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It is shown that the Kolmogorov distance between the spectral distribution function of a random

covariance (1=p)XXT, where X is an n 3 p matrix with independent entries and the distribution

function of the Marchenko–Pastur law is of order O(n�1=2) in probability. The bound is explicit and

requires that the twelfth moment of the entries of the matrix is uniformly bounded and that p=n is

separated from 1.
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1. Introduction and results

Let Xij, 1 < i < p, 1 < j < n, be independent random variables with EX ij ¼ 0 and

EX 2
ij ¼ 1, and X p ¼ (Xij)f1<i< p,1< j<ng. Denote by º1 < . . . < º p the eigenvalues of the

symmetric matrix

W :¼ Wp :¼ 1

n
X pX

T
p

and defined its empirical distribution by

Fp(x) ¼ 1

p

Xp

k¼1

I [º k<xg,

where IfBg denotes the indicator of an event B. We shall investigate the rate of convergence

of the expected spectral distribution EFp(x) as well as Fp(x) to the Marchenko–Pastur

distribution function Fy(x) with density

f y(x) ¼ 1

2xy�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(b � x)(x � a)

p
If[a,b]g(x) þ If[1,1)g(y)(1 � y�1)�(x),

where y 2 (0, 1) and a ¼ (1 � ffiffiffi
y

p
)2, b ¼ (1 þ ffiffiffi

y
p

)2. Here we denote by �(x) the Dirac delta

function and by If[a,b]g(x) the indicator function of the interval [a, b]. As in Marchenko and

Pastur (1967) and Pastur (1973), assume that X ij, i, j > 1, are independent and identically

distributed (i.i.d.) random variables such that
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EX ij ¼ 0, EX 2
ij ¼ 1, EjX ijj4 < 1, for all i, j:

Then EFp ! Fy and Fp ! Fy in probability, where y ¼ limn!1 yp :¼ limn!1( p=n) 2
(0, 1). Yin (1986) has shown that the result holds in the i.i.d. case assuming EX 2

ij ¼ � 2 only.

Wachter (1978) proved the result for independent Xij with EXij ¼ 0, EX 2
ij ¼ 1 and

EjXijj2þ� < C , 1, for any � . 0.

Let y :¼ yp :¼ p=n. We introduce the following distance between the distributions

EFp(x) and Fy(x),

˜ p :¼ sup
x

jEFp(x) � Fy(x)j,

as well as another distance between the distributions Fp(x) and Fy(x),

˜�
p :¼ sup

x

jFp(x) � Fy(x)j:

We shall use the notation �n ¼ OP(an) if, for any � . 0, there exists an L . 0 such that

Pfj�nj > Lang < �. Note that, for any L . 0,

P

�
sup

x

jFp(x) � Fy(x)j > L

�
<

˜�p
L

:

Hence bounds for ˜�p provide bounds for the rate of convergence in probability of the

quantity supxjFp(x) � Fy(x)j to zero. Using our techniques it is straightforward, though

technical, to prove that the rate of almost sure convergence is at least O(n�1=2þE), for any

E . 0. In view of the length of the proofs for the results stated above we refrain from

including the details in this paper as well.

Bai (1993b) proved that ˜ p ¼ O(n�1=4), assuming EX ij ¼ 0, EX 2
ij ¼ 1,

supn supi, j EX 4
ij IfjX ijj.Mg ! 0 as M ! 1, and

y 2 (Ł, ¨) such that 0 , Ł , ¨ , 1 or 1 , Ł , ˜ , 1: (1:1)

If y is close to 1 the limit density and the Stieltjes transform of the limit density have a

singularity. In this case the investigation of the rate of convergence is more difficult. Bai

(1993b) showed that, if 0 , Ł < yp < ¨ , 1, ˜ p ¼ O(n�5=48). Recently Bai et al. (2003)

have shown, for y p equal to 1 or asymptotically near 1, that ˜ p ¼ O(n�1=8). It is clear that

the case y p � 1 requires different techniques. Recent results of the authors show that for

Gaussian random variables X ij the rate ˜ p ¼ O(n�1) is the correct rate of approximation.

In the present paper we shall consider bounds for ˜ p in the case (1.1) only. By C (with

or without an index) we shall denote generic absolute constants, whereas C(�, �) will denote

positive constants depending on arguments. For k > 1, we introduce the notation

Mk :¼ M
(n)
k :¼ sup

1< j,k<n

EjX jk jk :

Our main results are the following:

Theorem 1.1. Let 0 , ¨1 < y < ¨2 , 1 and jy � 1j > Ł . 0. Assume that X ij satisfies the

conditions above and that
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M8 :¼ sup
1< j,k<n

EjX jk j8 < 1: (1:2)

Then there exists an absolute constant C(Ł, ¨1, ¨2) . 0 such that

˜ p < C(Ł, ¨1, ¨2)M
1=4
8 n�1=2:

Theorem 1.2. Let 0 , ¨1 < y < ¨2 , 1 and jy � 1j > Ł . 0. Assume that Xij satisfies

the conditions above and condition (1.2) , and that

M12 :¼ sup
1< j,k<n

EjX jk j12 , 1: (1:3)

Then there exists an absolute constant C(Ł, ¨1, ¨2) . 0 such that

E˜�p ¼ E sup
x

jFp(x) � G(x)j < C(Ł, ¨1, ¨2)M
1=6
12 n�1=2:

2. Inequalities for the distance between distributions via
Stieltjes transforms

We define the Stieltjes transform s(z) of a random variable � with distribution function F(x)

(the Stieltjes transform s(z) of distribution function F(x)) by

s(z) :¼ E
1

�� z
¼
ð1
�1

1

x � z
dF(x), z ¼ u þ iv, v . 0:

Given � . 0, we introduce the intervals I� ¼ [a þ �, b � �] and I9� ¼ [a þ 1
2
�, b � 1

2
�]. Recall

that a ¼ a(y) ¼ (1 � ffiffiffi
y

p
)2 and b ¼ b(y) ¼ (1 þ ffiffiffi

y
p

)2.

Lemma 2.1. Let F be a distribution function and let Fy denote the Marchenko–Pastur

distribution function. Denote their Stieltjes transforms by s(z) and sy(z) respectively. Assume

that
Ð1
�1 jF(x) � Fy(x)jdx , 1. Let v . 0, and d and � be positive numbers such that

ª ¼ 1

�

ð
juj<d

1

u2 þ 1
du ¼ 3

4
, (2:1)

and

� . 2vd: (2:2)

Assume that jy � 1j > Ł . 0. Then there exist some constants C1(Ł), C2(Ł), C3(Ł),

depending only on Ł, such that

˜(F, Fy) :¼ sup
x

jF(x) � Fy(x)j

< C1 sup
x2 I9�

����Im
ðx

�1
(s(z) � sy(z))du

� �����þ C2vþ C3�
3=2,
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where z ¼ u þ iv.

A proof of Lemma 2.1 is given in Götze and Tikhomirov (2000; 2003).

Corollary 2.2. The following inequality holds:

˜(F, Fy) < C1

ð1
�1

j(s(u þ iV ) � sy(u þ iV ))jdu þ C2vþ C3�
3=2

þ C1 sup
x2 I 9�

����Im
ðV

v

(s(x þ iu) � sy(x þ iu))du

� �����: (2:3)

3. The main lemma

We shall follow the notation of Bai (1993b). Let

sy(z) ¼ � y þ z � 1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(y þ z � 1)2 � 4yz

p
2yz

, sp(z) ¼
ð1
�1

1

x � z
dEFp(x): (3:1)

Note that, for z ¼ u þ iv such that a < u < b,

jsy(z)j < Cjy � 1j
jzj þ Cffiffiffiffiffi

jzj
p <

Cffiffiffi
a

p : (3:2)

By definition of Fp(x), we can write

sp(z) ¼ E
1

p

Xp

j¼1

1

º j � z

 !
¼ 1

p
E trR ¼ 1

p

Xp

j¼1

ER( j, j), (3:3)

where R :¼ R(z) :¼ (W� z I p)�1 ¼ (R( j, k))
p
j,k¼1. Here I p denotes the p 3 p identity

matrix.

Set W(k) ¼ (1=n)X(k)X(k)T, where X(k) denotes the matrix obtained from X by deleting

the kth row, and let xT
k ¼ (X k1, . . . , X kn). Set ak ¼ (1=n)X(k)xk . Write

�k ¼ 1

n

Xn

j¼1

(X 2
kj � 1) þ y þ yzsp(z) � aT

k(W(k) � z I p�1)�1ak : (3:4)

We introduce the scalar

�p(z) ¼ � 1

n

Xp

k¼1

E
�k

(y þ z � 1 þ yzsp(z))(y þ z � 1 þ yzsp(z) � �k)
(3:5)

and the matrix

R k ¼ (W(k) � z I p�1)�1:

For readers’ convenience we state here two algebraic lemmas which are proved in Bai

(1993a) and in Götze and Tikhomirov (2003). Let A ¼ (akj) denote a matrix of order n and
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Ak denote the principal submatrix of order n � 1, that is, Ak is obtained from A by

deleting the kth row and the kth column. Let A�1 ¼ (a jk). Let aT
k denote the vector obtained

from the kth row of A by deleting the kth entry and bk the vector from the kth column by

deleting the kth entry. Let I, with or without a subscript, denote the identity matrix of

corresponding order.

Lemma 3.1. Assume that A and Ak are non-singular. Then

akk ¼ 1

akk � aT
kA

�1
k bk

:

Lemma 3.2. Let z ¼ u þ iv, and A be an n 3 n symmetric matrix. Then

tr(A� z In)�1 � tr(Ak � z In�1)�1 ¼ 1 þ aT
k(Ak � z In�1)�2ak

akk � z � aT
k(Ak � z In�1)�1ak

¼ (1 þ aT
k(Ak � z In�1)�2ak)akk (3:6)

and

jtr(A� z In)�1 � tr(Ak � z In�1)�1j < v�1: (3:7)

Applying Lemma 3.1 with A ¼ W and relation (3.3), we may write

R( j, j) ¼ � 1

y þ z � 1 þ yzsp(z) � � j

¼ � 1

y þ z � 1 þ yzsp(z)
� � j

(y þ z � 1 þ yzsp(z))(y þ z � 1 þ yzsp(z) � � j)
: (3:8)

This implies that

sp(z) ¼ � 1

y þ z � 1 þ yzsp(z)
þ �p(z): (3:9)

To prove Theorem 1.1 we shall use the result of Corollary 2.2.

The following inequality (3.10) was proved in Bai (1993b), but for readers’ convenience

we repeat its proof here. Throughout this paper we shall consider z ¼ u þ iv with

a < u < b and 0 , v , C.

Lemma 3.3. Under the conditions of Theorem 1.1, for any v . 0 and for any k ¼ 1, . . . , n,

we have

jE�k j <
C

nv
: (3:10)

Proof. Let E(k) denote the conditional expectation given X ij, i 6¼ k. Note that the random
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vector xk and the random matrices W(k), X p(k) are independent. Using the definition of a

vector ak and taking into account the above-mentioned independence, we obtain

E(k)aT
k(W(k) � z I p�1)�1ak ¼ n�2E(k)xT(k)XT

p(k)(W(k) � z I p�1)�1X p(k)x(k)

¼ n�2 trXT
p(k)(W(k) � z I p�1)�1x p(k)

¼ 1

n
tr(W(k) � z I p�1)�1W(k):

Furthermore, since

(W(k) � z I p�1)�1W(k) ¼ z(W(k) � z I p�1)�1 þ I p�1,

we obtain

E(k)aT
k(W(k) � z I p�1)�1ak ¼ p � 1

n
þ zyp�1 tr(W(k) � z I p�1)�1

¼ y � 1

n
þ zyp�1 tr(W(k) � z I p�1)�1: (3:11)

Equation (3.11) implies that

jE�k j ¼
jzyj

p
jE[tr(W(k) � z I p�1)�1 � tr(W� z I p)�1]j þ 1

n
:

Using Lemma 3.2 with A ¼ W and Ak ¼ W(k), we obtain inequality (3.10). h

Without loss of generality, we may assume that v > �˜ p with some constant 0 , � , 1

depending on Ł only. Thus, using inequality (3.2), we immediately obtain, for z ¼ u þ iv

such that a < u < b,

jsp(z)j < jsy(z)j þ jsp(z) � sp(z)j < C1(Ł)(1 þ ��1) < C(Ł)��1:

The main result of this section is the following:

Lemma 3.4. Let

Imfyz�p(z) þ zg > 0:

Then there exists a positive constant a1 depending on Ł, ¨1, ¨2 and � such that

jz þ y � 1 þ yzsp(z)j > a1:

Proof. Assume that jzj < jy � 1j=2(1 þ yC(Ł)��1). This immediately implies that

jz þ y � 1 þ yzsp(z)j > jy � 1j � jzj(1 þ yjsp(z)j) > jy � 1j
2

> a1 . 0:

Now let
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jzj > jy � 1j
2(1 þ yC(Ł)��1)

:

Equation (3.9) and the assumption of Lemma 3.4 together imply that

Imfz þ yzsp(z)g > �Im
yz

z þ y � 1 þ yzsp(z)

� �
:

Note that

Imfz þ yzsp(z)g ¼ vþ y(vRefsp(z)g þ u Imfsp(z)g) ¼ vþ yvE trWjRj2 . 0:

Hence,

jz þ y � 1 þ yzsp(z)j2 >
�Imfyz(z þ y � 1 þ yzsp(z))g

Imfz þ yzsp(z)g , (3:12)

where w denotes the complex conjugate of w. Furthermore,

�Imfyz(z þ y � 1 þ yzsp(z))g ¼ �y Imfjzj2 þ z(y � 1) þ yjzj2s p(z)g

¼ y2jzj2 Imfsp(z)g þ y(1 � y)v: (3:13)

If y < 1, we have

�Imfyz(z þ y � 1 þ yzsp(z))g
Imfz þ yzsp(z)g ¼ y(1 � y)vþ y2jzj2 Imfsp(z)g

vþ yvRefsp(z)g þ yu Imfsp(z)g : (3:14)

Assuming Imfsp(z)g < v, we obtain

�Imfyz(z þ y � 1 þ yzsp(z))g
Imfz þ yzsp(z)g >

y(1 � y)v

v(1 þ yC(Ł)��1 þ yb)

¼ y(y � 1)(1 þ yC(Ł)��1 þ yb)�1 > a1 . 0: (3:15)

If Imfsp(z)g > v, then

�Imfyz(z þ y � 1 þ yzsp(z))g
Imfz þ yzsp(z)g >

y2jzj2 Imfsp(z)g
(1 þ yC(Ł)��1 þ yb)Imfsp(z)g

> y2a2(1 þ yC(Ł)��1 þ yb)�1 > a1 . 0: (3:16)

Inequalities (3.12), (3.15) and (3.16) together complete the proof for y < 1.

Consider the case y > 1. Assuming Imfsp(z)g > 2v(y � 1)=ya2 > 2v(y � 1)=yjzj2, we

obtain
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�Imfyz(z þ y � 1 þ yzsp(z))g
Imfz þ yzsp(z)g >

1
2
y2jzj2 Imfsp(z)g

vþ yvRefsp(z)g þ yu Imfsp(z)g

>
1
2
y2jzj2 Imfsp(z)g

((1 þ yC(Ł)��1)(ya2=2(y � 1)) þ yb)Imfsp(z)g

>
1
2
y2jaj2

(1 þ yC(Ł)��1)(ya2=2(y � 1)) þ yb
:

Write B ¼ 2(y � 1)=ya2 and assume that

Im sp(z) < Bv: (3:17)

If Imf�p(z)g > 0, then (3.9) implies

Imfsp(z)g >
vþ Imfyzsp(z)g

jz þ y � 1 þ yzsp(z)j2 : (3:18)

Since Im(yzsp(z)) > 0, inequalities (3.17) and (3.18) together imply

jz þ y � 1 þ yzsp(z)j > B�1=2 > a1 . 0: (3:19)

If Im �p(z) < 0 the condition Im(z þ yz�p(z)) . 0 implies

jIm �p(z)j < v
1 þ j�p(z)j

yu
: (3:20)

From (3.9) it follows that

j�p(z)j < jz þ y � 1 þ yzsp(z)j�1 þ ��1: (3:21)

Without loss of generality, we may assume that

jz þ y � 1 þ yzsp(z)j < ya

2
:

Thus inequalities (3.9), (3.20) and (3.21) together imply that

Imfsp(z)g >
v

jz þ y � 1 þ yzsp(z)j2 �
v

yajz þ y � 1 þ yzsp(z)j �
(1 þ ��1)v

ya
:

From this inequality and assumption (3.17) it follows that

jz þ y � 1 þ yzsp(z)j > y�1a�1 B þ 1 þ ��1

ya

� ��1

:

This completes the proof of Lemma 3.4. h
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4. Bounds for the function �p(z)

In this section we shall assume that there exist some positive constants a1 and a2 depending

only on Ł, ¨1, ¨2 and � such that

a1 < jz þ y � 1 þ yzsp(z)j < a2: (4:1)

We introduce in addition the following notation:

�(1)
j ¼ 1

n

Xn

l¼1

(X 2
jl � 1), �(2)

j ¼ � 1

n
(xT

j X( j)TR jX( j)x j � trR jW( j)),

�ð3Þj ¼ � z

n
(trR � trR j), �(4)

j ¼ 1

n
, �(5)

j ¼ z

n
(trR � E trR):

Note that

trR jW( j) ¼ tr I p�1 þ z trR j: (4:2)

Using (4.2), we obtain the representation

� j ¼
X5

�¼1

�(�)
j : (4:3)

This representation implies, for j ¼ 1, . . . , p,

Ej� jj2 < 5
X5

�¼1

Ej�(�)
j j2: (4:4)

Lemma 4.1. Under condition (4.1) there exist some constants C1(a1, a2) and C2(a1, a2)

depending on a1 and a2 only, such that, for u 2 [a, b] and 1 > v > C1(a1, a2)
ffiffiffiffiffiffiffi
M4

p
n�1=2,

Ej�(1)
j j2 <

CM4

n
:

Proof. The proof of this bound is trivial. h

Lemma 4.2. Under condition (4.1) there exist some constants C1(a1, a2) and C2(a1, a2)

depending on a1 and a2 only, such that, for u 2 [a, b] and 1 > v > C1(a1, a2)
ffiffiffiffiffiffiffi
M4

p
n�1=2,

Ej�(2)
j j2 <

C2(a1, a2)M4

nv
: (4:5)

Proof. Since x j and X( j) are independent, we have

Ej�(2)
j j2 <

CM4

n2
E trjR jW( j)j2: (4:6)

Here and in what follows we use the notation jAj2 :¼ AA T, for any complex matrix A. It is

easy to check that
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trjR jW( j)j2 ¼ v�1 ImftrR jW( j)2g: (4:7)

Using (4.7), we obtain

E trjR jW( j)j2 < ( p � 1) þ v�1jz2kE trR jj: (4:8)

Since, by (3.6),

jE trR jj < jE trRj þ v�1, (4:9)

from (4.4) and (4.6) we obtain

Ej�(2)
j j2 <

CM4

n2v
jE trRj þ CM4

n2v2
þ CM4

nv
: (4:10)

Inequality (4.10) and assumption (4.1) together imply

Ej�(2)
j j2 <

C(a1, a2)M4

nv
þ C(a1, a2)M4

n2v2
: (4:11)

This concludes the proof. h

Lemma 4.3. Under condition (4.1) there exist some constants C such that, for u 2 [a, b] and

1 > v . 0,

Ej�(3)
j j2 <

CM4

nv
:

Proof. The proof follows from inequality (3.7) with A ¼ W and Ak ¼ W(k). h

Lemma 4.4. Under condition (4.1) there exist some constants C1(a1, a2) and C2(a1, a2)

depending on a1 and a2 only, such that, for u 2 [a, b] and 1 > v > C1(a1, a2)M
1=4
8 n�1=2,

Ej�(5)
j j2 <

C2(a1, a2)M4

n2v3
:

Proof. Note that �(5)
j does not depend on j ¼ 1, . . . , n. To obtain a bound for Ej�(5)

j j2 we

shall use the method of martingale differences which was first used for random matrices in

Girko (1989); see also Girko (1990). Let

� k ¼ tr(W� z I p)�1 � tr(W(k) � z I p�1)�1 (4:12)

and

ªk ¼ Ek�1� k � Ek� k : (4:13)

Here and in what follows let Ek denote the conditional expectation given X jl with k < j < p,

1 < l < n. It is easy to check that

Ejtr(W� z I p)�1 � E tr(W� z I p)j2 ¼
Xp

k¼1

Ejªk j2: (4:14)

By (3.6), we have

512 F. Götze and A. Tikhomirov



� k ¼ f(1 þ aT
k(W(k) � z I p�1)�2ak)R(k, k): (4:15)

Write

� k ¼ � (1)
k þ � (2)

k þ � (3)
k , (4:16)

where

� (1)
k ¼ 1 þ (1=n)tr(W(k) � z I p�1)�2W(k)

z þ y þ yzsp(z)
, � (2)

k ¼ �k� k

z þ y þ yzsp(z)
,

� (3)
k ¼ aT(k)(W(k) � z I p�1)�2ak � (1=n)tr(W(k) � z I p�1)�2W(k)

z þ y þ yzsp(z)
:

Since Ek�1�
(1)
k � Ek�

(1)
d ¼ 0, we obtain

Ejªk j2 < Ej� (2)
k j2 þ Ej� (3)

k j2

< C(a1, a2) v�2Ej�k j2 þ E

����aT(k)(W(k) � z I p�1)�2ak �
1

n
tr(W(k) � z I p�1)�2W(k)

����
2

 !
:

(4:17)

By the representation (4.3) of �k and by Lemmas 4.1–4.3, we have

Ej�k j2 < 5
X4

�¼1

jE�(�)
k j2 þ 5 Ej�(5)

k j2 <
C(a1, a2)M4

nv
þ 5 Ej�(5)

k j2: (4:18)

Similarly to the proof of Lemma 4.3, we obtain

E

����aT(k)(W(k) � z I p�1)�2a(k) � 1

n
tr(W(k) � z I p�1)�2W(k)

����
2

<
CM4

n2
E trG(1)(k)G(1)(k),

(4:19)

where G(1)(k) ¼ (W(k) � z I p�1)�2W(k). It is easy to check that

E trG(1)(k)G(1)(k) < v�3 ImfE tr((W(k) � z I p�1)�1W2(k))g:

Using (4.7), we obtain

E trG(1)(k)G(1)(k) < v�3(v( p � 1) þ jzj2jE trR k j): (4:20)

Inequalities (4.1) and (4.20) together imply

E trG(1)(k)G(1)(k) < v�3(v( p � 1) þ nC(a1, a2))): (4:21)

From (4.19) and (4.21), it follows that

E

����aT(k)(W(k) � z I p�1)�2a(k)-
1

n
tr(W(k) � z I p�1)�2W(k)

����
2

<
C(a1, a2)M4

nv2
1 þ 1

v

� �
:

(4:22)

The relations (4.14), (4.17), (4.18) and (4.22) together imply
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Ej�(5)
k j2 <

C(a1, a2)M4

n2v3
þ C(a1, a2)M4

nv2
Ej�(5)

k j2: (4:23)

Inequality (4.23) implies that, for some positive constant C1(a1, a2) and for v >

C1(a1, a2)
ffiffiffiffiffiffiffi
M4

p
n�1=2,

1

n2
Ejtr(W� z I p)�1 � E tr(W� z I p)�1j2 < C(a1, a2)M4 n�2v�3, (4:24)

which proves the lemma. h

Let us introduce the matrices

G ¼ (G( j, k))
p
j,k¼1 ¼ 1

n
XT

p(W p � z I p)�1X p,

G(k) ¼ (Gk( j, l )) ¼ 1

n
XT

p(k)(W(k) � z I p�1)�1X p(k),

W(k, d) ¼ 1

n
X p(k, d)XT

p(k, d),

R kd ¼ (W(k, d) � z I p�2)�1,

G(k, d) ¼ (Gkd( j, l )) ¼ 1

n
XT

p(k, d)R kdX p(k, d),

where X p(k, d) is obtained from X p by deleting the kth and dth rows. Note that

trG ¼ tr(W� z I p)�1W, trG(k) ¼ tr(W(k) � z I p�1)�1W(k):

The next lemma is similar to Lemma 5.4 in Götze and Tikhomirov (2003).

Lemma 4.5. There exist positive constants C1(a1, a2) and C2(a1, a2) such that, for any

1 > v > C1(a1, a2)
ffiffiffiffiffi
M

p
n�1=2,

1

p

Xp

k¼1

EjR(k, k)j2 < C2(a1, a2):

Proof. Equation (3.5), condition (4.1) and the representation (4.3) together imply

EjR(k, k)j2 < C(a1, a2) 1 þ
X5

�¼1

Ej�(�)
k j2jR(k, k)j2

 !
: (4:25)

It is obvious that

Ej�(1)
k j2jR(k, k)j2 <

CM4

nv2
, Ej�(4)

k j2jR(k, k)j2 <
1

n2v2
: (4:26)

By Lemma 3.2, we have
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Ej�(3)
k j2jR(k, k)j2 <

1

n2v4
: (4:27)

Using Rosenthal’s inequality for quadratic forms or direct calculation, we obtain

Ej�(2)
k j4 <

CM8

n4
E

Xn

l,m¼1
l 6¼k,m 6¼k

jGk(l, m)j2

0
BB@

1
CCA

2

:

We may write

E
Xn

l,m¼1
l 6¼k,m 6¼k

jGk(l, m)j2

0
BB@

1
CCA

2

< jE trjG(k)j2j2 þ EjtrjG(k)j2 � E trjG(k)j2j2:

By relations (4.2), (4.7) and condition (4.1), we have

E trjG(k)j2 <
C(a1, a2)n

v
: (4:28)

Similarly as in the bounds for EjtrR � E trRj2, we introduce the random variables

~ªªd(k) ¼ Ed�1 trjG(k)j2 � Ed trjG(k)j2 ¼ Ed�1~�� k(d) � Ed ~�� k(d),

with ~�� d(k) ¼ trjG(k)j2 � trjG(k, d)j2. Since the ~ªªd(k) are orthogonal, for d ¼ 1, . . . , p, we

obtain

1

n4
EjtrjG(k)j2 � E trjG(k)j2j2 <

1

n4

Xp

d¼1

Ej~ªªd(k)j2:

Note that, according to (4.7),

jtrjG(k)j2 � trjG(k, d)j2j ¼ 1

v
jImfz2(trR k � trR k,d) þ zgj < C

v2
:

This implies that j~ªªk(d)j < Cv�2 and

1

n4
EjtrjG(k)j2 � E trjG(k)j2j2 <

C

n3v4
: (4:29)

Inequalities (4.27)–(4.29) together imply that, for v > C(a1, a2)M
1=4
8 n�1=2,

Ej�(2)
k j4 <

C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (4:30)

Using Cauchy’s inequality, we obtain
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1

p

Xp

k¼1

Ej�(2)
k j2jR(k, k)j2 < v�1 1

p

Xp

k¼1

Ej�(2)
k j4

 !1=2
1

p

Xp

k¼1

EjR(k, k)j2
 !1=2

<
CM

1=4
8

nv2

1

p

Xp

k¼1

EjR(k, k)j2
 !1=2

: (4:31)

Notice that

1

p

Xp

k¼1

Ej�(5)
k j2jR(k, k)j2 ¼ Ej�(5)

1 j2 1

p

Xp

k¼1

jR(k, k)j2
 !

< Ej�(5)
1 j2 1

p

Xp

k, j¼1

jR(k, j)j2
 !

¼ v�1Ej�(5)
1 j2 Im

1

p
trR

� �

<
1

vp
Ej�(5)

1 j2jtrR � E trRj þ jE trRj
pv

Ej�(5)
1 j2: (4:32)

Furthermore,

1

vp
Ej�(5)

1 j2jtrR � E trRj < C

vn3
EjtrR � E trRj3:

By Burkholder’s inequality for martingales (see Hall and Heyde 1980, p. 24), we obtain

EjtrR � E trRj3 < C
ffiffiffiffi
p

p Xp

k¼1

Ejªk j3, (4:33)

with ªk defined in (4.13). Inequalities (4.17), (4.18) and (4.22) together imply that, for

1 > v > C1(a1, a2)M
1=4
8 n�1=2,

Ejªk j2 <
C(a1, a2)M

1=2
8

nv3
:

Since jªk j < 2v�1, we obtain

Ejªk j3 <
C(a1, a2)

nv4
: (4:34)

From (4.33) and (4.34) we obtain

1

vn3
EjtrR � E trRj3 <

C(a1, a2)M
1=2
8ffiffiffiffiffiffiffiffiffiffiffi

n5v10
p : (4:36)

Inequalities (4.32), (4.36), (4.1) and Lemma 4.4 together imply

1

n

Xn

k¼1

Ej�(5)
k j2jGkk j2 <

C(a1, a2)M
1=2
8ffiffiffiffiffiffiffiffiffiffiffi

n5v10
p þ C(a1, a2)M

1=2
8

nv2
: (4:37)

Inequalities (4.25)–(4.27), (4.31) and (4.37) finally yield, for v > C(a1, a2)M
1=4
8 n�1=2,
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1

p

Xp

j¼1

EjR( j, j)j2 < C1(a1, a2) þ C2(a1, a2)
1

p

Xp

j¼1

EjR( j, j)j2
 !1=2

:

From the last inequality it follows that, for v > C(a1, a2)M
1=4
8 n�1=2,

1

p

Xp

j¼1

EjR( j, j)j2 < C(a1, a2),

which completes the proof. h

Lemma 4.6. There exist positive constants C1(a1, a2) and C2(a1, a2) such that, for any

v > C1(a1, a2)M
1=4
8 n�1=2,

j�p(z)j < C2(a1, a2)
ffiffiffiffiffiffiffi
M8

p

nv
:

Proof. By the definition of �p(z), (3.4) implies that

j�p(z)j < jy þ z � 1 þ yzsp(z)j�1

���� 1

p

Xp

j¼1

E� j R( j, j)

����: (4:38)

Taking into account that E�ð�Þj ¼ 0, for � ¼ 1, 2, jE�ð�Þj j < 1=nv, for � ¼ 3, and jE��j < 1=n,

for � ¼ 4, and expanding R( j, j) into the parts � j defined in (4.3), we obtain

j�p(z)j <
X3

�¼1

C

p

Xp

j¼1

Ej��j j2jR( j, j)j

þ
X3

�¼1

C

p

����X
p

j¼1

E�ð�Þj �(5)
j R( j, j)

����þ C

nv
þ C

p

����X
p

j¼1

E�(5)
j R( j, j)

����: (4:39)

Since jR( j, j)j < v�1 and Ej�(1)
j j2 < C

ffiffiffiffiffiffiffi
M8

p
n�1, we obtain

1

p

Xp

j¼1

Ej�(1)
j j2jR( j, j)j < C

ffiffiffiffiffiffiffi
M8

p

nv
: (4:40)

Lemma 3.2 and the definition of both �(3)
j and �(4)

j together imply that

1

p

Xp

j¼1

Ej�(3)
j j2jR( j, j)j < C

n2v3
,

1

p

Xp

j¼1

Ej�(4)
j j2jR( j, j)j < C

n2v
: (4:41)

Applying Hölder’s inequality, inequality (4.30) and Lemma 4.5, we obtain that

C

p

Xp

j¼1

Ej�(2)
j j2jR( j, j)j < C

p

Xp

j¼1

Ej�(2)
j j4

 !1=2 Xp

j¼1

EjR( j, j)j2
 !1=2

<
C
ffiffiffiffiffiffiffi
M8

p

nv
: (4:42)

Consider now the summand with �(5)
j . Write
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�(5)
j ¼ �9j þ � 0j,

where

�9j ¼
1

n
(trR j � E trR j), � 0j ¼

1

n
(trR � trR j) �

1

n
E(trR � trR j):

By (3.7), j� 0jj < 2(nv)�1. This inequality and Lemma 4.3 together imply that, for

� ¼ 1, 2, 3, 4,

1

n

����X
p

j¼1

E�(�)
j � 0j R( j, j)

���� < C

nv

1

n

Xp

j¼1

Ej�(�)
j j2

 !1=2
1

n

Xp

j¼1

EjR( j, j)j2
 !1=2

<
C(a1, a2)

nv

1

n

Xp

j¼1

Ej�(�)
j j2

 !1=2

<
C(a1, a2)

ffiffiffiffiffiffiffi
M8

p

nv
: (4:43)

Since the random variables X jl, l ¼ 1, . . . , n, and the random matrix R j are independent, we

obtain, for � ¼ 1, 2, 3,

Ej�(1)
j �9jj2 ¼ Ej�(1)

j j2Ej�9jj2 <
C
ffiffiffiffiffiffiffi
M8

p

n
Ej�9jj2 <

CM8

n3v3
, (4:44)

Ej�(2)
j �9jj2 <

M8C

n2
E trjG( j)j2j�9jj2, (4:45)

Ej�(3)
j �9jj2 <

C

n2v2
Ej�9jj2: (4:46)

By definition of the matrix G( j), we have

trjG( j)j2 ¼ 1

v
Imf(tr(W( j) � z I p�1)�1W( j)2g

¼ 1

v
Imfz2 trR j þ z tr I p�1g: (4:47)

The relations (4.45) and (4.47) together imply that

Ej�(2)
j �9jj2 <

C
ffiffiffiffiffiffiffi
M8

p

nv
Ej�9jj2 þ

C
ffiffiffiffiffiffiffi
M8

p

n2v
jE trR jj�9jj2j: (4:48)

Using the definition of �9j, we obtain

Ej�(2)
j �9jj2 <

C
ffiffiffiffiffiffiffi
M8

p

nv
Ej�9jj2 þ

C
ffiffiffiffiffiffiffi
M8

p

n2v
jE trR jjEj�9jj2 þ

C
ffiffiffiffiffiffiffi
M8

p

nv
Ej�9jj3: (4:49)

Using (4.36) and (4.24), simple calculations yield

Ej�(2)
j �9jj2 <

CM8

n3v4
þ CM8ffiffiffiffiffiffiffiffiffiffiffi

n7v10
p : (4:50)

Furthermore, by (4.46) and (4.24), we have, for v > CM
1=4
8 n�1=2,
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Ej�(3)
j �9jj2 <

CM8

n4v5
: (4:51)

Applying Hölder’s inequality and (4.44), (4.50) and (4.51), we obtain, for � ¼ 1, 2, 3,

1

n

����X
p

k¼1

E�(�)
k �9k R(k, k)

���� < 1

n

Xp

k¼1

Ej�(�)
k �9k j2

 !1=2
1

n

Xp

k¼1

EjRkk j2
 !1=2

<
C(a1, a2)

ffiffiffiffiffiffiffi
M8

p

nv
: (4:52)

Inequalities (4.52) and (4.39)–(4.43) conclude the proof. h

5. Proof of Theorem 1.1

The rest of the proof of Theorem 1.1 is similar to the proof of the results for a Wigner

matrix in Götze and Tikhomirov (2003). First we prove that there exists some constant C

such that, for any

v > v0 :¼ maxf�˜n, CM
1=4
8 n�1=2g, (5:1)

the inequality Imfz þ yz�p(z)g . 0 holds. Assume that

Imfz þ yz�p(z)g ¼ 0: (5:2)

Then according to Lemma 3.2, there exists some constant a1 . 0 such that

jy þ 1 � z þ yzsp(z)j > a1: (5:3)

In addition, we have

jsp(z) � sy(z)j ¼
����
ð1
�1

1

x � z
d(EFp(x) � Fy(x))

����
¼
����
ð1
�1

EFp(x) � Fy(x)

(x � z)2
dx

���� < ˜n

v
<

1

�
:

Since jsy(z)j < C(Ł, ¨, a, b) ¼ C, we obtain

jy þ z � 1 þ yzsp(z)j < C(Ł, ¨, a, b, �) ¼ a2: (5:4)

By Lemma 4.6, there exist constants C1(a1, a2) and C2(a1, a2) such that, for

v > C1(a1, a2)M
1=4
8 n�1=2,

j�p(z)j < C2(a1, a2)
ffiffiffiffiffiffiffi
M8

p

nv
: (5:5)

Recall that v0 ¼ maxf�˜n, n�1=2C1

ffiffiffiffiffiffiffi
M8

p
g, with 1 . � . 0 to be chosen later. The constant

C1 is chosen such that, for any 1 > v > v0, we have
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j�p(z)j < v

2¨(b þ 1)
: (5:6)

This inequality contradicts condition (5.2), since it implies that j�p(z)j > v=¨(b þ 1). Now

choose v ¼ 1. It is easy to see that

jy þ z � 1 þ yzsp(z)j > Imfy þ z � 1 þ yzsp(z)g > 1, (5:7)

and since jsp(z)j < v�1 < 1,

jz þ y � 1 þ yzsp(z)j < (b þ 1)(¨þ 1): (5:8)

By Lemma 4.6,

j�p(z)j < C

n
: (5:9)

This inequality implies, for v ¼ 1,

Im(z þ yz�p(z)) . 0, (5:10)

and since Im(z þ yz�p(z)) 6¼ 0, we obtain that (5.10) holds, for v > v0.

By Lemma 3.2, for z ¼ u þ iv with u 2 [a, b] and 1 > v > v0, we have

jz þ y � 1 þ yzsp(z)j > C1(�, Ł, ¨1, ¨2): (5:11)

Using inequality (5.11) and (5.4), by Lemma 4.6, we obtain that

j�p(z)j < C
ffiffiffiffiffiffiffi
M8

p

nv
:

It is straightforward to check that

jsp(z) � sy(z)j < j�p(z)ky þ z � 1 þ yzsp(z) þ yzsy(z)j�1: (5:12)

Since Im(yzsy(z)) . 0 and Im(yzsp(z)) . 0, we obtain

jy þ z � 1 þ yzsp(z) þ yzsy(z)j > Imfy þ z � 1 þ yzsp(z) þ yzsy(z)g > v:

These inequalities together imply that

jsp(z) � sy(z)j < C
ffiffiffiffiffiffiffi
M8

p

nv2
:

Integrating this inequality yieldsðV

v0

jsp(u þ iv) � sy(u þ iv)jdv <
C

nv0

: (5:13)

Choose V ¼ 1 and consider the first integral in (2.3). By (5.12), we obtainð1
�1

jsp(z) � sy(z)jdu <

ð1
�1

j�p(z)jdu: (5:14)

By definition of �p(z), we have
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j�p(z)j < Cjz þ y � 1 þ yzsp(z)j�2 1

p

Xp

k¼1

jE�k j þ
1

p

Xp

k¼1

Ej�k j2jR(k, k)j
 !

: (5:15)

Using Lemma 3.1 and inequality (3.31) in Bai (1993b), we obtain

j�p(z)j < C

n
jz þ y � 1 þ yzsp(z)j�2:

Finally, applying (3.6) gives

j�p(z)j < C

n
(jsp(z)j2 þ j�p(z)j2): (5:16)

Without loss of generality we may assume that j�p(z)j < 1=4. Inequalities (5.14)–(5.16)

together imply that ð1
�1

j�p(z)jdu <
C

n

ð1
�1

jsp(z)j2du: (5:17)

It is easy to check thatð1
�1

jsp(z)j2du <

ð1
�1

ð1
�1

1

(u � x)2 þ v2
du d E Fp(x) <

1

v
:

Applying this inequality, for v ¼ 1, we obtainð1
�1

jsp(z) � sy(z)jdu <
C

n
: (5:18)

Now choose � ¼ v
2=3
0 and apply Lemma 2.1. We obtain that

˜n <
C1

ffiffiffiffiffiffiffi
M8

p

nv0

þ C2

n
þ C3v0:

Note that the constant C3 does not depend on �. We choose � , 1(2C3)�1 and

v0 ¼ CM
1=4
8 n�1=2. We finally conclude

˜n <
CM

1=4
8ffiffiffi
n

p ,

which proves Theorem 1.1. h

6. An improved bound for Ejtr R � E trRj2

Recall that

W ¼ 1

p
XXT, R ¼ (W� z I p)�1, W(k) ¼ 1

p
X(k)X(k)T,

R k ¼ (W(k) � z I p�1)�1, sp(z) ¼ 1

p
E trR, s pk(z) ¼ 1

p
E trR k
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and

R( j, j) ¼ � 1

y þ z � 1 þ yzsp(z)
þ � j

y þ z � 1 þ yzsp(z)
R( j, j), (6:1)

where

� j ¼
1

n

Xn

j¼1

(X 2
kj � 1) þ y þ yzsp(z) � aT(k)(Wp(k) � z I p�1)�1ak :

From this representation it follows that

1

p
trR ¼ � 1

y þ z � 1 þ yzsp(z)
þ �p(z), (6:2)

where

�p(z) ¼ 1

p(y þ z � 1 þ yzsp(z))

Xp

j¼1

� j R( j, j):

Write

� j ¼ �(1)
j þ �(2)

j þ �(3)
j þ �(4)

j , (6:3)

with

�(1)
j ¼ 1

n

Xn

j¼1

(X 2
kj � 1), �(2)

j ¼ � aT
j R ja j �

1

n
trR jW( j)

� �
,

�(3)
j ¼ 1

n
(trRW� trR jW( j)), �(4)

j ¼ 1

n
trRW� y � yzsp(z):

Recall that y ¼ p=n. Note that trRW ¼ tr I p þ z trR. These relations and the definition of

sp(z) imply that

1

n
E trRW ¼ y þ yzsp(z):

We can now write

�(4)
j ¼ z

n
(trR � E trR) ¼ yz

p
(trR � E trR): (6:4)

Furthermore,

trRW� trR jW( j) ¼ 1 þ z(trR � trR j): (6:5)

Hence, it follows that

�(3)
j ¼ �(5)

j þ �(6)
j , (6:6)

where
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�(5)
j ¼ 1

n
, �(6)

j ¼ z

n
(trR � trR j):

We introduce the notation

Mq ¼ sup
1< j,k<n

EjXjk jq:

Proposition 6.1. Assuming the conditions of Theorem 1:1, we have, for any

v . v0 :¼ ªM
1=6
12 n�1=2 with sufficiently large ª . 0,

1

n2
EjtrR � E trRj2 <

CM8

n2v2jy þ z � 1 þ 2yzs(z)j2 : (6:7)

Proof. To prove Proposition 6.1 we shall use the following facts: for v > v0, we have

1

n

Xp

j¼1

EjR( j, j)j2 < C (6:8)

and

EjtrR � E trRj2 < CM4v
�3: (6:9)

These inequalities were proved in Lemmas 4.4 and 4.5. We shall use also the following

lemma:

Lemma 6.2. Under the conditions of Theorem 1.2 we have, for any q > 4 and for v > v0,

E

���� 1

p
(trR � E trR)

����q <
C(q)M2q

(n2v3)q=2
: (6:10)

Proof. By Burkholder’s inequality for martingales, we have

EjtrR � E trRjq < C(q)nq=2�1
Xn

j¼1

Ejª jjq, (6:11)

where the martingale difference ª j is defined in (4.12) and (4.13). Furthermore, using the

representation (4.16) which is similar to inequality (4.17), we obtain

Ejª jjq < C(q)Ej� (2)
j jq þ C(q)Ej� (3)

j jq

< C(q)
1

nq
Eja( j)TR2

ja( j) � trR2
jW( j)jq þ C(q)Ej� j(trR � trR j)jq: (6:12)

By the definition (6.3) of � j, using Rosenthal’s inequality for quadratic forms (see, for

example, Götze and Tikhomirov 2003), we obtain
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Ejª jjq <
C(q)M2q

nq
E(tr(jR2

j jW( j))2)q=2

þ E

���� 1

n
(XT

j G jX j � trG j)

����
q

jtrR � trR jjq

þ C(q)

nq
E

����Xn

k¼1

(X 2
kj � 1)

����
q

jtrR � trR jjq

þ C(q)

nq
EjtrR � E trRjqjtrR � trR jjq

þ 1

nq
EjtrR � trR jj2q: (6:13)

Inequalities (6.11), (6.13) and the inequality jtrR � trR jj < v�1 together imply

EjtrR � E trRjq <
C(q)M2q

nq=2
max

1< j<n
E(tr(jR2

j jW( j))2)q=2 þ C(q)M2q

vq

þ C(q)

nq=2v2q
þ C(q)M2q

nq=2vq
max

1< j<n
E(tr(jR jj2W( j)2)q=2)

þ C(q)

nq=2vq
EjtrR � E trRjq: (6:14)

From (6.14) we obtain for v > v0,

EjtrR � E trRjq <
C(q)M2q

nq=2
max

1< j<n
E(tr(jR2

j jW( j))2)q=2

þ C(q)M2q

vq
þ C(q)M2q

nq=2vq
max

1< j<n
E(trjR jj2W( j)2)q=2: (6:15)

Note that

trjR jj4W( j)2 < v�2trjR jj2W( j)2 ¼ v�3 ImftrR jW( j)2g: (6:16)

Furthermore, it is easy to check that

trR jW( j)2 ¼ z2trR j þ z tr I p�1 þ trW( j): (6:17)

Relations (6.16) and (6.17) imply that

E(trjR jj4W2)q=2 < C(q)v�3q=2(EjtrR jjq=2 þ (tr I p�1)q=2): (6:18)

Analogously,

E(trjR jj2W( j)2)q=2 < C(q)v�q=2EjtrR jW( j)2jq=2

< C(q)v�q=2(EjtrR jjq=2 þ jtr I p�1jq=2): (6:19)
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By Burkholder’s inequality for the martingales, we have, for v > v0,

EjtrR j � E trR jjq=2 < C(q)nq=4�1
Xn

l¼1
l 6¼ j

Ejª jljq=2 <
C(q)nq=2

nq=4vq=2
< C(q)nq=2: (6:20)

Inequality (6.20) implies that for, v > v0,

EjtrR jjq=2 < C(q)jE trR jjq=2 þ C(q)EjtrR j � E trR jjq=2 < C(q)nq=2: (6:21)

From inequalities (6.17)–(6.21) it follows that

E trjR jj4W( j)2)q=2 < C(q)v�3q=2 nq=2, E(trjR jj2W( j)2)q=2 < C(q)v�q=2 nq=2:
�

(6:22)

Combining the inequalities (6.15) and (6.22), we obtain, for v > v0,

EjtrR � E trRjq <
C(q)M2q

v3q=2
þ C(q)M2q

vq
<

C(q)M2q

v3q=2
, (6:23)

which concludes the proof of the lemma. h

We may prove a rougher bound than (6.10), assuming M8 , 1 only.

Remark 6.1. We have, for v > v0 and for q > 4,

E

���� 1

n
(trR � E trR)

����q <
CM8

(
ffiffiffiffiffiffi
nv

p
) q�4

1

n4v6
: (6:24)

Proof. To prove (6.24) we use Burkholder’s inequality for martingales. We obtain

E

���� 1

n
(trR � E trR)

����q <
C

nq=2þ1

Xn

j¼1

Ejª jjq <
C

nq=2�2vq�4

1

n3

Xn

j¼1

Ejª jj4
 !

:

Applying now arguments similar to the relations (6.13)–(6.18) for (1=n3)
Pn

j¼1Ejª jj4, we

obtain inequality (6.24). h

We now continue with our proof of Proposition 6.1. In order to simplify the exposition

we introduce the following notation:

˜E(R) :¼ trR � E trR, ˜( j)
E (R) :¼ trR j � E trR j,

X j ¼
Xn

l¼1

(X 2
jl � 1), D j(R) :¼ trR � trR j, C(R) :¼ 1

n

Xn

l¼1

EjR( j, j)j2
 !1=2

,

Q j(R) :¼ aT
j R ja j � trR jW( j), Q j(R

2) :¼ aT
j R

2
ja j � trR2

jW( j),

an(z) :¼ (yzsp(z) þ z þ y � 1)�1, bn(z) :¼ (2yzsp(z) þ y þ z � 1)�1:

Using this notation, we have
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� j ¼
1

n
X j �

1

n
Q j(R) þ 1

n
þ z

n
D j(R) � z

n
˜E(R): (6:25)

Consider the representation

EjtrR � E trRj2 ¼ E(trR � E trR)(trR � E trR)

¼ E(trR � E trR)trR ¼ an(z)
Xp

j¼1

E˜E(R)� j R( j, j):

Using (6.25), we may rewrite this equality as follows

1

n2
EjtrR � E trRj2 ¼ an(z)(A1 þ A2 þ zA3 þ zA4 þ zA5), (6:26)

where

A1 ¼ 1

n3

Xp

j¼1

E˜E(R)X j R( j, j), A2 ¼ � 1

n3

Xp

j¼1

E˜E(R)Q j(R)R( j, j),

A3 ¼ 1

n3

Xp

j¼1

E˜E(R)D j(R)R( j, j), A4 ¼ � 1

n3

Xp

j¼1

Ej˜E(R)j2 R( j, j),

A5 ¼ 1

n3

Xp

j¼1

˜E(R)R( j, j) ¼ 1

n3
Ej˜E(R)j2:

We first consider A4.

Lemma 6.3. Assuming the conditions of Theorem 1.2, the following representation holds:

A4 ¼ y(an(z) � �n(z)yzsp(z)bn(z))E

���� 1

n
(˜E(R))

����
2

þ bn(z)(A6 þ A7 þ zA8) þ 1̂, (6:27)

where

A6 ¼ � 1

n4

Xp

j¼1

Ej˜E(R)j2X j R( j, j),

A7 ¼ 1

n4

Xp

j¼1

Ej˜E(R)j2Q j(R)R( j, j),

A8 ¼ � 1

n4

Xp

j¼1

Ej˜E(R)j2D j(R)R( j, j),

and 1̂ satisfies the inequality

j 1̂j <
CM8jbn(z)j

n4v6
: (6:28)
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Proof. We have

A4 ¼ �E

���� 1

n
˜E(R)

����
2

1

n
trR

� �
:

Adding and subtracting ysp(z) ¼ 1
n
E trR, we rewrite this equality as

A4 ¼ A9 þ A10, (6:29)

where

A9 ¼ �ysp(z)E

���� 1

n
˜E(R)

����
2

, A10 ¼ �E

���� 1

n
˜E(R)

����
2

1

n
˜E(R)

� �
:

To investigate the asymptotics of A10 we derive some recursion relations. Using the

representation (6.2), we obtain

A10 ¼ yA11 þ an(z)(A6 þ A7 þ zA8 þ zA12), (6:30)

where

A11 ¼ an(z) þ sp(z)

n2
Ej˜E(R)j2,

A12 ¼ 1

n4

Xp

j¼1

Ej˜E(R)j2˜E(R)R( j, j) ¼ 1

n4
Ej˜E(R)j2˜E(R)trR:

Adding and subtracting ysp(z) again, we write the term A12 in the form

A12 ¼ 1

n3
ysp(z)Ej˜E(R)j2˜E(R) þ 1

n
Ej˜E(R)j2(˜E(R))2

� �

¼ �ysp(z)A10 þ
1

n
Ej˜E(R)j2(˜E(R))2: (6:31)

Comparing (6.30) and (6.31), we obtain

A10 ¼ yzsp(z)an(z)A10 þ an(z)
z

n4
Ej˜E(R)j2(˜E(R))2 þ A6 þ A7 þ zA8

� �
þ yA11:

Combining the left-hand side with the first term on the right-hand side, we obtain, after

multiplication with (an(z))�1bn(z) ¼ (1 � yzsp(z)an(z))�1,

A10 ¼ bn(z) y(an(z))�1 A11 þ E

���� 1

n
˜E(R)

����
2

1

n
˜E(R)

� �2

þA6 þ A7 þ zA8

 !
: (6:32)

From the definition of A11 and (6.2), it follows that

A11 ¼ �p(z)E

���� 1

n
(˜E(R))

����2:
This relation and (6.2), (6.31), (6.32) together imply that
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A4 ¼ �ysp(z)E

���� 1

n
(˜E(R))

����
2

þ A10

¼ yan(z)E

���� 1

n
(˜E(R))

����
2

� y�p(z)E

���� 1

n
(˜E(R))

����
2

þ A10

¼ y(an(z) � �p(z)yzsp(z)bn(z))E

���� 1

n
(˜E(R))

����
2

þ bn(z)(A6 þ A7 þ zA8) þ 1̂, (6:33)

where

1̂ ¼ an(z)bn(z)

n4
Ej˜E(R)j2(˜E(R))2:

According to Remark 6.1 and inequality (5.11), we obtain

j 1̂j <
CM8jbn(z)j

n4v6
: (6:34)

The relations (6.33) and (6.34) conclude the proof of the lemma. h

We now turn to A1.

Lemma 6.4. Under the conditions of Theorem 1.2 the following inequality holds, for v > v0:

jA1j <
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:35)

Proof. Using (6.1), we obtain

A1 ¼ 1

n3

Xp

j¼1

E˜E(R)X j R( j, j) ¼ A13 þ A14, (6:36)

where

A13 ¼ � an(z)

n3

Xp

j¼1

E˜E(R)X j, A14 ¼ an(z)

n3

Xp

j¼1

E˜E(R)X j� j R( j, j):

Using the equality D j(R) ¼ (1 þ aT
j R2

ja j)R( j, j), which follows from (3.6), we obtain

A13 ¼ �an(z)
1

n3

Xp

j¼1

ED j(R)X j ¼ �an(z)
1

n3

Xp

j¼1

E 1 þ 1

n
aT

j R
2
ja j

� �
X j R( j, j): (6:37)

Applying (6.1) and (6.25), we can write

A13 ¼ A15 þ A16 þ A17 þ A18 þ A19 þ A20, (6:38)

where
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A15 ¼ a2
n(z)

1

n3

Xp

j¼1

E 1 þ 1

n
aT

j R
2
ja j

� �
X j,

A16 ¼ a2
n(z)

1

n4

Xp

j¼1

E 1 þ 1

n
aT

j R
2
ja j

� �
X2

j R( j, j),

A17 ¼ a2
n(z)

1

n4

Xp

j¼1

E 1 þ 1

n
aT

j R
2
ja j

� �
X jD j(R)R( j, j),

A18 ¼ a2
n(z)

1

n4

Xp

j¼1

E 1 þ 1

n
aT

j R
2
ja j

� �
X jQ j(R)R( j, j),

A19 ¼ a2
n(z)

1

n4

Xp

j¼1

E 1 þ 1

n
aT

j R
2
ja j

� �
X j˜E(R)R( j, j),

A20 ¼ a2
n(z)

1

n4

Xp

j¼1

E 1 þ 1

n
aT

j R
2
ja j

� �
X j R( j, j):

Note that

A15 ¼ an(z)2 1

n4

Xp

j¼1

EaT
j R

2
ja jX j ¼ an(z)2 1

n4

Xp

j¼1

Xn

j¼1

E(X 2
jl � 1)X 2

jlEG j(l, l ), (6:39)

where G j ¼ X( j)TR2
jX( j). Since trjG jj ¼ trjR2

jW( j)j < Cnv�1, we obtain, from (6.39),

jA15j <
CM4

n2v
: (6:40)

To bound A16 – A20 we use (3.6) again. It is easy to check that

jA16j <
CM4

n2v
(6:41)

Furthermore, the inequality jD j(R)j < v�1, which follows from (3.7), implies

jA17j <
C

n5=2v2
<

C

n2v2
: (6:42)

Applying Cauchy’s inequality gives

jA18j <
C

n4v

Xp

j¼1

E1=2jQ j(R)j2E1=2jX jj2 <
C

n2v2
: (6:43)

Using Cauchy’s inequality and (6.9), we obtain

jA19j <
C

n4v

Xp

j¼1

E1=2j˜E(R)j2E1=2jX jj2 <
C

n5=2v5=2
<

C

n2v2
: (6:44)
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For the term A20 we have a similar bound:

jA20j <
C

n4v

Xp

j¼1

E1=2jX jj2 <
C

n2v2
: (6:45)

Inequalities (6.39)–(6.45) together imply that

jA13j <
C

n2v2
: (6:46)

We write the term A14 as

A14 ¼ an(z)

n3

Xp

j¼1

E˜E(R)X j� j R( j, j) ¼ A21 þ A22 þ A23 þ A24, (6:47)

where

A21 ¼ 1

n4

Xp

j¼1

E˜E(R)X2
j R( j, j), A22 ¼ � 1

n4

Xp

j¼1

E˜E(R)X jQ j(R)R( j, j),

A23 ¼ 1

n4

Xp

j¼1

E˜E(R)X jD j(R)R( j, j), A24 ¼ � 1

n4

Xp

j¼1

Ej˜E(R)j2X j R( j, j):

Note that

jA21j <
CC(R)

n3

1

n

Xp

j¼1

Ej˜E(R)j2jX jj4
 !1=2

<
CM

1=2
8

n
E1=2

���� 1

n
˜E(R)

����
2

þ 1

nv

 !
<

CM
1=2
8

n2v2
: (6:48)

Using the inequality j˜E(R)j < j˜E(R j)j þ v�1, we obtain

jA22j <
CC(R)

n3

1

n

Xp

j¼1

Ej˜E(R)j2jQ j(R)j2X 2
j

 !1=2

<
C

n3

1

n

Xp

j¼1

Ej˜( j)
E (R)j2jQ j(R)j2X 2

j

 !1=2
8<
:

þ v�1 1

n

Xp

j¼1

EjQ j(R)j2X 2
j

 !1=2
9=
;: (6:49)

Applying Cauchy’s inequality, we obtain
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EfjQ j(R)j2X2
j jR jg < E1=2fjQ j(R)j4jR jgE1=2X 4

j

< CM8 n trjR jj2 < CM8nv�1jtrR jj: (6:50)

Furthermore,

Ej˜( j)
E (R)j2jtrR jj < Cnjs pj(z)Ej˜( j)

E (R)j2 þ CEj˜( j)
E (R)j3

< CnEj˜E(R)j2 þ CEj˜E(R)j3 þ Cv�3 þ Cnv�2: (6:51)

By Burkholder’s inequality for martingales, we have, for v > v0,

E

���� 1

n
˜E(R)

����
3

<
Cffiffiffi
n

p
v

E

���� 1

n
˜E(R)

����
2

< CE

���� 1

n
˜E(R)

����
2

: (6:52)

Inequalities (6.50)–(6.52) together imply that, for v > v0,

jA22j <
CM

1=2
8

n2v2
: (6:53)

Using the inequality jD j(R)j < v�1 and Cauchy’s inequality, we obtain that, for v > v0,

jA23j <
CC(R)

n3v

1

n

Xp

j¼1

Ej˜E(R)j2X 2
j

 !1=2

: (6:54)

Since ˜( j)
E and X j are independent,

Ej˜E(R)j2X 2
j < CEj˜( j)

E (R)j2EX2
j þ

C

v2
EX 2

j < CnM8(Ej˜E(R)j2 þ v�2): (6:55)

Inequalities (6:8), (6:9), (6:54) and (6:55) together imply

jA23j <
CM

1=2
8 M

1=2
4

n5=2v5=2
<

CM
1=2
8

n2v2
: (6:56)

Using Cauchy’s inequality,

jA24j <
CC(R)

n3

1

n

Xp

j¼1

Ej˜E(R)j4X 2
j

 !1=2

<
C

n3

1

n

Xp

j¼1

Ej˜( j)
E (R)j4EX2

j þ v�4EX 2
j

 !1=2

<
CM

1=2
4

n5=2
(Ej˜E(R)j4 þ v�4)1=2 <

CM
1=2
8 M

1=2
4

n5=2v3
<

CM
1=2
8

n2v2
: (6:57)

The relations (6.36), (6.46), (6.47), (6.48), (6.53), (6.56) and (6.57) together imply that,

for v > v0,

jA1j <
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:58)

This concludes the proof of the lemma. h
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Furthermore, using Cauchy’s inequality and Lemma 4.5, we obtain

jA3j <
C(R)

nv
E1=2

���� 1

n
˜E(R)

����
2

<
C

nv
E1=2

���� 1

n
˜E(R)

����
2

: (6:59)

Using Cauchy’s inequality again,

jA6j <
CC(R)ffiffiffi

n
p 1

n

Xp

j¼1

E

���� 1

n
(˜E(R))

����
4

X 2
j

 !1=2

: (6:60)

Applying the inequality j˜(R)j < j˜( j)(R)j þ 2v�1,

E

���� 1

n
(˜E(R))

����
4

X2
j < CE

���� 1

n
(˜( j)

E (R))

����
4

EX 2
j þ

C

n4v4
EX 2

j

< CE

���� 1

n
(˜E(R))

����
4

EX 2
j þ

CM4

n3v4
: (6:61)

Hence inequalities (6.8), (6.60), (6.61) and Remark 6.1 imply that, for v > v0,

jA6j <
CM

1=2
8

n2v2
: (6:62)

We have the bound

jA8j ¼
1

n4

Xp

j¼1

Ej˜( j)
E (R)j2D j R( j, j)j

<
CC(R)

n3v

1

n

Xp

j¼1

Ej˜( j)
E (R)j4

 !
1=2 <

C
ffiffiffiffiffiffiffi
M8

p

n3v4
<

C

n2v2
: (6:63)

Now consider A7. We may write

A7 ¼ � 1

n4

Xp

j¼1

Ej˜E(R)j2Q j(R)R( j, j) ¼ A25 þ A26, (6:64)

where

A25 ¼ 1

n4

Xp

j¼1

E

����˜( j)
E (R)j2Q j(R)R( j, j),

A26 ¼ 1

n4

Xp

j¼1

E(j˜E(R)j2 � j˜( j)
E (R)j2)Q j(R)R( j, j):

Lemma 6.5. Under the conditions of Theorem 1.2, there exists some absolute constant C

such that, for v > v0,
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jA26j <
CM

1=2
8

n2v2
:

Proof. We decompose A26 into

A26 ¼ A27 þ A28 þ A29 þ A30 þ A31, (6:65)

where

A27 ¼ 1

n4

Xp

j¼1

EjD j(R)j2Q j(R)R( j, j),

A28 ¼ 1

n4
j(ED j(R))j2EQ j(R)R( j, j),

A29 ¼ � 2

n4

Xp

j¼1

E[RefD j(R)gED j(R)g]Q j(R)fR( j, j)g,

A30 ¼ 2

n4

Xp

j¼1

E[Ref˜( j)
E (R)D j(R)g]Q j(R)R( j, j),

A31 ¼ � 2

n4

Xp

j¼1

E[Ref˜( j)
E (R)ED j(R)g]Q j(R)R( j, j):

Using Cauchy’s inequality and Lemma 4.5, we obtain that, for v > v0,

maxfjA27j, jA28j, jA29jg <
CC(R)

n3v2

1

n

Xp

j¼1

EjQ j(R)j2
 !1=2

<
C
ffiffiffiffiffiffiffi
M4

p

(nv)2
: (6:66)

Furthermore, using Cauchy’s inequality again,

maxfjA30j, jA31jg <
CC(R)

n3v

1

n

Xp

j¼1

Ej˜( j)
E (R)j2jQ j(R)j2

 !1=2

: (6:67)

Since x j and R jW( j) are independent, we have

Ej˜( j)
E (R)j2jQ j(R)j2 < CM4Ej˜( j)

E (R)j2(trjR jj2W( j)2): (6:68)

Note that

trjR jj2W( j)2 ¼ 1

v
ImftrR jW( j)2g ¼ 1

v
I trW( j) þ z tr Im p�1 þ z trR jg:
	

(6:69)

With a similar argument to (6.50), we obtain, for v > v0,
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Ej˜( j)
E (R)j2jQ j(R)j2 <

CM4

v
f(n(js pj(z)j þ 1)Ej˜( j)

E (R)j2 þ Ej˜( j)
E (R)j3g

<
CM4

v
nEj˜E(R)j2 þ Ej˜E(R)j3 þ n

v2

n o
<

CM2
4 n

v4
: (6:70)

Inequalities (6.8), (6.67) and (6.70) together imply that, for v > v0 (
ffiffiffi
n

p
v > C . 0),

maxfjA30j, jA31jg <
CM4

n5=2v3
<

C
ffiffiffiffiffiffiffi
M8

p

n2v2
(6:71)

From inequalities (6.66) and (6.71) it follows that, for v > v0,

jA26j <
C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:72)

The last inequality concludes the proof. h

We continue with A25.

Lemma 6.6. Under conditions of Theorem 1.2, there exists some constant C1 such that, for

v > v0,

jA25j <
C1 M

1=2
8

n2v2
:

Proof. We express A25 in the form

A25 ¼ 1

n4

Xp

j¼1

Ej˜( j)
E (R)j2Q j(R)R( j, j) ¼ A32 þ A33 þ A34 þ A35, (6:73)

where

A32 ¼ � 1

n5

Xp

j¼1

Ej˜( j)
E (R)j2Q j(R)X j(R( j, j),

A33 ¼ 1

n5

Xp

j¼1

Ej˜( j)
E (R)j2(Q j(R))2 R( j, j),

A34 ¼ � 1

n5

Xp

j¼1

Ej˜( j)
E (R)j2Q j(R)D j(R)R( j, j)g,

A35 ¼ 1

n5

Xp

j¼1

Ej˜( j)
E (R)j2˜E(R)Q j(R)R( j, j):

Using Cauchy’s inequality,
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jA32j <
CC(R)

n4

1

n

Xp

j¼1

Ej˜( j)
E (R)j4jQ j(R)j2X2

j

 !1=2

: (6:74)

Applying inequality (6.50), we obtain

1

n8
Ej˜( j)

E (R)j4jQ j(R)j2X 2
j <

CM8

n2v
E

���� 1

n
˜( j)

E (R)

����
4

þ E

���� 1

n
˜( j)

E (R)

����
5

 !
:

This inequality and (6.74), (6.24) and together imply

jA32j <
C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:75)

Similarly,

jA33j <
CC(R)

n4

1

n

Xp

j¼1

Ej˜( j)
E (R)j4jQ j(R)j4

 !1=2

: (6:76)

According to Rosenthal’s inequality for quadratic forms, we have

EfjQ j(R)j4jX ( j)g < CM8(trjR jj2W( j)2)2:

Similar to inequality (6.70), we obtain that, for v > v0,

Ej˜( j)
E (R)j4jQ j(R)j4 <

CM8

v2
jnsnj(z)j2Ej˜( j)

E (R)j4 þ E

����˜( j)
E (R)

����6
� �

<
CM8 n2

v2
Ej˜E(R))j4 þ 1

n2
Ej˜E(R)j6 þ 1

v4

� �
: (6:77)

Using the last inequality, the relations (6.69), (6.24) and the inequalities (6.74)–(6.77), we

obtain, for v > v0,

jA33j <
CM8

n3v4
<

C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:78)

For A34 the following bound holds:

jA34j <
CC(R)

n4v

1

n

Xp

j¼1

Ej˜( j)
E (R)j4jQ j(R)j2

 !1=2

:

Analogously to (6.77), (6.78), we obtain that, for v > v0,

jA34j <
CM4

ffiffiffiffiffiffiffi
M8

p

n7=2v9=2
<

C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:79)

Applying Cauchy’s inequality, Rosenthal’s inequality for quadratic forms and inequalities

(6.24) and (6.68), we obtain that, for v > v0
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jA35j ¼
1

n5

Xp

j¼1

Ej˜( j)
E (R)j2˜E(R)Q j(R)R( j, j)

<
1

n5

Xp

j¼1

Ej˜( j)
E (R)j3jQ j(R)kR( j, j)j þ v�1

Xp

j¼1

Ej˜( j)
E (R)j2jQ j(R)kR( j, j)j

 !

<
C(R)

n4

1

n

Xp

j¼1

Ej˜( j)
E (R)j6jQ j(R)j2

 !1=2

þ v�1 1

n

Xp

j¼1

Ej˜( j)
E (R)j4jQ j(R)j2

 !1=2
0
@

1
A

<
C(R)

n4

1

n

Xp

j¼1

Ej˜( j)
E (R)j6trjR jj2W( j)2

 !1=2

þ v�1 1

n

Xp

j¼1

Ej˜( j)
E (R)j4trjR jj2W( j)2

 !1=2
0
@

1
A

<
C
ffiffiffiffiffiffiffi
M8

p

n4v1=2
nEj˜E(R)j6 þ Ej˜E(R)j7 þ n

v6
þ 1

v7

� �1=2
 

þ v�1 nEj˜E(R)j4 þ Ej˜E(R)j5 þ n

v4
þ 1

v5

� �1=2
!

<
C
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M8 M12

p

n7=2v5
¼ C

ffiffiffiffiffiffiffi
M8

p

n2v2

ffiffiffiffiffiffiffiffiffi
M12

p

n3=2v3
<

C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:80)

The relations (6.75), (6.78), (6.79), and (6.80) together imply

jA25j <
C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:81)

This concludes the proof. h

Lemmas 6.5 and 6.6 imply that, for v > v0,

jA7j <
CM

1=2
8

n2v2
(6:82)

We now continue with A2 as follows:

A2 ¼ � 1

n3

Xp

j¼1

E˜E(R)Q j(R)R( j, j) ¼ A36 þ an(z)(A37 þ A38 þ zA39 þ zA40), (6:83)

where
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A36 ¼ � 1

n3

Xp

j¼1

E(D j(R) � ED j(R))Q j(R)R( j, j),

A37 ¼ � 1

n4

Xp

j¼1

E˜( j)
E (R)Q j(R)X j R( j, j),

A38 ¼ 1

n4

Xp

j¼1

E˜( j)
E (R)Q j(R)2 R( j, j),

A39 ¼ � 1

n4

Xp

j¼1

E˜( j)
E (R)Q j(R)D j(R)R( j, j),

A40 ¼ 1

n4

Xp

j¼1

Ej˜( j)
E (R)j2Q j(R)R( j, j):

Lemma 6.7. Under the conditions of Theorem 1.2, for v > v0,

jA36j <
CM

1=2
8

n2v2
:

Proof. Write

A36 ¼ A41 þ A42, (6:84)

where

A41 ¼ 1

n3

Xp

j¼1

ED j(R)Q j(R)R( j, j), A42 ¼ � 1

n3

Xp

j¼1

ED j(R)EQ j(R)R( j, j):

Using (6.1) and (6.25), we obtain

A42 ¼ an(z)(A43 þ A44 þ zA45 þ zA46), (6:85)

where
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A43 ¼ 1

n4

Xp

j¼1

ED j(R)EQ j(R)X j R( j, j),

A44 ¼ � 1

n4

Xp

j¼1

ED j(R)E(Q j(R))2 R( j, j),

A45 ¼ � 1

n4

Xp

j¼1

ED j(R)EQ j(R)D j(R)R( j, j),

A46 ¼ � 1

n4

Xp

j¼1

ED j(R)EQ j(R)˜E(R)R( j, j):

Applying Cauchy’s inequality and (6.49),

jA43j <
CC(R)

n3v

1

n

Xp

j¼1

EjQ j(R)j2X 2
j

 !1=2

<
C
ffiffiffiffiffiffiffi
M8

p

n2v3=2
<

C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:86)

Furthermore,

jA44j <
CC(R)

n3v

1

n

Xp

j¼1

EjQ j(R)j4
 !1=2

<
C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:87)

Analogously we obtain, for v > v0,

jA45j <
CC(R)

n3v2

1

n

Xp

j¼1

EjQ j(R)j2
 !1=2

<
C
ffiffiffiffiffiffiffi
M4

p

n2v2
: (6:88)

Finally, for A46 we have the following bounds:
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jA46j <
CC(R)

n3v

1

n

Xp

j¼1

EjQ j(R)j2j˜E(R)j2
 !1=2

<
C

n3v

1

n

Xp

j¼1

EjQ j(R)j2j˜( j)
E (R)j2

 !1=2

þ C
ffiffiffiffiffiffiffi
M4

p

n2v2

<
C
ffiffiffiffiffiffiffi
M4

p

n3v3=2

1

n

Xp

j¼1

Ej˜( j)
E (R)j2 Imftr R jW( j)2g

 !1=2

þ C
ffiffiffiffiffiffiffi
M4

p

n2v2

<
C
ffiffiffiffiffiffiffi
M4

p

n3v3=2

1

n

Xp

j¼1

Ej˜( j)
E (R)j2(v( p � 1) þ jz2ktr R jj)

 !1=2

þ C
ffiffiffiffiffiffiffi
M4

p

n2v2

<
C
ffiffiffiffiffiffiffi
M4

p

(nv)3=2
E1=2

���� 1

n
˜E(R)

����
2

þ C
ffiffiffiffiffiffiffi
M8

p

n2v2
<

C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:89)

We now turn to the estimation of A41. Using Lemma 3.3, we may write

A41 ¼ 1

n3

Xp

j¼1

E 1 þ 1

n
aT

j R
2
j a j

� �
Q j(R)jR( j, j)j2: (6:90)

By (4.6), we obtain

A41 ¼ A47 þ A48 þ A49 þ A50, (6:91)

where

A47 ¼ jan(z)j2
n3

Xp

j¼1

E 1 þ 1

n
aT

j jTR2
j a j

� �
Q j(R),

A48 ¼ an(z)

n3

Xp

j¼1

E 1 þ 1

n
aT

j jTR2
j a j

� �
Q j(R)� j R( j, j),

A49 ¼ an(z)

n3

Xp

j¼1

E 1 þ 1

n
aT

j jTR2
j a j

� �
Q j(R)� j R( j, j),

A50 ¼ 1

n3

Xp

j¼1

E 1 þ 1

n
aT

j jTR2
j a j

� �
Q j(R)j� jj2jR( j, j)j2:

Using Cauchy’s inequality,

jA47j <
C

n4

Xp

j¼1

E1=2jQ j(R
2)j2E1=2jQ j(R)j2 <

CM4

n2v2
: (6:92)
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Since jtrR � trR jj ¼ j1 þ (1=n)aT
j R

2
ja jkR( j, j)j < v�1, we have

maxfjA48j, jA49jg <
C

n2v
max

1< j<n
fE1=2jQ j(R)j2E1=2j� jj2g <

CM4

n2v2
: (6:93)

Furthermore, using (6.25),

jA50j < A51 þ A52 þ A53 þ A54, (6:94)

where

A51 ¼ C

n5v

Xp

j¼1

EjQ j(R)jX 2
j jR( j, j)j,

A52 ¼ C

n5v

Xp

j¼1

EjQ j(R)j3jR( j, j)j,

A53 ¼ C

n5v

Xp

j¼1

EjQ j(R)kD j(R)j2jR( j, j)j,

A54 ¼ C

n5v

Xp

j¼1

EjQ j(R)k˜E(R)j2jR( j, j)j:

For A51 we have the obvious bound, for v > v0,

A51 <
C

n4v2
max

1< j<n
EjQ j(R)jX 2

j <
C

n4v2
max

1< j<n
E1=2jQ j(R)j2E1=2X 4

j

<
C
ffiffiffiffiffiffiffi
M8

p

n3v2
E1=2trjR jj2W( j)2 <

C
ffiffiffiffiffiffiffi
M8

p

n3v5=2
jE tr R jW( j)2j1=2

<
C
ffiffiffiffiffiffiffi
M8

p

n5=2v5=2
<

C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:95)

Applying Cauchy’s inequality, we obtain, for v > v0,

A52 <
CC(R)1=2

n4v
ffiffiffi
v

p 1

n

Xp

j¼1

EjQ j(R)j4
 !3=4

<
CM

3=4
8

(nv)5=2
ffiffiffi
v

p <
C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:96)

Analogously we obtain, for v > v0,

A53 <
CC(R)

n4v3

1

n

Xp

j¼1

EjQ j(R)j2
 !1=2

<
C
ffiffiffiffiffiffiffi
M4

p

n2v2
, (6:97)

and
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A54 <
CC(R)

n4v

1

n

Xp

j¼1

EjQ j(R)j2j˜E(R)j4
 !1=2

<
C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:98)

Inequalities (6.71)–(6.85) together imply that, for v > v0,

jA36j <
C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:99)

This completes the proof. h

Lemma 6.8. Under the conditions of Theorem 1.2, there exists constants C such that

maxfjA37j, jA40jg <
C
ffiffiffiffiffiffiffi
M8

p

n2v2
,

maxfjA38j, jA39jg <
C
ffiffiffiffiffiffiffi
M8

p

n2v2
þ C

ffiffiffiffiffiffiffi
M8

p

nv
E1=2

���� 1

n
˜E(R)

����
2

:

Proof. Using Cauchy’s inequality, we obtain

jA37j ¼
1

n4

����X
p

j¼1

E˜( j)
E (R)Q j(R)X j R( j, j)j

<
CC(R)

n3

1

n

Xp

j¼1

Ej˜( j)
E (R)j2jQ j(R)j2X2

j

 !1=2

: (6:100)

Inequalities (6.47), (6.8), and (6.85) together imply that, for v > v0,

jA37j <
C
ffiffiffiffiffiffiffi
M8

p

n3=2
ffiffiffi
v

p nE

���� 1

n
˜E(R)

����
2

þ M4

n2v3

 !1=2

<
C
ffiffiffiffiffiffiffi
M8

p

n2v2
: (6:101)

Analogously to this inequality, we obtain

jA38j ¼
1

n4

Xp

j¼1

E˜( j)
E (R)Q j(R)2 R( j, j)

<
C(R)

n3

1

n

Xp

j¼1

Ej˜( j)
E (R)j2jQ j(R)j4

 !1=2

:

Since R j and x j are independent, we have

1

n6
Ej˜( j)

E (R)j2jQ j(R)j4 <
CM8

n6
Ej˜( j)

E (R)j2(trjR jj2W( j)2)2:

Using (6.68),
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1

n6
Ej˜( j)

E (R)j2jQ j(R)j4 <
CM8

n6
(Ej˜( j)

E (R)j2(v�2jE tr R jj2 þ n2) þ v�2Ej˜( j)
E (R)j4):

The last three inequalities and (6.19) together imply that, for v > v0,

jA38j <
C
ffiffiffiffiffiffiffi
M8

p

n2v2
þ C

ffiffiffiffiffiffiffi
M8

p

nv
E1=2

���� 1

n
˜E(R)

����2 þ CM8

n3v4
: (6:102)

For A39 the following inequality holds:

jA39j ¼ � 1

n4

Xp

j¼1

E˜( j)
E (R)Q j(R)D j(R)R( j, j)

<
C(R)

n3v

1

n

Xp

j¼1

Ej˜( j)
E (R)j2jQ j(R)j2

 !1=2

<
C
ffiffiffiffiffiffiffi
M4

p

n2v2
þ C

ffiffiffiffiffi
M

p
4

nv
E1=2

���� 1

n
˜E(R)

����2: (6:103)

For A40 the same bound holds as for A25 (see (6.61) and (6.70)). h

Equation (6.82) and Lemmas 6.7 and 6.8 together imply that, for v > v0,

jA2j <
C
ffiffiffiffiffiffiffi
M8

p

n2v2
þ C

ffiffiffiffiffiffiffi
M8

p

nv
E1=2

���� 1

n
(˜E(R))

����2: (6:104)

From Lemma 6.3 and from relations (6.62), (6.63), (6.82) we conclude that

A4 ¼ y(an(z) � yz�n(z)bn(z))E

���� 1

n
(˜E(R))

����
2

þ Ł
Cjbn(z)j

ffiffiffiffiffiffiffi
M8

p

n2v2
, (6:105)

with some Ł such that jŁj < 1. Lemma 6.4 and the relations (6.26), (6.59), (6.104), (6.105)

together imply that, for v > v0,

E

���� 1

n
˜E(R)

����
2

¼ yzan(z)(an(z) � yz�n(z)bn(z))E

���� 1

n
(˜E(R))

����
2

þ CŁ
jbn(z)j

ffiffiffiffiffiffiffi
M8

p

n2v2
þ 1

nv
E1=2

���� 1

n
˜E(R)

����
2

 !
, (6:106)

with some Ł such that jŁj < 1. Finally, we investigate the quantity Œn(z) ¼ 1 � yza2
n(z).

Lemma 6.9. Under the conditions of Theorem 1.2, there exists a positive constant C such

that, for v > v0,

jŒn(z)j�1 < Cjan(z)ky þ z � 1 þ 2yzsy(z)j: (6:107)

Proof. We may write
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Œn(z) ¼ 1 þ yzsp(z)

z þ y � 1 þ yzsp(z)
þ ŁCyzjan(z)�p(z)j

¼ an(z)(bn(z))�1 þ ŁCjyzan(z)�p(z)j: (6:108)

Note that, for z ¼ u þ iv such that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(u � a)(b � u)

p
> C

ffiffiffiffiffi
v0

p
and v > v0 according to (5.1)–

(5.6) we have Im(z � �n(z)) , 0. We can write that

s p(z) ¼ y þ z � 1 � yz� p(z)

2yz
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(y þ z � 1 � yz�n(z))2

p
þ 4yz�n(z) � 4yz

2yz

¼ s y(z þ yz�n(z)) � �n(z)

2
:

This implies that

js p(z) � s(z)j < j�n(z)j þ j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(y þ z � 1 þ yz�n(z))2 � 4yz

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(y þ z � 1)2 � 4yz

p
j

2jyzj

< cj�n(z)j 1 þ jy þ z � 1j þ j�n(z)j
j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(y þ z � 1 þ yz�n(z))2 � 4yz

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(y þ z � 1)2 � 4yz

p
j

 !
:

It is not difficult to check that for z ¼ u þ iv such that jy þ u � 1j > 3v and v > v0,

sgnfRef
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(z þ y � 1)2 � 4yz

p
gg ¼ sgnf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(zy � 1 þ yz�n(z))2 � 4yz

p
g:

This implies that, for such z,

j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(y þ z � 1 þ yz�n(z))2 � 4yz

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(y þ z � 1)2 � 4yz

p
j

> j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(y þ z � 1)2 � 4yz

p
j >

ffiffiffi
v

p
:

In this case we have

js p(z) � s y(z)j < Cj�n(z)jffiffiffi
v

p <
C

nv3=2
:

On the other hand, if jy þ u � 1j < 3v then jy þ z � 1j < 4v and v > v0, and we have

js p(z) � s y(z)j < Cj�n(z)j 1 þ j�n(z)j
v

� �
< Cj�n(z)j 1 þ 1

nv2

� �
< Cj�n(z)j:

The last two inequalities imply that, for v > v0,

js p(z) � s y(z)j < C

nv3=2
< ª

ffiffiffiffiffi
v0

p
, (6:109)

with sufficiently small ª. Furthermore, note that

z þ y � 1 þ 2yzs y(z) ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(y þ z � 1)2 � 4yz

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(a � z)(b � z)

p
,

where a ¼ (1 � ffiffiffi
y

p
)2, b ¼ (1 þ ffiffiffi

y
p

)2. This implies that there exists some positive constant

C1 such that, for v > v0,
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jz þ y � 1 þ 2yzs y(z)j > C1

ffiffiffiffiffi
v0

p
: (6:110)

These relations imply that

jbn(z)j�1 ¼ jz þ y � 1 þ 2yzs p(z)j > jz þ y � 1 þ 2yzs y(z)j � 2jyzks p(z) � s y(z)j

>
1

2
jz þ y � 1 þ 2yzs y(z)j: (6:111)

According to Lemma 4.6 and inequality (6.110), we have, for v > v0,

j� p(z)j < C2v0 < C2jz þ y � 1 þ 2yzs y(z)jv1=2
0 : (6:112)

We may choose the constant in the definition v0 such that

C1 � C2v
1=2
0 > C3 . 0: (6:113)

The relations (6.107), (6.110)–(6.113) together imply that, for v > v0,

jŒn(z)j > ªjan(z)ky þ z � 1 þ 2yzs(z)j: (6:114)

This concludes the proof. h

Put b(z) ¼ (z þ y � 1 þ 2yzsy(z))�1. Equation (6.106) and Lemma 6.9 together imply that

E

���� 1

n
˜E(R)

����
2

¼Ł1(z)Cjb(z)bn(z)k�p(z)jE
���� 1

n
˜E(R)

����
2

þ CŁ2(z)
jb(z)j2

ffiffiffiffiffiffiffi
M8

p

jan(z)jn2v2
þ jb(z)j
jan(z)jnv E1=2

���� 1

n
˜E(R)j2

� �
, (6:115)

with some functions Ł1(z) and Ł2(z) such that jŁi(z)j < 1, for i ¼ 1, 2. Inequalities (6.111)

and (6.112) together imply that, for v > v0,

jCŁ1(z)Cbn(z)b(z)k�n(z)j < 1

2
: (6:116)

From (6.115), (6.116) and (5.11) we obtain the recursive inequality

E

���� 1

n
˜E(R)

����
2

<

C
ffiffiffiffiffiffiffi
M8

p
E1=2

���� 1

n
(˜E(R))

����
2

nvjy þ z � 1 þ 2yzsy(z)j þ
ffiffiffiffiffiffiffi
M8

p

n2v2jy þ z � 1 þ 2yzs y(z)j2 : (6:117)

For n sufficiently large the recursion (6.93) implies that, for v > v0,

E

���� 1

n
(˜E(R))

����
2

<
CM8

n2v2jy þ z � 1 þ 2yzs(z)j2 :

The last bound concludes the proof of Proposition 6.1. h
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7. Proof of Theorem 1.2

We now consider a modification of the smoothing inequality in Corollary 2.2.

Lemma 7.1. Let Fp(x) be the empirical spectral distribution function of the matrix W and let

Fy(x) denote the Marchenko–Pastur distribution function. Denote their Stieltjes transforms by

m p(z) and sy(z), respectively. Let v0, d and � be positive numbers such that

1

�

ð
j yj<d

1

u2 þ 1
du ¼ 3

4
,

and

� , 2v0d:

Then there exist constants C1, . . . , C4 such that

E sup
x

jFp(x) � EFp(x)j

< C1

ð1
�1

j(Emn(u þ iV ) � sy(u þ iV )jdu þ C2v0 þ C3�
3=2

þ C4 sup
x2 I 9�

����Im
ðV

v0

(E mn(x þ iu) � sy(x þ iu)du

� �����
þ C1

ð1
�1

E

���� 1

n
(tr R(u þ iV ) � E tr R(u þ iV ))

����du

þ C1

ðV

v0

E

���� 1

n
trR(x0 þ iv) � 1

n
E trR(x0 þ iv))

����dv
þ C2

ðV

v0

ð
x2 I�

E

���� 1

n
trR2(x þ iu) � E

1

n
tr R2(x þ iu)

� �����dx du: (7:1)

Proof. Note that the Stieltjes transform mn(z) of distribution function Fp(x) is equal to

(1=n)trR, and

m9n(z) ¼ 1

n
trR2(z): (7:2)

Applying Corollary 2.2 to the distribution functions Fp(x) and Fy(x), we obtain
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˜�p :¼ sup
x

jFp(x) � Fy(x)j

< C1

ð1
�1

j(mn(u þ iV ) � Sy(u þ iV )jdu þ C2v0 þ C3�
3=2

þ C1 sup
x2 I 9�

����Im
ðV

v0

(mn(x þ iv) � Sy(x þ iv))dv

� �����: (7:3)

Furthermore, using the obvious inequality

jmn(z) � sy(z)j < jmn(z) � Emn(z)j þ jEmn(z) � sy(z)j,

we obtain

sup
x

jFp(x) � Fy(x)j < C1

ð1
�1

j(E mn(u þ iV ) � Sy(u þ iV )jdu þ C2vþ C3�
3=2

þ C4 sup
x2 I9�

����Im
ðV

)0

(E mn(x þ iv) � Sy(x þ iv)dv

� �����
þ C1

ð1
�1

j(mn(u þ iV ) � Emn(u þ iV )jdu

þ C1 sup
x2 I9�

����Im
ðV

v0

(mn(x þ iu) � Emn(x þ iu))du

� �����: (7:4)

By Taylor’s formula,

sup
x2 I�

jmn(x þ iv) � Emn(u þ iv)j

< jmn(x0 þ iv) � Emn(x0 þ iv)j þ
ð

x2I�

jm9n(u þ iv) � E m9n(u þ iv)jdu: (7:5)

Inequalities (7.2)–(7.5) together imply (7.1), thus proving the lemma. h

Note that, for v > v0 ¼ ªM
1=6
12 n�1=2 and for � > Cv0, we have

C1

ð1
�1

j(Emn(u þ iV ) � sy(u þ iV ))jdu þ C2vþ C3�
3=2

þ C4 sup
x2 I 9�

����Im
ðV

v

(Emn(x þ iu) � sy(x þ iu))du

� ����� < CM
1=6
12 n�1=2: (7:6)

Analogously to Section 4, we obtain thatð1
�1

E

���� 1

n
(tr R(u þ iV ) � E trR(u þ iV ))

����du < Cn�1: (7:7)

From Lemma 6.1 it follows that
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ðV

v0

E

���� 1

n
trR(x0 þ iv) � 1

n
E trR(x0 þ iv))

����dv
< C

ðV

v0

E1=2

���� 1

n
trR(x0 þ iv) � 1

n
E trR(x0 þ iv))

����
2

dv

<

ðV

v0

C
ffiffiffiffiffiffiffi
M8

p

nvjz0 þ y � 1 þ 2yz0sy(z0)j


 �
dv, (7:8)

where z0 ¼ x0 þ iv. Using the fact that jz0 þ y � 1 þ 2yz0sy(z0)j > v, we obtain after

integration in v,ðV

v0

E

���� 1

n
trR(x0 þ iv) � 1

n
E trR(x0 þ iv))

����dv <
C
ffiffiffiffiffiffiffi
M8

p

nv0

<
CM

1=4
8

n1=2
<

M
1=6
12

n1=2
:

Let z ¼ x þ iv. Note that, for v > v0,ð
x2 I�

1

jy þ z � 1 þ 2yzsy(z)j du < C:

By Cauchy’s theorem, we have���� 1

n
(tr R2 � E tr R2)

���� < Cv�1 sup
�2 v̂

���� 1

n
˜E(R)

����,
where v̂ ¼ fz : j�� zj ¼ v0=2g. Applying Cauchy’s inequality and Proposition 6.1 gives

E

���� 1

n
(tr R2 � E tr R2)j < Cv�1 sup

�2 v̂

E1=2

���� 1

n
˜E(R)

����
2

< Cv�1 C
ffiffiffiffiffiffiffi
M8

p

nvjz þ y � 1 þ 2yzsy(z)j


 �
:

After integration, we obtainðV

v0

ð
x2 I�

E

���� 1

n
tr R2(x þ iu) � E

1

n
tr R2(x þ iu)

� �����dx du <
CM

1=4
8

n1=2
<

CM
1=6
12

n1=2
:

This proves Theorem 1.2. h
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