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Abstract

The lattice vertex operator V; associated to a positive definite even
lattice L has an automorphism of order 2 lifted from —1 isometry of L. It
is established that the fixed point vertex operator algebra VLJr is rational.

1 Introduction

The notion of rational vertex operator algebra is an analogue to that of semisim-
ple Lie algebra or semisimple associative algebra. Rational vertex operator alge-
bras whose admissible module category is semisimple form a fundamental class
of vertex operator algebras. Familiar examples of rational vertex operator alge-
bras include the vertex operator algebras V, associated with even lattices [D1],
[DLM1], vertex operator algebras associated to the irreducible vacuum represen-
tations for affine Kac-Moody algebras with positive levels [FZ], [DL], [LL], vertex
operator algebras associated to the minimal series for the Virasoro algebra [W].

Let V be a vertex operator algebra and G a finite automorphism group of
V, then the space of G-invariants V¢ is itself a vertex operator algebra. A well
known conjecture in the orbifold conformal field theory states that if V' is rational
then V¢ is rational. Solving this conjecture has significant applications in the
theory of vertex operator algebras and conformal field theory.

Let V7, be a lattice vertex operator algebra associated with a positive definite
even lattice L which plays an important role in shaping the theory of vertex
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operator algebras. The vertex operator algebra V; has an automorphism 6 of
order 2 lifted from the —1 isometry of L and we denote the #-fixed points of
Vi by V;". The vertex operator algebras V;" have been studied extensively. The
irreducible modules for V;" were classified in [DN2] and [AD]. The fusion rules
among irreducible V; -modules were computed in [ADL]. The Cy-cofiniteness of
V" was obtained in [Y] and [ABD]. But the rationality of V;" has only been
established if L has rank one [A2], or L is a special lattice [DGH]. In this paper,
we extend the rationality result to any lattice. That is, V; is rational for any
positive definite even lattice L.

We prove the rationality of V;" in three steps. First, we show that the Zhu
algebra A(V;") is a finite dimensional semisimple associative algebra. Although
A(V;") was studied in [DN2] and [AD] in great detail for the purpose of classifica-
tion of irreducible modules, there is still a distance to claim the semi-simplicity.
Second, we use the rationality of V;" in the case that L has rank one and the
fusion rules to deal with the rationality of V;" if L has an orthogonal base. Last,
we use the rationality of V; to prove the rationality of V" for any L where L is
a sublattice of L with the same rank and has an orthogonal base. The main idea
in the proof of rationality is to prove that if there is a V;"-module exact sequence

0= M'"—> M— M?>—0

for any irreducible V;"-modules M"' and M?, then M is a direct sum of M' and
M?2.

The representation theory of V;" is complete in some sense after this paper.
But the structure theory of V" is far from over. Determining the derivation Lie
algebra and the automorphism group of V;" for an arbitrary positive definite even
L remains a major problem. This has been achieved when the rank of L is one,
two or three [DG1], [DG2], [S1], [S2], or L is a special lattice which is either
unimodular or does not have roots [S1], [S2]. Extending these results to general
lattice seems a big challenge.

The paper is organized as follows: In Section 2, we recall definitions of vertex
operator algebra, module, intertwining operator and fusion rules. We also give
some basic facts on vertex operator algebras in this section. In Section 3, we
present the results on vertex operator algebras M(1)* and V;" and the irreducible
modules. Section 4 is devoted to the proof of the semi-simplicity of A(V;"). We
deal with the rationality of V;” when L has an orthogonal base in Section 5. The
rationality of V;" for any positive definite even lattice L is given in Section 6.

2 Preliminaries

In this section we briefly review the definitions of twisted modules and rationality
from [FLM], [DLM2]. We present the Zhu algebra, the tensor product and fusion
rules from [FHL] and [Z]. We also discuss the extensions of modules following
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[A2] and give a sufficient condition under which the extensions are trivial. This
result will be used extensively in latter sections.

A wvertex operator algebra V' is a Z-graded vector space V = @B, V;, equipped
with alinearmap Y : V — (EndV)([z, 27!}, a = Y (a,2) = >, an2" " Hora €
V such that dim V,, is finite for all integer n and that V,, = 0 for sufficiently small
n (see [FLM]). There are two distinguished vectors, the vacuum vector 1 € Vi and
the Virasoro element w € V,. By definition Y (1, z) = idy, and the component
operators {L(n)|n € Z} of Y(w,2) = Y, ., L(n)z"""2 give a representation of
the Virasoro algebra on V with central charge c¢. Each homogeneous subspace
V, (n > 0) is an eigenspace for L(0) with eigenvalue n.

An automorphism g of a vertex operator algebra V' is a linear isomorphism of
V satisfying g(w) = w and gY (a, 2)g' = Y (g(a), ) for any a € V. We denote by
Aut(V') the group of all automorphisms of V. For a subgroup G < Aut(V), the
fixed point set V¢ = {a € V| g(a) = a, g € G} has a canonical vertex operator
algebra structure.

Let g be an automorphism of a vertex operator algebra V of order T. Then
V' is a direct sum of eigenspaces for g:

T-1

V=@V, V' ={acV]gla) =

r=0

_ 2mir

Ta}

Definition 2.1. A weak g-twisted V-module M is a vector space equipped with
a linear map

Y : V — (EndM){z},

a— Yy(a,z) = Zan =1 q, € EndM
neQ

such that the following conditions hold for 0 < r < T —1,a € V", b € V and
u e M:

(1) byu = 0 if m is sufficiently large,

(2) Yaur(a,2) = Xoeziz anz "
E gYM(l ,2) = idyy,

(the twisted Jacobi identity)

22 — 21

20 —20

=) (Zl — Zz) Yar(a, 20)Yar(b, z) — 25710 < ) Yar(b, 20)Yar(a, 21)

T

=25 (21 — ZO) 0 <Zl — ZO) Y (Y (a, 20)b, 22).

22 22

A weak g-twisted V-module is denoted by (M, Yy,), or simply by M. In the
case ¢ is the identity, any weak g-twisted V-module is called a weak V -module.
A g-twisted weak V -submodule of a g-twisted weak module M is a subspace N
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of M such that a,N C N hold for all @ € V and n € Q. If M has no g-twisted
weak V-submodule except 0 and M, M is called irreducible or simple.

Set Ya(w,z) = ez L(n)z7""2. Then {L(n)|n € Z} give a representation
of the Virasoro algebra on M with central charge ¢ and the L(—1)-derivative
property

Yvu(L(—1)a,z) = C%YM(CL, z) forallaeV (2.1)

holds for any a € V (see [DLM1]).

Definition 2.2. An admissible g-twisted V-module M is a weak g-twisted V-
module which has a +Zs¢-gradation M = @ne%lzo M (n) such that
a,mM(n) C M(wta+n—m — 1) (2.2)

for any homogeneous a € V and m, n € Q.

In the case ¢ is the identity, any admissible g-twisted V-module is called an
admissible V -module. Any g-twisted weak V-submodule N of a g-twisted admis-
sible V-module is called a g-twisted admissible V -submodule if N = € NN

A g-twisted admissible V-module M is said to be irreducible if M has no non-
trivial admissible weak V-submodule. When a g-twisted admissible V-module
M is a direct sum of irreducible admissible submodules, M is called completely
reducible.

ne %Zzo

Definition 2.3. A vertex operator algebra V is said to be g-rational if any g-
twisted admissible V-module is completely reducible. If V is idy-rational, then
V' is called rational.

Definition 2.4. A g-twisted V-module M = @, c My is a C-graded weak g-
twisted V-module with My = {u € M|L(0)u = Au} such that M, is finite
dimensional and for fixed A € C, M), /7 = 0 for sufficiently small integer n. A
vector w € M), is called a weight vector of weight A\, and we write A = wtw.

We next define Zhu'’s algebra A(V') which is an associative algebra following
[Z]. For any homogeneous vectors a,b € V', we define

wta
&Y(a, )b,

a*xb= Res,
(1 +Z)wta
22

aob= Res, Y(a, z)b

and extend the two operations to V' x V bilinearly. Denote by O(V) the subspace
of V linearly spanned by a o b, for all a,b € V and set A(V) = V/O(V). The
following theorem is due to [Z].



Theorem 2.5. (1) The bilinear operation x induces A(V') an associative algebra
structure. The vector [1] is the identity and [w] is in the center of A(V).
(2) Let M = @,”, M(n) be an admissible V-module with M(0) # 0. Then
the linear map
0:V — EndM(0), a — o(a)|wmo)

induces an algebra homomorphism from A(V') to EndM (0). Thus M(0) is a left
A(V')-module.
(3) The map M — M(0) induces a bijection between the set of equivalence

classes of irreducible admissible V -modules and the set of equivalence classes of
irreducible A(V')-modules.

Now we consider the tensor product vertex algebra and the tensor product
modules for tensor product vertex operator algebra. The tensor product of vertex
operator algebras (V1,Y,1,w!),--- (VP Y,1,wP) is constructed on the tensor

product vector space
V — Vl ® e ® Vp

where the vertex operator Y'(+, z) is defined by

Y@ @, 2) =Y, 2)®- - - @YW, 2)

for v € V' (1 <4 < p), the vacuum vector is
1=1®%---®1
and the Virasoro element is
W=w'® -1+ +1R- - wP,.

then (V,Y,1,w) is a vertex operator algebra (see [FHL], [LL]).

Let M* be an admissible Vi-module for i = 1,...,p. We may construct the
tensor product admissible module M' ® - -- ® MP for the tensor product vertex
operator algebra V! ® .- ® VP by

Yl®- @)=Y, 2)® - @Y (P, 2).

Then (M' ® ---® MP,Y) is an admissible V! ® - - - ® VP-module. The following
result was given in [FHL] and [DMZ].

Theorem 2.6. Let V', --- VP be rational vertex operator algebras, then V' ®
-~ ®@ VP is rational and any irreducible V' ® - - - ® VP-module is a tensor product
M'®---® MP , where M*,--- , MP are some irreducible modules for the vertex
operator algebras V1, --- VP respectively.



Let M = @, .c M(r) be a V-module. Set M' = &, My, the restricted dual
of M. It was proved in [FHL| that M’ is naturally a V-module where the vertex
operator map denoted by Y’ is defined by the property

(V' (a, 2t v) = (o, ¥ (20 (===2) 20 g, 27 )

fora € V,u' € M'" and v € M. The V-module M’ is called the contragredient
module of M. It was proved that if M is irreducible , then so is M’. A V-module
M is said to be self dual if M and M’ are isomorphic V-modules.

We now recall the notion of intertwining operators and fusion rules from
[FHL].

Definition 2.7. Let M*, M?, M3 be weak V-modules. An intertwining operator
3

Y(-, z) of type ( MjleQ ) is a linear map
V(-, 2) : M* — Hom(M?, M?){z}
vl Yl 2) = Zv}zz_"_l

neC
satisfying the following conditions:
(1) For any v' € M*,v* € M?and X € C,v), ,v* =0 for n € Z sufficiently
large.
(2) For any a € V,v* € M*,

A 62 i, )0, 2) — 2 52V, %)V (a, 1)
0 <0
= 5 (Y (Vs (a, 20)0Y, 2).

22
(3) Forv' € M*, dilzy(vl,z) = Y(L(-1)v!, 2).
M3
M M?

All of the intertwining operators of type form a vector space

M3 M3
denoted by Iy ( ML A2 ) The dimension of Iy ( e ) is called the
fusion rule of type Mjlez ) for V.

We now have the following result which was essentially proved in [ADL].

Theorem 2.8. Let V!, V? be rational vertex operator algebras. Let M*, M?, M3
be Vi-modules and N', N?, N3 be V2-modules such that

3 3
dim Iy < Mjl\/[M2 ) < 00, dimly2 ( NJIVNQ ) < 00.
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Then the linear map

M3 N3 M3 @ N3
g IV1 M M2 ®]V2 N N2 — [V1®V2 M1 ®N1 M2 ®N2
Vi(+2) @ Yo+, 2) = (V1 @ W) (+, 2)

is an isomorphism, where (Y1 @ Vs)(+, z) is defined by
(yl ® y2)('7 Z)(ul ® Ulv Z)u2 ® U2 = yl(ulu Z>U2 ® y2(vlu Z)’U2.

Now let M, M? be weak V-modules, we call a weak VV-module M an extension
of M? by M if there is a short exact sequence

0> M — M — M?>—0.

Then we could define the equivalence of two extensions, and then define the
extension group Exti,(M?, M"). Recall that V is called Cs-cofinite if the subspace
Cy (V) of V spanned by u_ov for w,v € V has finite codimension. We have the
following facts [A1].

Theorem 2.9. Let M and N be irreducible V-modules, then Exti,(N, M) =0 if
and only if Ext},(M', N') = 0.

Theorem 2.10. Let V' be a Cy-cofinite vertex operator algebra, then V' is rational
if and only if Extl,(N, M) =0 for any pair of irreducible V-modules M and N.

The following result will be extensively used in Sections 5 and 6.

Lemma 2.11. Let V be a vertex operator algebra and U a rational vertex operator
subalgebra of V' with the same Virasoro element. Let M, M? be irreducible V -

modules. Assume that
N1
Iy ( N N? ) =0

for any irreducible U-submodules N*, N, N? of M*,V, M?, respectively. Then
Extl,(M?*, M") = 0.

Proof: Let M be an extension of M? by M*'. Then M = M* @ M? as U-modules
as U is rational. Let N', N, N? be any irreducible U-submodules of M, V, M?,
respectively. Then Py:1Y (u, z)|y2 for u € N is an intertwining operator of type

Nt . N .
Iy < N N2 ) where Py1 is the projection from M to N;. From the assumption,

PyiY (u,2)|y2 = 0. Since N', N, N? are arbitrary, we see that u,M? C M? for
any u € V and n € Z. As a result, M? is a V-module and Ext{,(M?, M*") = 0.
The proof is complete. O



3 Vertex operator algebras M (1) and V;"

In this section we recall vertex operator algebras M(1)™ and V;" [FLM] and
related results [DN1], [DN2], [DN3], [Al], [A2], [AD], [ADL]. In particular, the
irreducible modules, fusions and contragredient modules of irreducible modules
for V;© are discussed.

Let L be a positive definite even lattice in the sense that L has a symmetric
positive definite Z-valued Z-bilinear form (-,-) such that (o, «) € 2Z for any
a € L. Weset h = C®z L and extend (-,-) to a C-bilinear form on h. Let
h = Clt,t"] ® b & CC be the affinization of commutative Lie algebra b defined
by

(B @™, By @ t"] = m(Br, Ba)dm,—nC and [C,§] = 0

for any 3; € h, m, n € Z. Then §=° = Cltjoh@®CC is a commutative subalgebra.
For any A € b, we can define a one dimensional h=°-module Ce* by the actions
p(h@t™)er = (A, h)dpm et and p(C)e* = e for h € h and m > 0. Now we denote
by

M(1,0) = U(h) ®y 420, Ce* = St'Ct7]),

the h-module induced from h=%-module Ce*. Set M(1) = M(1,0). Then there
exists a linear map Y : M (1) — (EndM (1, \)[[z, 27']] such that (M(1),Y, 1, w)
has a simple vertex operator algebra structure and (M(1,\),Y’) becomes an ir-
reducible M (1)-module for any A € h (see [FLM]). The vacuum vector and the
Virasoro element are given by 1 = €® and w = %Zizl ha(—1)1 respectively,
where {h,} is an orthonormal basis of b.

Let L be the canonical central extension of L by (k) = (k|s% = 1) :

1o (k)= L>3L—1

with the commutator map c(«, ) = k(@5 for o, € L. Let e : L — L be a
section such that e = 1 and € : L x L — (k) the corresponding 2-cocycle. We
may assume that e is bimultiplicative. Then e(a, B)e(3, o) = x(*5),

e(a, B)e(a+ B,v) = e(B,v)(a, B+ 1),

and eyes = €(a, B)eqts for a, 8,7 € L. Let 6 denote the automorphism of L
defined by 6(ey) = e_o and 0(k) = k. Set K = {a'6(a)la € L}. Note that if
(a, B) € 2Z for all o, B € L then the L = L x () is a direct product of abelian
groups. In this case we can and do choose €(a, 3) =1 for all o, § € L.

The lattice vertex operator algebra associated to L is given by

Ve =M(1) © C[L],
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where C¢[L] is the twisted group algebra of L with a basis e* for & € L and is an
L-module such that e,e® = e(a, B)e**P. Note that if (o, 3) € 2Z for all o, B € L
then C°[L] = C[L] is the usual group algebra.

Recall that L° = {\ € bh|(a,\) € Z} is the dual lattice of L. There is an
L-module structure on C[L°] = @D, Ce* such that k acts as —1 (see [DL]).
Let L° = Ujero/(L+ A;) be the coset decomposition such that (A;, A;) is minimal
among all (X, A) for A € L+ ;. In particular, \g = 0. Set C[L+\;] = @, Ce*™.
Then C[L°] = @;c10/, C[L + Ai] and each C[L + ;] is an L-submodule of C[L°].
The action of L on C[L + A\ is as follows:

eaeﬁ-l-)\i — E(a’ﬁ)ea-i-ﬁ-i-)\i

for o, 8 € L. On the surface, the module structure on each C[L + )\;] depends
on the choicAe of \; in L + \;. It is easy to prove that different choices of \; give
isomorphic L-modules.

Set C[M] = @, ), Ce for a subset M of L°, and define Vi = M (1) ® C[M].
Then V}, is a rational vertex operator algebra and Vi), for i € L°/L are the
irreducible modules for V7, (see [B], [FLM], [D1], [DLM1]).

Define a linear isomorphism 6 : Vi, — Vp_,, for i € L°/L by

0(B1(=n1)Ba(=n2) - - Br(—ni)e®™) = (=1)*B1(=n1) Ba(—n2) - - - Br(—ng)e
for B; € b, m; >1and a € Lif 2)\; & L, and

0(B1(—n1)Ba(—ng) - - .5k(_nk)ea+>\i)
= (=1)*eqn e(a, 20) Br(—n1) Bo(—ng) - - - Be(—ng)e >

if 2\; € L where cg), is a square root of €(2);,2)\;). Then 6 defines a linear
isomorphism from V. to itself such that

0Y (u, z)v = Y (Ou, z)0v

for u € Vi, and v € V.. In particular, € is an automorphism of V;, which induces
an automorphism of M(1).

For any 6-stable subspace U of Vi., let U be the +1-eigenspace of U for 6.
Then V' is a simple vertex operator algebra.

Also recall the 6-twisted Heisenberg algebra h[—1] and its irreducible module
M(1)(#) from [FLM]. Let x be a central character of L/K such that x(k) =
—1 and T}, the irreducible E/ K-module with central character y. Note that if
(a,8) € 2Z for all o, B € L then L/K = L/K x (k) and each T, is, in fact, an
L/2L-module. In particular, 7}, is one-dimensional. In this case, let £y, -, (4
be a basis of L, then T, = T\, ® --- ® T}, where each T, is an irreducible
Z5; | 2Zp;-module such that eg, acts as x(eg,). This fact will be used later.

9



It is well known that V,* = M(1)(0) ® T, is an irreducible f-twisted V-

module (see [FLM], [D2]). We define actions of # on M (1)(#) and VLTX by

O(Br(—n1)B2(—ng2) - - - Bp(—ny)) = (—1)kﬁ1(—n1)ﬁ2(—n2) o Br(—=na)

9(ﬁ1(‘”1)ﬁ2(—n2) o '5k(—nk)t) = (—1)kﬁl(—n1)ﬁ2(—n2) o '5k(—”k)t

for B € b, n; € 3+ Zy and t € T\. We denote the +1-eigenspace of M (1)(6)

and VX under 0 by M(1)(0)% and (V,;*)* respectively. We have the following
results proved in [DN1], [DN3] and [AD]:

Theorem 3.1. Any irreducible module for the vertexr operator algebra M(1)" is
isomorphic to one of the following modules:

MQ)T, M(1)", M(1,\) 2 M(1,-X) (0£Xeb),M(1)(0)", M(1)(0)".

Theorem 3.2. Let {\;} be the set of representatives of L° /L, then any irreducible
Vi -module is isomorphic to one of the following modules:

ViE Vasn (20 ¢ L), Vi, (23, € L), (V. 9)*.

Now we consider some decompositions of the modules for the vertex operator
algebras M(1)™ and V;*. We denote M;(1) for the vertex operator algebra M (1)
associated with b and similarly for the modules. It is clear that if ' is a subspace
of b such that the restriction of the bilinear form on h to h’ is non-degenerate, then
MbT is a simple vertex operator subalgebra of MhJr . Furthermore, if h = bh; @ b»
such that (b1, h2) = 0, then the modules in Theorem 3.1 viewed as M, @ M -
modules can be decomposed as follows:

M} = (M ® M) @(Mh‘l ® M),

1

My = (M) @ M,) QB(M(;1 ® M),

1

Mb<17 )‘) = Mh1(17 )‘1) ® Mh2<17 )‘2)7
My(1)(0)* = (My, (1)(0)" @ My, (1)(0)") @D (My, (1)(0)~ ® My, (1)(0)7),
My(1)(8) = (M, (1)(6)" ® My, (1)(8) ") @D (M, (1)(8)~ @ My, (1)(6) ).

Let L = Za be a positive definite even lattice of rank one. Then all irreducible

V; -modules are decomposed into direct sums of irreducible M (1)*-modules as
follows (cf. [DG1] and [A1])

Vi M(1)* é M(1,ma),

m=1
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VL = @M(L A+ ma),

meZ
+ T o
V%+L = @M(L 5 + ma)a
m=0

(V)= = MD)(0)*F, i=1,2

where T} is the one dimensional L/K-module T, with x(e,) = %1 respectively.
We also have the following result given in [Y] and [ABD].

Theorem 3.3. V" is Cy-cofinite.
The following results were obtained in [A2].

Theorem 3.4. The vertex operator algebra V;© is rational, if L is a positive
definite even lattice of rank one.

Proposition 3.5. Let L be a positive definite even lattice such that V= is Cy-
cofinite and A(V;") is semisimple. Let M, M? be irreducible V;" -modules. If the
difference of the lowest weight of M' and M? is not a nonzero integer, then

Extlvj(M% M) =0.

Remark 3.6. In the next section, we will prove that for a positive definite even
lattice L, the Zhu’s algebra A(V}") is semisimple. Thus Proposition 3.5 is true
for any positive definite even lattice.

We now consider the fusion rules for the vertex operator algebra V;". For
any A € L° and a central character y of L/K , let Y™ be the central character
defined by YWV (a) = (=1)@Ny(a). We set T™ =T ). We call a triple (A, 1, v)

for A\, u,v € L° an admissible triple modulo L, if );JA + qu + rv € L for some
p,q,r € {£1}.

The following result on part of fusion rules for the vertex operator algebra V;
when L is of rank one comes from [A1]. This result will be used in Section 5 to

deal with the rationality of V;" when L has an orthogonal base.

Theorem 3.7. Let L = Za be a positive definite even lattice and L°/L =
{0, A, Ag, -+, Ak} such that \g = 0 and Ny = /2. Let Wi i = 1,2,3 be ir-
reducible V" -modules. Then

(1) the fusion rule of type is either 0 or 1.

W3
Wl W2
3
Wt w?2
1,2, 3) satisfy one of the following cases:
(i) W=V and W? = W3.

(2) the fusion rule of type ) is mon-zero if and only if W(i =
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(ii) WY =V, and the pair (W?, W?3) is one of the following pairs
(VLiv V ) (Vaj;2+L7 Va:;2+L) (Vgl7iv VLTl})v (VLTQ’iv VLTQ})v (VAH-Lv V>\¢+L>v
fori=1,2 k—1.

The fusion rules for V;" for any L was obtained in [ADL] and will be exploited
in Section 6. Recall the number 7, , for A, € L° from [ADL].

Theorem 3.8. Let L be a positive definite even lattice , for any irreducible V" -

3
modules M* (i = 1,2,3), the fusion rule of type ( M]lWMQ ) is either 0 or 1.
M3

M* M?
for 2X ¢ L) , V&, for 2\ € L) , Vo, for (2\ € L) is 1 if and only if M’
(1 =1,2,3) satisfy one of the following conditions:

(1) M* = Vi, for X € L° such that 2\ & L and M?, M3is one of the following
PaITS:

(Visr, Vosr) for p,v € L° such that 2p,2v ¢ L and (X, i1, v) is an admissible
triple modulo L.

(Viip Visr), (Vosr)s (Vi5L)) for pv € L° such that 2 € L,2v ¢ L and

(A, w,v) is an admissible triple modulo L.

) ) ~
(V™ VLTX =, (V,o*, VLTX T) for any irreducible L) K -module Ty,

(2) M' = Vit | for X € L° such that 2\ € L and M?, M?is one of the following
PaITS:
(Visr, Vorr) for p,v € L° such that 2p,2v ¢ L and (A, p,v) is an admissible
triple modulo L.

(Vf_H-J, V5 ,) for pv € L° such that 2u,2v € L,my s, = 1 and (X, p1,v) is an
admissible triple modulo L.

(VﬁL, Vi) for p,v € L° such that 2, 2v € L,y 9, = —1 and (A, p, v) is an
admissible triple modulo L.

o) )
(VLTX’i, VLTX ’i), ((VLTX ’i)’, (VTX )') for any irreducible L/K module T\, such

that ¢, (\) = 1.
) )
(Vo VLTX "), ((VLTX Y (V,FYY for any irreducible L/K-module T, such

that ¢, (\) = —1.

(3) MY = V7, for A € L° such that 2\ € L and M?, M?is one of the following
paITs:

(Visr, Vosr) for p,v € L° such that 2p,2v ¢ L and (X, i, v) is an admissible
triple modulo L.

(Vf_H-J, V5 ) for p,v € L° such that 2p1,2v € L, Ty, = —1 and (A, p1,v) is an
admissible triple modulo L.

(V:_EHJ, Vi) for pyv € L° such that 2p1,2v € L,myg, = 1 and (A, p,v) is an
admissible triple modulo L such that ¢, (X) = 1.

Furthermore, the fusion rule of type ) with M being one of Va,r

12



) ™) ~
(VLTX’i, VLTX ’i), ((VLTX ’i)’, (VLTX’i)’) for any irreducible L/ K -module T, such

that ¢, (A) = —1.
) \) T
(VS Ve D) (V) (ViEXT)) for any irveducible L) K -module T, such

that ¢, (X) = 1.

Next we identify the contragredient modules of the irreducible V;"-modules
[ADLI:
Proposition 3.9. The irreducible V;"-modules VLjE and Vyip for X € L° with
2\ ¢ L are self dual. For \ € L° with 2\ € L, V/\jer are self dual if 2(\, \) is
even, and (Vi) = Vil if 2(\, \) is odd. Let x be a central character of L/ K
such that x(k) = —1, then the irreducible modules (V,; ™) are isomorphic to
(VLTX’i)’ respectively, where x' is a central character of E/K defined by x'(a) =

(@@

(=1)"2" x(a) for any a € Z(L/K).

4 Semisimplicity of A(V;")

Motivated by Proposition 3.5, we prove the semisimplicity of A(V;") for any
positive definite even lattice L in this section. In the case that the rank of L is 1,
this result has previously been obtained in [DN2]. The semisimplicity of A(V;")
enables us to establish that if the two V;-modules have the same lowest weight
then the extension of one module by the other is always trivial.

First recall that the irreducible A(V;")-modules are the top levels W (0) of
irreducible admissible V;"-modules . So by Theorem 3.2 (also see [DN2]), we
have

Lemma 4.1. The irreducible A(V;")-modules are given as follows:
V5 (0)=C1, Vp(0)=h(-1)D(B,er, Cle* — ),

VA¢+L(0) = @QEA(AZ.) Celita (2)\1 Q_f L),
Vi (0) = Y ocapy CleMt £ 0ert)  (2) € L),

VET(0) =Ty, VY (0) = h(=1/2) ® Ty,

where Ly = {a € L|(a,a) = 2}, h(—=1) = {h(=1)1|h € b} C M(1) and
h(—1/2) = {h(-1/2)1]h € b} C M(1)(6).

Let {hi,---,hq} be an orthonormal basis of h. Recall from [DN2] and [AD]

13



the following vectors in V;" for a,b=1,--- ,dand a € L

Sap(m,n) = ha(—m)hy(—n),

EY = 5Su(1,2) + 258,5(1,3) + 36S4(1,4) + 16S.4(1,5) (a # b),

B = Sap(1,1) + 14S,4(1,2) + 41S4(1,3) 4+ 44S,(1,4) + 16S4(1,5) (a # b),

B = Eay Bt

El, = —16(3S4(1,2) + 1454(1,3) + 1954(1,4) + 854(1,5)) (a # b),

By, = —16(5Sa(1,2) 4+ 18Sa(1, 3) + 2150(1,4) + 8S54(1,5)) (a # b),

Eo = EgyEp,

Agp = 4554(1,2) + 190S,5(1, 3) + 240S44(1, 4) + 96S54(1,5),

EY =e* e
For v € V;", we denote v + O(V;") by [v]. Let A* and A’ be the linear subspace
of A(M(1)") spanned by E% + O(M(1)") and Ef, + O(M(1)") respectively for
1 <a,b<d Then A" and A* are two sided ideals of A(M(1)"). Note that the
natural algebra homomorphism from A(M(1)") to A(V;") gives embedding of A“
and A" into A(V;"). We should remark that the A* and A are independent of

the choice of the orthonormal basis {hq,- -, hq}.
By Lemma 7.3 of [AD] we know that

Vi (0) = bh(=1) P (D ClEYa(-1)),
a€Ls
where Ly = {a € L|(a,a) = 2}. Let Ly = {Faq, -+, >, Topqq, -+, o}
be such that {ay,---,a,.} are linearly independent and {a,i1, -, .} C
D,_, Z.c;. We can choose the orthonormal basis {h;| ¢ = 1,---,d} so that
h; € Cay +---+ Caqy, fori =1,---  r. Then we have

a;(—1) = aphi (1) + - -+ azhi(=1), i=1,---,r,

Oéj(—1> = ajlhl(—l) 4+ .- +aj7«h7«(—1>, j =7+ 1, ce ,T"‘l,
where a; #0,i=1,--- ,r. Fori € {1,2,--- |1}, let k; be such that

Qr 44 k; 7& 0, Qrqi ki1 = ° " = Qg = 0.

We know from [AD] that e’ = h;(—1) fori =1,--- ,d and e = [E%]a;(—1)
for j=1,--- ,r+1{ form a basis of V; (0). We first construct a two-sided ideal of
A(V") isomorphic to End(V; (0)). Recall Ef% for i,j = 1,--- ,d. We now extend
the definition of Ej; to all 4,5 = 1,---,d +r + [ and the linear span of E}
will be the ideal of A(V;") isomorphic to EndV; (0) (with respect to the basis
{61, .. ’6d+r+l} )

For the notational convenience, we also write E;'; for £; from now on. Define

1

[E;‘Lyd—l-i] = W[EJHZ*EC“]? 1= 17 7T7j:17"' 7d7
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1

4€(ar+i ) ar+i>ar+i,ki

[ ]y;d-‘rr-i-i]: [Eﬁki*Ear+i]7 ’i:17'~-’l7j:17-..’d'

Define
Ed+l_] Zazk Ek_]] _17...’71+l7j:17...’d7

where a;; =0, for 1 <i < j <r. Recall from [DN2] and [AD] that [E%]h.(—1) =
depha(—1) for a,b,c=1,--- . d.

Lemma 4.2. The following holds:
[E“]e = €', [Eh]e" = 0 pe

fori,t=1,--- d, j,s=d+1,---,d+r+landk=1,--- ,d+r+1.

Proof: Let h € b such that (h,h) # 0. Then w;, = (1 )h(—1)2 is a Virasoro

element with central charge 1. Note that w,3(—1) = (LZ h) h(—1) for any g € b.

For a € Ly then [E%] x [E] = 4e(a, a)[wa] in A(V;") by Proposition 4.9 of [AD].
Then fori=1,---,d,j=1,---,r, we have

[Eiarile™ = [Elay) (B*]ay(-1)
: U [EY9] % [E%)) o (—
—W([Eij] [E%3] % [E%])ay; (—1)

= LBta;(-1) = hi(-1).

JJ

Let k € {1,--- ,r 41} such that k # j. Then

(B jle™ = (Bl ] (B Jax(-1))

L (B« (B « By (-1).

 de(ay, aj)ay;

v

By Proposition 5.4 of [AD], we have

2 (7 = SO (B o) Sl 07 )

p

where o?, w?, x9,y? € M(1)*. Since A" is an ideal of A(M(1)"), we have [E};] *
[vP], [E5;] * [x7] € A". By the proof of Proposition 7.2 of [AD], we know that
AY[E*la(—1) = 0, for any a@ € Ls. So by Lemma 7.1 and Proposition 7.2 of
[AD], we have

[Ezud-‘rj] d+k:0a i:]-f"aduj:]-f"arak:la'”>T+l>j7£k'
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It follows from the proof of Proposition 7.2 of [AD] that
Ejjae® = B+ [E%hs(=1) = 0
fors=1,---,d as [EO‘J] s(—1) € ZTH Cle* — e~“»]. This completes the proof

for E'; 4 for t=1,---,d,j=1,---,7. The other cases can be done similarly. [

Recall H, and w, = wy, for a = 1, -+« ,d from [DN2] and [AD]. The following
lemma collects some formulas from Propositions 4.5, 4.6, 4.8 and 4.9 of [AD].

Lemma 4.3. For any indices a, b, ¢, d,

[wa] * [E;)Lc] = ab[E;)Lc]a (41)
[Ebc] [ a] :5ac[Ebc] (42)
5] [BL) = [EL] * (B3] =0, (13
[A ] [Egd] [Aab] [E ] [E ] [Aab] = [Eéd] * [Aab] =0 (CL 7é b) (44)
For distinct a, b, c,
(T0[H,] + 1188[w,]® — 585[w,] + 27) * [H,] = (4.5)
9
(] = 1 (R = 5 ) = (] = 55 ) + (46)
~ DU+ o [H) = 21E) — 2By + [EL] - 7B (4.7
— 1oz ]+ 13) % [HL] + o (2] +13) « [H) -
= 4([B] ~ [B]) + 3o ([BL] — (b)),
] o [FL) =~ (] = 1) [ (] — 1) = [y, (4.9
[Aaaf? = Ao ] = 5 (1Fl + [E0)) = (1] + [B) — 3((BL] + [BR)), (410)
[Aap] * [Ave] = 2[wp] * [Age]- (4.11)

For a € L such that (o, a) = 2k # 2,
v 18(8k—3) k 3k—1)\, ..
Hul 18] = oy s (1l = 5 ) (1l - gy ) 18 (42

(koo = 3) (1l = 55) (1= 35 ) 121 0. (113)

If a € Ly
[E] % [E7] = de(o, @) [wal, (4.14)
[H,] % [B2] + (2] # [Hy] = —12[uw,] # ([wa] = i) « [B%), (4.15)

(il = )% (ol = 7 ) ¢ (= 5 ) > (1) = 35 ) # B = 0. (a10)



For any a € L,

I'x [E*] = [E] * I', (4.17)
where I' is the identity of the simple algebra A*.
Lemma 4.4. For any o € Loy, we have

A" % [EY] x A* = 0.

Proof: Let o € Ly and {hy,---,hgq} be an orthonormal basis of h such that
hy € Ca. (A" is independent of the choice of orthonormal basis.) By (4.1)-(4.2)
and (4.16), we have [E%] = f([wa]) * [EY] = [E?] * f(|wa]) for some polynomial
f(z) with f(0) = 0. Note that w, = w;. By (4.1)-(4.2), we only need to prove
that

[Ei] = [EY] = [EY] =0, i,s =1,2,--- ,d.

Let a =1, b # 1in (4.9). Multiplying (4.9) by [E}] on left and using (4.2) and
(4.3), we have

Then setting a = 1, b # 1 in (4.7) and multiplying (4.7) by [E}] on left yields
[Ed] * [Hi] = —9[E3].

Let a =1, b # 1 in (4.10). Multiplying (4.10) by [E%.] on right and using (4.1)
and (4.4), we have

1

AN

[ (1) = (B3]
On the other hand, multiplying (4.7) by [E}.] on right yields

1 wr 1 Wi _ rpu
—§[H1] * [EY] + §[Hb] * [EY,] = [EY]-

Comparing the above two formulas, we have
[H1] + [ET] = —9[ET], [Ha] % [Ef] =0, a# 1.
So
[Eit] + [Hn] o« [E°] + [EY] + [Eq] « [E%] + [Hy] + [BY] = —18[Eq] « [E7] * [EY].
But by (4.1)-(4.2) and (4.15) we have
[E] « [Hh] o [E] « [EY] 4 [ER] « [E%] + [Ha] « [EY] = —9[Eq] « [E7] * [EY].
This implies that [EY] x [E®] * [El.] = 0, as required. O
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We now define £}, for all 4,5 =1,--- ,d+r +1. Set
[Es—i-i,d—‘rj] = [E§+i,1] * [Eﬁd-i-j]v ij=1,--,r+1L
It is easy to see that [Ej,, | * [EY 4] = [Egyie] * (B gyl k=2, d.
Denote by A% the subalgebra of A(V;") generated by
{[Ezu]]7 [Eg+p,j]7 [Ezu,d—i-p”zhj = 17 e 7d7 p= 17 LT l}

From Lemma 4.4, (4.14) and the definition of [E}], i,j = 1,--- ,d+7+1, we can
easily deduce the following result.

Lemma 4.5. A} is a matriz algebra over C with basis {[E]|i, j = 1,-- -, d+r+1}
such that

[Ef]* By = 6u[EL], [BSle" = 6ne’, i,5, ks =1,2,-++ d+r+1.
Lemma 4.6. Let a € L be such that o ¢ Ly, then
[EY] % A" = 0.

Proof: Let {hy,---,hq} be an orthonormal basis of  such that hy € Ca. If
|a|? = 2k and k # 4, the lemma follows from (4.1)-(4.2) and (4.13).
If |a|* = 8, by (4.1)-(4.2) and (4.13) we have

[Egp)  [E] = [E%] % [Eg,] = 0,
forall 1 <a,b<dandb#1. By (4.1) and (4.12), we have
[EX] = [Hy] % [E®] = 0. (4.18)
On the other hand, for a # 1, by (4.7)-(4.8) and (4.3), we have
2

—5 B+ ([Ha] = [H])  [E°] = =2[Eg ] « [E°],

4
— [Eu
Therefore by (4.18), we have

|+ (13[Ho] + 15[H]) * [E%] = —4[Eq ] * [E7].

LB ) % (B2 = [E5] * (B2, a #1,

9
13
Tap [Pal * [Ho * [E®] = [Eq] * [E®], a # 1.
This means that
[Ea ]« [E7] = 0.
Since [H,| * [E*] = [E®] * [H,], we similarly have
[E°] + [EY,] = 0.
This completes the proof. O
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Lemma 4.7. AY is an ideal of A(V}").

Proof: By Proposition 5.4 of [AD], (4.3), (4.17) and Lemmas 4.4-4.6, it is enough
to prove that [E%] « [E}], [E5] * [E¥] € A}, jk=1,---,d, i=1,--- 7 +1
Let o € Ly. For convenience, let a;; = 0, for 1 <7 < j < r and k; = ¢ for

d
1 <i<r. Since a;(—1) = > ajphp(—1), we have
k=1

d
1 1
Wa; = Z E a?khk(—1)2 + Z g aipaith(_l)hQ(_1>‘
k=1

P#q
Recall from [AD] that

[Sua(1,1)] = (2] + B + [Aas] + 3 B] + B, 0 # .

So from (4.3) and (4.4) we have

[ jk]*[wai]:ia?k[ jk]+§Zaikaip[Ejp], j,]{j:l,...’d, Zzl,~-~,r—|—l.
p#k

Then it can easily be deduced that
(alk[E]ukl] - alkz[E;Lk]) * [wai] =0, jvk =1,-- 7d7 =1, ,r+ [.
Then by (4.16), we have
(a'zk[E;lkz] - a'lkl[E;lk]) * [E'Oéi] = Oa ]ak = ]-9' te ad> L= 1) T >T+l-
So [Ef ]+ [E¥] € A}, for all j,k=1,---,d,i=1,---,r +[. Similarly, we have
[Eai]*[Ej“k]:O, k=1,---,d,i=1,---,r+1, j=r+1,---,d,

2]+ (Y i) = 8 (o (3, )
b=1 b=1

forj=1,---,d, k=1,---,r, i =1,--- ,r+ . Since both {ay, -+ ,a,} and
{h1,- -, h.} are linearly independent, it follows that for each i = 1,--- |r, j =
L,--+,d, [Ef] is a linear combination of a1 [EY], [ag1 Fij + anEy], - - lan EY; +
-+ ap BY]. Therefore [E%] « [Ej] € A}, j,k=1,---,d, i=1,--- ,r+1. O

For 0 # a € L, let {hy,---,hy} be an orthonormal basis of h such that
hi € Ca. Define

2)af?

- W[Eﬁ] * [E]),

[Ba] = 210 ([1) # [E]
and [By] = [{] (see formula (6.5) of [AD]).
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Lemma 4.8. Fora € L, [Ej;] € A", [B,] * [Ej;] = [E};] * [Ba].
Proof: It is enough to prove that
[Ba] * [E] = [E;] = [Bal,
for i =1 or j = 1. By the definition of [Ef,] and the fact that
(1] [B°] = [E*] = [I]
and
(1] [Aap] = [I'] % [EGy] = 0, a #b,

we have

[Ba] * [Eqy) = [Ba] * (=[Sab(1, 1)] — 2([Sa(1, 2)]),
[Ez) * [Ba] = (=[Sa(1, 1)] = 2[Sa(1,2)]) * [Ba].
Let b # 1. Similar to the proof of Lemma 7.5 of [AD], we have

(2lal* = D)([E1,] + 3[ER] + [Aw]) * [E°] + [E] = ([B}] + 3[E1] + [Aw])
= —([E5] — [ + [Aw]) = [B°] = 2laf® = DE] = ([£] — [E5] + [An)

(2]al* - 1)(1—16[E§b] * [EY] o+ [wp] + [Aw] + [E7])

oL B B+ 1B ¢ o (A
— 1_96[El§1] * [BY]+[ws] * [Arp] * [E°]
9

—2laf® = D(3GE] # [B] + [E] + [wn] * [Aws])-

So we have
(2laf® = D[EY] * [B°] = —[E] * [EY},) +

where x € AY +C[A1p] % [E*]+C[E*])*[A1p] +Clwp] * [A1p) % [E*]+ C[E¥] % [A1p) * [wy).
Since y * x = 0 for any y € A?, we have
[Ba] * [E1,)

=217 (—(2|a? — D[EL] * [E°] + 2[a*[E])] * [EL] * [E°])

= 2°FUEL] % [B°] = [E},] * [Ba)-
Similarly,

[Ba] * [Eyy] = [Ep] * [Ba),

completing the proof. O
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Lemma 4.9. A% is an ideal of A(V;") and A} = At®(C(C[L/K]/J where C[L/K)
is the group algebra of L/K and J is the ideal of (C[L/K] generated by kK + 1.

Proof: By Proposition 5.4 of [AD] and Lemmas 4.7-4.8, it is easy to check that
Al is an ideal of A(V;"). Similar to the proof of Proposition 7.6 of [AD], we have

[Ba] * [Bg| = e(a, 8)[Ba+s),

for v, 5 € L where €(a, ) is understood to be £1 by identifying x with —1. Then
the lemma follows from Proposition 7.6 of [AD] and Lemma 4.8. O

It is clear that A} N AL = 0. Let
A(VE) = AV /(AL & AL,
and for x € A(V;), we still denote the image of x in A(V;") by z.

Lemma 4.10. In A(V}"), we have

(H,] = [H)], 1<a,b<d, (4.19)
(lwa] = 11—6) *[H,) =0, 1<a<d, (4.20)
%[Ha] * %[Ha] = %[Ha], 1<a<d, (4.21)
[Awp)*[H] =0, 1<a,bc<d, a#b. (4.22)

Proof: (4.19) follows from (4.7) and (4.20) follows from (4.8) and (4.9). Then
from (4.5) we can get (4.21). By (4.10), we have

[Aab]2 * [Hc] = 07 a % b.
If d > 3, then by (4.19) we can let ¢ # a, ¢ # b. So by (4.11) and (4.20),

[Aap] * [He] = 16[Agp) * [we] * [H]
= 8[Auc] * [Ap] * [He| = 128[Ase] * [Awp] * [wa] * [Hy)
= 64[Aac] * [Aca] * [Aab] * [Ha] = 0.

If d = 2. Notice that [As] = [Sa(1,1)]. By Remark 4.1.1 of [DN2] and the fact
that [w, * Sep(m,n)] = [Sa(m,n) * w,] in A(V;") for m,n > 1, we have

[Sap(m + 1,n)] + [Sap(m, n)] = 0. (4.23)
By the proof of Lemma 6.1.2 of [DN2], we know that

17

[H] = ~9(Sua(1,3)] — 5 Sual1, 2] + 3[Sua(1,1)]. (4.24)
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Direct calculation yields
[Sab(la 1)] * [Saa L, 3)] = (_l)ha(_B)ha(_1)2>

(
[Sab(la 1)] * [Saa( )] (_l)h (_Q)ha(_1)2>
[Sap(1, 1)] # [Saa(1, 1)] = hp(=1)ha(=1)ha(—1)*.

Here we have used (4.23). Then (4.22) immediately follows from Lemma 4.2.1 of
[DN2], (4.23) and (4.24). The proof is complete. O

For 0 # a € L, let {hy,---,hgs} be an orthonormal basis of h such that
h, € Ca. Define

‘a|2 1 128

[Ba) = 212 ] 7).

We also set [By] = 128[Hy].

Lemma 4.11. The subalgebra Ay of A(V;Y) spanned by [B,], o € L is an ideal
of A(V;") isomorphic to C[L/K]/J.
Let N -
A(VE) = AVL)/An.
Lemma 4.12. Any E(VLJF)-module is completely reducible. That is, fAl(VLJF) is a

semisimple associative algebra.

Proof: Let M be an ﬁ(VJ)—module. For a € L, by [DN2] M is a direct sum of
irreducible A(V,)-modules. Following the proof of Lemma 6.1 of [AD] one can

prove that the image of any vector from M(1)" in X(V; ) is semisimple on M.
By Table 1 of [AD], we can assume that

M= B M,

Aeh/(£1)

where My = {w € M| [h(=1)1Jw = 2(X\,h)*w,h € b}. So wew = (A, hy)?w
for w € M. By (4.10) and (4.11), we have

Aabw = ()\7 ha)()\a hb)w
for a # b, w € M. For any u € My, A # 0, set M(u) = > C[E“u. By (4.12)-
a€cl
(4.13) and (4.15)-(4.17), if [E“|u # 0, then o« € A(X) or —a € A()N), where
AN) ={a e L| N+ al*=|A?}. So

Mu)= @ ClEu.

a€A(X)

Since L is positive-definite, there are finitely many « € L which belong to A(\).
Thus M (u) is finite-dimensional. Similar to the proof of Lemma 6.4 of [AD],
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we can deduce that A M(u) € M(u), w,M(u) € M(u). By Proposition 5.4 of
[AD], [E?] * [EP] = [2]  [E**P] for some z € M(1)*. We deduce that M (u)
is an fAl(VLJ’)—submodule of M. Suppose [E%u # 0, for some a € A(A). If
(o, ) = 2, then by (4.14), we have 0 # [E]|[E*u € Cu. If (a,a) = 2k # 2.
Let {hi, -, hq} be an orthonormal basis of h such that h; € Ca. By the fact
that [H1] = [J1] + [w1] — 4[w?] = 0 and (4.13) we know that [w;]u = Zu. Then by
Lemma 5.5 of [DN2], we have
2k?

BB = (6 = D2 = 27) - (8 = (k= 1)) £ 0

Therefore M (u) is irreducible. We prove that M is a direct sum of finite-
dimensional irreducible A(V;")-modules. O

Theorem 4.13. A(V;") is a finite dimensional semisimple associative algebra.

Proof: Clearly A(V,") is finite dimensional. By Lemmas 4.5, 4.7, 4.9 we know
that AY@ Al is a semisimple ideal of A(V;"). Thus A(V;") is semisimple if and only
if A(V;") = A(V;")/(A4@ AY) is semisimple. By Lemma 4.11, Ay is a semisimple
ideal of A(V;). So A(V}") is semisimple if and only if A(V;") = A(V;")/Apy is
semisimple. The result now follows from Lemma 4.12. O

5 Rationality of V;” when L has an orthogonal
base

In this section we assume that L has an orthogonal base {f;,1 < i < d} in the
sense that (5;, 8;) = 0, for i # j. Then we have L = @le Z,3; and this induces
the relations

®?:1VZJ%1- C (V@jzlzgi)Jr = VLJr

between vertex operator algebras. By Theorems 3.4 and 2.6, ®§:1VZJ%Z_ is a rational

vertex operator subalgebra of V;". This is a crucial fact in our discussion of
rationality of V;" in this section.
The following lemma is trivial:

Lemma 5.1. The vertex operator algebras @¢_,Vzs, and Veaq_l 7, are isomorphic.

By Lemma 5.1, a VEBL 7,5,-module V@?:lzﬁi""ciﬁi can be viewed as a @, Vzg,-
module, and is isomorphic to &% ,Vzs. 1. On the other hand, by Theorem
2.6 and Theorem 3.4, @L,V;5 is rational, then any admissible V;"-module is
completely reducible as an admissible ®§l:1VZ+Bi-module. Thus we may decompose

all the irreducible V; -modules as a direct sum of irreducible ®?:1Vzgi—modules.
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Lemma 5.2. The following are ®§:1V22i—m0dule isomorphisms.
(1) Vi is isomorphic to a direct sum of

Vig, @@V

with sign ¢; = {£},1 <i < d such that the number of i with ¢; = — is even.
(2) V[ is isomorphic to a direct sum of

Vig, @@V
with sign ¢; = {x},1 <i < d such that the number of i with ¢; = — is odd.
(3) V)\j—i-L fOT )\j = k‘lﬁl —+ -+ kjdﬁd - LO/L, k‘l,' .- ,k’d € C and 2)\] ¢ L is
isomorphic to
VZﬁH-klﬁl Q- ® VZﬁd-i-kdﬁd?
where Vyg, 1k,5, = VZJ%#,%& D Vi ir,5 fori such that 2k;3; € L5;.

(4) V)\—;—i-L fOT’ >\j = k1ﬁ1 "‘"""kdﬁd S LO/L,]{Jl,'-' ,]ﬁ?d € C and 2>\j e L is
isomorphic to a direct sum of

d €;
®i:1VZﬁi+kiﬁi

with sign ¢; = {£},1 <i < d such that the number of i with ¢; = — is even.
(5) V/\;JFL for Nj = kiS4 -+kifa, k1, -+ kqa € C and 2)\; € L is isomorphic
to a direct sum of
®?:1V£éi+ki6i
with sign ¢; = {£},1 <i < d such that the number of i with ¢; = — is odd.
(6) (Vg")Jr is isomorphic to a direct sum of

TX 1 TXd

(Vzgl )61 Q- ® (VZ6d )Ed

with signs €; € {£},i =1, -+ ,d such that the number of i with ¢, = — is even.
(7) (VLTX)_ is isomorphic to a direct sum of

TX € TX €,
(Vzgf) Q- ® (Vzﬁdd) ¢

with signs ¢; € {£},i =1, -+ ,d such that the number of i with ¢; = — is odd.

Proof: (1) By Lemma 5.1, we have V;, & @ V5. and the corresponding 6 is
changed to 6 ® --- ® 84, where 0; is the restriction of 6 to Vzg,, then VLJr is iso-
morphic to (@, Vzs,)" as @L, V5 -modules. The decomposition of (@, Vzs,)*
into direct sum of irreducible ®?:1VZEi—modules is now obvious.

The proof of (2) is similar to that of (1). (3) is obvious. For (4), note that

VL = Vagiakip @ - @ Vg tka8,-
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Since 2)\; € L and {B1,-- -, Ba} is a basis of L, it follows that 2k;5; € Zf; and
Vagi+kip = Vapgi—kip;, for i = 1,2,---  d. The decomposition then follows easily.
The proof of (5) is similar.

Now we consider the last two cases. Note that (o, 5) € 27Z for all o, € L.
From the discussion given in Section 3 (before Theorem 3.1) we see that

T, T, T,
VY = Vi @ @ Vgl

(6) and (7) follows immediately. O
By Lemma 4.1 we have:

Lemma 5.3. The lowest weights of irreducible V" -modules are given by

_ T To
Vi Ve [ Vae | Vi | (V)7 | (VY)
0 1 Qo) | gty d d+8
2 2 16 16

where 2\; ¢ L, 25 € L and p; # 0.

From Lemma 5.3, Theorem 3.3, Proposition 3.5 and Theorem 4.13, we get
the following result:

Lemma 5.4. Ext%ﬁ(N, M) = 0 for the following irreducible V;"-module pairs
L
(M,N):
(M,N) = (M,M) (ie. M =N), (Vi,p, Vi), Aj#0,

Ty,

(V)T (v,

Ty,

Ty,
) (V)5 (V).
Furthermore, we have:
Lemma 5.5. The extension groups Ext%ﬁ(VLi, ViF) =0.
L
Proof: By Theorem 2.9 and Proposition 3.9, we only need to prove
Ext%/;(VL_, Vi) =0.
We consider an exact sequence

0=V, =M=V =0

for a weak V;"-module M. By the rationality of @, V;% , there exists a @, V% -
submodule M' of M such that M' = V" as @V, -modules. Since ®{, V5
and V;" have the same Virasoro element, then there is a vector u in M' such
that L(—1)u = 0 and L(0)u = 0, this implies that u generates a V; -submodule
isomorphic to V;", then we have M =V, @ V;" and Ext%/J(VL_, ViHy=0. O

We next prove Ext{ (M?, M') = 0 for the remaining pairs (M", M?).
L
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Lemma 5.6. The extension groups Ext), (M?*, M"') = 0 for the following pairs
L
(MY, M?):

(M1>M2) = (VAﬁ-La VAj+L) Ai 7"é )‘j> (V)\H-In V)\j;—i-L)’ (V,\jiE+L> VAjJrL)a
(Vaers Vo) (Vi Vaian)s N # Ay,
(VPR VE LD, (V)T VL), (Vi (V)5 (Vi (V).
(Vars (V) (V2)F, Vaer)-
Proof: Let (M?', M?) be one of the following pairs

((VLTX)ivv)\j;—i-L)v ((VLTX>3F7V;;+L>7 (V)\T-i-L’(VLTX)i)v (v)\#-i-L?(VLTX)i%

(V)\i—I—Lu (Vgx)i)7 ((Vgx)ﬂ:’ V)\H—L)'
Let U = ®¢ 1VZ+BZ" Then by Theorem 2.6 and Theorem 3.4, U is rational. It is

obvious that U has the same Virasoro element with V. Then by Lemma 2.11, it

is enough to show that
I N =0
U\NNZ)T

for any irreducible U-submodules N, N, N% of M*, V;", M?, respectively. By (1)-
(2) and (6)-(7) of Lemma 5.2, we know that there is exactly one N’ that has the

form . .
(V)" @@ (Vi)™

Then by Theorem 3.7 (2) and Theorem 2.8, the fusion rule of type

(x5 )

for the vertex operator algebra U = ®{_,V;f; is zero. Thus El’t%/; (M? M) = 0.

Consider the pair (M', M?) = (Vi 41, Va,41), where \; = ki3 + - - + kafBa,
Aj = L1+ -+ + 1484 such that X\, # X; and 2);,2)\; ¢ L. Without loss of
generality, we may assume that k; # [;. By (3) of Lemma 5.2, we have

Vairr = Vzgi 1k @ -+ @ V2,1 k4845

VL = Vagianp @ - © Vag 4148,

Note that Vzs,4n, s, is an irreducible Vg -module if 2n,.3, € Z3, and Vzg, 410, 5. =
VZJ%T B &P LBrt1in By is a sum of two irreducible V73 -modules if 2n, 3, € Z}j,.
Let N', N, N2 be any irreducible U-submodules of M* V;", M? respectively. It
follows immediately from Theorem 3.7 (2) and Theorem 2.8 that

Nl
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So by Lemma 2.11, Ext{, (M?*, M") = 0 in this case.

If (M, M?) = (V,\Z+L,V/\f+L), (VAZ_JFL,VAJ.JFL), where 2\; ¢ L, 2)\; € L, by
Proposition 3.9 and Theorem 2.9, we only need to consider the pairs (M, M?) =
(V)\:E_,’_L,V)\#L). Let )\j = kS + -+ kgBqg and X\; = [151 + - -+ + [484. Then
2k;8; € ZB;, for i = 1,2,---,d. Since 2)\; ¢ L, it follows that there exists
1 < s < d such that 2{,0s ¢ ZSs. By (3)-(5) of Lemma 5.2,

Vairr = Vzgi11 @ - @ Vzg, 114845

where Vg, 11,5, = Vil 115 @ Vs 115, if 206, € Zf,. Let N', N, N? be any
irreducible U-submodules of M*, VL+, M?, respectively. Then N'! has the form:

€
VZﬁri-kzﬁz

We know from Theorem 3.7 (2) and Theorem 2.8 that

Nl
Again by Lemma 2.11, we have Ext] , (M? M') = 0.
Finally we deal with the pairs (M iy, 2):

(VA::':+L’V)\:§+L)7 (V)\i+LaV)\ +L) )\ 7&)\

Since \; # Aj, it follows that there exists 1 < s < d such that ks # [,. Let
Ai = k1f1+ -+ 4+ kgBq and )\j = 1161+ -+ 138q. Then 2k;53;,2l;5; € 7Z3;, for
i=1,2,---,d. Let N', N, N? be any irreducible U-submodules of M V" M?,
respectively. By (3)-(4) of Lemma 5.2, N' and N? have the form:

€; €
VZﬁH-klﬁl & - VZﬁd-i-kdﬁd’
and
€; €4
VZﬁl +11ﬁ1 VZﬁd-Hdﬁd

respectively. By Theorem 3.7 (2) and Theorem 2.8,

Nl
This implies that Ext;, (M 2 M') = 0. The proof is complete. 0O

We are now in a pOSlthIl to state the main result of this section.

Theorem 5.7. Let L be a positive definite even lattice with an orthogonal base,
then V' is rational.

Proof: The theorem follows from Lammas 5.4-5.6 and Theorem 2.10. O
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6 Rationality of ;" : general case

We are now in a position to deal with V; for any positive definite even lattice L
by using the rationality result obtained in Section 5.

Note that L has a sublattice L; = @le Zf3; of the same rank, where {3;,1 <
i < d} is an orthogonal subset in L in the sense that (f;, 5;) = 0, i # j. This

induces an embedding
VI—; — (V@?:l Zﬁi)+ C VL+

of vertex operator algebras. Let {75} be a set of representatives of L/L;. In Sec-
tion 5, we prove that VLJ; is rational. Then we can decompose all the irreducible
V; -modules as a direct sum of irreducible VLt-modules. Specifically, we have

Lemma 6.1. (1) V;" is isomorphic to a direct sum of

V—yt+[,1a (275 € L1)> V’ys+L1> (275 ¢ Ll)

(one of the two irreducible modules may not exist in the direct sum).
(2) V[ is isomorphic to a direct sum of

V’Y:+L1’ (2% € L1)> V'Ys+L17 (2'75 ¢ Ll)
(one of the two irreducible modules may not exist in the direct sum).

(3) V/\J;JFL for (2X\; € L) is isomorphic to a direct sum of

V)\—;+73+L1 (2()‘]' + 75) € L1)> V>\j+’ys+L1(2()‘j + 78) ¢ Ll)

(one of the two irreducible modules may not exist in the direct sum).
(4) Vy,ip for (2X; € L) is isomorphic to a direct sum of

V)\EHSJFLI (2()\j + ;) € Ly), V/\j+fys+L1 (2(>\j +7s) & L1)

(one of the two irreducible modules may not exist in the direct sum).
(5) Vatr for (2)\; & L) is isomorphic to a direct sum of

V)\] +7s +Ly-

(6) (VLT")Jr is isomorphic to a direct sum of irreducible V;' -modules
T,
(V)"
or some irreducible E\l Ki-module T, with central character x; such that x;(k) =
Xi
—1, where Ky = {0(a)a™a € L1} and Ly = {a € Lja € L,}.
(7) (VLTX)_ is isomorphic to a direct sum of
T,

Vi)™

for some irreducible E/Kl-module T, with central character x; such that x;(k) =
—1.
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Proof: (1)-(4) are obvious. (5) is immediate by noting that 2(>\ + ) ¢ Ly as
L, is a sublattice of L. Now we prove (6)-(7). Let L = {a € Lja € Ly} and
K, ={0(a)a"|a € Z\l} Then L, is an abelian group isomorphic to L; x (k) and
K is isomorphic to 2L;. As a result, E/Kl is isomorphic to L, /2L, X (k). Since
E /K is a subgroup of L /K, T, is a direct sum of one-dimensional irreducible
E/Kl-modules T,, such that k acts as —1. Since h = C®z L1 = C®z L, we see

that
Vi =M1)0) T, = Py 1, = @ v,

That is, VLT X is a direct sum of irreducible §-twisted V,-modules VLT1 X (6)-(7)
are evident now. O

By Lemma 5.3, Theorem 3.3, Proposition 3.5 and Theorem 4.13, we have the
following result similar to Lemma 5.4.

Lemma 6.2. The extension groups Emt (N M) = 0 for the following irre-
ducible V;"-module pairs (M, N),

(M, M) (i.e M = N), (v)\-i-L’v)\—i-L) Aj # 0,

Ty, T

(V)7 (v )5

Note that V" and V" have the same Virasoro element. An analogue of
Lemma 5.5 with the same proof is the following:

T,

), (V)= (v,

Lemma 6.3. The extension groups E:ct (VLi, Vi) =0.

For the remaining pairs (M!, M?), we also have the following result:
Lemma 6.4. Extl (M2, M") =0 for the following irreducible V;F -module pairs
(M, M?):

(MY, M?) = (Vaisr, Vay+r) N # Njy, (Vatr, VATJFL), (Vi Vi)
(Var Vaer)s (Vi Vibin)s M # Ay,
(VPR VELD, (V)T VE D), (Ve (VD)5 (Vi (V).
Vaer (V) (V) V).

Proof: Let (M', M?) be one of the following pairs:

(VPR VELD), (VT VELD, (VL (VEOR), (Vi (VE)H),

(Vaces (V2)5), (V)™ Vaer).
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By Theorem 5.7 and Lemma 2.11, it is enough to show that

Nl
[VLJrl( N N2 ):0

for any irreducible V;'-submodules N', N, N* of M', V", M?, respectively. By
(6)-(7) of Lemma 6.1, there is exactly one N* which has the form

Ty, Ty,

(VL1 )+ or (VL1 )"

Nl

Now consider the pair (M', M?) = (Vy,1p, Va,41) With 2X; & L,2)\; & L, \; #
A;. By the choice of {A\y|k € L°/L} (see Section 3), we have L + \; # L + ;.
If L+ Xi = L — )\j, then by Lemma 5.3 V), and V_j ;1 have the same lowest
weight. By Proposition 3.5 and Theorem 4.13, E:Et%/;(]\/[z, M?') = 0. So we now

assume that L + \; # L £ ;. Let N', N, N? be any irreducible V" -submodules
of M', V", M?, respectively. Then by (5) of Lemma 6.1,

By Theorem 3.8, we have

1 _ 2 _
N - V)‘z‘l"}/s"l'Ll? N - V)\]"F'\/r‘l'Ll’

for some 7,, vs, where 2(X\;+,) ¢ L1, 2(A\j+7,) ¢ Ly. By (1) of Lemma 6.1, N is
of the form V’Y—;‘Ll(?}/l € Ly)or Vo, 11,(2y ¢ Ly). We claim that (7, \i+7s, Aj+7»)
is not an admissible triple modulo L;. Otherwise, since 7,,7;,7s € L and L, C L,
this forces \; +A\; € L or \; — \; € L, a contradiction. Since (7, A\; + ¥s, Aj + )
is not an admissible triple modulo L;, Theorem 3.8 asserts that

Nl

For the pairs (M',M?) = (Var, Viiip), (Vg Vaer), where 2 ¢ L,
2)\; € L, by Proposition 3.9 and Theorem 2.9, we only need to consider the pairs
(M, M?) = (V/\erL,V,\Z.JFL). Let N', N, N? be any irreducible U-submodules of
M, Vit M?, respectively. Then by (3)-(5) of Lemma 6.1, N? = V), 41,, for
some 7, and N is one of the following:

V)‘:ly?+“/s+L1 (2()‘] + ’}/s) € L1)> V)\j+’Ys+L1 (2()‘] + ’}/S) ¢ Ll)

By (1) of Lemma 6.1, N is of the form VI, | (2 € Ly) or V4,1, (2y ¢ L1). Note
that (v, A\; +7s, Ai +7,) is not an admissible triple modulo L;. Otherwise, either
Ai +Ajor A\; = \; € L. In either case we conclude that 2); € L, a contradiction.

Again by Theorem 3.8,
Nl
T ( N N2 ) =0
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The proof for the remaining pairs (M*, M?):

(VA:it—i—L’ V,\j;+L)> (V)i:-i—L’ VA:E—i-L)

is quite similar. We omit it. O

By Lemmas 6.2-6.4 and Theorem 2.10, together with Theorem 5.7, we have
the following main result of the paper.

Theorem 6.5. Let L be a positive definite even lattice. Then V" is rational.
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