v<Fr(x), ACCEPT x;
OTHERWISE GO TO STEP 1

ExP{-,5((x-n)/0)?%}

=x" (10% 1) (q,1)
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COMPOSITION -- ACCEPTANCE/REJECTION SCHMEISER / 14

EXAMPLE: BETA DISTRIBUTION, ScHMEISER AND BaBU (1980)

ALGORITHM BH4PE
1. SELECT REGION I
2. GENERATE x 'FROM 1,(x)
3. GENERATE v ~ U(0,7,(x))
IF v < B(x), ACCEPT «x

IF v< F(x), ACCEPT «x;
OTHERWISE, REJECT x
BY GOING TO STEP 1

SPECIAL PROPERTIES ScHMEISER / 15

A. DIRECT TRANSFORMATIONS
-~ ALGORITHM

1. GENERATE Y, Yo, «vv, Yy FROM SOME DISTRIBUTIONS
(MAYBE 11D)

2, CALCULATE X AS A FUNCTION OF THE Y’s
-~ EXAMPLES

- LOGNORMAL

- BETA AS RATIO OF GAMMA’s

- F AS A RATIO OF CHI-SQUARED’s

- T FROM NORMAL AND CHI-SQUARED

- BINOMIAL AS A SUM OF BERNOULLI TRIALS

- RATIO OF UNIFORM’s, KINDERMAN AND MoNAHAN (1977)




236 Bruce SCHMEISER

SPECIAL PROPERTIES ‘ ScHMeIsEr / 16
A. DIRECT TRANSFORMATIONS
B. TRIGONGMETRIC FUNCTIONS
-- WANT SIN(a), COS(x), AND TAN(a), WHERE « ~ U(D, 2n}

1] ///’;><;\\\ RESULT: SIN(a) 2 COS(a)
RESULT: COS(a) 2 COS(24)
\3%;/ = (08%(a) - SIN*(a)
2 2

¥

2 2
Vl + Vz

a ~ [(0,2m)

SINGa) = Vo/R

C0S(a) = V1/R

TANCa) = Vp/Vy

2, CRITERIA FOR- ALGORITHM COMPARISON ScHMeIsEr / 17

1, ACCURACY
1.A THEORETICAL
1.B ERROR INDUCED BY U(0,1) NOT BEING RANDOM
1.C ERROR INDUCED BY COMPUTER ARITHMETIC

EXECUTION SPEED
2,A SET-UP TIME
2.B MARGINAL TIME

EASE OF - IMPLEMENTATION

3.A NUMBER OF LINES OF CODE
3,8 SUPPORT ROUTINES REQUIRED
3,C BIT MANTPULATION

PORTABILITY
MEMORY REQUIRED
INTERACTION WITH VARIANCE REDUCTION TECHNIQUES
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3. STATE OF THE ART SURVEY: OUTLINE SchMe1sER / 18

3.1 CONTINUOUS UNIVARIATE
-- CLOSED FORM INVERSES
-- NORMAL
-~ GAMMA
-- BETA

3.2 UNIVARIATE DISCRETE
-- POISSON
-- BINOMIAL
-~ NEGATIVE BINOMIAL

3.3 MULTIVARIATE
-~ CONTINUOUS
-~ DISCRETE
-~ POINT PROCESSES
-- TIME SERIES
-~ ORDER STATISTICS
-- GEOMETRIC PROBLEMS

CLOSED FORM INVERSE TRANSFORMATIONS SchMelser / 19
UNIFORM(A,B) X=A+(B-A) « U

TRIANGULAR(A, B) X=A+ (B-p) » yt/?

EXPONENTIAL(A) X = -A* ALOG(1-U)

WETBULL(A,B) X=1{-A~» ALOG(l-U)}B

CAUCHY (A,B) X=A+3B » TAN2wl)
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NORMAL DISTRIBUTION SCHMEISER / 20

-- NEED ONLY Y ~ M(0,1), SINCE X = u + oY IS N(u,o?),

-- CLASSICAL METHOD: DIRECT TRANSFORMATION, Box anD MuLLer (1958)

R = {-2 * ALOG(U}? Xy = (X 21,222
R
a =21,

X; = R * SINCa)
Xp = R * COS(a)

THEN Xq AND Xo ARE NID(0,1),

NORMAL DISTRIBUTION ‘ ScHmEISER / 21

FASTEST METHOD: MarsacLiA, MAcLAREN AND Bray (1964)
37 REGION COMPOSITION, REQUIRES BIT MANIPULATION

FASTEST METHOD IN FORTRAN: KiNDERMAN AND Ramace (1976)
5 REGION COMPOSITION

-y -3 -2 -1
INVERSE TRANSFORMATION

MACHINE ACCURACY: Opex anp Evans (1974)
QUICK AND DIRTY: RAMBERG AND ScHMEISER (1972)

X ={Ut3>-1-0)-+*%)/,1975
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GAMMA DISTRIBUTION SCHMEISER / 22

-= DENSITY FUNCTION  rF(x) = Exp(-x) xA™1 / r(a) 1(X) (0, w)
-~ CAN LATER RESCALE BY MULTIPLYING BY B,

-- MARGINAL EXECUTION TIMES (MILLISECONDS)

CHeNG KINDERMAN & MarsaGL1A 1 TADIKAMALLA SCHMEISER
GB MonanaN  GRUB RGAMA GAMMA & Lar GHPE

W53 29 . 43 24
49 .29 45 21
16 .30 52 21
A1 .30 .56 18
A1 31 W57

A1 33

40 34 .56

1 USING KR NORMAL

BETA DISTRIBUTION SCHMEISER / 23

- FOO = XP 0% 7 8p,0) 10 (g, 1)
-~ CAN RESCALE TO ANY INTERVAL (A,B)
-~ MARGINAL EXECUTION TIMES (MILLISECONDS).

JOHNK RaTIol  AaD?2 CHENG S&B
GAMMAS BN BB BYPE

1.2 v, 50 1.8 57 .36
1.4 v, 48 .85 .38
3.4 v, 45 J7 b
* ~, 41 72 23
* ~,37 ) 23
* ~, 37

* ~,37 .23

1 usinG cupe 2 USING KR FOR NORMAL
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POISSON DISTRIBUTION ScHMEISER / 24

- F(x) = exp(-M) WX / x! x=0,1,2, ...

- EiXl=mn
SMALL MEAN

A, INVERSE TRANSFORMATION VIA F(x) = Flx-1) M / X
B. SPFZCIAL PROPERTY: RELATIONSHIP TO EXPONENTIAL
C. COMPOSITION: DISCRETE MIXING

vy ~ POISSON(k) K>M
X ~ BINOMIAL(n=Y, P=M/K)
THEN x 1S POISSON(mM).

ALGORITHM

1, USE METHOD B FOR POISSON(K)
2. ACCEPT EACH EVENT WITH PROBABILITY m/k

POISSON -- LARGE MEAN ScHMEISER / 25

COMPOSITION, ScHMEISER AND KAcHITYIcHYANUkuL (1981)
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NONHOMOGENEOUS POISSON PROCESS SCHMEISER / 26

-~ INDEPENDENT EVENTS
-- TIME VARYING RATE R(T)

INVERSE TRANSFORMATION

ap=1-e0f-/ " wm ar

Ti-1

F
Tyl 71—

SET TO U AND SOLVE FOR T, AS A FUNCTION OF Tioqg

-- EXAMPLE: R(T) = 2«C#T

THEN 71, = {17, - ALos(1-U)/C} /2

NONHOMOGENEQOUS POISSON PROCESS SCHMEISER / 27

THINNING: Lewis anp SHepLER (1979)

-~ ANALOGOUS TO ACCEPTANCE/REJECTION
—- GIVEN ANOTHER RATE FUNCTION R™(T) = R(T) FOR ALL T

ALGORITHM
1. GENERATE POISSON PROCESS

T Tgs T3, ov. USING RT(T)

2, REJECT THE EVENT AT TIME T:

WITH PROBABILITY R(T))/R (T;
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COMMON ERRORS ScHMEISER / 28
12 4
1, NORMAL VIA 1} UI -6

BOX - MULLER WITH UC0,1) VIA CONGRUENTIAL

ALGORITHMS WITH ASYMPTOTICALLY INFINITE EXECUTION TIMES
A, Beta via Jounk WHEN P & / or Q 1s LARGE
B, ErLANG ViA SuM oF EXPONENTIALS

TRUNCATION DUE TO MACHINE ACCURACY, ESPECIALLY
WITH ORDER STATISTICS
EXAMPLE: X = -ALOG(I - w)

NONHOMOGENEOUS POISSON PROCESS USING CURRENT RATE

BLINDLY MODELLING BIVARIATE RELATIONSHIPS USING ONLY
CORRELATION TO MEASURE DEPENDENCE,

SUMMARY ScHMEISER / 29

1. FEW BASIC CONCEPTS
2, CRITERIA DEPEND ON SITUATION
3, MAJORITY OF LITERATURE ON UNIVARIATE CONTINUOUS
4, FOR MOST COMMONLY USED DISTRIBUTIONS, ALGORITHMS ARE

A. THEORETICALLY EXACT
B, UNIFORMLY FAST

5. FUTURE WORK ON MULTIVARIATE




