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The evolution of an opaque protostar of one solar mass is investigated up to the onset 

stage of quasi-hydrostatic equilibrium by solving numerically the hydrodynamic equations of 

motion. The protostar is assumed to retain spherical symmetry. The dissipation of the 

energy of mass motion by shock waves is taken into account, but the radiation flow in the 

proto star is neglected because of the rapidity of the dynamics. It is foun~ that the stellar 

structure at the onset stage of quasi-hydrostatic equilibrium is insensitive to the initial dis

tributions of density and temperature in the proto star. At this onset stage the star has an 

isothermal and dense core and a tenuous envelope with a radius of about 200R0. By the shock 

wave an outermost envelope having a mass as small as 1O-4M0 is ejected from the star. 

§ 1. Introduction 

Recently a number of infrared objects have been discovered in the disk of 

our galaxy,I),2) and some of them are known to have bolometric luminosities as high 

as 103L 0 .
3
),4) An attractive interpretation of the observations is that the central 

and main bodies of the infrared objects are protostars which have flared up at 

the last st~ge of their dynamical contraction. For example, R Mon has' been 

interpreted by Low and Smith3
) as being composed of a central flared-up star 

and a surrounding dust cloud which is converting the visible radiation from the 

central star into the infrared radiation. The study of the evolution of such a 

proto star will also be important in connection with the origin of the solar 

system. 

In a previous work, Hayashi and Nakano (to be referred to as HN) have 

examined theoretically the dynamical and the thermal behavior of a protostar of 

one solar mass, which has once been formed from the interstellar medium.G
) 

Under the assumption that the protostar retains both spherical symmetry and 

mass, they have found the general features of its evolution in transparent and 
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Rapid Contraction of a Protostar 1449 

opaque stages up to the onset of quasi-hydrostatic equilibrium, i.e. up to the 

beginning of the pre-main-sequence slow contraction. The main results of this 

study have also been summarized by Hayashi. 6
) 

According to the above study, the initial stage of the opaque protostar, from 

which an adiabatic contraction begins, is determined mainly by the cooling effect 

of grains, almost irrespective of its previous history. The mean density and 

temperature of this initial state are about 4 X 10-14g/ cm3 and 15 oK, respectively, 

for the star of one solar mass. The corresponding pressure is too low by a 

factor of more than 20 to maintain gravitational equilibrium. 

Thus, the opaque protostar undergoes rapid contraction until the total thermal 

energy becomes comparable to the gravitational energy so that quasi-hydrostatic 

equilibrium is finally established. At this last stage the contraction is stopped 

by the bounce of a central core and by the shock waves, which are produced by 

the bounce itself and propagate towards the surface. These shock waves are 

expected to give rise to a sudden flare-up of the star to a luminosity above 

:3 X 102L ev , as observed in the infrared stars. 

As mentioned above, many features of the evolution have been found in HN, 

but the hydrodynamic process after the bounce of a core has not been computed 

numerically. Thus, there remain many questions to be clarified quantitatively 

such as the strength of the shock waves, the amounts of energy dissipation and 

mass ejection by the shock waves, the stellar structure and the luminosity at 

the time of the flare-up, etc. 

The purpose of the present paper is to answer the above questions by solv

ing the hydrodynamic equations directly with an electronic computer for the 

opaque protostar of one solar mass. The effect of shock waves, such as the 

energy dissipation, has been described in terms of von Neumann and Richtmyer's 

artificial viscosity.7) However, the energy flow by radiation has been neglected 

eompletely. Because of the rapid contraction, this energy flow is negligible in 

the bulk of the star, except for the immediate neighborhood of the surface.*) 

In § 2, the basic formulation of the hydrodynamic problem will be described. 

The detailed reformulation of differential equations into difference equations will 

be given in Appendix 1. Also, the equation of state and the other thermodynam

ical relations, which appear in the hydrodynamic equations, will be described 

in Appendix II, together with the formulae for the dissociation of hydrogen 

molecules and for the ionization of hydrogen and helium atoms. 

In § 3, the results of the computation will be described. The computations 

have been performed for different distributions of the initial density and tem

perature (or entropy) in the proto star, because only their mean values have been 

obtained in HN. Further, for the chemical composition, we have considered 

the two cases, the case of pure hydrogen and the case of a mixture of hydrogen 

*) The results of the computation in which the energy flow by radiation is included will be 

described in a forthcoming paper. 
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1450 T. Nakano, N. Ohyama and C. Hayashi 

(70 per cent by mass) and helium (30 per cent by mass). 

The results of the computations show that the stellar structure at the onset 

stage of quasi-hydrostatic equilibrium is almost independent of the initial distri

butions of the density and temperature; it is of centrally condensed type having 

a nearly isothermal core. The mass ejected at the time of the flare-up is as 

small as 10-4M 0 (the case of pure hydrogen) or 10-51\10 (the case of hydrogen 

and helium). 

Finally, in § 4, discussion will be made on the result that the final equili

brium structure is insensitive to the initial configuration and also on the validity 

of the assumption of the negligible radiation flow. 

§ 2. Hydrodynamic equations 

The existence of double stars and that of planets in the solar system indi

cates that the angular momentum played an important role in the formation 

process of these objects. However, if we restrict ourselves to the consideration 

of the central main body of a single star system, there may be many cases in 

which the effect of the angular momentum on the evolution was not essential. 

This is one of the reasons why in this paper the protostar is assumed to be 

spherically symmetric, and another reason is the simplicity of the computations. 

Furthermore, in this paper the energy flow by radiation in the protostar is 

neglected since, after the optical thickness of the star has become much greater 

than unity, the time-scale of energy loss by radiation in the bulk of the star is 

much greater than the time-scale of contraction. 

Now, in the Lagrangian scheme, "vhere t (time) and m (mass contained in a 

sphere of radius r) are taken as independent variables, the equation of motion 

is given by 

au 2a Gm 
~= -47fr ---(P+O) ------
at am ~ r 2

' 

(1) 

ar 
-----= u 
at ' 

(2) 

where u is the velocity, P is the pressure and 0 is von Neumann and Richtmyer's 

artificial viscosity which describes the dissipation of kinetic energy into thermal 

energy by shock waves. The expression for 0 is given by 

l2 (au) 2 au av 
{ 

-- -- , if --<0 and -~-<O, 
o = v Or ar () t 

0, otherwise, 
(3) 

where v is the specific volume and l is a constant having the dimension of 

length.7
) Further, for the specific volume v or the density p, we have the equa

tion of continuity of mass 
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Rapid Contraction of a Protostar 1451 

(4) 

Since the pressure P is a function of the density p and the temperature T, 

we need one more equation which describes the time variation of the tempera

ture. This equation is given by the energy conservation law, which is expres

sed as 

ot 
P-I- Q -I- (OS/OV)T ov 

(os/oT) v -ot ' 
(5) 

oT 

where sis the internal energy per unit mass, which is considered as a function 

of v and T, and the energy Bow by radiation has been neglected. 

When both P and s are given as functions of v and T, the initial-value 

problem is completely described by a set of Eqs. (1) to (5). The reformula

tion of these equations into difference equations, which have been used in the 

present computations, is described in Appendix 1. This reformulation is essen

tially the same as that made by Colgate and WhiteS) and Arnett9
) in the investiga

tion of the supernova explosion. 

Furthermore, the equations of state which have been used in the present 

I~omputations are summarized in Appendix II. 

§ 3. Numerical results 

As an initial stage for the computation we choose a stage when the pro

tostar has become sufficiently opaque but the pressure is still so low that the 

contraction is an adiabatic free-fall. As shown in HN, in such a stage the mean 

specific entropy of the protostar depends only on the stellar mass, irrespective 

of the previous history of its evolution, and for the proto star of one solar mass 

we have 

< V > <T>5/2;::::::::: 1016
, (6) 

where the brackets denote the mean values and v and T are in units of cm3
/ g 

and oK, respectively. It has been found in HN that the proto star of one 

solar mass becomes opaque at a stage when R;:::::::::3 X 104R ev. Then, it is sufficient 

to choose as the initial radius Ro = 5 X 103R ev , for which we have< vo>;::::::::: 1011cm3
/ g 

and <To>;:::::::::102°K from Eq. (6). 

The distributions of the density and the temperature in this initial stage 

depend generally on the previous history of evolution. Therefore several pos

sible cases have to be considered. As to the density distribution we consider 

the two cases: one is the distribution represented by the Emden solution of the 

polytropic index N = 1.5 (relatively uniform distribution) and the other is that 

of the polytropic index N = 4 (centrally condensed distribution). As to the 

temperature distribution, we consider an isothermal case, an isentropic case and 

also a case intermediate between the two. Further, as to the chemical COlTI-
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1452 T. Nakano, N. Ohyama and C. Hayashi 

posItIon of the proto star, we consider the case of pure hydrogen and also the 

case of a mixture of hydrogen (70 per cent by mass) and helium (30 per cent 

by mass) .*) 

Among the possible cases mentioned above, the evolution has been comput

ed in detail for the four cases: (1) initially N = 1.5 and isentropic (pure hydro

gen), (2) initially N = 1.5 and isothermal (pure hydrogen), (3) initially N = 4 

and intermediate between isothermal and isentropic (pure hydrogen), and (4) 

the same initial conditions as case 3 (the mixture of hydrogen and helium). 

In all of the above cases, as the initial velocities of the shells we take Uo = 

- (2Gm/ro) 1/\ i.e. the velocities obtained through the free fall from infinity to 

the present radius roo The computations have been made on electronic compu

ters IBM 7090 and HIT AC 5020E. The results for each of the four cases will 

be described in what follows. 

Case 1 (initially, N = 1.5 and isentropic; pure hydrogen) 

The initial density distribution is given by the Emden solution of index 1.5. 

As the initial central temperature Tc we take 200oK. Then, the initial isen

tropic distribution is expressed as 

(7) 

Table 1. The shell numbers j, the fractional masses mlM and the initial fractional radii rolRo 

of the typical shells. 

j 

3 

6 

9 

12 

15 

18 

21 

24 

27 

30 

I 
I 

I
·_~_~~ ______ N=_~~ ______ !.!I _____ . ________ ~_~~:_~ __ -~----

mlM I TolRo II mlM I rolRo 

0.005875 I 0.1 0.06312 0.050 

0.04426 

0.1353 

0.2798 

0.4600 

0.6465 

0.8090 

0.9252 

0.9860 

1.0000 

I 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

0.3043 0.100 

0.5636 0.150 

0.7448 0.200 

0.8544 0.250 

0.9274 0.311 

0.9773 0.410 

0.9962 0.550 

0.9998 0.730 

1.0000 1.000 

because hydrogen are all in a molecular state at such low temperatures. This 

distribution gives a reasonable surface temperature of about 20oK. 

In computations the protostar has been divided into 30 shells. The fractional 

masses m/ M and the initial radii of several shells are shown in Table I. The 

*) The presence of heavier elements having a concentration by mass as small as 0.03 can be 

neglected in the present treatment where the radiation flow has been neglected, since their contri

bution to the equations of state is very small. 
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Rapid Contraction of a Protostar 

10 

j=1 

O.II.-----:L------L-----l--_---l 
3:8 4.0 4.2 

t (years) 

Fig. 1. The time variation of the radii of the inner shells for 

the initial configuration of case 1 eN = 1.5 and isentropic; 

pure hydrogen). The shell numbers are denoted by j. 

2 4 6 
t (years) 

8 

1453 

10 

Fig. 2. The time variation of the radii of typical shells from the initial stage to the onset stage 

of quasi-hydrostatic equilibrium for case 1. The fractional masses m/ M of the shells are 

denoted by q. The dashed curve represents the path of propagation of the shock front. 
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1454 T. Nakano, N. Ohyama and C. Hayashi 

10 -12 -10 -8 -6 

a:q=O 

b: q=0.31 

c: q=0.78 

d: q=0.999 

-4 -2 

Fig. 3. The evolutionary paths (the dashed 

curves) of four typical shells (denoted by 

a, b, c and d) in the density-temperature 

diagram for case 1. The initial and final 

structures are shown by the solid curves 

and the closed circles. The hatched regions 

are the ionization zone of hydrogen atoms 

(upper) and the dissociation zone of hy

drogen molecules (lower). 

t=II.Oy 

5/k 

30 

i=5.93y 

t =4.84y 

20 

t=O 

o 0.2 0.4 0.6 0.8 1.0 

Fig. 4. The distributions of the entropy 

S (per one atomic mass) in the 

protostar at four different stages 

of case 1. The abscissa is the mass 

fraction, the time t is in years 

and k is the Boltzmann constant. 

computations have also been made with the division into 60 shells. By com

paring the results of 30 shells with those of 60 shells, we have found that the 

corresponding shells show very similar evolution and finally settle down to the 

same equilibrium state (concerning the radius, the temperature, etc.), except 

for a slight difference in a few innermost shells. Thus, the division of the pro

tostar into 30 shells is satisfactory. 

The details of the contraction and bounce of the inner shells in the relatively 

early stages are shown in Fig. 1. The over-all time variation of the radii of 

typical shells from the initial stage to the onset of quasi-hydrostatic equilibrium 

is shown in Fig. 2, where the path of the shock front is denoted by the dashed 

curve. In Fig. 3, the evolutionary paths of four typical shells in the density

temperature diagram are shown by the dashed curves, together with the initial 

and final states denoted by the closed circles and the solid curves. 
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Rapid Contraction of a Protostar 1455 

Figure 4 shows the distribution of the entropy S per one atomic mass at 

several stages. 1'he whereabouts of the shock front is represented by the regions 

where the entropy changes greatly. In reality the thermodynamical quantities 

such as temperature, density and entropy are to be discontinuous across the 

shock front. However, in the difference method using von Neumann and 

Richtmyer's artificial viscosity, the shock front contains a few shells and has a 

small but finite thickness as shown in Fig. 4.7) 

After the arrival of the shock wave to the surface region, the star IS In 

quasi-hydrostatic equilibrium. As is shown in Fig. 2, the surface (q =1.0) settles 

down finally to a radius R~ 170 R(!), and there has been no indication of mass 

ejection despite the heating by the shock wave. Then, we can conclude that 

the ejected mass is much smaller than 10-
3
M(!) which is the mass of the outer

most shell adopted in the present computation. In order to find the amount of 

the ejected mass, it is necessary to divide the outermost region into much more 

shells (see the results of cases 3 and 4 below). 

The distributions of temperature, density and entropy at the onset stage of 

quasi-hydrostatic equilibrium are shown by the solid curves in Figs. 5, 6 and 7, 

l'espectively, where the results for the other cases 2, :3 and 4 are added for 

eomparison. T'he central temperature is about 105°K and hydrogen is com

pletely ionized in the bulk of the star. The reason for the formation of a nearly 

isothermal core, as seen in Fig. 3, will be explained as follows. 

In the early phase of free-fall contraction the kinetic energy per unit mass 

near the center is given by 

Gm - G '2 
--- -;...z; pr, (8) 

r 

which tends to vanish at the eenter. Then, 111 the shells nearer to the center, 

the gain of entropy by the dissipation of this energy by the shoek wave is 

smaller. This low e~tropy of the central region gives rise to the nearly iso

thermal and highly dense core. 

Now, we define the local polytropic index 12 by*) 

_ d log P = 1 _+_} __ . 
d log p n 

(9) 

The distribution of d log P / d log p in the star at the onset stage of quasi

hydrostatic equilibrium is shown by the solid curve in Fig. 8. The polytropic 

index n is large in the inner regions and small in the outer regions. Near the 

center we have even a negative value of n which corresponds to the reversed 

temperature gradient. If we define the mean polytropic index <n> of the star 

by taking the mass average of d log PI d log p in Eq. (9) we have 

*) We distinguish the polytropic index n from the index N which characterizes the initial density 

distribution but has no relation to the pressure distribution. 
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1456 T. Nakano, N. Ohyama and C. Hayashi 

case4:N=4, mixture of H and He 

O~----~----~------~-----L~ __ ~ 
o 0.2 0.4 0.6 0.8 1.0 

m/M 

Fig. 5. The temperature distributions in the star at the onset stage of quasi

hydrostatic equilibrium. The solid curve represents the results for cases 

1 and 2, the dashed curve is for case 3 and the dot-dashed curve is for 

case 4. 

<71>=4.1. (10) 

We shall compare the equilibrium structure, which has been described in 

the above, with that of a poly trope of a constant index n. In the case of the 

poly trope, we have from t,he energy conservation during the contraction5
),6) 

1 

2 

3 GMH Xl 
"- "R"""" = '-'2- + X2 , 

5-n 
(11) 

where 1-1 is the mass of the hydrogen atom and Xl and X2 are the dissocia

tion energy of a hydrogen molecule, and the ionization energy of a hydrogen 

atom, respectively. If we adopt the computed value of R (= 170Re) in Eq. (11), 

we have n = 3.9. It is to be noticed that this value is in good agreement with 

the mean value of the local polytropic index given by Eq. (10). 

Case 2 (initially, N = 1.5 and isotherrnal; pure hydrogen) 

As the initial temperature we take To = 1000K throughout the protostar. 

The other initial conditions and the division of the protostar are the same as 
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Rapid Contraction of a Protostar 

o 0.2 0.4 0.6 0.8 1.0 

m/M 
Fig. 6. The density distributions in the star at the onset stage of quasi-hydrostatic 

equilibrium. The notations are the same as in Fig. 5. The dashed curve 

and the dot-dashed curve are indistinguishable for m/M<O.25. 

40 

cases I and 2 

5/k 

30 

o 0.2 0.4 0.6 0.8 1.0 

m/M 
Fig. 7. The distributions of the entropy S (per one atomic mass) in the star at 

the onset stage of quasi-hydrostatic equilibrium. The notations are the same 

as in Fig. 5. 
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d log P 

dlogp 

1.6 r----,----,--------.----,.---------, 

1.4 

1.2 

---;7- ',' --- /' '\ 
".........., \\ 

..... ~- ~ 
~-

- I 

cases 1 and 2 /\/ ,/ 'I 

-- ~ case 4 I 
1 
\ 

0.8 l......----'---__ -----'-___ --L-__ --L __ -----.l 

o 0.2 0.4 0.6 0.8 1,0 

m/M 

Fig. 8. The distributions of d log Tid log p in the star at the onset stage of 

quasi-hydrostatic equilibrium. The notations are the same as in Fig. 5. The 

dashed curve and the dot-clashed curve are indis':i:lguishable for mIM<O.5. 

Because the pressure effect is negligibly small as compared to the gravita

tional force in the early stages, the protostar contracts essentially in the same 

way as In case 1, and finally establishes a quasi-hydrostatic equilibrium with a 

radius of about 170R0 . The structure of the star in this equilibrium state is 

shown in Figs. 5, 6, 7 and 8 by the solid curves, which are indistinguishable 

from those of case 1 in all of these diagrams. This equality of the final struc

ture in cases 1 and 2 can be explained as follows. The final thermal energy 

of each shell, which has been acquired through the dissipation of the kinetic 

energy, is insensitive to the initial temperature because the initial thermal energy. 

IS much smaller than the kinetic energy. 

Case 3 (initially, N = 4; jJure hydrogen) 

The initial density distribution is represented by the Emden solution of index 

4. The results of cases 1 and 2 show that the initial temperature distribution 

is not important in determining the contraction process and the final structure 

of the protostar. Then, we assume, for simplicity, the initial temperature distri

bution, which is intermediate between the isothermal and the isentropic cases, 

(12) 

with 1'c= 100oK. This distribution gives a reasonable temperature of about 

200K for a shell of a unit optical depth (the opacity due to grains5
) having 

been adopted). We divide the protostar into 30 shells. The fractional masses 

m/ NI and the initial radii of some typical shells are shown in Table I. 
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Rapid Contraction (~f a Protostar 1459 

The time variation of the radii of some typical shells is shown in Fig. 9. 

After the passage of the shock wave through the star, the outermost region con

taining a mass of about 10-4M(O) escapes from the star with a velocity greater 

than the escape velocity. The remaining part of the star settles down to a state 

of quasi-hydrostatic equilibrium with a radius of about 200R(O). 

10 

I I 
0 

0.9998 
0.996 

0.63 

0.40 

Q:::0.06 

L 

2 4 6 8 10 
(years) 

Fig. 9. The time variation of typical shells from the initial stage to the onset 

stage of quasi-hydrostatic equilibrium for case 3. The fractional masses of 

the shells are denoted by q. 

The features of this equilibrium structure, which are shown by the dashed 

curves in Figs. 5, 6, 7 and 8, are very similar to those in cases 1 and 2. For 

the mean polytropic index, we have <n> = 4.3. In the central region, there 

IS some difference from cases 1 and 2. This is due to the different way of 

division of the· protostar in this region. Such a difference has already been 

found in case 1 between the cases of 30 shells and 60 shells division. Also, 

in the surface region, the distributions of the entropy and d log Pjd log pare 

slightly different from those of cases 1 and 2. These differences seem to be 

due mainly to the different way of division of the protostar in the surface region. 

From the results of cases 1, 2 and 3 described above, we can conclude that 

the structure of the protostar when the quasi-hydrostatic equilibrium is 

established is insensitive to the details of its initial configuration as long as the 

condition of Eq. (6) is satisfied. This corresponds to the fact that the velocity of 

each shell just before the time of its bounce is almost independent of th~ initial 
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1460 T. Nakano, N. Ohyama and C. Hayashi 

configura tion. 

Case 4 (initially, N=4; mixture of hydrogen and 'helium) 

We consider a protostar which is composed of hydrogens (70 per cent by 

mass) and heliums (30 per cent). The other initial conditions are completely 

the same as case 3. 

We ha;e found that the ejected mass is about 10~5 Me, which is much 

smaller than in case 3. The reason for this is that more energy is consumed 

in the ionization of helium than in the case of pure hydrogen. The radius of 

the star at the onset stage of quasi-hydrostatic equilibrium is about 230Re . 

The structure of the star when the quasi-hydrostatic equilibrium is established 

is shown by the dot-dashed curves in Figs. 5, 6, 7 and 8. In this state the 

single ionization of helium atoms is complete in the inner region where m/ M< 

0.85, while the double ionization is incomplete throughout the star. For instance, 

at the shell of m/Nl=0.5, only about 60 per cent of helium is doubly ionized. 

The temperature (as seen in Fig. 5) is higher than those of the above three 

cases of pure hydrogen. This is due mainly to the difference in the mean 

molecular weight. The distributions of density (Fig. 6) and d log P / d log P 

(Fig. 7) show deviations from those of case 3 in the region where m/ M>0.5. 

This is the result of the partial ionization of helium. From the mean value of 

d log P / d log p we have <n> = 4.6 for the mean polytropic index. 

§ 4. Discussion 

As was described in § 3, the structure of the protostar which has finally 

eS.tablished the quasi-hydrostatic equilibrium is almost independent of its initial 

distributions of the density and the temperature. This independence will be 

seen more clearly in Fig. 10, which shows that the difference in the radius 

distribution between cases 1 and 3 is greatly reduced in the final stage. 

The above equality of the final structure will be due mainly to the fact that 

the contraction factor of each shell is very large (i.e., r/ro<l, where 1'0 and r 

are the initial and final radius of the shell) and, consequently, the kinetic energy 

or the gravitational energy Gmir of the shell, which has been dissipated into 

the thermal energy, is much greater than any of the thermal energy, the kinetic 

energy and the gravitational energy Gm/ro in the initial stage. If the above 

reasoning is correct, we can say more generally the final equilibrium structure 

is almost independent of the initial value of the mean specific entropy, i.e. the 

value of Eq. (6), as well as the initial distributions of the density and the tem

perature, as long as the initial pressure is sufficiently small as compared to the 

pressure which is required to sustain the protostar against its gravity, i.e. as 

long as the initial state lies sufficiently below the equilibrium line in the tem

perature-density diagram as shown in Fig. 4 of HN. 
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"",-
/ 

I 

10 

o 

Ini1io\ S1~~~_-------_/ 
------------cose 3 --

0.2 0.4 0.6 o.s 
m/M 

I 
/ 

1.0 

Fig. 10. The relation between the radius r 

and the mass fraction m/ M in the initial 

stage and the onset stage of quasi

hydrostatic equilibrium for cases 1, 2 

and 3. 

The effect of the radiation flow in 

the protostar has been completely neglect

ed in this paper. Apparently, this is a 

good approximation for the bulk of the 

protostar, unless the opacity is quite 

lovv. At temperatures between 1500
0
K 

and 2000 o K, the grains have been eva

porated and the contribution of molecules 

to the opacity is still so small that the 

opacity is quite low. Even If the tem

perature of some shells lies in this region 

of low opacity in some stages of evolu

tion, the cooling of the shells due to 

their good transparency IS negligibly 

small, because the low opacity of a gas 

means also its low emissivity of radiation 

and the time of duration of the low 

opacity is very short in the free-fall con

traction. 

However, for the surface region 

which is always optically thin, the effect 

of radiation flow on the cooling or heating 

of this region cannot be neglected. The change in the luminosity with the con

traction is determined mainly by the above effect. The computation which 

includes the radiation flow is now in progress and the preliminary result shows 

that the protostar flares up to the luminosity as high as 2 X 103 L0 when the 

shock front approaches the surface. 

Finally, it is to be noticed that the equations of state described in Appendix 

II are, strictly speaking, applicable to temperatures sufficiently higher than 85 OK 

which corresponds to the energy spacing of the rotational levels of the hydrogen 

molecule. We are allowed, however, to use these equations for lower tempera

tures without errors, because in the stages of such low temperatures the pro

tostar undergoes free-fall contraction. 
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Appendix I 

Dzfferellce equations 

We divide the protostar into cocentric spherical shells whose boundaries 

are numbered 0, 1, 2, "', J from the center outward. The physical quantities at 

the zone boundaries are subscripted j and those at the zone center are subscript

ed j+ 1/2. The quantities at the n-th stage are superscripted 1I. 

The initial configuration is specified by 

mj, r/, Uj-1/2 and T~-1/2; j=l, 2, "', J. (A·l) 

The mass mj does not depend on the time in the Lagrangian scheme, and the 

specific volume is given by 

(A·2) 

where 

Ll m j + 1/2 = m j + 1 - 11l f • (A·3) 

If the quantltIes at the (n -1/2) -th and n-th stages are knovvn, the quantities 

at the (n + 1/2) -th and (n + 1) -th stages are found in the following way. 

Equations (1), (2) and (4) are rewritten as 

G Atn 
n+1/2 _ n-1/2 lnj A n 4 ( n) 2 (pn pn on on) kJ (A 4) 

Uf - Uf - --(·-r·-J.~-)2kJt - n rf /+1/2 - f-1/2 + ~j-ll/2 - ~f-l/2 • i;;;j- , 

r~;+l = rj + Uj+l/2 Lltn-11/2, (A· 5) 

4n (r?J~:li_l1) 3 _ (r?J~-IJ) 3 
Vj~i/2 = . . .. (A· 6) 

3 Llrnf+l/2 

where Lltn and Lltn+
1

/
2 are the time steps which have the relation 

Lltn = __ ~_ (LltHl/2 + Lltn-1/2) , (A·7) 

and Llmj IS defined m terms of Llmf+1/2 given in Eq. (A· 3) by 

(A·S) 

From Eq. (5) the temperature variation is expressed as 
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Rapid Contraction of a Protostar 1463 

where pnij~, (oe/ov) nij~ and (oe/oT) nij~ are the functions of vj~;j~ and Tj:t;i 
which are gIVen by 

n+1/2 (1/2) ( n+1 + n ) 
Vj+1/2=· Vj-i-1/2 Vj+1/2, (A· 10) 

T 1I+ 1/2 _ 7'11-..1 1 
. jl-1/2 - jl-1/2T 

2 

tlt
n
+

1/2 
n '11-1 

----------. (T '1/2 -1 '..11/2)' tltn -- J/2 J i . J, 
(A· 11) 

From Eq. (3) the artificial viscosity appearing 111 Eq. (A· 9) IS written as 

2 (n+1/2 n 11/2) 2/ n 1-1/2 'f n-I J < 11 

{

a Uj 11 - Uj Vj-t 1/2 , 1 Vj-11/2 Vj 1-112 

0 7~+1/2 _ and U7~-t 1/2<Z/! 1-J/2 
~J+J/2 - J 1-1 J , 

0, otherwise, 

(A·12) 

where a is a non-dimensional quantity of the order of unity.7) In this paper we 

take a
2 

= 2. The artificial viscosity OJ+JI2 in Eq. (A· 4) may be given by Eq. 

(A ·12) with n in place of Jl + 1/2. In this case we must calculate u/ by ex

trapolation. However, because the artificial viscosity has not a firm physical 

foundation, we define simply 

On on-1/2 
~j+1/2 = .~j+1/2· (A·13) 

The stability of the above difference equations requires that the time step 

must be smaller than the time in which the sound wave propagates through any 

of the shells. In the computation of the free-fall contraction phase in which 

the sound velocity is small, the above condition for the time step is quite insuf

iicient. The changes of the specific volume and the temperature in one time 

step must be sufficiently small in order to compute the equation of motion and 

the temperature variation correctly. Then, in this paper we take as the time step 

,dr+ 1/2 the minimum of the three quantities 

where c IS the sound velocity. 

(j=I,2,···,J), 

Appendix II 

Equations of state 

(A·14) 

Concentrations by mass of hydrogen and helium are denoted by X and 

Y, respectively. The contribution of heavier elements to the equations of state 

is neglected because of their small concentration, while the contribution of radia

tion is included in view of applicability to the cases of massive protostars. 

'iVhen the protostar is opaque, the density is so high that the molecules, atoms 
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1464 I'. Nakano, lV. Ohyama and C. Hayashi 

and ions of hydrogen and helium are in chemical equilibrium. In the region of 

temperature and density studied in this paper, the zones of molecular dissocia

tion and _ atomic ionization are well separated from each other, except for the 

ionization of hydrogen atoms and the single ionization of helium atoms. The 

equations of state in each of these zones are described in vvhat follows. 

1) Dissociation of hydrogen molecules 

The dissociation degree Xl of hydrogen molecules is determined by 

(A·I5) 

where H is the mass of the hydrogen atom and Xl, J) and I are the dissociation 

potential, the vibration frequency and the moment of inertia of the hydrogen 

molecule, respectively, which have the values 

(A·I6) 

The pressure and the entropy per one atomic mass are given in terms of Xl by 

p= {-{ (I+x l ) + ~}~L+~-l-aI'\ (A ·17) 

S = I? (X + 14
T

) { 5 + In 2H(2rrHkI') 3/2V~ _ kX}--- ,Xl _ {_ 3
2 

+ Xl _ _____ lzvlkI' } 
2 h 3 

J 2 kT exp(hv/kT)-I 

l:Y Y 4 7'3 In +--- -alTv - '. 
4 16 3 

The internal energy per unit mass is gIven by 

8 = -~ [~~~~- {--~--kI'+ exp (lz-v7k-i)-I} + - ~ xJ~I'+-~-lXl J 

+ 3~_ kI' + avI'4. 
8H 

By differenciating Eq. (A ·19) we have-

(A ·18) 

(A·I9) 

( _!J.~) = aI' 4 + ?SkI' _xl(I ___ '~12-1J 1 -I- Xl _ hv /kI' } (A. 20) 
ov T 2I-Tv 2-Xl - 2 l~I' exp(hv/kT) --1 ' 

( _o_~_) = kX [5+XI + (I-xI)exp(hv/kI') 51 _____ _ hv/~T ~2 
oT 1) 2H 2 exp(hv/kT)-IJ 

+~12(~-;~1) {-~ + k~ - exp (~J52~'5-=-I} 2] + !~~- + 4az)T
3

• (A· 21) 

2) Ionization of hydrogen atoms and single ionization of helium atoms 

Since these ionization zones overlap each other in the high density region, 
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Rapid Contraction of a Protostar 1465 

the ionization degree X 2 of hydrogen atoms and X3 of helium atoms are to be 

calculated from a set of the simultaneous equations 

(A· 22) 

(A·23) 

'where me is the mass of the electron, and %2 ( = 13.60e V) and %3 ( = 24.58e V) are 

the ionization potentials of the hydrogen atom and the helium atom, respectively. 

After some calculation, the pressure and the entropy per one atomic mass are 

expressed as 

. p= {X(1+X2) +Y (l+xs)~~T + 1 T4 
. 4 J I-Iv 3 a , 

s = I? (XX2 +-r xs) {--~ + In-2!r(?n'!2i!~!J~/~'!!-- -In (XX2 + ~ xs)} 

+ k (X + --r-) {-- ~ -+ In ~1i(~n~:?T) 3/2'll __ } - hX x21n X2 

- kX (1 - x
2

) In 1- .1:2 
- h Y Xs Inxs - I? Y . (1 - xs) In (1 - X3) 

244 

Further, the internal energy per unit mass IS gIven by 

By differenciating Eq. (26) vve have 

( _8~_) =aT4+ XkT . x2(1-x2){Xx2+(Y/~)xs} (-~ + (T2_.) 

8v T Hv Xx2(2-x2) + (Y/4)xs(2- X3) 2 ,,, 

+ -rt~- -x;:-~~-~~~~~f/~~:;:Ci~:~)- C-} + k~f) , 

( 
_~~_) = 3~~_ (1 + X2) +_3kY (1 + xs) + 4avTs 

8T v 2H 8H 

+ k~X2 (1 - x 2
) x.~~~~-:~~~t~734~;~(i~';;3) (-t + l?~;') 2 

(A·24) 

(A·25) 

(A·26) 

(A·27) 
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1466 T. Nakano, N. Ohyama and C. Hayashi 

- kf};- XX2(~2~1;)X~\~;~)x~3~_X3) (--i-+k~) (~ + -fir) 

+-}jiX3 (1- X3) x;21;~(~2):2i;;~r:34;~r~ ~3) (_~ + j~~') 2 
3) Double ionization of heliums 

The ionization degree X4 of He+ IS determined by 

Xd4j-(Yi1).(1±_x4)} =/1 (2nm kT) 3/2ve- X4 / kT 

J 
3 e , 

1-X4 1- . 

(A·29) 

where X4 (= 54.40e V) is the ionization potential of He+. The pressure and the 

entropy per atomic mass are given by 

p= {2X+Y(2+X4)} kT + 1 aT\ 
4 Hv 3 

(A·30) 

S = k {X + ~ (1 + X4)} [~- + In_?!i(?!L~;~!~!J~~2y. -In {X +-r· (1 + X4)} J 

+k(X+-~) {~ +In_?li(2n~:I)~~~_~_} ___ kJ- x 41nx4 

__ 3Y(1- x 4)ln(1- x 4) + l~Y (3- x 4)ln2-kXlnX 
4 4 

kY Y 4 3 
-In +--aHvT . 
443 

(A·31) 

Finally, the internal energy per unit mass is expressed as 

e = _1f_ (3kT + _XL + X) +_Y {-.~-. (2 + X4) kT + X3 + X4X4} + avT4. 
H 2 2 4H 2 

(A·32) 

By differenciating Eq. (A· 32) we have 

Cff;-) T = aT
4 

+ Y~T X4 (1- x 4 ) X +~~/~~i)~~:~=).;~-iy (--~ . + {i,) , (A· 33) 

( E_~ .. ) = _3kX + 3kY (2 + X4) + 4avT 3 

aT v H 8H 

+:1
X4

(1- X4) X +~;/CJfci);~;4~~;:2)- (-~ +:~r (A·34) 
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