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RATE OF GROWTH OF NONOSCILLATORY SOLUTIONS FOR
THE DIFFERENTIAL EQUATION 5 + ¢(&)|yl” sgny = 0,0 < v < 1*
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1. Introduction. The object of this paper is to study the rate of growth of real-
valued nonoscillatory solutions of

g+ q® |yl"sgny =0 1.1)

where ¢(f) is nonnegative and continuous on [0, =) and v is any real number satisfying
0 < ¥ < 1. (These assumptions on ¢(¢) and v will be implicitly assumed throughout.)
There are necessary and sufficient conditions for the existence of nonoscillatory solutions
y(t) of (1.1) satisfying either lim,. y(t) = a # 0 or lim,. (y(¢)/(t) = a # 0 (cf. Sec. 2).
Our main purpose, then, is to discuss other possible types of nonoscillatory solutions,
for example, solutions which grow like a fractional power of ¢. Very little is known about
such solutions. We will give criteria for the existence of such solutions and also a criterion
for a certain type of “dichotomy’’ which may occur.

All solutions of (1.1) exist on [0, «) as follows from a theorem of Wintner (Hartman
[5]). By definition, a solution of (1) is said to be oscillatory if it has arbitrarily large
zeros; i.e., if T > 0, then there is a ¢ > T such that y(¢) = 0. If there is a T > 0 such
that y(f) = 0 for t > T, then y(¢) is called nonoscillatory.

Note that if v is the quotient of odd integers, Eq. (1.1) takes the form

¥+ q)y” = 0. (1.2)

Even without this restriction I£q. (1.1) has the property that if y(¢) is a solution —y(¢)
is also a solution. This clearly simplifies the discussion of nonoscillatory solutions of (1.1)
because they can always be assumed to be nonnegative and then (1.1) takes the form (1.2).

2. Preliminaries. In this section we state, for future reference, results which are
known or easily proved.

TueoREM 2.1. Al solutions of (1.1) are oscillatory if and only f
f s7q(s) ds = .

This was first proved by Belohorec [3]. A very short proof of the sufficiency
of [ s7q(s) ds = = is given in [7]. Necessity will follow from the next theorem which is
analogous to a result of Moore and Nehari [10] fory > 1.

* Received September 8, 1969; revised version received November 10, 1969. This work was sup-
ported in part by National Science Foundation Grant GP-9575.



602 J. W. HEIDEL

THEOREM 2.2. If [~ s"q(s) ds < o, then Eq. (1.1) has a solution y(f) with a positive
zero which satisfies lim,., (y(£)/t) = a where 0 < a < .

Proof. Let y(t) be a solution of (1.1) such that y(¢) = 0 and 7(6,) > 0. Then y(t) <
y(to)(t — to), t > to as long as y(¢) is positive (since y(f) is concave). Therefore in some
interval to the right of ¢, , we have, by integrating (1.1) (which simplifies to (1.2)),

g(te) < 9() + 9(te)” f (s — 1) q(s) ds.

Hence

1 < 90 + ([ 57060 a5 / @)

If we now take ¢(t,) so large that 2 [2 s"q(s) ds < (y(t,))"' ™7, we will have y(t) < y(t) +
19(to) or 1y(t,) < y(t). This is true as long as y(f) > 0. Therefore it is true for ¢ > ¢t,.
Since 7(f) is then nonincreasing, we see that lim,.. §(f) > 2y({,) > 0. This proves
the theorem.

TueoreM 2.3. (1.1) has a solution y(f) satisfying lim,.. y(t)/t = a > 0 if and only
if [°s"q(s) ds < .

TueoreEM 2.4. (1.1) has a solution y(t) satisfying im,., y({) = a > 0 if and only
if [ sq(s) ds < .

Proof. Sufficiency of the condition [~ sq(s) ds < « is proved, for example, in [6]-
Necessity is easily established as follows. Suppose that y(f) is an eventually positive
nonoscillatory solution of (1.1). Suppose that y(t) > 0, y(¢) > 0 for ¢ > ¢, . Note that
7 must be eventually positive since § is eventually nonpositive. Multiplying (1.1) by
t/y” and integrating by parts gives

e @) sy ‘ )
WO 1 —x + f e ds + k + f sq(s) ds = 0.

If [t sq(s) ds > ~ ast— o, we must also have y(f) —» « ast— . This proves the
theorem.

Remark. Theorem 2.3 and Theorem 2.4 are actually true as stated for all y > 0,
including the linear case, although different proofs are required for y > 1.

Remark. It was shown above that if [7 s7¢(s) ds < o, there are nonoscillatory
solutions which grow like ¢ and which moreover have a positive zero. Theorem 2.4
then raises the question, if [~ sqg(s) ds < o, do there exist bounded nonoscillatory
solutions with a positive zero? For the Emden-Fowler equation, i.e., ¢(t) = t’, the answer
is yes as was shown by Sansone [12]. For the general Eq. (1.1) this is an open question.
For the case ¥y > 1, the question of nonoscillatory solutions with zeros is discussed
in [10] and [11].

3. Rate of growth of nonoscillatory solutions. The preceding section was concerned
with nonoscillatory solutions which either are bounded or grow like f. The present
section is motivated by the observation (Bellman [2]) that the Emden-Fowler equation

g+ 1y =0 (3.1)
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has the solution y(f) = ct” where

_o+2 {_(cr + 2+ + 1)}”"""
1 -y’ -1

Here we assume that ¢ + v + 1 < 0 since otherwise all solutions of (3.1) are oscillatory.
If ¢ < —2, all nontrivial solutions are either bounded or grow like ¢ (as will be shown
below). If o = —2, then ¢ = 0. Therefore we assume o > —2. Thus¢ > 0and0 < w < 1
and there exists a nonoscillatory solution which grows like a fractional power of ¢.

The question then which we want to consider is under what conditions Eq. (1.1) has
nonoscillatory solutions which are neither bounded nor grow like ¢. The first step in this
direction is a lower bound for the nonoscillatory solutions.

TueEorREM 3.1. If (Belohorec [4])

lim inf ¢ [ g(s)ds > 0

t—o vt
for some 0 < B < 1, and if y(t) is an eventually positive nonoscillatory solution of (1.1),
then there is a ¢ > 0 such that

y(t) Z ct(l—ﬂ)/(l—ﬂ (32)

for sufficiently large t.

The above discussion of the Emden-Fowler equation (3.1) shows that (3.2) is sharp.
We know from Sec. 2 that if there are any nonoscillatory solutions at all, then there are
nonoscillatory solutions which grow like ¢. Thus it is certainly impossible to find an
upper bound for all nonoscillatory solutions which is analogous to the lower bound
given by Theorem 3.1. However, it is possible to establish the existence of a nonoscillatory
solution which grows no faster than a specified fractional power of ¢. To do this we use
the theory of subfunctions. The following lemma is a special case of a theorem
of Schrader [13] (see also Jackson [9, Theorem 7.4]).

Lemma 3.1. Suppose that there exist functions ¢(t), ¢(t) ¢ C*[a, =), a > 0, such that
é + q(©)¢” > 0 (lower solution) and ¢ + q{t)y” < 0 (upper solution) and also 0 < ¢(f) <
Y(t) for t > a. Then there is a solution y () of (1.1) such that ¢(t) < y(t) < ¢¥(t) fort = a.

Tueorem 3.2. If q(t) satisfies 0 < k" < q(t) < kot™ for t > t, , where ky > 0,
—2 < B, € B; < —1 — v, then there extists a posttive nonoscillatory solution y(t) of (1.1)
which satisfies

cltal S y(t) S CZta’) t 2 tO ’

if k, > 0, where

a, =

B+ 2 B )T e
1_7! [ Ot.»(l—oz,-) s 1 1.2.

If ky = 0, then there exists a solution y(t) of (1.1) satisfying cot;” < y() < cat™.
Proof. Let¢(t) = c,t™ if ky > 0 and ¢(f) = c,tg* if k = 0, and let ¢(¢) = c.t”. Since

0<ar <ay, o) <) for t > t, . Clearly ¢(t) is an upper solution and ¢(t) a lower
solution for (1.1). Therefore by Lemma 3.1 there exists a solution y(¢) of (1.1) such that

o(1) < y(®) < (@) fort > &, .
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Remark. Better results can be obtained by assuming stronger conditions on ¢(t),
for example, if () = bt*(1 + a(t)) where |a(t)] + [td(t)] < At™°, ¢ > 0. See [1].

CoroLLARY 3.1. If q(t) < kt™"*®”% k > 0, t > t,, then there is a nonoscillatory
solution y(t) of (1.1) such that 0 < y(t) < ct'’* where c is given in the theorem.

1/2

Nonoscillatory solutions y () which satisfy 0 < y(f) < ct'’* have a special significance

as 18 indicated in the next theorem.

TueoreMm 3.3. Suppose y,(t) is a nonoscillatory solution of (1.1) which is positive
on [ty , ©) and such that

e
| G =

Let y,(t) be any other nonoscillatory solution of (1.1) which s positive on [t, , ). Then either
) y.(t) < kay, (1), t > t,, somek, > 0

or
(i) y2(t) > kay () [¢, ds (y:1(s))°, sufficiently large t, some ky, > 0.

Proof. The proof is based on the transformation

t

= = _1 "5
y(t) yl(t)u(x)) x " (yl(s))~2 dS, (33)
which transforms (1.1) into
d
W’ + @)l sgnu —w) =0, "=, (3.4)

where f(z) = (3:(t))"**q(t). Thus the t-interval [t, , ) corresponds to the z-interval
[0, ). Clearly f(x) > 0 for x > 0. For positive nonoscillatory solutions (3.4) is equivalent
to

u' + (@)W — u) = 0.

The solution y,(f) of (1.1) corresponds to the solution u,(z) = 1 of (3.4). Let y.()
correspond to u,(x). We will consider several different possibilities.

1. Suppose 0 < u2(0) < 1. If u,(x) < 1for z > 0 then (i) holds. Suppose uz(z,) = 1
where z, is the first such point. Then u}(z,) > 0 (since u(z) = 1 is the unique solution
satisfying u(zo) = 1, u'(z,) = 0). Thus there is an z, > z, such that u,(z;) > 1 and
u}(z,) > 0. Then u}’(x,) > 0. Therefore u)’ > 0, us > 0, u, > 1 for z > 2, . Hence
up(x) > uf(z)) > 0 for z > z, . Therefore u.(z) > (z — z)uj(z,) for x > z, . Thus
uz(x) > kyx for large x. Thus (ii) holds.

2. Now suppose that u,(0) > 1. If uj(z) < 0 for z > 0, then u,(2) < us(20), > 0,
and (i) holds. Otherwise proceed as in Case 1.

CoROLLARY 3.2. If there is a positive nonoscillatory solution y,(t) of (1.1) satisfying
0 < ct® <y(t) <dt*, 0 < a < 3 then every other positive nonoscillatory solution y.(t)
satisfies either y,(t) < kit® or

(i) yz(t) Z kgtl—a, 24 75 %,
(1) ya(t) > ko' log ¢, a = 1.
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CoRrOLLARY 3.3. If there are two positive nonoscillatory solutions y,(t), ya(t) of (1.1)
such that 0 < cit™ < y,(t) £ d;t*',0 < a; < 3,7 = 1, 2 then there are positive constants
k, and k, such that

ki < 5:(0)/y(8) < Ky
for large t.

CoroLLARY 3.4 (Belohorec [4]). If (1.1) Kas a bounded nonoscillatory solution,
then every other positive nonoscillatory solution is either bounded or else satisfies lim, .o
y()/t = a > 0 (and finite).

Proof. Recall that every positive nonoscillatory solution is nondecreasing. Let y, (f)
be a positive, bounded, nonoscillatory solution. If y.(¢) is any other positive nonoscillatory
solution, then by Corollary 3.2 either y.(t) is bounded or y,(f) > k.t for some ks > O.
Suppose the latter. Since lim, ..., §(¢) exists and is finite for every nonoscillatory solution,
it is clear that lim,_. ¢.(t) > 0. Therefore, by ’'Hospital’s rule lim,_., ¥,(f)/t = a where
0<a< o, .

THEOREM 3.4. If [~ sq(s) ds < « and ¢(t) < 0, then every nontrivial solution y(t)
of (1.1) satisfies either lim, . y(f) = a where @ # 0, & or lim,.. y({)/t = B8 where
B#0, L.

Proof. This follows immediately from Corollary 3.4 and a nonoscillation theorem [6]
which states that under the hypotheses of Theorem 3.4 all nontrivial solutions of (1.1)
are nonoscillatory.

Remark. Many of the results in this paper have analogues for the case y > 1 (c.f.
Moore and Nehari [10]). However, analogues to Theorems 3.2 and 3.3 for the case y > 1
are not known. The techniques used to prove these two theorems do not work fory > 1.
However, the Emden-Fowler equation (3.1) has a solution of the form y(f) = ct*,
0<w< 1 fory>1aswell as0 < y < 1. Thus there should be an analogue at least
to Theorem 3.2, for the case y > 1.

REFERENCES

[1] L. A. Beklemiseva, On a non-linear second-order differential equation, Mat. Sb. 56 (98), 207-236 (1962)
(Russian)
[2] Richard Bellman, Stability theory of differential equations, Chapter 7, McGraw-Hill, New York,
1953
[3] S. Belohorec, Oscillatory solutions of certain nonlinear differential equations of the second order, Mat.
Casopis Sloven Akad. Vied 11, 250-255 (1961) (Czech)
, On some properties of the equation y''(z) + f(z)y«(z) = 0,0 < a < 1, Mat. Casopis Sloven.
Akad. Vied. 17, 10-19 (1967)
[5) Philip Hartman, Ordinary differential equations, Wiley, New York, 1964
(6] J. W. Heidel, 4 nonoscillation theorem for a nonlinear second order differential equation, Proc. Amer.
Math. Soc. 22, 485-488 (1969)
, A short proof of Atkinson’s oscillation theorem, SIAM Rev. 11, 389-390 (1969)
, Unigueness, continuation, and nonoscillation for a second order nonlinear differential equation,
Pacific J. Math. 32, 715-721 (1970)
[9] L. K. Jackson, Subfunctions and second-order ordinary differential inequalities, Advances in Math. 2,
307-363 (1968)
[10] R. A. Moore and Z. Nehari, Nonoscillation theorems for a class of nonlinear differential equations,
Trans. Amer. Math. Soc. 93, 30-52 (1959)

(4]

(7]
(8]




606 J. W. HEIDEL

[11] Z. Nehari, On a class of nonlinear second-order differential equations, Trans. Amer. Math. Soc. 95,
101-123 (1960)

[12] G. Sansone, Sulle soluzioni di Emden dell’equazione di Fowler, Univ. Roma e Ist. Naz. Alta Mat.
Rend. Mat. e Appl. (5) 1, 163-176 (1940)

[13]) K. W. Schrader, Boundary-value problems for second-order ordinary differential equations, J. Differ-
ential Equations 3, 403—413 (1967)



