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1 Introduction

This article is devoted to the study of the behavior of the solutions of an elliptic equation
with nonlinear boundary conditions of the type

—Au+u= f(x,u), in Q. 1
g%+g(a?,u)20, on 0f).. (1.1)

when the boundary of the domain varies very rapidly as a parameter ¢ — 0. We consider
a family of uniformly bounded smooth domains €2, C RN , 0 < € < €, which satisfy both
Q. — Q = Qp and 09 — 0L in the sense of Hausdorff, that is dist (€2, Q)+dist(9€, 0Q) — 0
as € — 0, where dist is the symmetric Hausdorff distance of two sets in IR ( dist(A, B) =
SUp,c 4 infyep [v — y| + sup,cpinfrea |2 — y|). Observe that this setting does not allow the
possibility of perforated domains. We will look at this problem from the perturbation of
domain point of view and we refer to ) as the unperturbed domain and €2, as the perturbed
domains. We also assume that the nonlinearities f,¢g : U x IR — IR are continuous in
both variables and C? in the second one where U is a fixed and smooth bounded domain
containing all ), for all 0 < € < ¢.

Although the domains behave continuously as € — 0, the way in which the boundary
09 approach 92 may not be smooth. In particular, this setting includes the case where the
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boundary 0, presents a highly oscillatory behavior as ¢ — 0, as it is the case of boundary
homogenization problems. The interaction of a highly oscillatory behavior of the boundary
and the nonlinear boundary condition in equation ([LTI) is the main objective of the present
work. The results of this paper and of the continuation of this one, see [3], where announced
in [2].

In the present paper we will consider a class of boundary perturbation which, roughly
speaking, is characterized by the fact that locally around each point zy € 92 and for all
|0Q N B(xg, )|
|02 N B(zg, )|
where we denote by |- | the (N — 1)-dimensional measure. Observe that this is the case for
instance if NV = 2 and 0f is written locally around certain point as the graph of a function
y = @(x) and 0f) is written locally around the same point as the graph of the function
y = p(x) +esin(xe®) for some 0 < o < 1. Actually, the fact that o < 1 guarantees that the
quotient above is bounded by a constant C'. Moreover, if 0 < a < 1 then C' can be chosen
arbitrarily close to 1 for € small enough but if @ = 1, then C'is not close to 1 even for e small.
|0Q N B(xg,7)|
|02 N B(zg, )|

0 <r <1, we have < C, for some constant C' independent of xy, r and €,

In the subsequent paper, [3], we will treat the case where we allow — +00,

which is the case of a > 1 in the example above.

As a matter of fact, the behavior of the quotient above as ¢ — 0 is of fundamental
importance when trying to understand the limit behavior of problem (1) when € — 0. We
will see that under certain conditions, the limiting equation of (1)) is given by

—Au+u= f(r,u), inQ (1.2)
g% +y(x)g(x,u) =0, on ON. '

where the function 7 is related to the behavior of the quotient above and it satisfies v €
L>(0€2) and v > 1. The precise hypotheses on the domains and the exact definition of the
function v are stated in hypotheses (H) and (F') in Section

We will be able to prove a “convergence result”. Actually, we will show that the solutions
of () converge to the solutions of (CJ) in H! and also in C¥, for some 3 > 0. Moreover,
we will prove that the convergence of equilibria is also obtained in terms of the spectra of the
linearizations of the equations around the equilibria, that is, if u? is a sequence of equilibria
of (L)) which converge to ug, an equilibrium of (LZ), then the eigenvalues and eigenfunctions
of the linearization of ([LT]) around wu; converge to the eigenvalues and eigenfunctions of the
linearization of (LZ) around ug. Also, we will prove a “uniqueness result”, in the sense that
for any hyperbolic equilibrium of the limiting problem ([L2), (hyperbolic in the sense that
the eigenvalues of the linearized operator of (L2) around the equilibrium do not intersect the
imaginary axis), then there exists one and only one equilibrium of ([1l) in its neighborhood.
In particular, if all the equilibria of ((CZ) are hyperbolic, then there exists only a finite number
of them and for all e small enough, problem ([T1]) has exactly the same number of equilibria
and they are close to the equilibria of (CZ). These results are stated in Theorem 4] and
Theorem in Section B2

The behavior of solutions of elliptic partial differential equations in the presence of bound-



ary oscillations is a subject that has been addressed in the literature by different authors.
We would like to mention [I8] for a general reference of homogenization, including boundary
homogenization. Also, the work [I1] deals with boundary homogenization with different
boundary conditions and the coefficients appearing in the boundary condition depend also
on the parameter e. In [I6], the authors treat homogeneous Dirichlet boundary conditions
for the Poisson problem in the presence of boundary oscillations and they are able to obtain
good estimates on the asymptotic expansion of the solution in terms of the parameter e.
We also refer to [I7] for an interesting application to a climatization problem. The articles
mentioned above and most of the references in the literature address linear problems.

When g = 0, that is, we have a homogeneous Neumann boundary condition, the results
from [] show that under the conditions on the perturbation of the present paper (actually
only condition (H) would be needed), the Neumann boundary condition is also preserved
in the limit, that is, we always have that the limit problem is Au + f(z,u) = 0 in Qg with
boundary condition % = 0.

In [I2] the authors study linear and nonlinear problems but with a linear Robin boundary
conditions of the type % + fou = 0 with [y > 0. That is, they assume g(x,u) = Sou. They
consider different classes of domain perturbations and the third type they study (Theorem
4.4 in [12]) is related to our present work. They show that the limit behaves like in the
present paper, that is, the limiting boundary condition is of the type % + Boyu = 0 and
is related, as we mentioned above, to the limit of the relative surface measure of 0. with
respect to 0. With the techniques of [I2] it is not possible to treat the situation of a general
nonlinear boundary condition of the type % + g(z,u) = 0. This is mainly due because with
the hypotheses of the domain perturbation from [I2] they need to use an inequality due to
Maz’ja, (see [15] and also Theorem 2.2 of [I2]) which is only applicable when the boundary
condition is dissipative, like in the case 3y > 0. In our case, we have a little more restrictive
perturbations than their third case, but we allow more general boundary conditions, in
particular nonlinear ones with nondefined sign nor dissipative properties. Moreover, we also
obtain the convergence in stronger norms, like H! and Hélder norms and we also are able to
show a uniqueness result, as we mentioned above.

In a different context although related to this article and to [3], the work [I0] studies how
the non slip condition of the type u -n = 0 of a fluid passing through a wall with rugosity
converges to the condition u = 0 as the rugosity becomes finer and finer.

This paper is organized as follow: in Section Bl, we define the domain perturbation we
will consider and state our main results (Theorem EZ4l and Theorem EZ6). In Section B, we
make the considerations about the equations and develop the main functional techniques we
will use to prove the results. In Section Bl we consider some important technical results and
in Section Bl we prove the main results.

2 Setting of the problem and main results

We consider a family of smooth, bounded domains Q. C RN, N > 2, for 0 < € < ¢, for some
€p > 0 fixed and we regard €2, as a perturbation of the fixed domain €2 = y. We consider



the following condition on the domain

(H) i) for all K C Q, K compact, there exists ¢(K) > 0 such that K C Q, for 0 < € < €(K).

ii) There exists a finite open cover {U;}™, of Q such that Uy C Q, 9Q C U™, U; and
for each ¢ = 1,...,m, there exists a Lipschitz diffeomorphism ®; : Qn — U;, where
Qn = (—=1,1)Y c RY, such that

(I)i(QN—l X (—1,0)) = UZ N Q,

(I)i(QN—l X {O}) = UZ N of).
Moreover, we assume that Q. C U, U; = U and for each i = 1,...,m there exists
Lipschitz functions p;. : Qn_1 — (—1,1) such that ®;*(U; N d5Y,) is the graph of p;..
This means U; N 08 = @;({(2/, pie(2')), 2" € Qn_1}), where we denote (z1,...,2y_1)
by z'. We assume that p; . — 0, when ¢ — 0, ¢ = 1,...,m, uniformly in Qn_.

Note that if Q C €, then condition (H) 1) is satisfied.
We consider the following mappings:

E,e : QN - QNv
defined by
T (2, 5) = (@', s+ spic(z') + pie(z’)), forse (—1,0)
b (@', s — spic(a) + pic(a')), forsel0,1).
Also,

éi,s = (I)z o iri,s : QN - Uz

and we also denote by
Gie: Qv — Ui NQ

AN CI)Z',E(I/,O) (2’1>

and
Gip: Qn—1 — U;NQ
l'/ — q)z(l'/,()) (22>

Notice that ¢; . and ¢; are local parameterization of 92, and 02, respectively. Furthermore,
observe that all the maps above are Lipschitz.

In the present paper, we consider the following hypothesis on the deformation of 0€2,:

(F) 1) |Vpiellze < C, with C independent of €, i = 1,...,m, and

ii) For each i = 1,...,m, there exists a function v; € L>®(Qy_1) such that
0@ € a¢z e | e—0 1
Jo; . = “ALA —| — v, —L _ 2.3
b= 1N A Sy D (Qur) 23)
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Notice that, by definition,

N
Jpic = \IZ det( Jacgb“

and (Jac ¢; ), is the jacobian matrix without the j-th row.

Remark 2.1. Observe that from (F)i) we get that J; . is a bounded sequence in L= (Qn-1).
From this and with the aid of (Z3), we obtain that J¢; . — i, w-LY(Qn-1) foralll < g < co.

This assertion follows from the following observation: if U is a bounded domain and if
fe € L=(U), f € L™(U) satisfy that fo — f w-L*(U) and ||fe|lr=@w) < K, then fo — f
w-LI(U), for all 1 < g < co. In fact, let 1 < p < oo and ¢ € LP(U), then, by density of
Ce(U) in LP(U), given 3 > 0 there exists 13 € C§°(S) such that ||v) — | ey < 5. Then,

[ Ge=nt< [ 1= A= sl +1 [ Go= Dol

Using the fact || fe| L) < K, we get

/U|f5—f||w—¢ﬁ| < 2K|UI7 5

Since f. converges to f weakly in L'(U), then | [, (fe — f)vg| goes to zero when e — 0
Therefore, lim._o | [,,(fe — f)¥| = 0, for all b € LP(U), that means fo — f w-Li(U) for
1<qg< .

Now, we define a function v : 92 — R which will measure the limit of the deformation
of 0€), relatively to 0.



Definition 2.2. We define the function v as

o Yi(y)

, where y = &, (z) € Qn_1, and x € U; N 0N

We observe that the function +; is defined using the sequence ¢;.. In consequence, ~y
could depend on the choice of ¢; . and also on the choice of the charts U; and the maps ;.
We will prove below that v is well defined and unique for the family €2 and €.

Example 2.3. We would like to consider a basic example where we can calculate explicitly
the function . Let us assume N = 2 and let Qo N Qy = {(x1,22) : —1 < 29 < 0}, so that
0 N Qs = {(x1,0) : =1 < 1 < 1}. Assume also that 090 N Qs = {(z1, pe(x1)) : =1 <
x1 < 1} and p(x1) = esin(xy/e*)p(x1), for some smooth function ¢ of compact support in
(—1,1) and with o > 0.

If 0 < o < 1, then both hypotheses (H) and (F) are satisfied. Moreover, if « < 1 we

have v = 1 and if « = 1, we have y(z / V14 ) cos(z))?dz

With respect to the equations, we will be interested in studying the behavior of the
solutions of the elliptic equation (1)) where, as we mentioned in the introduction, the
nonlinearities f : U x IR — IR, g : U x IR — IR are continuous in both variables and C? in
the second one and U is a bounded domain containing (_26, for all 0 < e < ¢.

For 0 < € < ¢, We will denote by & = {u. € H(Q) : u. is a solution of (LTI},
Eorn={uc €& |ulr~@) < R} and & p- = {uc € & : ||ue||L=@.) < R}

Since we will need to compare functions defined in €2, with functions defined in the
unperturbed domain g, we consider the operator E. : H*(Q2) — H'(Q.), which is defined
as B, = R o E, where £ : H'(Q) — H'(IR") is an extension operator constructed in
the usual way and R, is the restriction operator from functions defined in IRY to functions
defined in €. Observe that we also have E, : LP(Q) — LP(,), E. : W'P(Q) — Wr(Q,),
for all 1 < p < oo, E. : C¥Q) — C%(Q), for 0 < @ < 1 and that in each case we have
| — ||ullx, where X, = HY(Q.), LP(Q), WLP(Q,), C¥(Q.), € > 0.

Our main results are stated in the following theorems.

Theorem 2.4. Assume (H) and (F) are satisfied. Let u}, 0 < € < €, be a family of
solutions of problem (L) satisfying |[ul||L=@.) < R for some constant R > 0 independent
of €, that is u} € E r. We have the following:

i) There exists a subsequence, still denoted by u?, and a function ujy € &y g, that is uf, € H'(Q)
with ||us| L) < R, solution of problem (IE) with the property that ||ul — Eoug| g . +
|uf — Eeugllcs,y — 0 as € — 0, for some 0 < < 1.

i) If the equilibrium point ul is hyperbolic, in the sense that A = 0 is not an eigenvalue
of the linearized problem of (LA) around uf (see problem ([Z7]) below), then, there exists
d > 0 small such that problem (L) has one and only one solution u € & r- satisfying
|uf — Beug|| gy < 6 for € small enough.



Remark 2.5. Since in Theorem we are concerned with solutions satisfying a uniform
bound of the type ||uc||L~.) < R, we may modify the nonlinearities f and g outside the
region |u| < R without modifying any of these solutions. Hence, we may perform a cut-off
in the nonlinearities f and g in such a way that

lg(z,u)| + |Oug(z,u)| + |Ouug(z,0)| < C, ze€U, ueR (2.5)

Also, we will be able to prove the spectral convergence of the linearizations around
the equilibrium points. Observe that if uf is a solution of (Il) then, the spectra of the
linearization of (L) around w} is given by the eigenvalue problem

{ —Aw 4w — Oy f(z,ul)w = Aw in Q, (2.6)

g—%} + 8ug(x7u:)w =0 on 896

Similarly, if g is a solution of ([CZ), then the spectra of its linearization is given by the
eigenvalue problem

—Aw+w — 9, f(z,ul)w = Aw in €,

{ f(z,u5) 27)

g—% + Y0u9(x, uf)w =0 on OSL.

Notice that both problems, (Z8) and (1), are selfadjoint and of compact resolvent.
Hence, the eigenvalues of (228) are given by a sequence {\¢}° ;. ordered and counting their
multiplicity, with A — +o0o0 as n — +oo. Similarly the eigenvalues of (7)) are also given
by a sequence {\2}°° | with \Y — +oc0.

Theorem 2.6. With the notations above and in the conditions of Theorem[Z4), if u’ € E g
for 0 < € < ¢ and ||u} — Bl gy — 0, then the eigenvalues and eigenfunctions of
(Z4) converge to the eigenvalues and eigenfunctions of (Z_4). That is, for each fized n € N,
X — A0 as € — 0. Moreover, if we denote by {p5}°2, a set of orthonormal eigenfunctions
associated to {\S}22,, then for each sequence €, — O there is another subsequence, that we
still denote by €, and a set of orthonormal eigenfunctions {2}, associated to {0},

such that, for alln € N, we have |5} — Ecp)|lmo,,) — 0 as e — 0.

Remark 2.7. i) The convergence of the eigenfunctions in Theorem [Z can be expressed
in terms of the convergence of the eigenspaces, in the sense that if n € N is such that
A < A0, and if we denote by W the linear subspace spanned by the first n eigenfunctions,
that is W¢ = [¢5,...,¢5] € H () 0 < € < €, then the distance between W< and EW?
approaches 0 as € — 0.

Notice also that if N is a simple eigenvalue, then NS is also simple for e small enough
and, via subsequences, we always have that p* — ¢ or p%* — —% as e — 0.

it) Theorem [Z4 has important implications for understanding the behavior of the dynamics
of the associated parabolic equations. If we regard (L) and (ZA) as the stationary equations
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of the parabolic evolutionary equations

u — Au+u = f(z,u) in Q,
g—% +g(x,u) =0 on 082, (2.8)
u(x,0) = up(z) € H(Q)

and
u — Au+u = f(z,u) inQ,
g—% + vg(z,u) =0 in 09, (2.9)
u(z,0) = up(z) € HY(Q)

respectively, then, among other things, Theorem [Z4 is saying that if vl is a linearly asymp-
totically stable equilibrium point of (Z29) and u’ are the equilibria obtained in Theorem [2,
then u’ are also linearly asymptotically stable. Also, if uy is a hyperbolic equilibrium then, the
linear unstable manifold associated to u’ converge to the linear unstable manifold associated
to ug.

3 Solutions as fixed points and E-convergence

The solutions of (I) and (C2Z) will be obtained as fixed points of appropriate nonlinear
maps defined in the spaces H'(Q.) and H'(f2), respectively. This maps are constructed in
Subsection Bl Moreover, since these maps are defined in different spaces, we will need a tool
to compare functions, operators, etc., which are defined in different spaces. Moreover, we
will need a precise definition of weak and strong convergence of functions defined in different
spaces and to develop certain analytical results to be able to deal with this situation. The
appropriate notion for this is the concept of E-convergence and a key ingredient for this
will be the use of the extension operator F, : H'(Q) — H'(£,) defined in Section @l The
definition and basic properties of E-convergence will be done in Subsection B2

3.1 Fixed points

For 0 < € < ¢, consider the linear operator A, : D(A.) C L*(Q.) — L*(€.) defined by
A, = —Au, + u, with domain D(4,) = {u. € H*(Q.) : % = 0}. Let us denote by
EY = L[%(9Q,), B} = D(A,) and consider the scale of Hilbert spaces {(E%, A%),a € R}
constructed by complex interpolation, see [I], which coincide, since we are in a Hilbert
setting, with the standard fractional power spaces of the operator A.. Also, E* «— H?.
This scale can also be extended to spaces of negative exponents by taking £-* = (E®)’, for
a > 0, and ?5_ : = H=Y(€Q.). Considering the realizations of A, in this scale, the operator

Agv_% € L(FZ&, E. ?), is given by

(A, _1ue,¢c) = / Vu Ve + ucde,
Qs
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for ¢ € H'(Q.). With some abuse of notation we will identify all different realizations of
this operators and we will write them all as A,.
With this considerations, we write (LT]) in an abstract form as

Acue = he(u,) (3.1)

where h : H'(Q) — H™*(Q) with 1 < o < 1, defined by

(helue), be) = / F (@ u) . — / o0, u)de b € HY(SL). (3.2)

In particular, u, is a solution of (1)) if and only if u, satisfies u, = A-'h (u.), that is,
. is a fixed point of the nonlinear map A7 o h. : H'(Q) — H'(2).

In a very similar way, the solutions of the limiting equation (L) can be written as fixed
points of the map Ag'oh: HY(Q) — HY(Q) where Ay : D(Ap) C L*(Q) — L%*(Q) the linear
operator defined by Agu = —Au + u, with domain D(Ag) = {u € H*(Q) : u = 0 in 9Q} and
h:HY(Q) — H *(Q), with 1 < o < 1, defined by

(h(u), ¢) = /Q fawo= [ e, o e (@) (3.3)

3.2 FE-convergence

In this subsection we are going to develop the basic tools which will be used to compare
the solutions of two problems defined in different spaces. We will not develop the complete
theory and will only mention the results that apply directly to our case. We refer to [9] for
the general theory and to [B] for a concrete application to a domain perturbation problem,
different from the present one.

In our setting we will have a family of Hilbert spaces, H., 0 < ¢ < ¢y and we will also
have a “limiting” Hilbert space H. We denote by (-, ). the inner product in H,, and by (-, -)
the inner product in H. For instance, we may consider H, = H'(Q.) and H = H'(Q).

We consider F, : H — H, a family of linear continuous operators , such that

[ Ecul

a. — ||u|lg, when e — 0

Our basic notion of convergence and weak convergence is stated in the following defini-
tions.

Definition 3.1. A sequence of elements {u.},u. € He,e > 0, is said to be E-convergent to

u € H if ||luc — FEeullg, — 0 as € — 0. We write this as u—u,

Definition 3.2. A sequence of elements {u.},u. € He, e > 0, is said to be E-weakly conver-
gent to uw € H if for any sequence w, E-convergent to w implies (we, u.)e — (w,u), when

E
e — 0. We denote by u.—u.



Some important properties of this convergence are stated in the following results.

Proposition 3.3. If ||ulg. < K, v € H and for all w € H, (Ew,u.). — (w,u) when

E

€ — 0, then ue—u.

Proof. Let wﬁiw. Then, (we, ue)e = (we — Eew, u)e — (Eew, ue)e — (w,u). [ |
E

Proposition 3.4. If u.—wu and limsup,_ ||uc||e < ||u| then u—u.

Proof. Since 0 < ||lu. — E.u|

7. = lluellz, — 2(ue, Ecu)e + || Ecul|;, we get the result. ]

We will need a notion of compactness and of convergence of operators which are defined
in different spaces. These notions are stated in the following.

Definition 3.5. A sequence of elements {u,},u, € H,,n € N, is said to be E-precompact if
for any subsequence {u, } there exist a subsequence {u,»} and u € H such that w,» Lo, as
n” — oo. A family {u.}, € € (0,1] is said pre-compact if each sequence {ue,}, with €, — 0,
18 pre-compact.

Definition 3.6. We say that a family of operators T, : H. — H., € € (0,1], E-converges to

T:-H—Hase— 0, if TEUELTU, whenever ueiu € H. We denote this by TeﬂT.
Finally, we have the following important notion on compact convergence of operators.

Definition 3.7. We say that a family of compact operators T, : H. — H., € € (0, 1] converges
compactly to a compact T : H — H if for any family u. with ||uc||. bounded, the family {T.u.}

1s E-precompact and TEET. We write ngT.

An important result on convergence of fixed points is the following;:

Theorem 3.8. Let T, : H. — H. be a family of compact operators such that TEQT. Let u,
be a fized point of T, such that ||ue|| g, is uniformly bounded. Then, there exists a subsequence

and u € H with u = Tu such that u., L.

Ue,

Proof. Since ||u.|

g, is uniformly bounded, by Definition B T,u. is E-precompact. Thus,
there is a sequence u,, , and an element v € H such that T, u,, . Hence, u,, = T¢, ue, L

and by compact convergence, T¢, u,, L. Tu. That is, u = Tu. |
In the case where the operators involved are linear, we have some important results.

Lemma 3.9. Assume that T, € L(H.) converges compactly to T € L(H) as e — 0. Then,
i) [|Te]| zemy < C for some constant C, independent of e.
ii) Assume that N'(I +T) = {0} then, there exists an ¢g > 0 and M > 0 such that

I+ T) ey <M, Yee0,e) (3.4)

10



Proof. This result is exactly Lemma 4.7 in [5]. For the sake of completeness and since the
proof is short, we include it here.

i) If the norms are not bounded, then we can choose a sequence of ¢, — 0 and u., € H,,
with [Juc, ||, = 1 such that |1, u.,| — +oo. But this is in contradiction with the compact
convergence of T, given in Definition B

ii) Since T is compact for every € € [0, 1], the estimate (B2 is equivalent to say that

Ve € [0, o] and Vu, € H, with ||uc|| = 1.

1
I Te € FVa
I+ Tudla, >

H, 2

Suppose that this is not true; that is, suppose that there is a sequence {u,}, with u, € U, ,
|lun|| = 1 and ¢, — 0 such that ||(I + T¢,)u,|| — 0. Since {T¢,u,} has a convergent
subsequence, which we again denote by {71, u,}, to u, ||u|| = 1, then u, + T u, — 0 and
u, — —u. This implies that (I + T)u = 0 contradicting our hypothesis. [

In many instances, the operators T, will be inverses of certain differential operators A..
Therefore, let us assume that we have operators A, : D(A.) C H. — H., with well defined
inverses and denote by T, = A~' : H, — H..

One important implication of the compact convergence of linear operators is the con-
vergence of the spectra and of the spectral projections. Since the operators involved are
compact, then the spectrum is discrete and the convergence of the spectra will mean the
pointwise convergence of the eigenvalues. For the convergence of the spectral projections
we need a concept of convergence of linear spaces. Hence, we will say that a family of sub-
spaces W, C H. E-converges to Wy, C H and we will write it as W€LW0, if disty, (Bw.,,
E.By,) — 0 as € — 0, where By is the unit ball of the space W and disty, is the symmetric
Hausdorff distance of two sets in H.,.

We can show,

Proposition 3.10. If A, : D(A.) C H. — H, is a closed operator, with compact resolvent
and 0 € p(A.) and Ay : D(Ay) C H — H is also closed, with compact resolvent and

0 € p(A), then if A;lng_l, then the eigenvalues and eigenfunctions of A. converge to the
eigenvalues and eigenfunctions of Ag. That is, if B(\g, po) C C lies in the resolvent set of
Ay, then, there exists €g = €9(Xo, po), such that the ball is also contained in the resolvent set
of Ac for all 0 < € < . Moreover, if \y € o(Ay), B(Xg, po) N o(Ay) = {No} and Wy is
the generalized eigenspace associated to g, then there exists €y = €y(Ao, po) > such that for
0 <e< e, B(ho,po) No(A) = {Af,..., Ao} and if We =span{Wy,... . W(}, where W

is the generalized eigenspace associated X5, then dim(W.)=dim(Wy) and W5y,

Proof. For a proof of this result we refer to Lemma 4.8, Lemma 4.9 and Theorem 4.10 in
. 1
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4 Some technical results

In this section we will prove several important technical results that will be needed in the
proof of the main result.

We start analyzing extension operators from €. to RY, Sobolev embeddings and Trace
theorems. We will pay special attention to their dependence on the parameter €. As a general
remark, observe that Q. N Uj; is a Lipschitz deformation of the fixed domain Qx_1 x (—1,0)
and the Lipschitz norm of the transformation is uniformly controlled in €, as ¢ — 0, by
hypothesis (F) i). This fact will allow us to obtain uniform estimates of constants of Sobolev
embeddings and trace theorems.

Let us start with the following useful result.

Lemma 4.1. Consider S, a family of Lipschitz bounded domains in RN for 0 < e < ¢.
Assume there exists a family of Lipschitz, one-to-one mappings H. from Sy onto S, such that
its inverse HZ' is Lipschitz, satisfying | DH||p(soyvxn < K and [|[DH || poo(s, vxv < K,
with K independent of €. Then, if we denote by X (V) = LP(V) or WIP(V) or C*(V), with
1<p<ooand0 < a <1 andV an open set or RN, then, u € X(S.) if and only if
uo H, € X(Sy). Moreover, there exist C', D positive constants independent of € such that

Clluo Hellx(so) < llullx(s) < Dlluo Hellx(sy)- (4.1)
Moreover, if u € WP(S,),

Np—p

Clluo Hel|La@sy) < ||ullLaas.) < Dlfuo Hel[zaasy), 1<q< (4.2)

Proof. Let us work out first the proof for the case X = WP, For e fixed, it is known (see
I8]) that w € WP(S,) iff uo H, € W'P(Sy). We prove Cllu o Hellwis(sy) < ||ullwings,). In
fact, since

(o HO) = 3 S (L) 75 ),

and using || DH||p(syvxn < K and [[DH | poo(syvxn < K, we get

ou J0(H.), ou
" D < ~ P
H((8$1)0H6) ay] HL (S) — MHaleL (Se)v

and
lwo He|lrsy < Mllul|ros,)

then [|uo Hl|wirs) < C |u|lwp(s.)- The other inequality is obtained similarly.

For the Holder norm, notice that

He - He
HUOHEHCB(SO) = ||UOH5||L0<>(SO) + sup [uo He(z) uﬁo (y)]
z,y€Sp,r#Y |[L’ — y|

12



[uo He(x) —uo He(y)| |[He(z) — He(y)|”

= |lullges) +  sup

vyeSoaty  |He(x) — He(y)|? |z —yl°
u(z) — u(w H.(x) — H.(y)|?
B R 11C 0 R A .
2,WE Se,z7#W ‘Z - ’UJ‘ T,YESe,xFY |LE - y‘

u\z) — ulw

KPP < max{1, K°}|ul|cs
T, WESe,z4wW |Z —w|5 { }H ||C (Se)

And the other inequality follows in a similar way. Also, the inequality of the trace is obtained
in an analogous way. |

Remark 4.2. As an important ezample of mappings satisfying the hypotheses of Lemma 1]
we mention the family of maps
S Qy — UNQ,

where we denote by Qy = Qn_1 X (—1,0) C Qn and we assume hypotheses (H) and (F) i)
are both satisfied.

Now, we show:

Proposition 4.3. Let Q. be a family of domains satisfying conditions (H) and (F) i). Then
for each ¢ and 1 < p < oo, there is a continuous extension operator Po, : L'(Q.) — L*(RY),
such that with the notation of X (V') from Lemma [, then Pq, transforms X () into
X(RY) and

1Pa. .

x@).x@yy < K, for 0<e<¢.

Moreover, the way in which the extension operator Pq, is constructed, we have Po ue. = 0
outside U = U, U;

Proof. Let {x;}", be a partition of unity subordinated to {U;}™, and let u € L'(Q.). We
write u = Y " u;, where u; = x;u.

For ¢ = 0, define
_— { uo(z), = € S,
7 0, z e RV N\ Q..
Since xo € C5°(Q), if u € X(Q), then @y € X(RY) and ||do|| x@r) < c1l|ullx@
Fori=1,...,m, denote by v; : @y — R the mapping v;(y) = ( <(y)). By Lemma
HTl and Remark we have that v; € X(Q) and H’UZHX(Q <c 2||u||X(UnQ ), with ¢

independent of e.
Define v} € X(Qn) b

vF = 'Ui(x)a HAS QJ_V
b Ui(_z)a HARS Q]—i\_f
Thus, [0} ||x@y) < 2||vz||X(Q - where Q% = Qn—1 x (0, 1) Then, consider w; : U; — R

given by w;(z) = v;(®;/(2)). By Lemma BT and Remark B2, we have that w; € X (U;) and
|wi|| x ) < esllvf HX (N, With c3 independent of . Furthermore, Wijn0, = UU,no.

13



Finally, if we define

o = xiwi(x), = € U,
v 0, z € RY \ Ui,

we get 4; € X(RY) and ||| x vy < cal|wil x(w,)- Observe that @;|q, = u;. Therefore, define
Po, (u) =Y, u;. Since the constants ¢, ¢z, ¢ and ¢4 are independent of € we get the first
part of the result.

To show that Py u = 0 outside U, we just observe that supp(u;) C U;. |

Remark 4.4. The construction of the operators Pq, will permit us to construct a whole
family of operators, Py v @ X(Q) — X(V), defined by Py, v = Ry o Py, where Ry is
the restriction operator to the open set V. With this notation Po, = Po_gv. We also have
| Po.vlcix@o,xoy < C, independent of e.

With the result on the extension operators we can analyze the Sobolev imbeddings.

Proposition 4.5. Let Q, 0 < € < €y, be a family of domains satisfying conditions (H) and
(F) 1). Then, the constants of the continuous imbedding WP(Q.) — L1(Q.), for1 <p < N
and 1 < q < NN—Z) or WYP(Q,) — C¥(Q,), forp > N and 0 < a < 1 — %, is uniformly
bounded in €.

Proof. The result is trivially satisfied for 1 < ¢ < p, since the constants of the embeddings
WhP(Q,) < LP(Q.) — L) are all bounded uniformly in e.

Forl1 <p< Nand p < q < NN—Z) we consider u € W1P(Q,) and by Proposition B3],
Po,(u) € WHP(RN) — LYRY) for p < ¢ < NN—_’;. Then

| ooy < | Pac(w)]| poway < Erl|Po, (w)|[wre@yy < kellullwieq.)

which proves the result in this case. For the case p > N we proceed in a similar way. 1

With similar arguments as in the proof of Proposition L3, we obtain a result on trace
operators.

Proposition 4.6. Let Q, 0 < € < €y, be a family of domains satisfying conditions (H) and
(F) 4). Then, the constant of the trace operator W'P(Q.) — L1(9Q.) for 1 < p < N and
1<qg< ]X,p—__; s bounded uniformly in €, that is, there exists C independent of €, such that
for all u, € W(Q,)

[tellaann) < Clluellwrr@,)-

Moreover, if 1 < q < ijvp__—;; then for each 6 > 0, there exists a Cy, independent of €, such
that for all u. € WHr(Q,)

el aane) < Cslluell .y + 0| ue|lwrr@.)- (4.3)
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Proof. Observe that ||uc| ra@o) < CY iy |tellLa@a.nv,). Applying LemmaLTl, we have for

Np—p
1§9§N—_p

[tellLa@anuy) < Cllue o PiellLay 1) < Clluco (I)i,EHWLP(Q;,)

< Clluclwrv@nvy < Clluellwre,)

from which the first inequality follows easily.
To show the second inequality, observe that if 1 < ¢ < ]X,p—__lf’ by interpolation we have

e 0 ®icllzo@n_s) < Collwo @l + 3w @l

< CC&HUeHLl(QeﬂUi) +C- 5||Ue||wl»p(QmUi)

from where the last inequality follows easily. 1
Finally, we can prove

Corollary 4.7. In the same conditions of Proposition .0, if ve — v weakly in WhP(U),
then, for all1 < g < ]]va—__; we have ||[ve — v||Lepn,) — 0.

Proof. Observe that if v. — v w-WP(U), then v, — v in L'(U) and ||vc|lwre @y, [0[lwie@) <
C'. Hence, using ({3), we have, for § > 0, arbitrarily small

|ve = || Laan.) < Csl|ve — v|| 100y + l|ve — v]|wira,)-

Hence,
limsup ||ve — v Loy < C - 0.

€—

Since § > 0 is arbitrarily small, we obtain the results. 1

Once these results on extension operators, Sobolev embeddings and trace operators have
been established, we will prove other technical results also needed in the proof of the main
result.

Lemma 4.8. Assume (H) is satisfied and let 1 < p < oco. There exists a function c(e) with
c(e) — 0 as € — 0, such that for any w € WYP(U) and for all1 < q<p,i=1,...,n, we
have

[wo ¢ie —uo giollLan_1) < cle)lullwirw). (4.4)
Moreover, if hypothesis (F) i) is also satisfied, then {Z4) also holds for 1 < q < (Np —
p)/(N —p).

Proof. To prove statement (4]) for 1 < ¢ < p it will be enough to show it for ¢ = p, since
using Holder inequality we will prove it for all 1 < ¢ < p. Hence,

/ [uwo ¢ (') —uogo(a)|Pda’ = / |uo ®;(x', p;(a')) —uo @ (2, 0)|Pda’

N-1 N-1
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pic@) D o D) "
= —— (2 xy)day| da
/QN1 / dxy
i) @, P
<[ e [ %@m) doyds
N-1 TN
pls uo(b) p
< llprcllZ, / / (2 xy)| doyd.
(@n-1 O Or N

Noticing that ®; is a smooth Lipschitz diffeomorphism and using the chain rule in the
last expression, we easily get that

[
QN-1

which shows the first part of the result with c(e) = C||p;, 6||z£/£ (@no1)"
Moreover, assuming (F) i) holds, from Proposition E@lwe get that both ||uog; e[| -y _,), [|uo

biollzrn_1) < Cllullwrr@). Hence, using this uniform bound, inequality (EZ) for ¢ = 1

and interpolating between L'(Qy_1) and LWP=P)/(N=P)(Qy ), we prove the last part of the

Lemma. |

O(uo ®;)

8LL’N ($ IL'N)

dedx < Cllullfyrp

In the following result, we obtain the E-convergence of a suitable sequence of functions.
Lemma 4.9. Assume (H) is satisfied. Let uc € H'(Q) such that |uc|| i,y < M. Then,

E
i) There exists a subsequence, denoted by u., and ug € H*(Q) such that u,, — uq.
it) If we also assume that (F) i) holds, then, there exists a subsequence €, and a function

E
u € H'(U) such that Po, v(uc,) — u, w-H'(U) and ue,—ujq.
Proof. i) With an standard argument we can get a subsequence, that we still denote by w,
and a function ug € H*(Q), With the property that w, — ug, for all K CC Q. To show

that, for this subsequence, ueéuo, we observe that by Proposition B.3 it is enough to show
that (uc, Ev) g, — (uo, v) gy for any v € H'(Q). In fact, for any K CC €2, we have

(te; Ev) (o, — (o, v) i) = (Ue — o, ) m1(i) + (Ue, Bev) oo k) — (Yo, V) 51 (0\K)-

Since we have
a) (te — U, V) p1(x) — 0
b) |(uo, V) ovi)| < [[toll @) l[vll i) < M[v][ 100y, and
¢) |(ue, Ev)mraam)| < luellmoam | Evllmear) < M| Ev|moarx) — M|vlm@r), as
e — 0,
we obtain
limsup | (ue, Ev) go,) — (o, v) )| < 2M|[v|| @\

e—0
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Since K CC Q is arbitrary and therefore the measure of |2\ K| is arbitrarily small and
the function v is fixed, we get that the limit above necessarily must be zero and we get the
result.

ii) Since ||ue|| 1.y < M and the family of maps Pq, ¢y are uniformly bounded in €, we have
that || Po, v (ue)| g () is uniformly bounded. Hence, we can get a function v € H'(U) and a
subsequence, that we denote again by Pq_r(u.) such that Po_y(u.) — u weakly in H*(U).

E
To prove that we also have u.—wuj, we follow the same argument as in i) [

5 Proof of the main results

In this section we will provide a proof of Theorem P24l and Theorem E.@l. For this, we will
need to prove a series of results and at the end of the section we indicate how this results
actually prove the main theorems.

We keep the notation of the previous sections and in particular we consider a family
of domains €, satisfying conditions (H) and (F). We will obtain the convergence of the
equilibria of the problem in €2, to the solutions of the problem in €.

In terms of the nonlinearities, taking into account Remark 23 we will assume that f
and ¢ satisfy conditions (24]) and (), respectively.

Consider the family of spaces H'(€.) and H'(2) with their usual norms. We define the
family of linear operators E. : H'(2) — H'(£,) given by E. = R, o P, where P is a linear
and continuous operator P : H*(Q)) — H!'(RY) that extends a function u defined in Q to
a function defined in RY and R. is the restriction to €, R.(w) = wy,. Considering this
definition and the fact that from (H), |Q \ Q] — 0 and |\ .| — 0 when € — 0, we get
that

[Ee(w)l o) — lulla@)-
We also have, [|E|| < ||Re|| - ||P|| < ||P||, independent of e.

With respect to the function v defined in Section Bl we have the following

Lemma 5.1. Assume hypotheses (H) and (F) hold. Then, for any function f € Wh1(U)
and for any xo € 9, v > 0 small, we get

[ e I
ONeNB(xo,r) OQNB(zo,r)

In particular, we also have

Aﬂe f - o0 f’y

Proof. Consider the finite cover {U;}",, such that Q. C U U;. Without loss of gen-
erality we may assume that B(xg,r) C U; for some i € {1,...,n}. If we denote by
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B; = & (B(xg,7) N 05), then
/ = = fobudti— ()0 bintong
B(:Eo,T)ﬂaﬂe B({EQ,T‘)ﬂaQ QNn_1NB;

= / (fodic—fogi)Jpic+ / fodio(Jbie— i)
QN-1NB;

QN-1NB;
Using the definition of ; given in hypothesis (F) ii) and the fact that p; . — 0 uniformly in
@n~_1, we obtain that the integrals goes to zero. |
As a consequence of this result, we get

Corollary 5.2. The function v is independent of the parameterization chosen and therefore
it 15 unique. Moreover, v > 1.

Proof. Suppose that v depends on the parametrization. Then there will exist v and 7, both
satisfying Lemma Bl Hence

/ fy= [ fA, forall feC&@RY).
o0 o0

This implies that v = 4 almost everywhere in 0.

Moreover, taking f = 1 in Lemma BT, we get that [0 N B(xo, )| — |71 000B(@0,)-
But, since 02, approaches 02, then by the upper semicontinuity of the measure, we have
that liminf._.|0Q N B(zo,r)| > [0Q N B(xg,r)|. This implies that ||v| 11 0008(@0r)
|02 N B(xg, )|, for all zy € 9 and for all r > 0 small. This implies that v > 1.

>

|
Lemma 5.3. Assume (H) and (F)i) are satisfied. Let u be a bounded sequence in H*(£2,)
and let w, be given by w. = A7 h(u.). Then w, is also a bounded sequence in H'(£2,).

Proof. Recall that saying that w. = A-'h.(u) is equivalent to saying that w, is the weak
solution of —Aw, + w, = f(x,u.) in Q. with boundary condition % + g(z,uc) = 0 on 0.
Hence, we get

HweHzl(Qe):/ f(:c,ue)we—/ g(z, u)w,.
Qe 02

Using the boundedness of f and g given by (24)) and (1), and applying the embeddings
and trace theorems obtained in Proposition L8l and EEH, we easily get the result. 1

Now, we prove the convergence of nonlinear part.

Proposition 5.4. Assume (H) and (F) are satisfied. Let w., u. € HY(Qe), such that
Po, v(ue) — u, w-HY(U) and Po, y(w.) — w, w-H'(U). Then,

Qef(x,ue)w6 — /Qf(:c,u)w

/g(:v,ue)we—> g(z, u)wy
0 o0
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This implies that (h¢(ue),we) — (h(u), w).

Proof. From (ZZ4)) and using the convergence of u., w. we easily get the first statement of

&)

For the second statement, observe that

| aamwk—/’aauwWhg/ g 1) — gl )|
O o0 00

+/‘w@wmw—wHﬂ/ M%ww—/g@wmﬂ
O 00 o0

thm+CMMﬂNwm¢H/‘M%ww—/g@wmﬂﬁﬂ
00 Io

< Cllue — ul| 200,
Q

where we use Corollary 7 to prove that the first two terms go to 0 and Lemma BT for the
last one. 1

Now, we are in conditions to prove
Proposition 5.5. Assume (H) and (F) are satisfied. Then, A= h.E% A= h.

Proof. In order to prove the compact converge of A~'h. to A~'h, we need to verify that
i) A-'h, is a compact operator for each ¢ > 0 fixed,
ii) {A7 h(ue) bo<e<e, is an E-precompact family whenever [[ul| g1 (q,) is bounded.
i) A= he(ue) -2 A7 h(ug), if ue— .

Let us show each of the three points above.
i) For each € > 0 fixed, since h : H' () — H *(Q,) for some 1/2 < a < 1 and A" :
H=(Q,) — H* () are continuous maps and using the compact imbedding of H* ()
in H'(Q,), with 2 — @ > 1, we get that the AZ'h, is compact.

ii) Let u. € H'(2) be such that ||uc||giq,) < C. In particular, from Lemma B ii) we get

E
a subsequence and a function u € H'(U) such that Po,_ v (uc,) — u, w-H'(U) and e, —ug
where uy = ug,.

Consider now we, = A;'he,(ue,). Then, by Lemma B3 |lwe[ g1, ) is a bounded se-
quence and therefore, again by Lemma ii) we get a subsequence, that we denote again by

E

w,, and a function w € H'(U) such that Po_ p(we,) — w, w-H'(U) and w,,—w, where
Wy = Wq-

Let us show now that, as a matter of fact, we have wy = A~'h(ug). For this, notice that

E

since w,, —wp, we have that for any v € H'(Q), (wgk,Egkv)Hl(Qék) — (wo,v) g1 (). But,
(Weys By v) 10,y = (e (te,), Ee,v) — (h(uo), v) = (A~ h(uo), v) i1 (o), where we have used
Proposition B4l Hence, wy = A~ h(uy).

Now, we prove [|we, [|r1(q,, ) — [[wol|#1(o). For this, observe that ||w€k]|§{1(ﬂék) = (he, (Ue, ), We, ) —

(h(up),w) = ||w0]|%{1(9), where we have used again Proposition B4l The convergence of
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the norms and the weak E-convergence of the sequence, imply, using Proposition B4, that

E

We,, —Wo.

iii) If we assume now that u—sug, then we have that |te|l 1) < M. In particular, for any
sequence €, — 0, we can extract another subsequence, that we denote it also as €, such that
following the argument made above to prove ii), we have, that Po,_ v(ue,) — u, ug = uj, and,

for this subsequence, A;lh(uek)iA_lh(uo). Since this has been proved for any sequence,

then we obtain the E-convergence for the the whole family, that is A;lh(ue)LA_lh(uo). |

The compact convergence of AZ'h, to A™'h given by the previous proposition will guar-
antee us with the upper semicontinuity of the set of equilibria. More precisely,

Corollary 5.6. If (H) and (F) are satisfied, then for any family of equilibria {u’}oce<e, Of
(L) there exists an equilibrium point u of (LA) and a subsequence of {u’} that E-converges
to ug.

Proof. Apply Theorem |
We can also prove

Proposition 5.7. If (H) and (F) are satisfied, then there exists 0 < a < 1 and M > 0
such that ||uf|lce@.) |udllca@) < M, for any u?, solution of (L), 0 < e < ¢ and any ug,

solution of (LA).

In particular, if u’;iug, then we also have
Jue — Eeuglles ) — 0
forany 0 < B < a.

Proof. That the solutions of (C2) are Holder continuous, follows from standard elliptic
regularity theory. Notice that if ug is a solution of (LZ) and we define f.:(v) = f(z, ug(x))
and g (7) = g(x, ug()), then, ug is the unique solution of the problem

ou (5.2)

—Au+u= fu(r), inQ

on = ~Yus (x), on OSL.
But, since f and g are bounded functions, then f,. € L>*(Q), g,s € L>®(9€) and elliptic
regularity theory implies that ) is Holder continuous and its norm in the Holder space will
be determined by Q and || fus|| () and [|gus || L (a0)-

To obtain the uniform bound of the solutions of ([LT), we start by showing that ||u} ||~ q,)
is uniformly bounded in €. Since by 4] and ZH), | f(z,u)|,|g(z, u)| < C, then by compar-
ison principles, we have that |u’(x)| < C|Uc(z)| where U is the solution of

—AU.+U,=1, in €,
(5.3)

%% =1, on 0f)..
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If we multiply (&3] by (U. — k)™, where k > 0, and integrate by parts, we obtain

/Qe |V(U€—k:)+\2+/m (U, — )2+ (k — 1)/96(Ue—k;)+ :/BQE(UE_k)Jr

Moreover, by the trace theorem obtained in Proposition B2l and if we define Ay = {x € Q. :
Ue(x) > k}, we get [|(Ue — k)| 100 < Cll(Ue = k)T [lwrr) = Cll(Ue = k) llwra, ) <
C|Ak,6|%||(UE—I<:)+||H1(Q€). Hence, if k > 1, we get ||(Ue—k)* || g1, < C|Akvg|%. Moreover, by
the Sobolev embeddings of Proposition L8, we get that there exists a constant C' independent
of €, k and U,, such that

N2 N2
1 = B)Tlecao < [Ard = 1V =BT g, o ) = Ak = [(Ue — E)TII g

Lm( Q(QE)

< ClAk (e = 1) * s < ClAe

This last estimate allows us to apply Lemma 5.1 from [I4] and obtain the L* uniform
bound for U, which implies the uniform L* bound for all «}.

Observe that the key ingredient in the proof above is the uniform Sobolev embeddings
and trace theorem obtained in Proposition L8 and Proposition EL8, respectively. To obtain
the uniform Hoélder estimates on u) we follow the same ideas. As a matter of fact, for a fixed
€ we can apply Lemma B.1 v) of [7] and obtain that u* € C%(€,) for certain 0 < a < 1.
To conclude that the Holder norm is uniformly bounded in €, we realize that the estimate
(B.11) of [7] depends on the domain through the measure of the domain ()|, which is
controlled in our case, and through the constants C' that appear in (B.10). This constants
come exactly from the Sobolev embeddings and trace theorems which are also controlled in
our case. Hence, we can obtain estimate (B.11) where all the constants are independent of
e. Applying Theorem 7.2 from [I4] we obtain the uniform Hélder estimates on the solutions
ur.

The last part of the proposition is obtained through the compact embedding of C®(€2,) —
CP(Q,) for all 3 < a.
|

We also have a kind of converse result of Corollary B8, in the case where the equilibrium
of the limiting problem is hyperbolic.

Corollary 5.8. If (H) and (F) are satisfied and if ujy is a hyperbolic equilibrium point of
(LA) then there exists {u*} equilibrium points of (L) such that {u*} E-converges to ug.

Proof. Since u is a hyperbolic equilibrium point of ([LZ), uf isolated. Then there exists
d > 0 such that v is the unique equilibrium point in B(uf, d) and its index, relatively to the
map Ay 'h, satisfies |ind(ug, Ag'h)| = 1. We refer to [T3] for a definition of the index.

Since AZ'h. compactly converges to Aj'h then, by Theorem 3 in [T9], we get that
lind(B(E.u, ), A7 h.)] = 1. In consequence, for each ¢ there exists at least one equi-
librium point «} of (LI) in B(E.uj,0). If uf does not E-converges to uf, then there will
exist a subsequence u?, such that no other sub-subsequence can E-converge to uj. But from
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Corollary Bl we will have that there exists g, an equilibrium point of the limiting equa-
tion (L) and a subsequence of u, which E-converges to tg. We will necessarily have that
Uy € B(ug,d). But this will imply that @y = ug, which is a contradiction. [

Remark 5.9. In case all equilibrium points of the limiting equation [L2) are hyperbolic, we
have that the equilibrium points are all isolated, there are a finite number of them and from
Corollary 20 and 28 we get that the family E. of equilibrium points is continuous at € = 0.

Notice that the continuity from the remark above does not exclude the possibility that
near an equilibrium point of the limiting equation there may live several different equilib-
rium points of the perturbed problem. We will actually show that under some additional
condition on the differentiability of h. and assuming that AZ'h/(u’) converges compactly
to A7'hy'(u}), where h/'(u?) is the linearization of h. at u}, it is possible to obtain the
uniqueness of the equilibrium points.

We first prove the AZ'h/(u?) converges compactly to A~ hy (ug), if u? E-converges to

€
*

N Lot ) s HV(QL) — H-(0) given by
(v = [ 0wt - /a gl (5.4)
for v, € HY(,), w, € H*(,) and ho (up) : HY(Q) — (}z) given by
(o up)evw) = [ Oufavagyow - /a gl o, (5.5)

for v € HY(Q), w € H*(Q). ) i
As a matter of fact, we will consider a more general case, defining h, and hy,
(heve, w.) = / Vevew, +/ bev we, ve € HY (), we € H*(,) (5.6)
€ aﬂe

and
(hov, w) = / Vovw +/ yhovw, ve H'(Q), we H*(N), (5.7)
Q o0

where V. € L®(Q,), Vo € L®(Q), b € L=(9,), by € L=(9).

Proposition 5.10. Assume conditions (H) and (F) hold. Let V. and b. be potentials defined
in Q¢ and in 09 respectively, such that |V||p~ < K and ||b||p~ < K. Assume that

V. — Vo, weakly in L*(RN),

where f/e and \70 are the extension by zero of V. and Vy to all of RY. Assume also that for
allt=1,2,...,n, we have

be © ¢ic — by 0 dig, strongly in L*(Qn_1)
where ¢; . and ;o are defined in (Z1) and (Z3) respectively. Then, we have A= h. <% A5 hy.
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Proof. To show the compact convergence of A-'h, to Ag'hy we follow similar arguments
as in the proof of Proposition B0

i). To show that for fixed 0 < € < €, the linear operators A-! o fLE are compact, we observe
that, with elliptic regularity theory, these operators transform H'(),.) into H?>~*(Q.), for
some « < 1, which is compactly embedded in H'(€,).

ii). Let us consider now a family of functions u. € H'(Q) with ||ucl[g1(o,) < C and let
we = A7 h.(u.). Notice that this means that w, is the solution of

owe _ (5.8)

—Aw, + w, = Vou, in €,
I beu, on 0f),.

Multiplying (B28) by w,, using that V, b, are bounded in L* and the uniform boundedness
of the trace operator we get, as in Lemma B3, that ||we| g1,y < C.

Applying Lemma 3 ii), we get subsequences u,, , w,, and functions u,w € H'(U) such
E

E
that Pﬂek,U(usk) — u, Pgska(wek) — w, both w-H'(U) and such that u., —uq, we,—w)q

Let us show first that w = A~'h(u). For this, observe that if v € H'(U), then

(w€k7U)H1(Qek) :/ ‘/Ekufkv +/ bfkufkv (59)
€ 0

k Qek

But from the fact that V., — Vj weakly in L*(R") and ||[V||ec@yy < K then V. — V5
weakly in L(2) for any 1 < ¢ < oco. From here and using Proposition we obtain that

/ Vﬁkuekv—>/%uv
Q, Q

For the boundary part,

| be,, Ue, U —/ yhouv|
0Ne, NU; o0NU;

<| bey (e, — o] + | bowo = [ by
6st NU; 6st NU; o0NU;

< Ollue, — ul om0l 2, + %w—/‘ Ybouu].
Qek nU; o0NU;

But, from Corollary L7, we have that the first term in the last expression goes to 0. Moreover,
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for the second term,

| be (Die)u(Pie, )0(Die) I Pie, — V(@i0)b0(Pi0)ulPi0)v(Pin) T Piol

QN-_1
= |/Q bey, (D61, ) (@i )V(Bier,) S Dier, — bo(Pi0)u(Bi0)v(i0) Vil

< [ a6a) = () (6 (6 T2
QN-_1

+/ 100(9i0)| [u(Pie,) — ul(Pio)] |0(Die )| | Pie,]
QN-1

+/ |00(¢i0)| [u(Pi0)] [v(ie,,) — v(Pi0))] [T Die,l
QN-1

+| /Q bo(0i,0)u(Pi0)0(Gi0)(JPie, — i) =11 + Lo+ I3+ 1y

Since v,w € H'(U), it follows from Lemma EF, that [, |v(¢ic) — v(dio)|* and
Jou_, 1w(@i)—w(¢ip)|* converge to zero when ¢ — 0. Using these facts and that || J¢i|| =@y ;) <
K and |[|by||L=(00) < K, we get that I, Is — 0.

Also, using Proposition BL6, we get that v(¢; ), w(¢; ) is uniformly bounded in L™(Qy—_1)

for 1 <r < % when € — 0. Moreover, J¢; . is uniformly bounded in L*. Using that

be © ¢; . converges to by o ¢; ¢ strongly in LP(U; N 0N2) for 1 < p < oo, we get that I; — 0.
Finally, using hypothesis (F) and Remark 211, J¢; . converges to 7; weakly in LP(Qn_1),
for any 1 < p < oo. This implies that I, — 0.
Hence, passing to the limit in both sides of () we have that

(w,v) g () :/Vbuv—i—/ ~vbouv
Q a9

which shows that w = A~'ho(u).
Let us show now that, as a matter of fact, w, E,w. From Proposition B4 it will be
enough to show that |[we, ||, ) — |- But,

||w6k||§{1(ﬂek) :/ ‘/ekuekwﬁk +/(; bﬁkufkwek
€

Q k Qek

and with a very similar argument as the one above, we can show that

J

which shows the convergence of the H! norms.

‘/Ekufkwfk +/ bekuskwek - / Vouw‘l'/ Ybhouw = HwHHl(Q)
90, Q 20

‘k

iii) To prove that if ueiu then wgiw we follow the same line of proof as it was done to
show iii) in the proof of Proposition B3l 1

Hence, we can show easily now the following
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Corollary 5.11. Let u’ and uf be equilibrium points of (L1) and (LA) respectively such
that ujiu{;. Let h/(u}) and hy'(ul) be given by (BA) and {&3). Then, the sequence of

€

operators A7 h(u?) € L(H' () converges compactly to A~ hy'(ug) € LIH(Q)).
In particular, we can apply Proposition [Z11.

Proof. We just apply Proposition BI0 with V,(z) = &L (z, u?(2)), be(z) = 2 (2, u}(z)) for
0 < e < ¢, which satisfy the hypotheses of Proposition B0 |

We also want to show the uniqueness of the solutions given in Theorem P24l For this, we
will need the following

Lemma 5.12. Assume f,g satisfy (Z-4) and (Z23). There exists K > 0 such that for all v,
Vel 1 (o) < 1 we have

— * * * 1+%
IAZ (he(u? +ve) = he(u?) = he(ul)v) ey < Kllvell o)

Proof. Let w, = A7 (h(u + ve) — he(u?) — h.(u)v.). This means Acw, = h(uf + v.) —
he(u*) — hl(uf)v,, and w is a solution of

—Aw, +w. = f(x,uf +v.) — flx,u’) — Opf(x,ul)v,, in (5.10)

% + gz, ulf + v.) — g(x,u) — Oyg(x, uc)ve = 0 on €. '
Multiplying the equation by w. and integrating by parts, we get

oy = [ (Flauz +0) = F(ou) = Ouf @ )e)u -~

Qe
- faQE (g(l’, U,: + Ue) - g(l’, U:) - 8g(.l’, U:)UE))U)E.

We will show that
| /Q (fz,ul +v0) — fla,ul) — Of (2, ul)ve))we] < Collve 5™ + nllwedn,  (5.12)
nd

a

* * * = 2+2/(N—-1
|a<aLm+w@—g@wa—aaamnwmuscw%m;“ " bnllwdng,),  (5.13)
Qe

for some n < 1.
In fact, using Holder and Young inequalities we have

|/(ﬂ%@+w&—ﬂ%@)—&ﬂ%uwwmu
< G ) — FCou?) — Buf Coul)od) e

wel| £2(0.)

< GllfCoud+vd) = fud) = 0uf (vl 2,y + nllwel 22, )-
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Since the function f satisfies (24]), we can show that, if we define 6.(z) = min{1, |v.(x)|},
then

|f (@, ug(2) + ve()) — oz, ug () = Ouf (2, ul(x))ve(2))] < Crbc(x)[ve(2)], ae x € €L,
for some constant C independent of €, v. and u}. To see this, notice that applying the
mean value theorem, we have |f(z,ul(z) + v (x)) — f(z,u*(x)) — Ouf(z,u(x))v(x))| =
|(Ouf(x,tUc(x)) — Ouf(x,ux)))ve(x)|, where G.(x) is certain 1ntermed1ate point between
uf(z) and u!(z) + v(z). Hence, by the uniform boundedness of 0, f(x,u) we have that
|0uf(x,0c(x)) — Ouf(z,uc(x))] < 2C. On the other hand, using again the mean value
theorem and the uniform boundedness of Oy, f, we get |0uf (2,0 (x)) — Ouf(x,ul(x))] =
|Ouu f (2, Ue(2)) |0 () — ul(x)| < Clu(x)|, for some value @ (x) between @.(x) and u(z). This
implies that |0, f (7, @ (2)) =0y f (7, uc(z))] < 2C min{1, v (z)}, from where the result follows.

This implies that |[0c| @) < 1 and ||0c||r2@) < ||Vl 2.y By interpolation, we get

10| r () < HUeHLz(Qé), for any 2 <p<oo.
Thus, using that the embedding H'(Q,) — L9(€.) is uniformly bounded for 1 < ¢ <
2N/(N — 2), we get,

1f (g +ve) = £ (ud) = f(w)v)l T2 < Cillfeveliz,)

2+4/N
vl g o < Cillel 736,

€

< I8l Ev )

which shows (E12).
For the boundary part, using Hoélder and Young inequalities we have

| 22(50.)

| o (g(ug +v)g(u) — g'(w)ve))wel < [lg(ug +ve) — g(ug) — g'(ue)ve)

< Cyllg(ud +ve) = g(ug) = g'(u)ve)l[ 200, + nllwei2on,)-
Using the uniform imbedding of H'(£2.) in L*(09,), we get
| , (9(uf +ve)g(u) = g'(wve))we| < Cyllg(ug +ve) = g(w;) = g'(ul)ve)l[ 7200, +0llwell o,

As we did above for f, we can also prove that,

|9(ué(2) + ve(2)) = g(ug (@) — g'(ug (2))ve(x))] < Cobe(x)|ve()],
where 0 (x) = min{1, [vc(z)|} for x ae in O, then ||0c|[z~ < 1 and [|0c]|L200.) < [|VellL2000)-
By interpolation, we get |0 zr(o0.) < HUEHLQ(aQ for 2 < p < oo.
Thus, with the analysis above and using that the trace operator H'(€Q.) — L4(99,) is

uniformly bounded in € for 1 < ¢ < 2V 21) we get

*

lg(uf +ve) — g(ug) — g (vl 200, < CollfevellZz(on,)

2 2 2+42/(N—1)
< 02||96||L2(N—1) Ue”ﬁ(}{fvle)(a §C2|| ||H1(Q . (5.14)

(

€
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which shows (BI3).
Plugging (B12) and (13) in (EIT), choosing n < 1/2 and realizing that for N > 2 we
have 1/(N — 1) < 2/N, we show the Lemma. ]

Now, we prove the uniqueness result of the main theorem.

Proposition 5.13. If uj is a hyperbolic equilibrium point of (LA), then there exist § > 0
and €9 > 0 such that for 0 < € < € there exists one and only one equilibrium point u’ of
(I2), with ||uf — Eudl| < 6.

Proof. The existence of at least one equilibrium u} with ||u* — E.uj|| < 6 is guaranteed by
Corollary B8 Now we prove that «* is unique. In fact, u. is a equilibrium point of ([ITI) if
and only if u, is a fixed point of A='h.. We prove that if u, # u’ and ||u. —u?|| < & for some
0 > 0, then
lue = AZ he(ue)|| > 0.
Since u is a hyperbolic equilibrium, we get that ||(I — Ag'h)(ug))~'| < M. More-
over, AZh!(u?) converges compactly to A7h{(u}). This implies by Lemma B3 that (I —

€

AR (uf))7Y| < M, M independent of €. In particular, there exists n > 0 such that
17 = AT he(u)) (o) | = mll ]l Thus,

lue = AT he(ue) ey = llue —wl — Achip(ug) (ue — wf) || o)
— lAZ (h(ue) — h(wp) = I (u) (ue — u)) ey (5.15)

By Lemma BT2] we have that there exists 0 < §y < 1 such that

IAZ (hue) = h(w?) = b/ (uf) (ue — wl)) o) < 0/2l(ue — ud) ).
for ||(ue — ul)|| () < do. Using this, we get that
lue = AT he(uo) | g > 1/2]lue — wl ]l mi).-

and this completes the proof. [ |

With all the results obtained in this section, we can easily provide a proof of the two
main results.

Proof of Theorem 2.2k Part i) is obtained from Corollary .8l and Proposition B Part
ii) is proved from Proposition and from the convergence in C? (and therefore in L°°)

obtained in Part i). |
Proof of Theorem [Z.6: We just need to apply Corollary BTl 1
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