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Rates of change of eigenvalues and eigenvectors of a damped linear discrete dynamic system with respect to the system param-
eters are presented. A non-proportional viscous damping model is assumed. Due to the non-proportional nature of the damping the
mode shapes and natural frequencies become complex, and as a consequence the sensitivities of eigenvalues and eigenvectors are also
complex. The results are presented in terms of the complex modes and frequencies of the second order system and the use of rather un-
desirable state-space representation is avoided. The usefulness of the derived expressions is demonstrated by considering an example
of a non-proportionally damped two degree-of-freedom system.

Introduction these methods, other than the light damping assumption, depends

Changes of the eigenvalues and eigenvectors of a linear vibrating UPon various factors, for example, frequency separation between
system due to changes in system parameters are of wide practicalthe modes, driving frequency, etc. (see Patk al.’, Gawronski
interest. Motivation for this kind of study arises, on one hand, from and Sawicki and the references therein for discussions on these
the need to come up with effective structural designs without per- topics). A convenient way to avoid the problems which arise due
forming repeated dynamic analysis, and, on the other hand, from o the use of real normal modes is to incorporate complex modes
the desire to visualise the changes in the dynamic response with in the analysis. Apart from the mathematical consistency, conduct-
respect to system parameters. Besides, this kind of sensitivity anal- ing experimental modal analysis also one often identifies complex
ysis of eigenvalues and eigenvectors has an important role to play Modes: as Sestieri and Ibratfirhave put it * ... it is ironic that
in the area of fault detection of structures and modal updating meth- the real modes are in fact not real at all, in that in practice they do
ods. Rates of change of eigenvalues and eigenvectors are useful in"ot exist, while complex modes are those practically identifiable
the study of bladed disks of turbomachinery where blade masses rom experimental tests. This implies that real modes are pure ab-
and stiffness are nearly the same, or deliberately somewhat altered Straction, in contrast with complex modes that are, therefore, the
(mistuned), and one investigates the modal sensitivities due to this Only reality ! * But surprisingly in most of the current application
slight alteration. Eigensolution derivatives also constitute a central areas of structural dynamics which utilise the eigensolution deriva-
role in the analysis of stochastically perturbed dynamical systems. tives,e.g. modal updating, damage detection, design optimisation
Possibly, the earliest work on the sensitivity of the eigenvalues was @nd stochastic finite element methods, do not use complex modes
carried out by Rayleigh In his classic monograph he derived the  in the analysis but rely on the real undamped modes only. This is
changes in natural frequencies due to small changes in system pa-Partly because of the problem of considering appropriate damping
rameters. Fox and Kapdohave given exact expressions for rates model in t_he structure and p_ar_tl_y because of the unavailability of
of change of eigenvalues and eigenvectors with respect to any de- complex eigensolution sensitivities. Although, there has been con-
sign variables. Their results were obtained in terms of changes in Siderable research efforts towards damping models, sensitivity of
the system property matrices and the eigensolutions of the structure COMplex eigenvalues and eigenvectors with respect to system pa-
in its current state, and have been used extensively in a wide range rameters appear to have received very little attention in the existing
of application areas of structural dynamics. Nefsoproposed an literature. _
efficient method to calculate eigenvector derivative which requires [N this paper we determine the rates of change of complex natu-
only the eigenvalue and eigenvector under consideration. A com- ral frequencies and mode shapes with respect to some set of design
prehensive review of research on this kind of sensitivity analysis Vvariables in non-proportionally damped discrete linear systems. It
can be obtained in Adelman and Haftka is assumed that the system does not posses repeated eigenvalues. In

The above-mentioned analytical methods are based onrthe sect_ion , we b_rieﬂy discuss the requisite mathematical background
dampedree vibration of the system. For damped systems, itiswell ©N linear multiple-degree-of-freedom discrete systems needed for
known that unless the damping matrix of the structure is propor- further_derlv_atlons. Sensitivity of complex eigenvalues is c_ierlved
tional to the inertia and/or stiffness matrices (proportional damp- N Section in terms of complex modes, natural frequencies and
ing) or can be represented in the series form derived by Cadghey ~Cchanges in the system property matrices. The approach taken here
the mode shapes of the system will not coincide with the undamped avoids the use of state-space formulation. In section , sensitiv-
mode shapes. In the presence of general non-proportional viscous !ty Of complex eigenvectors is derived. The derivation method
damping, the equations of motion in the modal coordinates will be USES state-space representation of equations of motion for inter-
coupled through the off-diagonal terms of the modal damping ma- mediate calculations and then relates the eigenvector sensitivities
trix, and the mode shapes and natural frequencies of the structure {0 the complex eigenvectors of the second order system and to the
will in general be complex. The solution procedures for such non- changes in the system property matrices. In section , a 2 degree-of-
proportionally damped systems follow mainly two routes: the state fé€dom system which shows the ‘curve-veering' phenomenon has
space method and approximate methodsNspace’. The state- been considered to illustrate t_he application of_the expression for
space method (see Newld)dalthough exact in nature requires ~ 'ates of changes of complex eigenvalues and eigenvectors. The re-
significant numerical effort for obtaining the eigensolutions as the Sults are carefully analysed and compared with presently available
size of the problem doubles. Moreover, this method also lacks Sensitivity expressions of undamped real modes.
some of the intuitive simplicity of traditional modal analysis. For
these reasons there has been considerable research effort to analyse Background of Analytical Methods

non-proportionally damped structures M-space. Most of these The equations of motion for free vibration of a linear damped

r_nethod_s either seek an optim_all decoupling of the equations of mo- giscrete system wittV degrees of freedom can be written as
tion or simply neglect the off-diagonal terms of the modal damping

matrix. It may be noted that following such methodologies the Mii(t) + Ci(t) + Ku(t) = 0; £>0 1)
mode shapes of the structure will still be real. The accuracy of ’ -

- Pa— _ - o whereM, C andK € RV*" are mass, damping and stiffness
Kinngf,ﬁ]artmem of Engineering, Trumpington Street, Cambridge CB2 1Pz, United  atricesu(t) € RY is the vector of the generalised coordinates
andt € R" denotes time. We seek a harmonic solution of the form
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u(t) = uexplst], wheres = iw with i = /=T andw denotes Rates of Change of Eigenvalues
frequency. Substitution af(¢) in equation (1) results Suppose the structural system defined in (1) can be described by
a set ofm parameters (design variableg)= {g1, g2, - - ~gm}T IS
s°Mu + sCu + Ku = 0. (2) R™, so that the mass, damping and stiffness matrices become

functions ofg, that isM, C andK : g — RY*Y . Assume fur-
ther that the design variables undergo a small change of the form
Ag = {Ag1,Aga, - Agm}T € R™. For this small change, ne-
glecting higher order terms in the Taylor series, tit complex
eigenvalue can be expressed as

This equation is satisfied by theth latent root,s;, andi-th latent
vector,u;, of the \—matrix problem (see Lancasl@), so that

$2Mu; + 5,Cu; + Ku; =0, Vi=1---N. ©)

In the context of structural dynamics the are called mode shapes
and the natural frequencies are defined bys; = i\;. Unless
system (1) is proportionally dampeide. C is simultaneously di- c .

agonalisable wittM andK (conditions were derived by Caughey where )‘( ) € C denotes the Cha[lnged complex elgenvalue and
and O'Kelly%), in general\; € C andu; € CV. Several authors VA = fAias iz, A m}" € C™. Herehi; = gb is the
have proposed methods to obtain complex modes and natural fre- rate of change of-th eigenvalue with respect ig, which'is to be
quencies inV-space. Rayleighconsidered approximate methods ~ found. It may be noted that recently Bhaskanas derived an ex-

to determine\; andu; by assuming the elements@fare small but pression for\; ; by converting equation (3) to the state-space from
otherwise general Using perturbation analysis, Crbrivas given where the eigenvalue problem takes the Duncan form. Here we try
a power series expression of eigenvalues and eigenvectors. Re-to derive an expression o ; without going into the state space.
cently WoodhousE has extended Rayleigh’s analysis to the case For i-th set, SUbStItUtII’IgZ = i\;, equation (3) can be rewritten

of more general linear damping models described by convolution as

integrals of the generalised coordinates over the damping kernel F,u; =0 (12)
functions. Bhaskaf developed a procedure to exactly obtain
andu; by an iterative method. All of these methods calculate the
complex modes and frequencies with varying degree of accuracy F; =F(\,g) = -A/M+i\C+ K. (13)
depending on various factors: for example amount of damping,

separation between the modes and number of terms retained in per-premutiplication of equation (12) by” yields

turbation expansion, etc.

M~ A+ AgTVA (11)

where the regular matrix pencil

However, complex modes and frequencies can be exactly ob- ul'Fiu; =0. (14)
tained by the state space (first order) formalisms. Transforming
equation (1) into state space form we obtain Differentiating the above equation with respecytoone obtains
3(1‘/) = Ag(t) (4) uz:jFilli + u;fFFi,jui + u;TFFiui,j =0 (15)
whereA € R2V*2N is the system matrix ang(t) € B> re- whereF; ; stands forgf;;, and can be obtained by differentiating
sponse vector in the state space given by equation (13) as
B 0 I , o u@®) Fij; = [X\ij (iC—2\M) — X)M; +iXC; + K ;] . (16)

Now taking the transpose of equation (12) and using the symmetry
property of F; it can shown that the first and third terms of the

: NXN ; H NXxXN
In the above equatiod € R is the null matrixand € R equation (15) are zero. Therefore we have

is the identity matrix. The eigenvalue problem associated with the
above equation is now in term of an asymmetric matrix and can be ulF. =0 17)
expressed as

SubstitutingF'; ; from equation (16) into the above equation one

Az; = sz, Vi=1,---,2N (6) writes
wheres; is thei—th eigenvalue and; € C*" is thei—th right “Xiju; (iIC—22AM)uw; =u [-AIM; +i\C; + K ] u
eigenvector which is related to the eigenvector of the second order (18)
system as and again we note that the scalar term
. — u; 7
Zi = { Siu; } ’ ™ uiT (iC —-2XxM)u, = _X [u?Fiui — u?()\?M + K)ul] .

(19)

. ' oN . L i
Theleft eigenvectoy; € C* associated with; is defined by the Finally, after using equation (14) and combining the above two

equation equations we can have
yi A =siy; (8)
T C_2M s+ iNC
where(e)” denotes matrix transpose. For distinct eigenvalues it is A= M\ Wi [K’J AM; + 1)‘10’9} u 20
. . - 2, T T(\2 ( )
easy to show that the right and left eigenvectors satisfy an orthog- uf (AM + K)u;

onality refationship, thatis which is the rate of change of thieh complex eigenvalue. For the

undamped case, whedl = 0, \; — w; andu; — x; (w; and
x, are undamped natural frequencies and modes satisK/ig—=
w?Mx;), with usual mass normalisation the denominaterRw?,
and we obtain

yizi=0; Vj#i 9

and we may also normalise the eigenvectors so that

YiTZi =1L (10) 2wiwi,j = (w?),j = XZT [K_,j - wayj] X (21)

The above two equations imply that the dynamic system defined This is exactly the well-known relationship derived by Fox and
by equation (4) posses a set lmbrthonormaleigenvectors. As Kapoof for the undamped eigenvalue problem. Thus, equation
a special case, when all eigenvalues are distinct, this set forms a (20) can be viewed as a generalisation of the familiar expression
completeset. Henceforth in our discussion it will be assumed that of rates of change of undamped eigenvalues to the damped case.
all the system eigenvalues are distinct. Following observations may be noted from this result
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e The derivative of a given eigenvalue requires the knowledge
of only the corresponding eigenvalue and eigenvector under
consideration, and thus a complete solution of the eigenprob-
lem, or from the experimental point of view, eigensolution
determination foall the modes is not required.

e Changes in mass and/or stiffness introduce more change in
the real part of the elgenvalues whereas changes in the damp-
ing introduce more change in the imaginary part.

Since\; ; is complex in equation (20), it can be effectively used
to determine the rates of change of Q-factors with respect to the
system parameters. For small damping, the Q-factor fori-ime
mode is expressed @ = R(X:)/23(\:), with R(e) and(e)
denoting real and imaginary parts respectively. Consequently the
rate of change can be evaluated from

Qi =L R(Ai)S(Ai) — R(A)S(Niy)
=5 SO

(22)

This expression may turn out to be useful since we often directly
measure the Q-factors from experiment.

Rates of Change of Eigenvectors
For a small change in the design variablagg € R™, thei-th

complex eigenvector can be expressed as

ugc) ~u; + [Vu] Ag (23)

Whereugc) € CV denotes the changed complex eigenvector and
[Vu,] = [ui, W2 Wim], € € CN*™ \with u;; = 8“‘ ecVN

is thei-th complex modal sensitivity matrix. Sinag |s "the first

N rows ofz; (see equation (7)) we first try to derige ; and sub-

sequently obtaim; ; using their relationship.
Differentiating (6) with respect tg; one obtains

(A —=si)zij = — (A — si;)z. (24)
Since it has been assumed tahas distinct eigenvalues the right

eigenvectorsz;, forms a complete set of vectors. Therefore we can
expandz; ; as
2N
Zij = Z Qijl2]
=1

wherea;;;, Vi = 1,--- 2N are set of complex constants to be de-
termined. Substituting, ; in equation (24) and premultiplying by
the left eigenvectoy’ one obtains the scalar equation

(25)

2N

T T T T
E (Vi Azt — 85y, 21) Giji = —Yi A jZi + 8i,j Yk Zi-
=1

(26)

Using the orthogonality relationship of left and right eigenvectors
from the above equation we obtain

T
_ YAz
Qjjlg = ——
$i — Sk

Vk=1,--- ,2N;#i @7)

Thea;;i, as expressed above is not very useful since itis in terms of
the left and right eigenvectors of the first order system. In order to
obtain a relationship with the eigenvectors of second order system

we assume
] Y1
=)

wherey1,,y2; € CV. Substitutingy; in equation (8) and taking
transpose one obtains

(28)

siy1; = —KM 'y,
siy2; =y1; — CM 'y,
yi; = [SZI + CMil] y2;-

(29)

or
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Elimination of y1, from the above two equation yields

si (siy2, + CM ™ 'yz,) = —KM'ys, (30)
[S?M + 5;C + K} (Mflyzi) =0.

or

By comparlson of this equation with equation (3) it can be seen that
the vectorM ™~ y’21 is parallel tou;; that is, there exist a non-zero
B:; € C such that

M_lyzi = Biui or yzi = @Muz (31)
Now substitutingy: ;, y2,; and using the definition of; from equa-
tion (7) into the normalisation condition (10) the scaianstant3;
can be obtained as

1

B = uiT [QSZ'M + C] u; ’

(32

Usingy2, from equation (31) into the second equation of (29) we
obtain

s;iM+ C
c (C2N><2N
0 .

0
where P; = M

83

yi = BiPizs;

(33)
The above equation along with the definition &f in (7) com-
pletely relates the left and right eigenvectors of the first order
system to the eigenvectors of the second order system.
The derivative of the system matriX can be expressed as

-

0

0
M) il |

0
MK+ MK

0
~-M™>M ;C+M"'C;
(34)

-

from which after some simplifications the numerator of the right
hand side of equation (27) can be obtained as

ygA’jzi = —ﬁkuf {—M_IMJ [K + SlC} + Cﬂj =+ K’j} u;.

(35)
Sincel=MM "I, =M ;M '+ M[-M>M| =0or
M, ,M™' = M~'M, thatisM~"' andM ; commute in prod-
uct. Using this property and also from (3) noting thdi; =
—~M™! [5;,C + K] u; we finally obtain

k [S%M,j +5C,; + K,j} u
Si — Sk

vk = 2N #£ 4.
(36)
This equation relates the ;,, with the complex modes of the sec-

ond order system.
To obtaina;;; we begin with differentiation of the normalisation

condition (10) with respect tg; and obtain the relationship

aijk = =Pk

yiT,jzi + yiTzi,j =0. (37)
Substitution ofy; from equation (33) further leads to
Bi {z;{jP;‘in +z; Pz + z;TFPiTzi,j} =0 (38)
whereP; ; can be derived from equation (33) as
si, ;M +s;M; +C; 0
P;; = 0 M M,; (39)

i Si

SinceP; is a symmetric matrix, equation (38) can be rearranged as

2 <ﬁzleP1> 2z = —0iz; Pijzi. (40)
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Note that the term within the bracket i (see equation (33)).
Using the assumed expansionzgf; from (27) this equation reads

2N 1 2
2yLT Zaijlzl = *ﬁiZZTPi’jZi. (41) > >
=t m S m
The left hand side of the above equation can be further simplified —A\NN—
11
Z;-TPi’jZi :uZT [Siij-i-SiM’j —|—C7j}ui+ kl _;, k2

M M ;

T ) T . .

u; Si {— 52 Sij + S_J} sin; = u; [2s:M,; + C ;] u;. Fig. 1 Two degree-of-system shows veeringp = 1 kg, k&1 = 1000
i B (42) N/m, ¢ = 4.0 Ns/m

Finally using the orthogonality property of left and right eigenvec-

tors, from equation (41) we obtain Example: Two Degree of Freedom System

1. Rates of Change of Eigenvalues:
1ul [2s;M; + C ] u; A simple 2 degree-of-freedom system has been considered to illus-
=TT 2sM+ Clu; (43) trate a possible use of the expressions develope.d so far. Figure 1
i ! shows the example taken together with the numerical values. When
In the above equation,;; is expressed in terms of the complex _elgen‘values are plotted versus a system parameter they create fam-
modes of the second order system. Now recalling the definition of ily of ‘root loci’. When two loci approach together they may cross

Qiji

z; in (7), from the firstV rows of equation (25) one can write or rapidly diverge. The later case is called ‘curve veering'. During
veering, rapid changes take place in the eigensolutions, as L&issa
2N 1u” 25:M, + C,] u, pointed out ‘ ... the (eigenfunctions) must undergo violent change
W = aijiu; + Z @ijkUg = — = —— Kt/ I, — figuratively speaking, a dragonfly one instant, a butterfly the
Py 2 uf [2s:M + Clu; next, and something indescribable in between’. Thus this is an
interesting problem for applying the general results derived in this
B %ﬁ uy, [siM; + 5:C; + K j] W paper.
Pk 5i— Sk *
k#1
(44) x10°
We know that for any real symmetric system first order eigenvalues 25
and eigenvectors appear in complex conjugate pairs. Using usual
definition of natural frequency, that is, = i\, and consequently 2
sy = —iA;, where(e)” denotes complex conjugate, the above — «
equation can be rewritten in a more convenient form as E
1 uZT [M’j —iCyj/ZAi} u; ’\a
U, = —3 T " u; S
2 u; [M — 10/2/\1] u; = \\
s * T F * * (45) g
o - ) * AN
where
Fij;=[K; - XM, +i\C ]
1
and =if = .
o =10 = T o M= 10w 2

. . N . Fig. 2 Imaginary part of rate of change of the first natural frequency,
This result is a generalisation of the known expression of rates of /\lg with res%ectr{oahe damping paran%eterc a Y

change of real undamped eigenvectors to complex eigenvectors.
The following observations can be made from this result

. . L L . Figure 2 shows the imaginary part (normalised by dividing with
e Unlike the eigenvalue derivative, the derivative of a given ! .
complex eigenvector requires the knowledge of all the other V k1/m) of the rate of change of first natural frequency with re-
complex eigenvalues and eigenvectors. spect to the damping parameterover a parameter variation @b
ands. This plot was obtained by direct programming of equation
e The sensitivity depends very much on the modes whose fre- (20) in Matlab. The imaginary part has been chosen to be plotted
guency is close to that of the considered mode. here because a change in damping is expected to contribute a sig-
nificant change in the imaginary part. The sharp rise of the rate
e Like eigenvalue derivative, changes in mass and/or stiffness in the low-value region ok ands could be intuitively guessed
introduce more changes in the real part of the eigenvector because there the damper becomes the only ‘connecting element’
whereas changes in damping introduce more changes in the between the two masses and so any change made there is expected
imaginary part. to have a strong effect. As we move near to the veering range
(k2 = k1 ands =~ 0) the story becomes quite different. In the
From equation (45), it is easy to see that in the undamped limit first mode, the two masses move in the same direction, in fact in
C — 0, and consequentlpg, Ay — wk; Uk, up — Xk, the limit the motion approaches a ‘rigid body mode’. Here, the
F.; F;;, — [K; —w/M,]| and also with usual mass normal-  change is no longer remains sensitive to the changes in connecting
the elementi(e. only the damper since ~ 0) as hardly any force
W transmission takes place between the two masses. For this reason
equation exactly to the corresponding well known expression de- we expect a sharp fall in the rate of change as can be noticed along
rived by Fox and Kapodrfor derivative of undamped modes. the s =~ 0 region of the figure. For the region wheris large, we

. 1
isation of the undamped modes, o;, — S reduces the above
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Fig. 3 Imaginary part of rate of change of the second natural fre-
quency, A2, with respect to the damping parameter,c

also observe a lower value of rate of change, but the reason there

is different. The stiffness element’‘'shares most of the force be-
ing transmitted between the two masses and hence does not depen
much on the change of the value of the damper. A similar plot has
been shown in figure 3 for the second natural frequency. Unlike
the previous case, here the rate of change increases in the veerin

maximal. Sinces ~ 0, only the damper is being stretched and as
a result of this, a small change there produces a large effect. Thus,
the use of equation (20) can provide good physical insight into the
problem and can effectively be used in modal updating, damage
detection and for design purposes by taking the damping matrix to-
gether with the mass and stiffness matrices improving the current
practice of using the mass and stiffness matrices only.

Rates of Change of Eigenvectors:

Rates of change of eigenvectors for the problem shown in figure 1

x10°
2 T

T
0(du,,/dk,)
0(du,,/dk,)
Undamped dU  ,/dk 1
Undamped dU21/dk

151

o
«»

8.

|
[
2

L . ©

Rate of change of first eigenvector

-1h o 7 B

-151 q

15 25 3
kJk,

Fig. 4 Real part of rate of change of the first eigenvector with respect
to the stiffness parameterks,

can directly be obtained from equation (45). Here we have focused
our attention to calculate the rates of change of eigenvectors with
respect to the parametgs. Figure 4 shows the real part of rates
of change of the first eigenvector normalised bydfsnorm (that

is R {% / || u ||) plotted over a variation of2/k: from O to

3 for both the coordinates. The value of the spring constant for the
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Fig. 5 Real part of rate of change of the second eigenvector with re-
spect to the stiffness parameteks

connecting spring is kept fixed at= 100 N/m. The real part of

he sensitivity of complex eigenvectors has been chosen mainly for
0 reasons:(a) any change in stiffness is expected to have made

more changes in the real part; and (b) to compare it with the corre-

sponding changes of the real undamped modes. Derivative of the

: > VECIING; ot eigenvector (normalised by it€2 norm) with respect t
range. For the second mode the masses move in the opposite direc- g ( y s ) P dra

tion and in the veering range the difference between them becomes

corresponding to the undamped systémremoving the damper)

is also shown in the same figure (see the figure legend for details).
This is calculated from the expression derived by Fox and Kapoor
(1968). Similar plots for the second eigenvector are shown in fig-
ure 5. Both of these figures reveal a common feature: around the
veering ranga.e. 0.5 < k2/k1 < 1.5, the damped and the un-
damped sensitivities show considerable differences while outside
this region they almost traces each other. A physical explanation
of this phenomenon can be given. For the problem considered here
the damper acts as an additional ‘connecting element’ between the
two masses together with the spring ‘s’. As a result it ‘prevents’
the system to be close to show a ‘strong’ veering effeet when

k2 = ki1 and the force transmission between the masses is close to
zero) and thus reduces the sensitivity of both the modes. However,
for the first mode both masses move in the same direction and the
damper has less effect compared to second mode where the masses
move in the opposite directions and have much greater effect on the
sensitivities.

To analyse the results from quantitative point of view at this
point it is interesting to look at the variation of the modal Q-factors
shown in figure 6. For the first mode Q-factor is quite high (in the
order of~ 103, i.e. quite less damping) near the veering range
but still the sensitivities of the undamped mode and that of the real
part of the complex mode for both coordinates are quite different.
Again, away from the veering rangk;/k1 > 2, the Q-factor is
low but the sensitivities of the undamped mode and that of real part
of the complex mode are quite similar. This is opposite to what we
normally expect, as the common belief is that, when the Q-factors
are high, that is modal dampings are less, the undamped modes
and the real part of complex modes should behave similarly and
vice versa. For the second mode the Q-factor does not change very
much due to a variation df, except becomes bit lower in the vicin-
ity of the veering range. But the difference between the sensitivities
of the undamped mode and that of real part of the complex mode
for both coordinates changes much more significantly than the Q-
factor. For exampl&)2 ~ 9 for k2/k1 = 1 andQ2 ~ 11 for
k2/k1 = 2, but the sensitivity of the undamped mode and that of
real part of the complex mode is much different whierk, = 1
and quite similar wherk, /k1 = 2. This demonstrates that even
when the Q-factors are similar, the sensitivity of the undamped
modes and that of the real part of the complex modes can be sig-
nificantly different. Thus, use of the expression for derivatives of
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Conclusion

Rates of change of eigenvalues and eigenvectors of linear
damped discrete systems with respect to the system parameters
have been derived. In the presence of general non-proportional
viscous damping, the eigenvalues and eigenvectors of the system
become complex. The results are presented in terms of changes
in mass, damping, stiffness matrices and complex eigensolutions
of the second order system so that the state-space representation
of equations of motion can be avoided. The expressions derived
hereby generalise earlier results on derivatives of eigenvalues and
eigenvectors of undamped systems to the damped systems. It was
shown through an example problem that use of the expression for
derivative of undamped modes can give rise to erroneous results
even when the modal damping is quite low. So for a non-classically
damped system the expressions for rates of change of eigenvalues
and eigenvectors developed in this paper should be used. These
complex eigensolution derivatives can be useful in various appli-
cation areas, for example, finite element model updating, damage
detection, design optimisation and system stochasticity analysis re-
laxing the present restriction to use the real undamped modes only.
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