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Abstract

We study the asymptotic behavior of linear evolution equations of the
type 0tg = Dg + Lg — A\g, where L is the fragmentation operator, D
is a differential operator, and A is the largest eigenvalue of the operator
Dg + Lg. In the case Dg = —0,g, this equation is a rescaling of the
growth-fragmentation equation, a model for cellular growth; in the case
Dg = —x0.g, it is known that A = 2 and the equation is the self-similar
fragmentation equation, closely related to the self-similar behavior of so-
lutions of the fragmentation equation 0, f = Lf.

By means of entropy-entropy dissipation inequalities, we give general
conditions for g to converge exponentially fast to the steady state GG of the
linear evolution equation, suitably normalized. In both cases mentioned
above we show these conditions are met for a wide range of fragmentation
coefficients, so the exponential convergence holds.
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1 Introduction and main results

In this work we study equations which include a differential term and a fragmen-
tation term. These equations are classical models in biology for the evolution
of a population of cells, in polymer physics for the size distribution of poly-
mers, and arise in other contexts where there is an interplay between growth
and fragmentation phenomena. The literature on concrete applications is quite
large and we refer the reader to [7, 12] as general sources on the topic, and to the
references cited in [3, 8, 13] for particular applications. We deal with equations
of the following type:

9egt(z) + Oz (alz)ge(2)) + Age(z) = Lge] (2) (La)
g:(0) =0 (t>0) (1b)
go() = gin(x) (z > 0). (1c)

The unknown is a function g;(z) which depends on the time ¢ > 0 and on = > 0,
and for which an initial condition g;, is given at time ¢ = 0. The quantity
g:(x) represents the density of the objects under study (cells or polymers) of
size x at a given time ¢. The function a = a(x) > 0 is the growth rate of
cells of size z. Later we will focus on the growth-fragmentation and the self-
similar fragmentation equations, which correspond to a(xz) = 1 and a(x) = =,
respectively.

Most importantly, we pick A to be the largest eigenvalue of the operator
g — —ad,g + Lg, acting on a function g = g(x) depending only on z; see below
for known properties of this eigenvalue and its corresponding eigenvector.

The fragmentation operator L acts on a function g = g(z) as

Lyg(x) = Lig(x) — B(x)g(), (2)

where the positive part £ is given by

Loglo) = | by, )gly) dy. 3)



The coefficient b(y, x), defined for y > x > 0, is the fragmentation coefficient,
and B(x) is the total fragmentation rate of cells of size x > 0. It is obtained
from b through

B(z) = /:‘Zb(x,y) dy  (z>0). ()

Asymptotic behavior As said above, we pick A to be the largest eigenvalue
of the operator g — —ad,g + Lg. Under general conditions on b and a, it is
known [3, 8] that A is positive and has a unique associated eigenvector G (up
to a factor, of course), which in addition is nonnegative; i.e., there is a unique
G solution of

(a(z) G(2)) + AG(z) = L(G)(x) (5a)
a(x)G(:E)‘zZO =0, (5b)

/O T G(a)do = 1. (50)

The associated dual eigenproblem reads

—a(2)0:¢ + (B(x) + A) ¢(x) = L1 ¢(2), (6a)
¢ >0, / Gz =1, (6b)

where
L () / b(z,y)o(y) dy, (7)

and we have chosen the normalization f G¢ = 1. This dual eigenproblem is
interesting because ¢ gives a conservation law for (1):

| ewawar= [Cowgm@ar=cs @20 ©®
0 0

The eigenvector G is an equilibrium of equation (1) (a solution which does
not depend on time) and one expects that the asymptotic behavior of (1) be
described by this particular solution, in the sense that

g — G ast— oo, 9)

with convergence understood in some sense to be specified, and g normalized so
that [ ¢(x)g(t,z) dz = 1. Furthermore, one expects the above convergence to
occur exponentially fast in time; this is,

llg: — G| < C|lgin — G|l e 1, (10)

for some B > 0, in some suitable norm. This latter result has been proved in
some particular cases which are essentially limited to the case of B constant
[13, 6]. In this paper we want to prove this result for more general B, which we
do by using entropy methods. In order to describe our results, we need first to
describe the entropy functional for this type of equations.



Entropy The following general relative entropy principle [9, 10] applies to
solutions of (1):

a4 /0 " ()G @) H (u(x)) do = /0 N /y " e y)C(@)

x (H(u(@)) = Hu(y) + H'(u(@)) (u(y) - u(z)) ) dvdy, (11)

where H is any function and where here and below

u(z) = é((?) (z > 0). (12)

When H is a convex function, the right hand side of equation (11) is nonpositive,
and in the particular case of H(x) := (z — 1)? we have

< HlglC) = ~D'gl] <0, (13)

where we define

H,[g|G] = /000 ¢G(u—1)2dr and (14)

DYlg[C] = / h / " o) Gl) by, 7) (u(z) — u(y))? dydz.  (15)
Since

iG] = [ (0= 6 G do = llg = Gty o-ran (16)

we see that proving Hs(g(t)|G) — 0 implies that the long time trend to equi-
librium (9) holds, and proving the entropy-dissipation entropy inequality

1
Ha[g|G] < 5 D'[|G, (17)
B
implies that the exponentially fast long time trend to equilibrium (10) holds for
the same > 0 and for the norm || - || = || - [|22(4 G- 1da)-

The main purpose of our work is precisely to study the functional inequality
(17) and establish it under certain conditions on the fragmentation coefficient b.
We notice that, while some results on convergence to equilibrium for equation
(1) are available, no inequalities like (17) were known, so one of the main points
of our work is to show that the entropy method is applicable, in certain cases,
to give a rate of convergence for this type of equations.

We focus on the two remarkable cases a(z) = 1, which corresponds to the so-
called growth-fragmentation equation, and a(x) = x, which gives the self-similar
fragmentation equation. There are several reasons for restricting our attention
to them, the main one being that they are the ones most extensively studied in
the literature due to their application as models in physics and biology. Also,



the inequality (17) depends on the particular properties of the solution ¢ to
the dual eigenproblem (6) and the equilibrium G. The existence and properties
of these have been studied mainly for the above two particular cases, and are
questions that require different techniques and deserve a separate study. One
of our main results gives general conditions under which the entropy-entropy
dissipation inequality (17) holds, and this may be applied to cases with a more
general a(z), once suitable bounds are proved for the corresponding profiles ¢
and G.

In order to understand our two model cases, let us describe them in more
detail and give a short review of previously known results for them.

The growth-fragmentation equation The growth-fragmentation equation
is the following [6]:

8tnt + 8mnt = Ent, (18&)
n(0) =0 (t=0) (18b)
no(x) = nip () (x > 0). (18¢)

Here, n;(x) represents the number density of cells of a certain size x > 0 at time
t > 0. The nonnegative function n;, is the initial distribution of cells at time
t = 0. Equation (18) models a set of cells which grow at a constant rate given by
the drift term 0,n, and which can break into any number of pieces, as modeled
by the right hand side of the equation. The quantity b(x,y), for z > y > 0,
represents the mean number of cells of size y obtained from the breakup of a
cell of size z. If one looks for solutions of (18a)-(18b) which are of the special
form ny(z) = G(x)eM, for some A € R, one is led to the eigenvalue problem
for the operator —d, + £ and its dual eigenvalue problem, given by equations
(5) and (6), respectively. It has been proved [3, 8] that quite generally there
exists a solution to this eigenvalue problem which furthermore satisfies A > 0
and G > 0.
For this particular A, we consider the change

gi(x) == ny(z)e . (19)

Then, n satisfies the rescaled growth-fragmentation equation, which is the partic-
ular case of eq. (1) with a(z) = 1. The long time convergence (9) or (10) means
here that the generic solutions asymptotically behave like the first eigenfunction
G(z)eM (with same ¢ moment).

Let us give a short review of existing results on the asymptotic behavior
of equation (1) for constant a(x). In [9, 10] the general entropy structure of
equation (1) and related models was studied, and used to show a result of
convergence to the equilibrium G without rate for quite general coefficients
b, but under the condition that the initial condition be bounded by a constant
multiple of G [10, Theorem 4.3]. Some results were obtained later for the case of
mitosis with a constant total fragmentation rate B(x) = B, which corresponds
to the coefficient b(x,y) = 20,—,/2: this was studied in [13], where exponential



convergence of solutions to the equilibrium G was proved. Similar results were
obtained for the mitosis case when B(x) is bounded above and below between
two positive constants (i.e., for b(x,y) = 2B(x)dy—s/2). An exponential speed of
convergence has also been proved in [6] allowing for quite general fragmentation
coefficients b, provided that the total fragmentation rate B(x) is a constant. Of
course, in the above results existence of the equilibrium G and the eigenfunction
¢ were also proved as a necessary step to study the asymptotic behavior of
equation (1). The problem of existence of these profiles was studied in its own
right in [3, 8], where results are obtained for general fragmentation coefficients
b, without the restriction that the total fragmentation rate should be bounded.

The self-similar fragmentation equation The fragmentation equation is

Oifr = Lft, (20a)
fo(z) = fin(z) (z >0), (20b)

which models a set of clusters undergoing fragmentation reactions at a rate
b(x,y). In the study of the asymptotic behavior of f;, one usually restricts
attention to fragmentation kernels which are homogeneous of some degree v —1,
with v > 0:

b(Az, \y) = N 1b(x,y), (21)
so B(z) = Byz" for some By > 0. Then one looks for self-similar solutions, this
is, solutions of the form

fulw) = (t+1)*7G((t+ 1)), (22)

for some nonnegative function G. Observe that fy = G in this case. We omit
the case v = 0, as self-similar solutions have a different expression in this case,
and the asymptotic behavior of the fragmentation equation is also different, and
must be treated separately. Such a remarkable function G is called a self-similar
profile and is solution to the eigenvalue problem (5) with a(z) = 2 and A = 2.
In this case one can easily show that in fact A = 2 is the largest eigenvalue of
the operator —zd, + L. Existence of solutions G of equation (5)in this setting
has been studied in [4] and also in [3]. The corresponding dual equation (6) is
explicitly solvable in this case, with ¢(x) = Cz for some normalization constant
C.
The above suggests to define g through the following change of variables:

1
fila) = (t+ 1)2/79(; log(t+1),(t+ 1)7e)  (te>0),  (23)
or, writing g; in terms of f,
gi(z) == e 2 fle? —1,e7"2) (t,xz > 0). (24)
Then, g; satisfies the self-similar fragmentation equation:

Ohgr + x 0pgr = 29 + v Ly (25a)
9o(z) = fin(x) (x> 0). (25b)



We may redefine b(x,y) to include the factor v in front of Lg,, and omit
in the equation. Then, this equation is of the form (1) with a(z) = 2 and
A = 2. The long time convergence (9) or (10) means here that generic solutions
asymptotically behave like the self-similar solution (t + 1)/ 7G((t 4 1)"/7x).

The problem of convergence to self-similarity for the fragmentation equation
(20) was studied in [4], and then in [10]. Results on existence of self-similar
profiles and convergence of solutions to them, without a rate, are available in
[4, Theorems 3.1 and 3.2] and [10, Theorems 3.1 and 3.2], and are obtained
through the use of entropy methods. To our knowledge, no results on the rate
of this convergence were previously known.

Assumptions on the fragmentation coefficient We turn to the precise
description of our results, for which we will need the following hypotheses.

Hypothesis 1.1. For allx > 0, b(x, ) is a nonnegative measure on the interval
[0,2]. Also, for all ¢ € Cy([0,+00)), the function z — f[().m] b(x,y)Y(y)dy is
measurable.

Hypothesis 1.2. There exists k > 1 such that

/03” b(z,y)dy = kB(y) (z > 0). (26)

Hypothesis 1.3. There exist0 < B, < By and~y > —1 (for growth-fragmentation)
or vy >0 (for self-similar fragmentation) such that

B2 < B(x) < By (x >0). (27)

Hypothesis 1.4. There exist p,C' > 0 such that for every e > 0,

/0630 b(z,y)dy < Ce"B(x) (x > 0).

Hypothesis 1.5. For every § > 0 there exists € > 0 such that

/( C by dy <6Bx) (x> 0). (28)

1—e)z

Both Hypothesis 1.4 and 1.5 are “uniform integrability” hypotheses: they
say that the measure b(x,y) dy is not concentrated at y = 0 or y = z, in some
quantitative uniform way for all > 0. For some parts of our results we will
also need the following hypothesis.

Hypothesis 1.6. The measure b(x,-) is (identified with) a function on [0,x],
and there exists Pyy > 0 (actually, it must be Ppy > 2 due to the definition of
B) such that

) < Pu 2 sy > 0), (29)



Hypothesis 1.7. There exists P,, > 0 such that

b(z,y) > Pm@ (x >y >0). (30)

We list the above hypothesis in a rough order of least to most restrictive.
When taken all together they can be summarized in an easier way: Hypotheses
1.1-1.7 are equivalent to assuming Hypothesis 1.1, 1.2 and that there exists
0 < B,, < By satisfying

2B,, 27t < b(x,y) < 2By a7 ! O<y<ux) (31)

for some v > —1, or v > 0 in the case of growth-fragmentation. We give
Hypotheses 1.1-1.7 instead of this simpler statement for later reference: some
of the results to follow use only a subset of these hypotheses, and it is preferable
not to use the more restrictive conditions where they are not needed.

As an example of coefficients which satisfy all Hypotheses 1.1-1.7 we may
take b of self-similar form, i.e.,

b(z,y) :=2""1p (%) (x >y >0), (32)
where p : (0,1) = (P, Py) is a function bounded above and below, and ~
within the specified range (for the main theorem below one must have v € (0, 2]
for self-similar fragmentation, and v € (0,2) for growth-fragmentation). A bit
more generally, one can take

b(x,y) :=h(z)x?'p (%) (x >y >0), (33)

with h(z) : (0,400) = [Bm, Ba] a function bounded above and below.

Previous results We recall the following result, readily deduced from [3,
Theorem 1 and Lemma 1] and [4, Theorem 3.1]:

Theorem 1.8 ([3]). Assume Hypotheses 1.1-1.4. There exists a unique triple
(\,G,¢) with A >0, G € L' and ¢ € Wlifo which satisfy (5) and (6) (in the
sense of distributional solutions for (5a), and of a.e. equality for (6a)).

In addition,

G(z) >0, o¢x)>0 (z > 0), (34)

for alla >0, x> 2% (2)G(x) € W0, +00). (35)

In the case of the growth-fragmentation equation (a(x) = 1) it holds that
(0) > 0.

In the case of the self-similar fragmentation equation (a(x) = x), assume in
addition that, for some k <0 and C > 1,

/0 by dy < CtBx) (x> 0). (36)



Then,
oo
/ 2*G(x) dx < 4o0. (37)
0
The above result can actually be proved under weaker hypotheses on the
fragmentation coefficient b (see [3]) but we will only use the given version. We
note that (37) is derived in [4] under more restrictive conditions on b (in partic-

ular, it is asked there that b is of the self-similar form (32)); however, the same
proof can be followed just by using (36), and we omit the details here.

Main results The following theorem gathers our main results in this work.

Theorem 1.9. Consider equation (1) in the self-similar fragmentation case
(a(x) = ) or the growth-fragmentation case (a(x) = 1), and assume Hypotheses
1.1-1.7. Also,

o For self-similar fragmentation, assume v € (0,2].

e [or growth-fragmentation, assume v € (0,2) or alternatively that for some
By, >0,

B
ba,y) =" (x>y>0). (38)
Denote by G > 0 the asymptotic profile (self-similar profile in the first case, first

eigenfunction in the second case) as well as by ¢ the first dual eigenfunction

(o(x) = x in the first case). These equations have a spectral gap in the space
L2(¢ G~ 'dx).

1. More precisely, there exists § > 0 such that

1
Vge X,  H(g|G) < ﬁDb(g\G),

(the right hand term being finite or not), where we have defined
Hi=1G9),  X={sct: [ go= [ co-1}.
0 0

Consequently for any gi, € X the solution g € C([0,00); Lé) to equation
(1) satisfies

VE>0  lg(t,) = Glla <e P! g — Glln.

2. For this second part, in the case of growth-fragmentation, we need to as-
sume additionally that v € (0,1) (no additional assumption is needed for
the self-similar fragmentation case). There exists k = k(vy, Py) > 3 and
for any a € (0,8) and any k > k there exists Cy 1 > 1 such that for any
gin € H :=L*(0), 0(z) = ¢(z) + 2%, [ $gin, = 1, there holds:

V>0  |lg(t) = Gllu < Care " lgin — Glln-



The main improvement of this result is that it allows us to treat total frag-
mentation rates B which are not bounded, for which no results were available.
Also, the result is obtained through an entropy-entropy dissipation inequality,
which is not strongly tied to the particular form of the equation, and may be use-
ful in related equations. We also observe that this is to our knowledge the first
result on rate of convergence to self-similarity for the fragmentation equation.

In our result we include just one case where B is a constant, with b given
by the particular form (38) in the case of growth-fragmentation. The difficulty
in allowing for more general b (with B still constant) is not in the entropy-
entropy dissipation inequality, but in the estimates for the solution ¢ of the
dual eigenproblem (6). The estimates in section 4.2 are not valid in this case,
and in fact one expects that ¢ should be bounded above and below between
two positive constants. However, we are unable to prove this at the moment,
and anyway the estimates of ¢ are not the main aim of the present paper.
Consequently, we state the result only for the b in (38), for which ¢ is explicitly
given by a constant. (We notice that for self-similar fragmentation, the estimates
on G fail for v = 0, so this case is not included).

On the other hand, the positivity condition (30) is strong, and makes this
result not applicable to some cases of interest, such as the mitosis case mentioned
at the end of section 1. Notice that, as remarked at the end of section 2 in [6],
entropy-entropy dissipation inequalities are actually false in this case, which
shows that a different method is required for this and similar situations where
the fragmentation coefficient is “sparse” enough for the inequalities to fail.

Strategy The main difficulty for establishing Theorem 1.9 lies in proving point
1, while point 2 is a consequence of point 1 and of a method for enlarging the
functional space of decay estimates on semigroups from a “small” Hilbert space
to a larger one recently obtained in [5].

The strategy we follow to prove inequality (17) is inspired by a paper of
Diaconis and Stroock [2] which describes a technique to find bounds of the
spectral gap of a finite Markov process. Equation (1) can be interpreted as the
evolution of the probability distribution of an underlying continuous Markov
process, and as such can be thought of as a limit of finite Markov processes.
The expression of the entropy and entropy dissipation has many similarities to
the finite case, and hence the ideas used in [2] can be extended to our setting.
The basic idea is that one may improve an inequality in the finite case by
appropriately choosing, for each two points 7 and j in the Markov process,
a chain of reactions from i to j which has a large probability of happening,
measured in a particular way. In our case this corresponds to choosing a chain
of reactions that can give particles of size x from particles of size y, and which
has a better probability than just particles of size y fragmenting at rate b(y, x)
to give particles of size x. In fact, we need the additional observation that
one can choose many different paths from y to z, and then average among
them to improve the probability. These heuristic ideas are made precise in the
proof of point 1 in Theorem 1.9, given in section 2. This suggests that the

10



same techniques may be applicable to other linear evolution equations which
can interpreted as the probability distribution of a Markov process.

In the context of the Boltzmann equation, an idea with some common points
with this one was introduced in [1] to prove a spectral gap for the the linearized
Boltzmann operator. However, the inequality needed in that case does not
have the same structure since the linearized Boltzmann operator does not come
from a Markov process (it does not conserve positivity, for instance), and the
“reactions” to be taken into account there are not jumps from one point to
another, but collisions between two particles at given velocities, to give two
particles at different velocities. Nevertheless, the geometric idea does bear some
resemblance, and the connection to techniques developed for the study of finite
Markov processes seems interesting.

Concerning the proof of point 2, we mainly have to show that the operator
involved in the fragmentation equation decomposes as A + B where A is a
bounded operator and B is a coercive operator in the large Hilbert space H.
Then, for a such a kind of operator, the result obtained in [5] ensures that the
operator in the large space H inherits the spectral properties and the decay
estimates of the associated semigroup which are true in the small space H.
The additional restriction v € (0,1) in the extension of the spectral gap comes
from the fact that we were unable to prove the coercivity of the operator B for
v € [1,2).

In the next section we prove the functional inequality (17). In sections 3 and
4 we prove upper and lower bounds on the profiles G and ¢, solution of the eigen-
problem (5)—(6); section 3 is dedicated to the self-similar fragmentation equation
(the case a(x) = x), while section 4 deals with the growth-fragmentation equa-
tion (the case a(x) = 1). Finally, section 5 uses these results and the techniques
in [5] to complete the proof of Theorem 1.9.

2 Entropy dissipation inequalities

In order to study the speed of convergence to equilibrium, in terms of the en-
tropy functional, we are interested in proving the entropy-entropy dissipation
inequality (17):

1
H,[g|G] < = D%[g|G].
2[9]G] < 55 l91G]
We begin with the following basic identity:

Lemma 2.1. Take nonnegative measurable functions G, ¢ : (0,00) — Ry such
that

/0Oo ¢(z) G(z)dx = 1. (39)

Defining

D g]G) = / h / " 6(x) G(@) y) C) (ule) — u(y))? dydz  (40)

11



with u(x) = g((z)), there holds

Hs [9|G] = D2 [9]G] (41)
for any nonnegative measurable function g : (0,00) = R such that [ ¢g = 1.

Proof. With the above notations, by a simple expansion of the squares, we find
that,

Hy (9G] = /0°°<u<o:>1>2c:<x>¢<z>dx /Ooou@)zG(xw(x)dxl,

while expanding Dg[g|G] we find

Dalol6) = 5 [ [ Gl oG o) () = ) dyd
- % <2 /0 ” w(@)2G(x) o) d 2) ,
which gives the same result. O

Taking into account the above result, in order to prove (17) it is enough to
prove the following inequality for some constant C' > 0:

D, [g|G] < C' D" [g|G]. (42)

Of course, one gets (42) if one assumes that the function appearing below the
integral signs in the functional D [¢g|G] is pointwise bounded by the corre-
sponding function in the functional DP [g|G], or more precisely if one assumes
G(x) ¢(y) < Cb(y,x) whenever 0 < x < y. However, the range of admissible
rates b for which such an inequality holds seems to be very narrow. For example,
for the self-similar rate (32), one must impose v = 2.

The cornerstone of the proof of the functional inequality (42) lies in splitting
D5 [g|G] in two terms: one for which the pointwise comparison holds and one
where it does not. In the latter part, called Dj2[g|G] in the next lemma, the
idea is to break u(xz) — u(y) into “intermediate reactions” in order to obtain a
new expression of Ds [¢|G] for which the pointwise estimate applies. The main
part of the proof of inequality (42) is then the bound for this second part of
D, [g|G]. And it is just the content of the following result:

Lemma 2.2. Take measurable functions ¢, G : (0,+00) — Ry with

/000 Gz)p(x)dr =1 (43)

and such that, for some constants K,M > 0 and R > 1 and some function

12



0<G(x)<K (z > 0), (44)
/ T OW)e) dy < KG) (x> M), (45)
1
@qﬁ(y) < K ¢(z) (max{2RM, Rz} < y < 2Rz). (46)
Defining
Do g/G) = / N / h g, A0 G 910) G0) () ) dy e (47

there is some constant C' > 0 such that
Dazlgic<c [ [ 1y, SOV 0 O (ue) — )y, (49
0 max{x,M

for all measurable functions g : (0,00) — R4 (in the sense that if the right hand
side is finite, then the left hand side is also, and the inequality holds).

The point of this lemma is that the right hand side of (48) will be easily
bounded by D’[g|G].
Remark 2.3. Inequality (48) is strongest when ((z) = 1. Moreover, we expect
(46) to be true when ( is constantly 1 (for ¢ the solution of the dual equation
(6), under some additional conditions). The reason that we allow for a choice
of ¢ is that we are not able to prove that (46) holds with ¢ = 1, but only for a
function ¢ = ((x) which grows like a power x¢, with € as small as desired.

Proof. We will denote by C' any constant which depends on G, ¢, K, M, or R,
but not on g.

First step. The idea is to break u(z) — u(y) into “intermediate reactions”: for
y >z and any z € [z,y], one obviously has

w(@) —u(y) = u(x) —u(z) + u(z) - u(y).

We then average among a range of possible splittings. More precisely, for y >
2R,

oR [Y/R
u(x) —uly) = — (u(z) = u(z) + u(z) — u(y)) dz,
Y Jy/2R)
and then by Cauchy-Schwarz’s inequality,
» 2R YR )
(u(z) —u(y))” < — (u(z) — u(z) + u(z) — u(y))” dz
Y Jy/2R)
y/R y/R
< ) —u@)P e [ () uw) d
Y Jy/2R) Y Jy/@2R)

=T (z,y) + Tz (y).
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Using this, we have

Daalolel < [ e o, SPADCIC) T y) dy s

" /0 »/max{ZRx,QRM} P(x)o(y)G(x)G(y) T2(y) dy dx.

We estimate these terms in the next two steps.
Second step. For the term with 77,

/ h / h (2)0(y)C(@)C () T (z,y) dy dx
0 max{2Rx,2RM}

< y/R
C/O /TﬂaX{QRa;,2RM} ¢($)¢(y)G(fB)G(y)y/y/(QR)(U(x)—u(z)) dz dy d

o ° ) 2Rz M
C /0 /max{.r,M} o(2)G(x)(u(z) — u(z)) /I G(y) dy dz da

nax{2Rz,Rz,2RM} Y

e 2)G(x)(u(x) — u(z 2i - = di
S oy PEC@N) —ulP i [ OIG) dy ded

Rz

<o [T swule) - w6 dsds
0 max{xz,M} Z

where we have used (45) and the fact that G is uniformly bounded from (44).
With this series of inequalities we obtain that the last one integral is bounded
by the right hand side in (48), as ((y) > 1 for all y.

Third step. For the term with 75, we use (43) and (46). Note that (46) was
not used before this point in the proof: ((y) < 1 was enough up to now, but
this is not the case in the following calculation:

/°° /OO d(x)p(y)G ()G (y) Ta(y) dy dx
0 max{2Rz,2RM}

e 1 [y/R ,
C/ /m'lx{QRx 2RM} (b(x)(b(y)G(x)G(y)y/y/(2R)(“(Z)_U(Z/>) dz dy dz
v/R 1, L v/
C/RM/y G(y)(u(z) — u(y)) /O o(2)G(x) da dz dy

/2R) Y
<c /RM / /:Z L6(4)Gy) (u(=) — uly)? dz dy
<c / /Q:ZRMRZ} y>¢<z>c<y><u<z>—u(y»?dydz,

where the last integral is bounded by the right hand side in (48) and this finishes
the proof. O
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Once we have controlled the “bad” term in D [g|G] we can reach the ob-
jective of this section: to obtain an entropy-entropy dissipation inequality. It is
shown in the following theorem:

Theorem 2.4. Assume the conditions in Lemma 2.2, and also that the frag-
mentation coefficient b satisfies, for the constants K, M, R in Lemma 2.2,

G(z) o(y) < Kb(y,x) (0 <z <y < max{2Rx,2RM}), (49)
Wy <Kby,x)  (y>M, y>az>0) (50)

Then there is some constant C' > 0 such that
H,[g|G] < C D" [¢|G] (51)

for all measurable functions g : (0,00) — Ry such that fooog¢ =1 (in the
sense that if the right hand side is finite, then the left hand side is also, and the
inequality holds).

Proof. We split D [g|G] as
D3 [9|G] = D21 [9|G] + D22 [9|G],
with
oo prmax{2Rz,2RM?}
Dailolc)= [ [ 8() () 6(y) Oly) (u(z) — u(y))” dyda
0 x
and Dy 5 [g|G] defined by (47). On the one hand thanks to (49) we have
oo prmax{2Rz,2RM}
Dilsle)< [ [ K by, 2)0(a) Gy) (u(a) — u(y)* dyda
0 T
< KD'[glc].

On the other hand, thanks to inequality (48) in Lemma 2.2 and (50) we have

DaslglGl) < C /OOO [ ) 6 (ule) — ute)? dy

max{x,M } Y
o

(52)

< CK / by, 2)6(x) G(y) (u(x) — u(y))? dydz
0 max{x,M }

< CKD"[g|G]. (53)
We conclude by gathering (52) and (53). O

This result will be the key to prove point 1 in Theorem 1.9, which will be
done in section 5.1. In order to prove that (44) and (49) hold in our context,
we need to establish some upper bounds on GG and ¢ for our model cases. For
(45) and (46) we need to control the asymptotic behavior (bounds from above
and below) of the functions G(z) and ¢(x) as @ — oo. These upper and lower
estimates on G and ¢ will be established in the next sections. Finally, condition
(50) simply imposes some restrictions on the fragmentation rate (typically some
restrictions on the value of v for a self-similar fragmentation rate of the form

(32))-

15



3 Bounds for the self-similar fragmentation equa-
tion

In order to apply Theorem 2.4 to the self-similar fragmentation equation (25)
we need more precise bounds than those proved in [4, 10, 3]; in particular, we
need L* bounds on the self-similar profile G for condition (44) to hold. We
actually prove the following accurate exponential growth estimate on the profile

G.

Theorem 3.1. Assume Hypotheses 1.1-1.5 on the fragmentation coefficient b.

Call A(z) := [ Bgs) ds.

1. Foranyd > 0 and any a € (0, By, /B ), @' € (1,+00) there exist constants
' =C"(d,9), C=Cla,d) >0 such that

O e~ M=) <G(z) < C e @A) for x> 4. (54)

2. Assume additionally Hypothesis 1.6. Then one may take C independent
of § in (54), i.e.,

Glz) < Ce @ for x> 0. (55)

Remark 3.2. We notice that, due to Hypothesis 1.3, (B, /7)Y < A(zx) <
(Bar/7v)x?, so the bound (54) directly implies that for any ay > Bjs/v and
as < B2,/(yBar) one has

C'e™® < G(z) < Ce ™ forz >0, (56)

and also the corresponding one instead of (55). Note that when By, = B,, the
condition on aj, as becomes ay < Bys/v < aj.

The goal of this section is to give the proof of the above theorem, which we
develop in several steps. We remark that in the particular case of p constant
in (32) (so, p = 2 due to the normalization [ zp(z)dz = 1) we can find an

explicit expression for the equilibrium G (i.e., a solution of (5)). Indeed, G(x) =

exp (7 OI Bis) ds) satisfies (5). As a consequence, in the case b(x,y) = 22771

(so B(z) = x7), the profile G is e 5 for ~v > 0. In the general case where b is
not of the form (32) there is no explicit expression available for the self-similar
profile G.

Lemma 3.3. Assume that b satisfies Hypotheses 1.1-1.5, and consider G the
unique self-similar profile given by Theorem 1.8. For any 0 < a < B,/ there
exists a constant C, such that:

/ e G(z) dx < C,. (57)
0
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Proof. We denote by M, the k-th moment of G. Multiply eq. (5) by z* with
k > 1 to obtain:

(k—1)M > (1 —Pk)/ 2*B(z)G(x) d. (58)
0
where we have taken into account that, using Corollary 6.4,
00 o] oo Yy
|t [ swarcvds = [ 6w [t dody
0 P 0 0
< [ 0" BOIGW) dy
0

By Hypothesis 1.3, and as pi < 1 for k > 1, (58) implies that

k
k—1) My > (1 — pg) B My, My, < —— M
( ) My > (1 —py) ktvys  OT by S T M
Applying this for integer £ > 1 and k := 1 + £,
14 ~¢

My o1y < Ce Miyey,  where  Cpi= Byn(1 = praqe)’

Solving the recurrence relation,

1
Mitey < My H & (£=1). (59)
i=1
With this,
/ e G(x) do = Z/ a,—x“G(x) dx = Za—' M, ;
0 i—0/0 " i=0

i -1

§M0+MA,+M1+VZ% HCi~
=1 =1

The last expression in the sum is a power series in a, with radius of convergence
equal to By, /7. This can be checked, for example, by noticing that
Cy gl

£+1—>B—m as { — +oo,

which corresponds to the quotient of two consecutive terms in the power series.
This proves the lemma. O

With this result we can now prove Theorem 3.1.

Proof. Taking § > 0, we give the proof in several steps.

17



First step (upper bound for x > §): From (5), we calculate as follows:
Oy (x2 e“AG) =z e“A(Z G+ 20,G) + aBze™G =12e¢" LG +aBreG

=zt /OO b(y,z) G(y)dy + (a — 1) Bxe®G.  (60)

Let us show that for a < 1 this expression is integrable. For the first term,

[T [Ty mcwayis= [~ 6w [,z aay
0 z 0 0

S/ y e * WG (y)B(y) dy < BM/ LY Gly) dy < +oo,
0 0

aB
where the last inequality is due to Lemma 3.3, since y?*le Sy’ < Cetv,

where a < b < BTm and C is a constant depending on a, b and ~y (recall that a <
B,,/Byr). For the same reason, the last term in (60) is integrable. Therefore,
since 9, (2* e“A(g”)G(x)) is bounded in L', we deduce that

2% e G(z) € BV(0,00) C L™

and in consequence
G(z) < Cle @) for z > 4.

Second step (lower bound for z > §): Writing equation (60) for a = 1
gives that 2 — 22e*®)G(x) is a nondecreasing function, so

22O G (x) > 62620 G(6) (x >9),

which implies the lower bound in (54) for any a < 1. Notice that G(d) > 0 by
Theorem 1.8.

Third step (upper bound for z < §): As x +— 22e® /7G(x) has bounded
variation, it must have a limit as © — 0. As x — x G(x) is integrable, it follows
that this limit must be 0. Hence, writing (60) for a = 1, integrating between 0
and z, and using Hypothesis 1.6,

zzezv/WG(z):/ xe“A/ by, ) G(y) dy dx
0 z

< OBy xe“A/ v G (y) dyde < C"/ ze® 1V dr < C'2%e* /7,
0 x 0

which implies G(z) < C” for all z > 0. This is enough to have (55) for & <
6. We have used above that the moment of G of order v — 1 is bounded,
as given by Theorem 1.8, taking into account that (29) holds and v > 0, so

[y (a, y) dy < (Cfy)a 2 O
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4 Bounds for the growth-fragmentation equa-
tion

In this section we present some estimates by above and below for the functions
G and ¢, solutions to the eigenvalue problem (5) and (6). The aim, as in
the previous section, is to obtain bounds which are accurate enough to apply
Theorem 2.4, and then prove Theorem 1.9.

The main additional difficulty as compared to the self-similar fragmentation
equation from previous section is that the dual eigenfunction ¢ is in general not

explicit, which makes it necessary to have additional estimates for it.
In the rest of this section we will give the proof of the following result:

Theorem 4.1. Assume Hypotheses 1.1-1.5. Call
Az) = )\x—l—/ B(x)dx.
0

1. For any a € (0, By, /Bar) there exists K, > 0 such that
V>0  Gz) < K,e 2@, (61)

If we also assume Hypothesis 1.6 and v > 0, then this can be strengthened
to
Ve>0  G(z) < K, min{l,z}e ¢, (62)

2. For any § > 0 there exists K5 > 0 such that
V>  Gz)> Kse @, (63)
3. Assume additionally that

B(z)
l‘“"'l

—0 and B(z)— +oo asx— +oo. (64)

(Here  is the one in Hypothesis 1.4.) There exist Cy,Cy € (0,00) and
for any k € (0,1) there exists Cj € (0,00) such that

Vo >0 Co—i—Cka:kSgb(x)SCl (1+x). (65)

Remark 4.2. With (61), (63) and (27), in the case v > 0 it is easy to see that for
any § > 0, a1 > By /(v + 1) and ay < B2, /(B (v + 1)) there exist Cp,Cq > 0
such that

+1

Cre ™" < G(x) < Che @™ (z > §). (66)

In the case v = 0, from (61) and (63) one sees that for any § > 0 and a > 1
there exist Cy,Cy > 0 such that

Crem P07 < Gla) < Coe™®OHPIT (5 ) (67)
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4.1 Bounds for G
Lemma 4.3. Assume hypotheses 1.1-1.5. Call

By,
Am(x) = A\r + ﬁ1‘7+1.
For each a < 1,
/ e @ Q(2) do < +o0. (68)
0

Proof. We will first do the proof for v > 0, and leave the case —1 < v < 0 for
later. Multiply equation (5) by z* with k > 1, and integrate to obtain

[eS) Yy 0o
kM1 — A My, —|—/ G(y)/ ¥ by, ) de dy — / B(z)z* Gdx =0,
0 0 0
which gives, using (92) and then (27) (noting py, < 1 for k > 1),
(1 = pr) B My < EMy_y — XM, < EMj_1. (69)
Applying this for k = ¢(y + 1) — v, with £ > 2 an integer,

ty+1) =~
(1- p@('y+1)—’y)Bm

Myy11) S CoMg_1y(y4+1), with Cp:=

Solving this recurrence relation gives, for ¢ > 2,

3
MZ(,Y+1) S Mry+1 H Ce (g Z 2)
=2

Now, following an analogous calculation to the one in Lemma 3.3,

) o 4 L
az ! a
/ e G(z) do < Mo+ My » :7, IIc. (70)

0 i=2 =2

Again as in Lemma 3.3, one can check that the above power series in a has
radius of convergence B,,/(v + 1) (using that py — 0 when k£ — +o0, from
Corollary 6.4 in the Appendix). This proves the lemma for v > 0 (note that the
dominant term in A in this case is 271!, as then z < C, 4 ex?*! for any € > 0
and some C, > 0).

When ~ = 0, from (69) we obtain

(1 =pr)Bm + My, < kM1 (k> 1).

We can then follow the same reasoning as above, with the only difference that
now

i (£ >2).

Chpi=—m—————
ST (A= po)Bm + A =
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Now the power series in (70) has radius of convergence B,, + A, which proves
the lemma also in this case.
In the case v € (—1,0), from (69) we obtain the inequality

k
Vk>1 MkSXMk—la
from which we deduce thanks to an iterative argument as before that
VkeN* My, < — (A My).

Hence, for a < 1,

/ aAmG( )dx_Mo—f‘Z il Mk<M0+)\Mlza < +00.
0 k=1

The dominant term in A in this case is Az, so this finishes the proof. O

Proof of points 1-2 in Theorem 4.1. With the previous lemma we are ready to
prove our bounds on G.

First step (upper bound): Take 0 <a <1, and calculate the derivative of
G (x)e* =),
(Ge™) = (a —1)(B + N\)Ge™ + ML, (@). (71)

For a < 1 one can see that the right hand side is integrable on (0, 4o00): for the
last term,

/ ML ( / L (e"™MaG = / / e Wp(x,y) dy da

/ G (a)e @ / o) dyde = [ B)GE)N dr < oc,
0

where we have used (26). The last expression is finite for a < B,, /By due to
Lemma 4.3 and the fact that

A(x):Aer/ B(y)dyg/\erBM/ y7 dy
0 0

B By Y+ < B B, L By
—Ax—kilx A+ —— +1 BmA()

7+ = B
using the upper bound in (27). The other term in (71) is also integrable for
similar reasons, and we deduce that e** G € BV(0,00) C L°, which proves
(61).

In order to get (62) we need to prove that additionally, G(x) < Cx for x
small (say, x < 1). For this it is enough to notice that G(0) = 0 due to the
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boundary condition (5b), and also that the right hand side of (71) is bounded
for x € (0,1), as B and e**@ are, and

£4@) = [ 06wy < C /0 TG ) dy < 4o,

due to Hypotheses 1.6 and 1.3. The last integral is finite because v > 0 and we
already know G is bounded. This finishes the proof.

Second step (lower bound): Writing equation (71) for a = 1 we obtain
(Ge™Y =P L (G) >0,

and hence
G(z)eM® > G(5)er® (x >9).

This proves the result, as G(§) > 0 by Theorem 1.8. O

4.2 Bounds for ¢

First, in the case B(x) = B constant, the first eigenvalue A\ of the operator
—0, + L is explicitly given by A = B(k — 1) (under Hypotheses 1.1-1.2), and
¢(x) = C constant is a solution of (6), for some appropriate C' > 0 determined
by the normalization (6b).

In general the solution ¢ of the eigenproblem (6) is not explicit, and for its
study we will use the following truncated problem: given L > 0, consider

—0:01 + (B(x) + AL) ¢r(v) = L7 (¢r) () O<z <L, (72a)

L
6>0, éu(L)=0, / G(x)pp(z) de = 1. (72b)

This approximated problem is slightly different from the one considered in [3],
in that we are considering the first eigenvector G in the normalization (72b),
and not an approximation G, obtained by solving a similar truncated version
of equation (5). However, this modification is not essential, and the results in
[3] show the following (see also the truncated problems in [8], [12]):

Lemma 4.4. Assume Hypotheses 1.1-1.4. There exists Ly > 0 such that for
each L > Lg the problem (72) has a unique solution (Ap, ¢r), with A\r, > 0 and
or € WL, In addition,

A A, (73)
for every A >0, ¢ Lotpo ¢ uniformly on [0, A), (74)

where (X, @) is the unique solution of (6).

In the rest of this section we always consider L > Lg, so that Lemma 4.4
ensures the existence of a solution.
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4.2.1 Upper bounds

In order to obtain bounds for ¢ we use a comparison argument, valid for each
truncated problem on [0, L], and then pass to the limit, as the bounds we obtain
are independent of L. Let us do this. The function ¢ is a solution of the
equation

Sor(x)=0 (x €(0,1L)),

where S is the operator given by
S6(x) = ¢/ () + (\r + B(x)) dlx) — /0 b ) S) dy,  (75)

defined for all ¢ € W1>°(0, L), and for « € (0,L). The operator S satisfies the
following mazimum principle:

Definition 4.5. We say that w € Wh°°(0, L) is a supersolution of S on the
interval I C (0, L) when

Sw(z) >0 (x elI).

Lemma 4.6 (Maximum principle for S). Assume Hypotheses 1.1. Take A >
1/AL. If w is a supersolution of S on (A,L), w > 0 on [0,A] and w(L) > 0
then w >0 on [A, L].

Proof. We will prove the lemma when w € C'([0, L]), and then one can prove it
for w € W°(0, L) by a usual approximation argument. Assume the contrary:
there exists xyp € (A, L) such that w(zg) < 0 and w(z)/x attains a minimum,
ie.,

w(zg) <0, (76)
“’gO) < wff) (z € (0, L)). (77)

Then, because of (77), we have w'(z) = w(xg)/xo and hence

w(x o
Steo) = =2+ (0 4 B wieo) — [ b, ) wiy) dy
0
w(x w(x o
< -2 (0 4 Blag) wiae) — P [ e,y yay
Lo o 0
1
= w(l'())()\[, — %> <0,
which contradicts that w is a supersolution on (A, L). O

One can easily check that v(z) = x is a supersolution of S on (1/Ar,L). A
useful variant of that fact is the following;:
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Lemma 4.7. Assume Hypothesis 1.1-1.4, and also that

B(z)
phtl

=0 asx — +oo, (78)

where p is that in Hypothesis 1.4. Take a smooth function n : [0, +00) — [0,1],
with compact support contained on [0, R]. Then, there exists A >0 and L, > A
such that the function

v(z) =z +n(x)

is a supersolution of S on (A, L) for any L > L,.

Proof. We calculate, using (4),

Su(x) = 1+ Az — 1/ (2) + (Ar + B@)n(z) — / b, yn(y) dy,

which for x > R becomes

B(z)
phtl

R
Sv(x) = -1+ Apz — / b(z,y)n(y)dy > =1+ Apx — CRH
0

as 1 is bounded by 1, and using Hypothesis 1.4. Due to (78), this is positive for
all = greater than a certain number A which depends only on A\p. As Ay — A
when L — 400 (see Lemma 4.4), one can choose A to be independent of L. [

Proposition 4.8. Assume the hypotheses of Lemma 4.7. The solution ¢ of (6)
satisfies
px) <C(l+z)  (z=0) (79)

for some C > 0.

Proof. Due to the uniform convergence (74) we have the bound
¢(z) < K(4)  (zel0,4]) (80)

for some constant K = K(A) which does not depend on L. This proves the
bound on (0, A] for a fixed A.

To prove the bound on all of (0, 400) consider the function v(z) = = + n(x)
from Lemma 4.7 with 7 = 1), which is a supersolution on (4, L) for some
A > 0. Then, for any C > 0, the function

w(z) == Co(r) = o(x)

is a supersolution on (A, L). Since ¢ is bounded above on (0, A) by (80), uni-
formly in L, we may choose C' > ||@||z(0,4) independently of L, such that

¢(z) <Co(z)  (z€]0,4]),
or equivalently w > 0 on [0, 4]. As ¢(L) = 0, so that w(L) > 0, Lemma 4.6

shows that w > 0 on [0, L], which is the bound we wanted. O

24



4.2.2 Lower bounds

Let us look now for subsolutions.

Lemma 4.9. Assume Hypothesis 1.1-1.5, and also that B(x) — +00 as x —
+o00. Let ¢ : (—00,0) — [0,1] be a decreasing C* function which is 1 on
(—00,—¢€), 0 on (—€/2,0), and satisfies |¢'(x)| < 4/e for x € (—00,0). Take
0 <k < 1. There is a number A which is independent of L for which v(x) :=
x* p(x — L) is a subsolution of S on (A, L).

Proof. First, from Corollary 6.4 we have
/ v b(a,y)dy > pla® B(z) (x> 0)
0

for some p) > 1. Hence, by Lemma 6.3, we may choose €, > 0 such that

(1—es)x
[ ez et B @z, (81)
0

with Cj, > 1. Now, define ¢ (z) = ¢(z — L). We have, for x > max{ Ry, ¢/e.},
and using (81),

Sv(z) ==~k fﬂklsoL(fﬂ)—wk@'L(fﬂ)Jr()\ﬁB(x))wksoL(m)—/ow b(z,y) y*er () dy

4
< 2k 4 O+ B - / bz, y) v dy
0

<o (240 - B - 1),

which is negative for x greater than some number A which depends only on Aj,
and k. In order to be able to apply (81) we have also used that x —e > (1 —e,)x
for z > €/e.. O

Lemma 4.10. Assume Hypothesis 1.1-1.5, and also that B(x) — 400 as x —
+o00. For any 0 < k < 1 there is some constant Cy > 0 such that

p(z) > Cpa® (x> 0).
Proof. Take ¢ as in Lemma 4.9, and let A be the one given there. The function
w(z) = ¢r(x) — CxFo(x — L)

is a supersolution on (A4, L) for any choice of C' > 0. Now, the uniform conver-
gence of {¢r} from Lemma 4.4 together with the positivity of ¢ from Theorem
1.8 imply that there exists C'4 such that for L large enough

(bL(x) >Cy (.Z‘ c [O,A]),
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which in turn implies
oL(x) > (AFCa)ab (we[0,A)).

With C := A=%C4 we have w > 0 on [0, 4], w(L) = 0, and we conclude
using the maximum principle from Lemma 4.6, and again the locally uniform
convergence of {¢r,} from Lemma 4.4. O

5 Proof of the main theorem

Finally, we are ready to complete the proof of Theorem 1.9. We give the proof
of point 1 in the next subsection, and that of point 2 in the following one.

5.1 Exponential convergence to the asymptotic profile

Now that the inequality in Theorem 2.4 and the bounds on the profiles G and
¢ have been shown, we can use them to prove the first point in Theorem 1.9

Proof for self-similar fragmentation. Let us show that equations (44), (45), (46),
(49) and (50) hold for G, ¢. Then, as a direct application of Theorem 2.4, point
1 of Theorem 1.9 follows.

e The bound (44) is a immediate consequence of (56). With {(y) = 1 and
whatever M and R be, (46) is satisfied due to the fact that ¢(y) = y for
the self-similar fragmentation model.

e Using (56) for any a; > By /vy and as < B2, /(v Ba) (with 0 <y < 2) we
have for any = > M, R > 1 and for some constants denoted by C

o0 oo - o0 -
/ yGy)dy<C | ye ¥ dy<C [ y'le ¥ dy
Rx Rx Rx

=Ce ¥ < Ce " < CG(a),

where we consider a’ such that: £ < a’ < az (< a1) (which is possible

since R > 1), and that proves (45).
e We split the proof of (49) in two steps:

— For y < 2RM: On one hand, we have G(z) ¢(y) < Cy. On the
other hand, Hypotheses 1.7 and 1.3 show that b(y,z) > Cy?~1, so
for y < 2RM (49) holds, as v < 2.

— For 2RM < y < 2Rx: We have, again using (56),
G(z)dy) < Cye " < Cye =v/CHD <0yt

and we conclude as in the previous case, by means of Hypotheses 1.7
and 1.3.
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e Finally, considering ((y) = 1 and Hypothesis 1.7, we obtain ((y)y~! =
y~t < Cy’~t for any y > M because v > 0, and therefore (50) holds.

O

Proof for growth-fragmentation. As in the self-similar fragmentation case, we
only need to show that for growth-fragmentation model, K, M, R can be chosen
appropriately so that equations (44), (45), (46), (49) and (50) hold for G, ¢. In
this way, as a direct application of Theorem 2.4, point 1 of Theorem 1.9 holds
in that case.

First, for the case b(x,y) = 2By/x with B, > 0 a constant, the bound
(67) holds, and ¢(z) = C, for some constant C, > 0, as remarked at the
beginning of section 4.2. In this simpler case, (44) is a consequence of (61),
(45) is a consequence of (67), and (46) obviously holds with ((y) = 1, since
¢ is a constant. Similarly, (49) is obtained from (61), and (50) is true with
¢(y) =1 and K = 2By. This allows us to apply Theorem 2.4 and prove point 1
in Theorem 1.9 in this case.

Let us consider now the case v > 0. Note that the requirements in eq.
(64) hold, as due to (29) one may take = 1 in Hypothesis 1.4, and we have
v € (0,2). Hence, all the bounds in Theorem 4.1 are valid here.

e The bound (44) is a immediate consequence of (61). With ((y) = y°,
where 0 < € < 1 and whatever M and R are, (46) is satisfied due to the
fact that ¢(y) verifies (65): for Rz < y < 2Rz,

) 2 o1+ 41) < C(Co + C) < Col2).

C(y)

e Using (27), (65) and (66) we have for any « > M and for some constants
denoted by C

o(y) Cly) dy < C / (14y)e v dy

Rax Rx
<C y e—a vy dy = C e~ (B < CG(x),
Rx
which holds by taking 0 < @’ < as < (By,)?/(Bu(y+1)) and R > 1 such
that
ad R > By .
v+1

This proves (45).

e As in the self-similar fragmentation case, we split the proof of (49) in two
steps:

— On the one hand for y < 2RM and z < y, using (65) and (62) we
have G(z) ¢(y) < Cy(1 +y) and using Hypothesis 1.7 one sees (49)
holds because 0 < v < 2.
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e Finally, considering ((y)

5.2

— On the other hand for y > 2RM and x > % (which falls in the case

max{2RM, 2Rz} = 2Rzx) we have, again using (65) (66),

+

Gla)¢ly) < C(L+y)e " <Oy,
and we conclude due to Hypothesis 1.7.

= y° with 0 < € < min{~, 1} and Hypothesis 1.7,
we obtain ((y)y~! =y < Cy ! for any y > M, and therefore (50)
holds.

O

Spectral gap in L? space with polynomial weight

Gathering the first point of Theorem 1.9 with some recent result obtained in [5]
(see also [11] for the first results in that direction) we may enlarge the space in
which the spectral gap holds and prove part 2 of Theorem 1.9

We will make use of the following result

Theorem 5.1. [5, Corollary 4.2] Consider two Hilbert spaces H and H such
that H C H and H is dense in H. Consider two unbounded closed operators
with dense domain L on H, A on H such that Ajg = L. On H assume that

1.
2.

There is G € H such that L G =0 with |G||g = 1;

Defining ¥(f) = (f,G)u G, the space Ho = {f € H; w(f) = 0} is
invariant under the action of L.

L — « is dissipative on Hy for some a < 0, in the sense that
VgeD(L)NHy  (L—a)g,9)u <0,

where D(L) denotes the domain of L in H.

. L generates a semigroup ¢! on H;

Assume furthermore on H that

there exists a continuous linear form W :H — R such that Vg = 1;
and A decomposes as A = A+ B with

A is a bounded operator from H to H;

B is a closed unbounded operator on H (with same domain as D(A) the
domain of A) and satisfying the dissipation condition

Vge D) (B-a)g,g)n <0.
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Then, for any a € («,0) there exists Cy > 1 such that for any g, € H there
holds:

Vt>0 € gin — U (gin) Glln < Ca e gin — ¥(gin) G|ln.

Proof of part 2 in Theorem 1.9. We split the proof into several steps.
Step 1. Under the hypotheses of Theorem 1.9, take G, ¢ solutions of (5),
(6), respectively. We define H := L?(¢ G~'dx) and H = L?*(0dx) with § =
o(x) + z® k> 1. Due to the bounds of G and ¢ proved above, one can see that
HCH.
We define
Agi=—a(2)Bpg — (A + B(2)) g + L1g

on H and L := Ay on H. We also define

W(g) = (.G = /Oooga:dx (g€ H)

and 1 := U|g. From part 1 in Theorem 1.9 it is clear that L satisfies points
1-4. Moreover, V¥ is correctly defined and continuous on H as soon as k > 3,
so that H C L'(¢dx) thanks to Cauchy-Schwarz’s inequality. To finish proving
point 5, for given M, R > 0, we define x := M 1y ),

(Ag)(z) == g(z) x(z),
and

Bg:=|—gx —a(z)0zg — /\g] + [£+g — B(x) g} =A(g) — 9x

so that A = A+ B and clearly A satisfies point 6. In order to conclude we have
to establish that B satisfies point 7 for some well chosen k, M and R. Let us
prove this separately for the cases a(x) = z and a(x) = 1.

Step 2. The self-similar fragmentation equation. For a(x) = x, one has ¢(z) = x
and we may easily compute, for m > 1,

(Bg,9)r2(am de) = Tt + To + Ts + Ty + T,

with

o o Oy (™ 1
Ty ::/ (—xamg)ga:’”=/ " 2) =" /9296’”61%
T ::/ (—Qg)gxm:—Q/ngmdx,
0
T; ::f/ B(x)gxmgg—Bm/ngm+7,
0
T4:=—/ gz x,
0

7= [ (Lig)ems
0
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Introducing the notation G(x) = f;o lg(y)| v~ dy, we compute, using (29),

to< [Tamlgo) (PMBM | awly dy) dr

IN

_ _PMBM oo2gg/$m+1*7d$
2 0
PyB o

- M2 M/O G2 0, (z™ 1) da.

Thanks to Cauchy-Schwarz inequality we have for any a > 1

>~ —2+a > —a xl—a >~ —2+a
gz(l‘)S/ y? gz(y)dy/ y dy < a—l/ y? 2 g (y) dy.

We then deduce

Py B 1-— > v
M Ea T 1 / YT g2 (y) / 17 2™ dx dy
2 a—1 0 0

15

o0
< v / Yt g2 (y) dy,
0

with

 PuBuy

B o (m+1)—~ 1
v =via.m) = 22 ua.m). pla,m) = ¢

X
m+1)—y—(a—1) a-1

provided that m 4+ 2 — v — a > 0. In particular, we notice that for m = 1 and

a* =2—~/2 € (1,2) we have v(a*,1) = 2Py By /(2 — ), so that for m =1

< 2Py By
2=7 Jo

We also need to use the above calculation for m = k. We can find a and k such
that

oo
Ts 21 g% dx =: O / =1 g% d.
0

B,
k>3, 1<a<k+2-—7, Z/(a,k)<7.

To see this, take

=14+ — that <
“ + B,, '’ S0 A a—1 " 2p,Bu

and then take k large enough so that

LR B
k+1—v—a+17"

Putting together the preceding estimates we have proved

Ba.gyn < /wag%x){l 4 (Co— 1) e} de

o0 k—3 B,
+/ FP@ (2 Py
0 2 2
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Recalling the definition of y, for any C' > 0 we can find R and M large enough
so that

(Bg.g)u < —C/ 0g° dz,
0

and that proves that assumption (7) in Theorem 5.1 is fulfilled with a = C' = 3.
The conclusion of Theorem 5.1 provides the conclusion in Theorem 1.9.

Step 3. The growth-fragmentation equation. In this case we have a(z) = 1 and
¢ is the solution to the dual eigenvalue problem (6). We first compute

(Bg,9) 12 (¢ dw) = Ti23 + Ty + Ts,

with

Tiss = / (~0,9—Ag— By} g¢
0

- /W{I@¢A¢B¢}f
0 2

1 oo
_ _5/0 [+ Bo+ LT ¢} g2 <0,

T, = 7/ 9> X b,
0

5 = /0 (Lig)og

[ i agwl( [

oo
< 02/ g*x7 (1+z)ds
0

IN

9(y)|

y ! dy) dx

< Gy / ) 9% (¢(x) + ') du,
0

where as in the previous step we define Co = (BpC1/2) (u(a,0) + p(a, 1)) for
some 1 < a < 2—+ (recall that here we have made the hypothesis v € (0, 1)) and
C'3 comes from the fact that ¢ is uniformly lower bounded by a positive constant.
Following the computation of the previous step we easily get an estimate on
(B 9,9) 12 (z* dz)» choosing k as before. Putting all together we obtain

(Bo.g)n = /Ooowg)g(as(x)m’“)dw

IN

/0 {0y (9() + 1) — y 8} P de

>k B,
+/ {555’671 — ()\ + X) l’k — 7 Ik+’y}92 dz.
0
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Again, for any C' > 0 we can find R and M large enough so that

(Bg,g9)n < —C/ 0g° dz,
0

and we conclude as in the previous step. O

6 Appendix

The following results are useful for dealing with weak conditions on the frag-
mentation coefficient b(z,y).

Lemma 6.1. Let {f;}icr be a family of nonnegative finite measures on [0, 1],
indexed in some set I, and take k > 0 fized. The following two statements are
equivalent:

Je, 6 € (0,1) : / fi <6 fi  foralliel. (82)
[1—¢,1] [0,1]
3P e€(0,1): / 2F fi(x)de < P fi  foralliel. (83)
[0,1] [0,1]

Proof. First, assume (82) holds for some €, € (0,1). Observe that (82) is easily
seen to be equivalent to

/ i > (1-=19) fi foralliel. (84)
[0,1—¢) [0,1]

Using this,

kg _ kg kg
/Mx filw) do /[0,1_6)‘” filw)de + /[1_6,1]‘” fi() dz
—e)F i i
<(1-9 /[) filw)de + /[] filz) de

- filz)dz — (1 — (1 —€)¥) / fi(z) dx

[0,1] [0,1—¢)

<(1-(-0-9M01-9) [ fi@)de

(0,1]

- (6 +(1—=0)(1 - e)k) - fi(x)dx, (85)

where (84) was used in the last step. This proves (83) with P := 4§+ (1 —0)(1—
ok < 1.
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Now, let us prove (82) assuming (83) by contradiction. Pick €, € (0,1),
and take i € I such that (82) is contradicted for these €,d. Then,

/ ¥ fi(x) de > / 2k fi(x) do
[0,1]

[1—¢,1]

>(1- e)k/ fi(z)dx > (1 —€)*s fi(x)dx. (86)

[1—¢,1] [0,1]
Hence, choosing ¢ close to 1 and € close to 0 gives an ¢ € I such that (83) is
contradicted. O

Lemma 6.2. Let {f;}icr be a family of nonnegative finite measures on [0, 1],
indexed in some set I. The following two statements are equivalent:

Vod>03e>0: / fi <6 fi  forallicl. (87)
[1—e,1] [0,1]

There exists a strictly decreasing function k — pg,

with 0 < pp <1, lim pr =0
k——+o00 (88)

and / zF fi(z) dx < pk/ fi  foralliel.
(0,1]

[0,1]

Proof. Let us first prove (83) assuming (87). Equation (85) holds here also, so

/ xkfl(x) dx < ((5+(1—(5)(1—6)k) fi(x) dx

[0,1] [0,1]

Choosing d small enough, and then k large enough, one can take py, so that (88)
holds.

Now, let us prove the other implication by contradiction. Assume (88) does
not hold, so there is some 6 > 0 such that, for every e > 0, (88) fails at least for
some i € I. With the same calculation as in (86), choosing € = 1 — (1/2)"/* we
have that for every k > 1 there is some i € I such that

/ 2* fi(x) do > 0 fi(z) dx.
0.1] 2 Jio

[0,1
This contradicts (88). O
Lemma 6.3. Consider a fragmentation coefficient b satisfying Hypothesis 1.1,

1.2 and 1.5, and take 0 < k < 1. For every § > 0 there exists an € > 0 such
that

(1—e)x x
/ YF b, y) dy > (1 - 5) / Fhey)dy  (@>0).  (39)
0 0

Proof. Equivalently, we need to prove that for every § > 0 there exists € > 0
such that

/ y* b(a,y) dy < 6 / P oey)dy (2> 0). (90)
(1—e)z 0
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Using Hypothesis 1.5, take ¢ > 0 such that (28) holds with 6/« instead of ¢,
where £ is the one in Hypothesis 1.2. Then,

/ Y bz, y) dy < x’“/ b(z,y)dy < w’“%/ b(z,y) dy
( 0

1—e€)x (1=e)z
xT y x
= 2"6B(z) = xké/ Zb(z,y)dy < 5/ y*b(z,y)dy. O
o T 0

Corollary 6.4. Consider a fragmentation coefficient b satisfying Hypothesis
1.1, 1.2 and 1.5. Then there exists a strictly decreasing function k — py for
k >0 with limg_, 0o pr = 0,

pr>1forkel0,1), pr=1, 0<pr<1fork>1, (91)

and such that
| vendy<patB@) @0 k>0, (92)
0

Also, for each 0 < k < 1 there exists pj, > 1 such that

x
| b dy =t Ba) @0, ke ). (93)
0
Proof. Apply Lemma 6.2 to the set of measures {f,}.>0 given by
fa(2) =b(z,22) (2 €10,1]),

for which Hypothesis 1.5 gives precisely (87). Then, by a change of variables
and using Hypothesis 1.2, (88) is exactly (92).

For the second part, fix 0 < k& < 1. Applying Lemma 6.2 to the set of
measures {2"b(x,r2)},~0 gives p} so that (93) holds, as this set also satisfies
(87) (by Lemma 6.3). O

Remark 6.5. One can omit Hypothesis 1.2 in the previous corollary and still get
the result for k > 1 by taking f,(z) := zb(z, zz) in the proof.
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