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RATIONALITY OF W-ALGEBRAS: PRINCIPAL NILPOTENT
CASES

TOMOYUKI ARAKAWA

ABSTRACT. We prove the rationality of all the minimal series principal W-
algebras discovered by Frenkel, Kac and Wakimoto [EEIM|, thereby giving a
new family of rational and Ca-cofinite vertex operator algebras. A key in-
gredient in our proof is the study of Zhu’s algebra of simple W-algebras via
the quantized Drinfeld-Sokolov reduction. We show that the functor of taking
Zhu’s algebra commutes with the reduction functor. Using this general fact we
determine the maximal spectrums of the associated graded of Zhu’s algebras
of vertex operator algebras associated with admissible representations of affine
Kac-Moody algebras as well.

1. INTRODUCTION

Let W*(g) = W¥(g, fyrin) be the W-algebra associated with a complex finite-
dimensional simple Lie algebra g and a principal nilpotent element f,.;, of g at
level k [ED, CH, EH|. In [E3] we have confirmed the conjecture of Frenkel, Kac and
Wakimoto [EEW] on the existence of modular invariant representations of W¥(g)
for an appropriate level k. These representations are called the minimal series
representations of W¥*(g) since in the case that g = sl(C) they are precisely the
minimal series representations [BZZ] of the Virasoro algebra. It has been expected
[EET™] and widely believed that these representations of W¥(g) form a minimal
model of the corresponding conformal field theory in the sense of [BEZ]| as in the
case that g = sl3(C). In the language of vertex operator algebras this amounts
to showing that the vertex operator algebras associated with minimal series rep-
resentations of W-algebras are rational and Cs-cofinite. We have established the
C5-cofiniteness property previously in [EH]. The main purpose of this paper is to
resolve the remaining rationality problem.

Denote by Wy (g) the unique simple quotient of W¥(g) at a non-critical level k.
The vertex operator algebra Wy (g) is isomorphic to a minimal series representation
as a module over W¥*(g) if and only if

(]_) ]€+h;/:p/q€(@>07 pquNa (pv(I):l’
pz hs/v qz hg lf (anv) = 13

and
p>hg q>rVhy if (g,rY) =1,
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2 TOMOYUKI ARAKAWA

where hgy is the Coxeter number of g, hgv is the dual Coxeter number of g, “g is the
Langlands dual Lie algebra of g, and rV is the maximal number of the edges in the
Dynkin diagram of g. The central charge ¢(k) of Wi(g) is given by the formula

_ V|2 ) h+1 _hV thg —h—|—1
C(p/q—hgv):l—m'qp pf;p _ Uhg+Dp gq);q P — (hg +1)q)

where [ is the rank of g, p is the half sum of positive roots of g and pV is the half
sum of positive coroots of g.

)

Main Theorem. Let k be as in (@). The vertex operator algebra Wy(g) is rational
(and Co-cofinite [ET]). The set of isomorphism classes of minimal series repre-
sentations of W¥(g) forms the complete set of the isomorphism classes of simple
modules over Wg(g).

Main Theorem has been proved in [BEM, Va0 in the case that g = sl3(C) and
in [DCIY)] in the case that g = sl;(C) and k = 5/4 — 3 (or™ 4/5 — 3).

Let us explain the outline of the proof of Main Theorem briefly. A crucial step in
the proof is the classification of the simple modules over the simple quotient W (g).
For this purpose it is sufficient [ZId] to determine Zhu’s algebra of Wy.(g). We carry
out this by studying Zhu’s algebra of W-algebras via the quantized Drinfeld-Sokolov
reduction. Since this is a general argument we work in a more general setting: Let
f be any nilpotent element of g, W¥* (g, f) the (universal) W-algebra associated with
(g, f) at level k. By definition [[EH, ERW| we have

W (g, f) = Hy(V¥(g)),

where V¥(g) is the universal affine vertex algebra associated with g at level k
and H} (M) denotes the BRST cohomology of the generalized quantized Drinfeld-
Sokolov reduction [EEW| associated with (g, f) with coefficient in a V*(g)-module
M. We show that

(2) A(H}(L)) = H}(A(L))

for any quotient L of V¥(g) at any level k (in fact we prove a stronger assertion,
see Theorem ET). Here, for a conformal vertex algebra V, A(V) denotes Zhu’s
algebra? of V, and H}’ (A(L)) denotes the (finite-dimensional analogue of) BRST
cohomology associated with (g, f) with coefficient in A(L), which is identical to
A(L); in Losev’s notation [Cad], see Section .

In the case that f = fprn the classification problem is relatively simple since
A(WE(g, forin)) = Z(g) ([E2]), where Z(g) is the center of the universal enveloping
algebra U(g) of g, and hence, A(Wy(g)) is a quotient of the commutative algebra
Z(g). Moreover under the assumption of Main Theorem we have shown in [E3]
that

Wi(g) = Hy . (L(kAo))
as conjectured in [EXA], where L(kAy) is the unique simple quotient vertex algebra
of V¥(g) which is an admissible representation [EX] as a g-module. It follows from
LThere is the Feigin-Frenkel duality Wp/q—hgv (g) = Wq/rvp,hzg(Lg) for all p,q € C*. (The

details will be explained elsewhere.)
2More precisely, A(V) is the Lo-twisted Zhu’s algebra in the sense of [[ISH] since W¥(g, f) is
%Zzo-graded in general. It is the usual Zhu’s algebra for f = fprin.
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(O) that Zhu’s algebra A(Wg(g)) of W(g) is completely determined by A(L(kAg)).
We deduce the classification result in Main Theorem from that of admissible affine
vertex algebras L(kAg) recently obtained by the author in [EH].

Once the classification of simple modules is established it is straightforward to
see that there is no extension between two distinct simple Wy (g)-modules from
the general result on the representation theory of W¥(g) achieved in [E3]. Finally
the fact that simple W (g)-modules do not admit non-trivial self-extensions follows
from the result of Gorelik and Kac [[EH] who established the complete reducibility
of admissible representations of g.

The isomorphism (B) has an application to affine vertex algebras as well: Tt
enables us to determine the variety VarA(L(kAg)) associated with Zhu’s algebra
of any admissible affine vertex algebra L(kAg) (Theorem E3). This result was
announced in [EH].

The assertion of Main Theorem is a special case of the conjecture of Kac and
Wakimoto [E] on the rationality of exzceptional W-algebras. In subsequent pa-
pers we prove the rationality of a large family of W-algebras, including all the
exceptional W-algebras of type A, generalizing the result of [ED].

This paper is organized as follows. In Section B and Section B we reformulate
some results of Ginzburg [GI] and Losev [Cad] in terms of BRST reduction for
later purposes. In Section A we fix some notations for vertex algebras and clarify
the relationship between Frenkel-Zhu’s bimodules and Zhu’s C-modules associated
with vertex algebras. In Section B we discuss the effect of shifts of conformal vector
to Frenkel-Zhu’s bimodules, which is needed to describe Frenkel-Zhu’s bimodules
associated with W-algebras. In Section O we collect some basic facts about affine
vertex algebras and study Zhu’s Cs-modules and Frenkel-Zhu’s bimodules associ-
ated with objects in the the Kazhdan-Lusztig parabolic full subcategory KLj of
O of g. In Section @ we recall the definition of W-algebras and some results from
[ET]. In Section B we show that the functor of taking Frenkel-Zhu’s bimodules com-
mutes with the reduction functor on the category KLi. This result in particular
proves (B). In Section B we recall the main result of [EH] and determine varieties
VarA(L(kAo)) associated with Zhu’s algebras of admissible affine vertex algebras.
Finally we prove Main Theorem in Section [.

Acknowledgments. The author wishes to thank Maria Gorelik for valuable dis-
cussions, in particular, for giving him a proof of Lemma ™. Some part of this
work was done while he was visiting Weizmann Institute, Israel, in May 2011,
Emmy Noether Center in Erlangen, Germany in June 2011, Isaac Newton Institute
for Mathematical Sciences, UK, in 2011, The University of Manchester, University
of Birmingham, The University of Edinburgh, Lancaster University, York Univer-
sity, UK, in November 2011, Academia Sinica, Taiwan, in December 2011, Chern
Institute of Mathematics, Shanghai Jiao Tong University, China, in August 2012.
He is grateful to those institutes for their hospitality. Finally, he thanks the referees
for the careful reading and useful comments.

Notation Throughout this paper the ground field is the complex number C and
tensor products are meant to be as vector spaces over C if not otherwise stated.
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2. THE SLODOWY SLICE AND CLASSICAL BRST REDUCTION

Let R be a Poisson algebra. Recall that a Poisson module M over R is a R-
module M in the usual associative sense equipped with a bilinear map

RxM— M, (r,m)w— adr(m)={r,m},
which makes M a Lie algebra module over R satisfying
{ri,ram}t = {ri,rom +ro{ri,m},  {rira,m}t = ri{ra, m} +ro2{ri, m}

for r1,m79 € R, m € M. Let R-PMod be the category of Poisson modules over R.

For any finite-dimensional Lie algebra a the space C[a*] = S(a) is a Poisson
algebra by the Kirillov-Kostant Poisson bracket. A Poisson module over Cla*] is
the same as a Cla*]-module M in the usual associative sense equipped with a Lie
algebra module structure a — End M, z — ad(z), over a such that ad(z)(fm) =
{z, f}m + fad(z)(m) for x € a, f € Cla*], m € M.

Let g be a finite-dimensional simple Lie algebra as in Introduction, ( | ) the
normalized invariant inner product of g, that is, 1/ 2h;/ x the killing form of g. Let
v:g = g* be the isomorphism defined by the form ( | ).

Let f be a nilpotent element of g, {e, f, h} an slp-triple associated with f:

Set
x=v(f)eg".
The affine space
Sg=v(f+g)Cg
is called the Slodowy slice at x to Ad G.x, where g€ is the centralizer of e in g and
G is the adjoint group of g. It is known [GO] that the Kirillov-Kostant Poisson

structure of g* restricts to Sy. Hence C[Sy] is a Poisson algebra.
We have

(3) g= @ gj, 9; ={zegladh(z)=2jz}.
JELZ
Put

g>1 = @Gj Cg>0= @9;‘ =01/29D9>1-
j>1 >0

Denote by Gs¢ the unipotent subgroup of G whose Lie algebra is g~o. By [E3,
Lemma 2.1] the coadjoint action gives the isomorphism

(4) GsoxSf = x+ 9J2_1

of affine varieties, where 9$1 is the annihilator of g>; in g*.
Consider the affine subspace x + v(g_1/2) of g%y. We have

Clx +v(g-1/2)] = CloZol/T>0.x;

where I~ ,, is the Poisson ideal of C[g% ] generated by  — x(z) with = € g>1. The
Poisson bracket of the quotient algebra is given by

{7y} = x([2,y]) forz,y € g1/2
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under the identification C[x + v(g_1/2)] = (C[g’{/Q] = 5(g1/2). As
(5) g1/2 X g1/2 _)(Ca (xvy) '—>X([$,y]),

is a symplectic form, it follows that x + V(g,l/Q) is isomorphic to T*C4im 91/2/2 a5
Poisson varieties.
Let

pegt = et

be the restriction map. Then p is the moment map for the action of the unipotent
subgroup G'>; of G whose Lie algebra, if g>o. We have

(6) Nfl(XJFV(E—l/Q)) = X+9§1'

Let {z;]i = 1,...,dimgso} be a homogeneous basis of g-o with respect to the
grading (3) such that the first dim g, /o-elements {z;]i = 1,...,dimg;/,} forms a
basis of g; /o, and let {cfj} be the structure constant: [z;,x;] = >, cfjmk. For
1=1,...,dimgso let ¢; denote the image of x; under the natural Poisson algebra
homomorphism Clg% ] - C[x + g’{/Q]. By definition

{q_ﬁi,q_ﬁj} = x([zs,z;]) fori=1,...,dimgy s,

and ¢; = x(x;) for i > dim gy /5.

Let I1g% y denote the space g%, considered as a purely odd vector space, T*IIg%,
the tangent bundle of IIg%, which is a symplectic supermanifold. Then C[T*IIg% ]
is a Poisson superalgebra, which is nothing but the exterior algebra A\* (g%, @® g=0) =
A (9%0)® A®(g>0) (with an obvious Poisson superbracket).

For a Poisson module M over C[g*] set

C(M) = M&C[x + v(g-1/2)]@C[T*11g%] = D CP(M),
pEZL

i j
CP(M) = @ M&C[x + v(g-1/2)|® /\ (820)® /\ (g>0)-
i—j=p
Then C (Clg*]) is naturally a graded Poisson superalgebra, and C(M) is a Poisson
module over C(C[g*]) (in an obvious “super” sense). Set

dim g0
7 s * 1 * Lk ~ *
d= ) (2:®1+18¢)@r] — 18105 > cxiasay, € C'(ClgT)),
=1

1<i,j,k<dim g>o
where {z}} C g%, C C[T*IIg%,] is the dual basis of {x;}.
Lemma 2.1. d? = 0.

Since d is an odd element it follows from Lemma I that (add)? = 0 on

any Poisson module over C(C[g*]). It follows that (C(C[g*]),add) is a differen-

tial graded superalgebra and (C(M),ad d) is a module over the differential graded

algebra (C(C[g*]),add). Let H}(M) be the cohomology of the cochain complex

(C(M),add). The space H}(C[g*]) inherits the Z-graded Poisson superalgebra
structure from C(C[g*]) and H}(M) is naturally a module over H(C[g*]).

Theorem 2.2 ([ESX3, OS], see also Theorem I3 below). We have H}(Clg*]) = 0
fori#0 and H})((C[g*]) = C[S¢] as Poisson algebras.
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Let HC be the full subcategory of the category of C[g*]-PMod consisting of
modules on which the Lie algebra action of g is locally finite. Denote by I, the
ideal of C[g*] generated by y — x(y) with y € g>1. Then, for M € HC, [, M is a
Poisson submodule of M over C[g%].

The following assertion is a reformulation of a result of [

Theorem 2.3. For M € HC, we have
(M/L, M) 80 for i =0,
0 otherwise

H}(M)g{

In particular the functor

HC — C[Ss]-PMod, M — H}(M),
is exact, and

SUPPCis; | H?(M) = Sy N suppgig+ (M)
for a finitely generated object M of HC.

Proof. Since a cohomology functor commutes with injective limits we may assume
that M is finitely generated. Set C' = C(M), C? = CP(M), C" = M&C[x +
91 2@ N'(850)® A7 (g50) C C,sothat CP = @ C%. The differential add :

>0, <0
it+j=p
C? — CP*! decomposes as
add=d_@d,,
where
(7) d_ =) (z;®id+id®¢;)®adz],
(8) dy =) (adz;@id+id@ad ¢)@a} + > id®id@ckz; ad )
i (A
1
—id®id ®§ Z cf]xfx; ad .

ivdok
Since d_C%I  CW+L d, C™ C O it follows that
{d_,d }=0, &> =d% =0.
Consider the spectral sequence B, = H3(M) with
EPY— HY(CP*,d_), ELT=HP(EM,dy).

By (@), H*(CP*,d_) is the homology of the Koszul complex of the C[g% ,]-module
M®C[x + v(g_12)|® N’ (g%,) associated with the sequence z1,Za, ..., Tdimgso
where C[g%,] acts only on the first two factors. Since Cl[x + v(g_1/2)] is a free
Clg7 pJ-module of rank 1 it follows that H*(C™*,d_) is isomorphic to the homol-
ogy of the Koszul complex of the C[g%,]-module M® A”(g%,) associated with the

Sequence Tdimg, ,+1 — X(xdimgl/ﬁl), .. 3 Zdimgs: — X(Zdimg-, ). Hence thanks to
[, Corollary 1.3.8] we have

(9) E*1 (M/L,M)® N\*(g5,) for =0,
Yo for ¢ # 0.
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Hence from (H) we see that E3" is isomorphic to the Lie algebra cohomology
H*(g>0, M/ I, M). )

Now first consider the case that M = Clg*]. Since C[g*]/I, = C[x + g3,] we
have C[x + g2,] = C[G>0]®cC[Sy] by (@), and thus,

C[Sf] fori=0,

10 H'(g0,C SE
(10) (90, Clx + 91]) {0 for i > 0.

For a general module M the argument of [GO3, 6.2] shows that the multiplication
map

v :Clx+ gél]@)c[sf](M/I_XM)adi — M/I_XM
is an isomorphism of g-o-module, where g~ acts only on the first factor C[y +
gJZ-l] of C[x + g§1]®c[5f](M/IXM)adg>0 and C[Sy] acts on (M/IXM)"”db0 by the
identification C[S;] = (C[g*]/ L, C[g*])24#>°. Therefore (IM) gives that

P o (M/jXM)ad9>° forp=¢q=0,
2 0 otherwise.

We conclude that the spectral sequence collapses at Ey = E,, and the assertion
follows. 0

3. FINITE W-ALGEBRAS AND EQUIVALENCES OF CATEGORIES VIA BRST
REDUCTION

Let A be an associative algebra over C equipped with an increasing %Z—ﬁltration
F, A such that

(11) FyA-F,AC F, 4A, [FyA, FyA] C Fpyg 1A

pelz F,A/F,_1/2A is naturally a
Poisson algebra. We assume that grp A is finitely generated as a ring.

Denote by A-biMod the category of A-bimodules. Let M be an object of
A-biMod equipped with an increasing filtration Fy M compatible with the one on
A, that is,

FyA-F,M - F,AC FyyginM, [FyA, F;M] C Fpypq 1 M.

Then grp M = @, F,,M/F,_1/2M is naturally a Poisson module over grp A. The
filtration FeM is called good if grp M is finitely generated over grp A in a usual
associative sense. If this is the case we set

Then the associated graded space grp A = @

VarM = supp(grp M) C Spec(grp A),

equipped with the reduced scheme structure. It is well-known that VarM is inde-
pendent of the choice of a good filtration.
Let FoU(g) be the standard PBW filtration of U(g):

F_1U(g) =0, KU(g)=C, FU(g)=gF,—1U(g)+ Fp-1U(g).

Set F,U(g)[j] = {u € Up(g)|ad h(u) = 2ju}, where, recall, h is defined in Section
0. Let

K,U(g) = > FU(g)lj].

i—j<p
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8 TOMOYUKI ARAKAWA

Then K,U(g) is an increasing, exhaustive, separated filtration of U(g) that satisfies
(0m). The filtration {K,U(g)} is called the Kazhdan filtration. The associated
graded Poisson algebra gry U(g) is naturally isomorphic to C[g*].

Let M be a U(g)-bimodule. A Kazhdan filtration of M is an increasing, exhaus-
tive, separated, filtration KM which is compatible with the Kazhdan filtration of
Ul(g)-

Define

Lsox = Z U(g>o)(z — x(z)).
TEG>1
Then Is¢,, is a two-sided ideal of U(gso). Set

D = U(g>0)/I>0,x
and let

¢:U(g>0) » D

be the natural surjective algebra homomorphism, ¢; = ¢(x;), where {x;} is defined
in section @. Then

(04, 5] = x([x4,25]) fori=1,...,dimg; /s,
and ¢; = x(a;) for i > dim g, /2. It follows that D is isomorphic to the Weyl algebra
of rank dimg;/5/2. Let KD be the filtration of D induced by K,U(g), that is,
K, D the image of K,U(g) NU(g>o) in D. The associated graded Poisson algebra
gry D is isomorphic to C[x 4 v(g_1/2)] which appeared in Section O.

Denote by €I the Clifford algebra associated with g~o® g%, and the bilinear
form gso @ gl X g50® 959 — C, (x + f, 2’ + f') — f(2') + f'(x). The algebra
€l contains A°*(g%,) and A*(g>o) as its subalgebras and the multiplication map
A (820)@ A®(g>0) — €l is a linear isomorphism. Let F,Cl be the increasing fil-
tration of Cl defined by F,Cl = @, A (820)@ N (g50). Set F,Cl[5] = {w €
F,Cllad h(w) = 2jw}, and define the filtration K4Cl by

K,Cl= Y Fel[j].
i—j<p
We have grj Cl = C[T*IIg%] as Poisson superalgebras.

Let HC be the full subcategory of U(g)-biMod consisting of modules on which
the adjoint g-action is locally finite.

For M € HC, let

C(M) = M@DEl = @ CP(M),
pEL
i j
cr(M) = P MeDe A (8509 /\ (950).
i—j=p
Here we have used the linear isomorphism €l 22 A*(g%,)® A°(g>0). The space

C (M) is naturally a Z-graded bimodule over the Z-graded superalgebra C(U(g)).
Set

1
d=) (2:®1 +10¢,)8x; — 10187 > _ ciywizjax € C1(U(g)).
i .5,k

Lemma 3.1. d*> =0 in C(U(g)).
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Since d is an odd element it follows from Lemma B that (ad d)? = 0 on C'(M).
By abuse of notation we denote by H;(M ) the cohomology of the cochain complex
(C(M),ad d). Since (C(U(g)),add) is a differential graded algebra H$(U(g)) is nat-
urally a Z-graded superalgebra and H (M) is naturally a bimodule over H3(U(g)).

The finite W -algebra [Exd] associated with (g, f) may be defined as the associative
algebra

Ul(g, f) == H}(U(g))
([DZHH]), see (@) below).

Let KoM be a Kazhdan filtration of M € HC. Set
K,C(M)= Y K, M®K,,DIK,,Cl
p1+p2+p3<p
When this is applied to M = U(g), K.C(U(g)) defines an increasing, exhaustive,
separated filtration of C(U(g)) satisfying (). Note that d € K,C(U(g)), and
thus, add - K,,C(U(g)) C K,C(U(g)) and ad d defines a derivation of gr, C(U(g)).
By definition the differential graded algebra (gr; C(U(g)),add) is isomorphic to

(C(Clg*]),ad d) , and gry C(U(g*)) is isomorphic to C(gr; M) as Poisson modules
over C(C[g*]), where C(grx M) is the complex considered in Section B.

Let KoH$(M) be the filtration of H$(M) induced from the filtration KoC(M).
We have

grye H}(U(g)) = Hy(gry U(g)) = C[Sy]

as Poisson algebra ([EQ, OSH]). In fact, we have the following more general asser-
tion.

Theorem 3.2. (i) Let M be an finitely generated object of HC, KeM a good
Kazhdan-filtration of M. Then
(gr M/ T, gri M) 8> fori=0,

T L[z M %JHZ T M) =
grg Hy (M) plerg M) {0 otherwise

as Poisson modules over C[S¢]. In particular
VarH}(M) = VarM N Sy.
(i) We have H}(M) =0 fori# 0, M € HC. In particular the functor
(12) HC — U(g, f)-biMod, M — H}(M),
18 exact.

Proof. (i) By the assumption gry M is an object of HC. Moreover, thanks to (the
proof of) [, Lemma 4.3.3], the filtration K,C(M) is convergent in the sense of
[CH]. Hence the assertion follows immediately from Theorem E33. (ii) Suppose
that M is finitely generated. Then M admits a good Kazhdan filtration, and
hence, H}(M) = 0 for i # 0. But this prove the vanishing of all M € HC since the
cohomology functor commutes with injective limits. [l

We shall now give yet another description of the functor (I), and show that
(@) is equivalent to the functor constructed by Ginzburg [Em] and Losev [Cod],
independently.
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10 TOMOYUKI ARAKAWA

Choose a Lagrangian subspace [ of g,/ with respect to the symplectic form (B),

and let
m=I0® g>1.

Then m is a nilpotent subalgebra of g~ and the restriction of x to m is a character,
that is, x([z,y]) = 0 for z,y € m. Let {z}]i = 1,...,dimm} be a basis of m,
{x!*]i =1,...,dimm} the dual basis of m*, cfj/ the structure constants of m.

Let Cl,, Clifford algebra associated with m @ m* and the natural bilinear form
on it. For M € HC set

(M) = M&Cly,
dimm 1 ,
d= ) (@ +x@)es —1eles Y cyai’al € CU()
i=1 1<4,j,k<dimm
Then we have (d')?> = 0 and (C(M’),add’) is a cochain complex as well. Denote
by H}(M)" the corresponding cohomology.

Proposition 3.3.
(i) We have an algebra isomorphism H?(U(g))’ =Ul(g, f).
(i) For M € HC we have Hy(M)" = 0 for i # 0 and H)(M)' = H}(M) as
modules over Ul(g, f).

Proof. We may assume that M be a finitely generated as in the proof of Theorem
B3A. Let K,M be a good Kazhdan filtration. In the same manner as Theorem B2
one can show that
i | (grg M/my, grpe M)2d™  for i =0,
ngHf(M)/_{< K / X K )

0 for ¢ #£ 0,

where m,, is the ideal generated by = — x(x) with € m. Since the natural map
(grjc M/T, grye M)24 98>0 — (gr; M/m, gr, M)®™ is an isomorphism by the argu-
ment of [0, 5.5] we have

(13) g HYOM) = gy HY(M)'

as modules over C[Sy].

Now in the same manner as in [EEM, 3.2.5] one can construct a map HJQ(M) —
HY}(M)', which induces the map (I3), and hence must be an isomorphism. For
M = U(g) this gives an algebra isomorphism H?(U(g)) = H]?(U(g))’ and for a
general M this gives the assertion (ii). O

Let C, be the one-dimensional representation of m defined by the character x.
For M € 'HC the space

Why, (M) = M@U(m)(CX

is equipped with a (U(g), U(g, f))-bimodule structure. Indeed, there is an obvious
left U(g)-module structure on Why, (M). To see the right U(g, f)-module structure
consider the space M® A°®(m), which is naturally a right module over C(U(g)) =
U(g)®Cly,. Under this right module structure the element d' € C(U(g))" gives
M® A*(m) the chain complex structure, and this complex is identical to the Cheval-
ley complex for calculating the Lie algebra m-homology He(m, M®C,,) with coef-
ficient in the diagonal m-module M ®C,,, where m acts on M by xm = —mz. The
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right C'(U(g))’-action on M@ A°*(m) gives the right U (g, f)-action on He(m, M®C, ),
in particular on Hy(m, M®C,) = Why, (M). This action obviously commutes with
the left U(g)-action.

By [, we have H;(m, M®C,) = 0 for i # 0, M € HC, and hence, the functor

Wha : HC — (U(g),U(g, f))-biMod, M +— Whi, (M)

is exact.

Let C be the full subcategory of g-Mod counsisting of objects on which z — x(x)
acts locally nilpotently for all x € m. Here, for any algebra A, A-Mod denotes the
category of left A-modules. Note that Why, (M) with M € HC belongs to C when
it is considered as a left g-module.

For an object M of C consider the space M® A°®(m*) as a (left) C'(U(g))’-module.
The cochain complex (M® A°®(m*),d’) is identical to the Chevalley complex for cal-
culating Lie algebra m-cohomology H*®(m, M ®C_, ) with coefficient in the diagonal
m-module M®C_,. It follows that H®*(m, M®C_, ) is a module over U(g, f), and
we have a functor

Wh™:C — U(g, f)-Mod, M +— H°(m, M&C_,).

By [EEH], one knows that H*(m, M®C_,) =0 for i > 0, M € C, and Wh™ defines
an equivalence of categories.

The following assertion can be proved in the same way as [Ed, Theorem 2.4.2]
using Proposition B3.

Proposition 3.4. For M € HC we have HJ?(M) =~ Wh™(Why (M))) as Ul(g, f)-
bimodules.

Let
Y = Why(U(g)) = U(g)@um)Cx-
Then by Proposition B we obtain the usual realization of U(g, f):
(14) U(g, f) = Wh™(Y) = Endy ) (Y)*.

The assignment U(g, f)-Mod — C, E — Y ®yq,5)F, gives a functor which is quasi-
inverse to Wh"" ([EXd)).

Remark 3.5. By Proposition B2 and [Cad, 3.5], it follows that the functor HC —
Ul(g, f)-biMod, M — HJQ(M), coincides with the functor e; constructed by Losev
[C3d]. This observation enables us to improve the main result of [BE3]; The details
will appear elsewhere.

Let I be a two-sided ideal of U(g). Then U(g)/I is a quotient algebra, and thus,
H?(U(g)/]) inherits the algebra structure from C(U(g)/I). On the other hand, the

exact sequence 0 — I — U(g) — U(g)/I — 0 induces the exact sequence
0— H{(I) = U(g, f) — H}(U(g)/I) — 0

by Theorem BA. Hence we have the algebra isomorphism

(15) HY(U(g)/T) = U(g, f)/Hy (D).

Let C! denote the full subcategory of C consisting of objects which are annihilated
by I.
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12 TOMOYUKI ARAKAWA

Theorem 3.6. For a two-sided ideal I of U(g) we have an equivalence of categories
c'= HY(U(g)/I)-Mod, M — Wh™(M).

Proof. By (), HY(U(g)/I)-Mod can be identified by ([3) with the full sub-
category of U(g, f)-Mod consisting objects M which are annihilated by H]‘?(I).
Therefore, thanks to Skryabin’s equivalence, it is enough to check that Wh™ (M) €
HY(U(g)/I)-Mod for M € €', and that Y ®y g, sy E € C' for E € H}(U(g)/I)-Mod.
The former is easy to see. The latter follows from the proof of [Gm, Theorem
4.5.2]. O

4. FRENKEL-ZHU’S BIMODULES AND ZHU’S C5-MODULES

Recall that a vertex algebra is a vector space V' equipped with an element 1 € V'
called the vacuum, T' € End(V), and a linear map

Y(?2,2):V — (EndV)[[z,27']], aw Y(a,2)=a(z)= Z amyz "
neZ
such that
(i) 1(2) =idy,
(ii) a@yb=0forn>0,a,becV, and a_1 = a,
(ili) (Ta)(z) = [T,a(z)] = La(z) fora €V,
(iv) (z — w)"a(z),b(w)] = 0 in End(V) for n > 0, a,b € V.

For a vertex algebra V' we have the Borcherds identity

> D - i T T
Z (z) (a(r-i-i)b)(p-‘rq—i) = Z(—l) <z> (a(p+r_i)b(q+i) —(=1) b(q+r—i)a(p+i))
=0 =1

in EndV for all p,q,r € Z, a,b,c € V.
A module over a vertex algebra V is a vector space M equipped with a linear
map

YM(2,2): V — (End M)[[z,27Y]], aw a(z) = Za%)zf"*l,
neEZ
such that YM (1, 2) = idyy, aé‘fl)m =0forn>0,aeV, me M, and
M i M M rp M M

Z (Z) (a(r+i)b)(p+q—i) = Z(_l) (’L) (a(p+r—i)b(q+i) - (_1) b(q+r—i)a(p+i))

i=0 i=1
in End M for all p,q,r € Z, a,b,c € V. In particular V itself if a module over
V called the adjoint module. Let V' -Mod be the abelian category of V-modules.

Below if no confusion arises we write a,,) for aé‘r/{).
For a V-module M set

Co(M) := spanc{a(_symla € V,m € M}.
Zhu’s Cy-algebra [ZI4] of V is by definition the space
Ry =:V/Ca(V)
equipped with the Poisson algebra structure given by

a-b= a(—nb, {a,b} = ayb fora,beV,
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where @ = a+ Cy (V). Zhu’s Co-module of M is the space M/Cy(M) equipped with
the Poisson module structure over Ry given by

a-m=a—1m, {&,m}:a(o)m foraeV, me M.
A vertex algebra V is called finitely strongly generated if Ry is finitely generated
as a ring; it is called rational if any V-module is completely reducible; it is called C;-
cofinite if Zhu’s Cs-algebra Ry is finite-dimensional. The Cs-cofiniteness condition

is equivalent to the lisse condition in the sense of [BEM)| ([E4]).
A vertex algebra V is called conformal if it is equipped with a vector w € V|, called

the conformal vector, such that the corresponding field Y (w,2) = >, .4 Lpz7"72
satisfies the relation
(m3 —m)Smin.o
[Lin, Lp) = (m —n)Lppyn + T’cv for some cy € C,

L =T,
Ly is diagonalizable on V.

The number cy is called the central charge of V.

In this paper we assume that a vertex algebra V is conformal and %Z—graded'3
with respect to Ly:

V=@P Vs Va={a€V|Loa=da}.
deiZ

For a homogeneous elements a € V we denote by wt(a) the eigenvalue of Ly on a.

A V-module M is called graded if

M= My, My={me M|(Lo—d)'m=0, r>0}
deC

it is called positively graded if in addition there exists a finite set {dy,...,d,} C C
such that My = 0 unless d € J;_,(d; + %Zzo)- If V is Cs-cofinite any finitely
generated V-module is positively graded ([EBO]). Let V -gMod be the abelian full
subcategory of V -Mod consisting of positively graded V-modules, Irr(V') the set of
isomorphism classes of simple objects of V -gMod.

Let A(V) be the (Lg-twisted) Zhu’s algebra of V ([EZ, OSH]). By definition

A(V) =V/OV),
where O(V) is the subspace of V' spanned by the vectors
o wt(a)
aob:= Z( ; )a(iQ)b
i>0
with homogeneous vectors a,b € V. The multiplication * of A(V) given by
_ wt(a)
a*b—g( ; )a(il)b.

Let M be a V-module. Frenkel-Zhu’s bimodule [E4] associated to M is the
bimodule A(M) over A(V') defined by

A(M) = M/O(M),

3This is because W -algebras are %Zzg-graded in general. However since principal W-algebras
are Zx>q-graded it is enough to consider the Z-graded case in order to prove Main Theorem.
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14 TOMOYUKI ARAKAWA

where O(M) is the subspace of M spanned by the elements

dom:=%" (th.(@) o

>0
with homogeneous vectors a € V and m € M. The bimodule structure of A(M) is
given by

(16)  axm=3 (Wti(“)> aeym, mra=Y (Wt(“i) - 1) a1y,

>0 >0
Note that
- wt(a) — 1
(17) a*m—m*a-Z( ; )a(i)m.
>0
Lemma 4.1 ([EZ, Proposition 1.5.4]). The assignment M — A(M) defines a right
exact functor from V -Mod to A(V')-biMod.

Zhu’s Cs-algebra Ry and Zhu's algebra A(V') are related as follows: Set
Ve =P Va
d<p

and let F, A(V) be the image of V<, in A(V). Then F, A(V') defines an increasing,
exhaustive §Z-filtration of A(V) satisfying () ([ZId]). (In the cases that we will
consider in this paper the filtration Fy A(V) will be separated as well; this is true,
for instance, if V' is positively graded.) On the other hand the grading of V' induces
the grading of Ry: Ry = GBPE%Z(RV)p’ where (Ry ), is the image of V, in Ry:
(Rv)p 2V, /C2(V),, Ca(V), = Co(V) N V,. The linear map

(Rv)p — FpA(V)/Fpe12AV), a+Co(V)pr—a+O0(V)NVep+ Vep_1/2
defines a surjective homomorphism
(18) my : Ry — grp A(V)

of graded Poisson algebras (BT, Proposition 3.2]). It follows that A(V) is finite-
dimensional if V' is Cy-cofinite.

For a graded V-module M = @, - Mg, there is a similar relation between
M/Cy(M) and A(M) as well: Set

Moy = @ My
dEp—%ZZO
and let F,A(M) be the image of M<, in A(M). Then the space grp A(M) =
D, cc FrAM)/F,_1/5A(M) is a graded Poisson module over grp A(V), and hence
over Ry by (IX).
The following assertion can be proved in the same manner as [ELY], Proposition
3.2].

Lemma 4.2. Let M be a graded V-module. The linear map M,/Co(M), —
FyA(M)/F,_1/2A(M), m 4+ Co(M), — m + O(M) N M<y, + M<,_1/2, defines a
surjective homomorphism

TN - M/CQ(M) —» ngA(M)

of Poisson modules over Ry . Here Co(M), = Co(M) N M,.
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Now assume for a moment that V is Zx>p-graded with respect to L. Let
UV) =Dy UV )a be the current algebra [E2, BINT] of V', which is a degreewise
complete graded topological algebra. Then a V-module is the same as a continuous
representation of U (V). Since

(19) AWV) 22UV )0/ > UV UV,

p>0

([e@)), where U denotes the degreewise closure of U, an A(V)-module E can be
regarded as a module over U(V)<g := @ U(V), on which U(V),, p < 0, acts

p<0

trivially. Set
(20) My (E) = U(V)@u(V)SOE € V-gMod,

and let Ly (E) be the unique simple quotient of My (E). By Zhu’s theorem [ZId]
we have

(21) Irr(V) = {Lv(E)|E € Irr(A(V))},

where, for any algebra A, Irr(A) denotes the set of isomorphism classes of simple
objects of A-Mod.

5. THE EFFECT OF SHIFTS OF CONFORMAL VECTOR TO FRENKEL-ZHU’S
BIMODULES

Let V be a %Z—graded conformal vertex algebra with conformal vector w. Sup-
pose that there exists an element £ € V' that satisfies the conditions

Lnf = 5n,0£7 §(n)§ = min,ll forn € ZZU

with some k € C, and that £ acts semisimply on V' with eigenvalues in Z. Then
one can “shift” the conformal vector w by %L,lg to obtain a new conformal vector.
Namely

1
we ' =w+ 55(_2)1

also defines a conformal vector of V', with central charge cpew = colg — 3k, where
Cold 1s the central charge of V' with respect to w.

Although the definition of Zhu’s algebra and Frenkel-Zhu’s bimodules depend
on the choice of a conformal vector, the above shift of a conformal vector does
not change the structure of Zhu’s algebra nor Frenkel-Zhu’s bimodules as we show
below: for a V-module M let A" (M) (temporary) denote Frenkel-Zhu’s bimodule
of M with respect to the conformal vector we and let A°!4(M) (temporary) denote
Frenkel-Zhu’s bimodule with respect to the conformal vector w.

Let A(z) be Li’s A-operator [[4] associated with &:

_ o Sm) o n
Alz) =z exp(,;—%( "),

Proposition 5.1.
(i) The map V —V, a— A(1)a, induces an algebra isomorphism

AOld(V) o~ Anew(v).
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(ii) Let M be a V-module on which &) acts semisimply. Then the map M —
M, m+— A(1)m, induces an A°'4(V)(=2 A% (V))-bimodule isomorphism

AOld(M) o~y Anew (M)
Proposition B follows from the following lemma.

Lemma 5.2. Let M be a V-module on which &) acts semisimply. Then
A(1)(aooia m) = (A(1)a) onew (A(1)m),
A(1)(a *o1a m) = (A(1)a) *new (A(1)m),
A(1)(m *o1q a) = (A(1)m) #pew (A(1)a)

fora € V, m € M. Here o,q and x,1q (respectively, opew and *pey) are opera-
tions (@) with respect to the grading defined by Lo o1a (respectively, Lo new ). Here

Y(w,2) =3 ez Lnoiaz™" 2, Y(we, 2) = ez Lnnewz "2,

Proof. Let m be a homogeneous vector of M such that {gym = 2Am. Then
WE(M)new = WE(M)o1a — A, where wt(m)ne, and wt(m)qq denote the eigenvalue
of Ly new and Lo oq on m, respectively. Write

eXp(Z %(—z)‘") = Z Upz "

n>1 n>0
with u, € Cl{(1),£(2),---,]. Since we have
(22) A(1)Y (a,z) =Y (A(z + 1)a, 2)A(1)

for any a € V by [4, Proposition 3.2], we have
(Z+ l)wt(a),,ld

A(1)(aopiam) = A(1) Res,—o(Y (a, Z)Tm)
241 wt(a)ord
= Res.(A(1)Y (a, z)%
wt(a)ord
— Res.—o(Y(A(z + 1)a, z)%A(l)m)
wt(a)ora+A—n
= 5" Res.—o(Y (una, 2) (4 )™ A(1)m)
n>0 z
1 WH(Un @) new
= 3" Rese—o(¥ (una, 2) 2 A(1)m) = (A(1)a) onew (A(1)m)
n>0 o
The proof of the other equalities is similar. (Il

6. AFFINE VERTEX ALGEBRAS
Let g be the non-twisted affine Kac-Moody algebra associated with g and ( | ):
g=glt,t o CK.
The commutation relations of g are given by
[2t™, yt"] = [z, ylt" " + MSmino(z|y) K for x,y € g,m,n € Z,
[K,g] = 0.
We consider g as a subalgebra of g by the embedding g < g, x — 2t°.
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For k € C define
V¥(g) = U(8)®u (g & cr)Crs

where Cj is the one-dimensional representation of g[t]® CK on which g[t] acts
trivially and K acts as a multiplication by k. There is a unique vertex algebra
structure on V*(g) such that 1 := 1®1 is the vacuum and

V(a1 2) = a(2) = z:(mt")z*”*1

nez

for z € g. The vertex algebra V(g) is called the universal affine vertex algebra
associated with g at level k.
A V*(g)-module is the same as a smooth g-module of level k, where by a smooth
g-module M we mean a g-module M such that (zt")m =forn>> 0,z € g, m € M.
We have

(23) Co(M) = glt ™)t M

for a V*(g)-module M. It follows that the assignment z +— (zt~1)1, = € g, gives
the isomorphism of Poisson algebras

(24) Clg*] = Ryi(g) = VF(a)/alt "1t >V (g).

We will identify Ry« 4 with C[g*] through the above isomorphism. The Poisson

module structure of M/Co(M) = M/g[t=1]t=2M over C[g*] is then given by
x-m=(zt—Ym, {z,m}= (zt)m

forz € g, m € M.

We will assume that k is non-critical, that is, k # —h;/, unless otherwise stated,
although this condition is not essential. The standard conformal vector wy of V*(g)
is given by the Sugawara construction:

1

wy = MZ(Xit_l)(Xit_l)l,

where {X;} is a basis of g, {X*} the dual bases with respect to ( | ). This gives a
Zso-grading on V*(g).
We have [EZ] the natural isomorphism of algebras

(25) A(VH(g)) = U(g).
This can be also seen using () from the fact that the current algebra of V*(g)

is isomorphic to the standard degreewise completion M| U (g) of Uk(g) :=
U(g)/(K — kid). For a g-module F, we have

(26) My gy (E) = U(8)Qu (gl @ ck) B

where E is considered as a g[t] ® CK-modules on which K acts as the multiplication
by k and g[t]t acts trivially.
Let Ni(g) be the unique maximal ideal of V*(g). Then

L(kAo) := V*(g)/Ni(g)

is a simple vertex algebra called the (simple) affine vertex algebra associated with
g at level k.
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Let KL be the full subcategory of the category of V*(g)-gMod consisting of
objects M on which g C g acts locally finitely. By (E3), My« 4 (E) is an object of
KLy for a finite-dimensional g-module E.

The following assertion is clear.

Lemma 6.1. (i) The assignment M — M/Co(M) defines a right exact func-
tor from KLy to HC.
(ii) The assignment M — A(M) defines a right exact functor from KLy, to HC.

Let KL,CA be the full subcategory of KL consisting of modules which admit a finite
filtration 0 = My C My C ... M, = M such that M;/M;,, = My ) (E) for some
finite-dimensional representation E; for each i. Note that the adjoint module V*(g)
is an object of KL? and that M € KLj belongs to KL? if and only if it is a free
U(g[t !t~ !)-module of finite rank.

Lemma 6.2. (i) Let M be an object of KLE. Then mp @ M/Cy(M) —
grp A(M) is an isomorphism.
(i) Let 0 — M; — My — My — 0 be an ezact sequence in KLy . Then the
induced sequence 0 — A(My) — A(Ms3) — A(Ms) — 0 is exact as well.
(iii) Let M be a finitely generated object of KLy. Then A(M) is finitely gener-
ated as a left (or a right) U(g)-module.

Proof. (i) Let FoO(M) be the filtration of O(M) induced by the filtration {M<,} of
M, grp O(M) = @, F,O(M)/F,_150(M). The freeness of M over U(g[t~']t™")
implies that a(_gym # 0 for any nonzero elements a € V¥(g), m € M. Hence
grp O(M) = Cy(M) C M = grp M and the assertion follows. (ii) It is sufficient to
show that the induced sequence

(27) 0—grp A(Ml) — 8'r A(M2) — 8'p A(MS) —0

is exact. Since 0 — M; — My — Mz — 0 is an exact sequence of free U (g[t—1]t71)-
modules it induces an exact sequence

O — Ml/CQ(Ml) — MQ/CQ(MQ) — M3/CQ(M3) — 0

by (E3). By (i), this prove the exactness of (E2). (iii) Since it is finitely generated,
M is a quotient of an object of KLA. By the right exactness of the functor A(?) it
is enough to show the assertion for objects of KLA. By (ii) it then suffices to show
the assertion for the modules of the form M = My ) (E). But this follows from
[E2, Theorem 3.2.1]. O

Let {e, f, h} be the slo-triple defined in Section B. In the definition of W-algebras
W* (g, f) below we shift the conformal vector w, of V*(g) to the conformal vector

1
(28) Wg,h = wg + E(ht—2)1

to give a well-defined conformal vector of W¥(g, f). We will identify Frenkel-Zhu’s
bimodules of M € KL with respect to wg; with Frenkel-Zhu’s bimodules with
respect to wy through Proposition B and denote both of them by A(M).
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7. W-ALGEBRAS AND POISSON MODULES OVER SLODOWY SLICES

For a V¥(g)-module M, let (C*(M), Qo)) be the BRST complex of the (gener-
alized) quantized Drinfeld-Sokolov reduction associated with (g, f) defined in [EX,
ERW|. We have

T

CCh(M) _ M®Dch®/\ ,

where D" is the B7y-system of rank %dim 91/2, /\%Jr' is the space of semi-infinite
forms associated with gso @ g%y. The vertex algebra Dt is freely generated by
the fields ¢;(z) with ¢ = 1,...,dim gy 5 (corresponding to the basis {xz;} of g /2)
satisfying the OPE’s

. x((zi, z5])
8i(2)(w) ~ XL,
The space /\%Jr' of semi-infinite forms is a vertex superalgebra freely generated by
the odd fields 11(2), ..., %dimg-,(2) (corresponding to the basis {x;} of g~o) and
Vi(2), -+ Vdim o, (2) (corresponding to the dual basis {z}} of g%) satisfying the
OPE’s
Vi) (w) ~ —1—, i(2)1h(w) ~ ¥ (2)¢5 (w) ~ 0.

Z—w

The differential Qo) is the zero-mode of the fields

Qz) = Z Quyz "t

nezZ
dim g>o 1
=y (2i(2) + ¢i(2))9i (2) — 5 > by (2005 (2)n(w).
i—1 1<4,,k<dim g=o

Here we have omitted the tensor product symbol and have put ¢;(z) = x(z;) for
i > dim g /5. (Note that in the formula of Q(z) above there is no need to take the
normal ordering because of the existence of the structure constant cfj.)

By abuse of notation we denote also by H](?(M ) the cohomology of the complex

(CM (M), Q0))-
The W-algebra associated with (g, f) at level k is by definition

(29) WH(g, f) = H}(V*(g)).

The space W¥(g, f) inherits the vertex algebra structure from C"(V*(g)). The
vertex algebra W¥(g, f) is conformal with the conformal vector wyy defined by

ww = Wg,h +LU’D + w/\%+'7

where
1 dim gy /2
Y(wDaZ) = 5 ; : 8z¢ (Z)¢1(Z)7
dim gso dim g>o

Y(w/\%“,z) = — Z m; 2 Y7 (2)0.9i(2) : + Z m; 007 (2)i(2)

i=1 =1
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Here ¢'(z) is the field of D corresponding to the vector z* € gy/o such that
x([z%, x]) = &5, m; = j if z; € g;, and we have used the state-field correspon-
dence. Here the conformal vector wy of V*(g) has been shifted to wg; so that
Q(O)ww =0.

By definition the assignment M +— HY(M) defines a functor from VE(g)-Mod
to WE(g, f)-Mod.

For a V*(g)-module M, consider Zhu’s Cy-module C*(M)/CoC" (M) over the
Poisson superalgebra Reen(yk(q)). Since we have Q0)C2CM (M) C CoCM(M),
ch(M)/ C_gC’Ch(M ) is a quotient complex, which is by definition isomorphic to the
complex (C'(M/C5(M)),add) studied in Section B. We have the obvious map

v« HY(M)/CoHY (M) — HP(M/Ca(M)).
For the adjoint module M = V*(g), Mk (g) gives the isomorphism

Me(e) B (g,r) = CLSy]
([O=mH]). It follows that 7757 is a homomorphism of Poisson modules over C[Sy].

Theorem 7.1 ([ET)).
(i) We have H}(M) = 0 fori # 0, M € KLg. In particular the functor
KLr — W¥(g, f)-Mod, M + H]Q(M), is exact.
(ii) For M € KLy, fiar gives the isomorphism
HY{(M)/Co(HP(M)) = Hy(M/Cy(M))
of Poisson modules over C[Sy].
Let N be an ideal of V*(g). By Theorem T (i) HJQ(N) embeds into Wk (g, f),
and we have the isomorphism
(30) H{(V*(g)/N) = W¥(g, f)/H}(N)
of vertex algebras. In particular,

HY(L(kAo)) = W (g, f)/H}(Ni(g)).

8. QUANTIZED DRINFELD-SOKOLOV REDUCTION AND FRENKEL-ZHU’S
BIMODULES ASSOCIATED WITH W-ALGEBRAS

For a V*(g)-module M, consider the bimodule A(C"(M)) over A(C"(V*(g))).
Since we have Q)O(C"(M)) C O(C"(M)), (A(C®"(M)),Q0)) is a quotient
complex, which is isomorphic to the complex (C(A(M)), ad d) studied in Section A,
where, throughout this section, A(M) denotes Frenkel-Zhu's bimodule associated
with M with respect to the conformal vector (E8). Consider the map

me: AHRM)) - HYAM)),
[ + O(HYM)) +— [c+O(C(M))].
For the adjoint module M = V¥(g), nyr(q) gives the isomorphism

(31) AWF(g, £)) = U(g. f)

of algebras ([BE2, OSH], or see Proposition EA (ii) below). It follows that n,/ is a
homomorphism of U(g, f)-bimodules.
We can now state the main result of this section:

RBAFEFHERY LS b

Kyoto University Research Information Ref

il



A Self-archived copy in

=3 S . . RBAFEFHERY LS b
I #B j( ? Kyoto University Research Information Repository Kp RENAIRI{‘[
Yoto Universty Research nformaion Reposiory

KYOTO UNIVERSITY https://repository.kulib.kyoto-u.ac.jp

RATIONALITY OF W-ALGEBRAS: PRINCIPAL NILPOTENT CASES 21

Theorem 8.1. For any object M of KLg, nyr gives the isomorphism
A(HY(M))) = HP(A(M))
of U(g, f)-bimodules.

Remark 8.2. Theorem ETl holds at the critical level k = —hg/ as well by considering
the outer grading as in [, BE3.

To avoid confusion we denote by K A(M) (instead by Fe A(M)) the filtration of
A(M) with respect to the grading defined by the conformal vector (E8) for M € KLy.

Lemma 8.3. (i) The filtration K4 A(V*(g)) coincides with the Kazhdan fil-
tration of U(g) = A(V*(g)).
(ii) Let M be an object of KLy, Then Ko A(M) is a Kazhdan filtration of A(M).
It is good if M is finitely generated.

Proof. (i) and the first assertion of (ii) is easily seen from the definition. To see the
second assertion of (ii) observe that M/Cy(M) is a finitely generated Clg*]-module
for a finitely generated object M of KL;. Hence so is gry A(M) by Lemma 2. O

Proposition 8.4.
(i) For an object M of KLy, nas : A(H (M)) — (A(M)) is surjective.
(ii) Fov.” an object M of KLg, nar = A(H (M) HJQ(A(M)) is an isomor-
phism.
Proof. (i) First, suppose that M is finitely generated. By Lemma B3, K A(M) is
a good Kazhdan filtration of A(M). Hence we have
(32) grg Hf A(M)) = H?(ng A(M))
by Theorem BE3. Here grg H}(A(M)) is the associated graded with respect to

the induced filtration K,H? F(AM)) = Im(HO(K A(M)) — HO(A(M))). Since
v (KpA(H}(M))) C K,,HO( (M)), nar induces a homomorphism

grc i gt A(HF(M)) — gryc Hp(A(M)).

It is enough to show that grnys is surjective.
Consider the surjection

wan s M/Co(M) — gry A(M).
Since both M/Cy(M) and gr;; A(M) are objects of HC, this induces the surjection
Hy(mar) : HY(M/Co(M)) — Hj(grye A(M)) = gryc Hy(A(M))

by Theorem 3.
Now we have the following commutative diagram:

THQ (M)

HY(M)/Co(HY(M)) —— gryc A(H}(M))
(33) e | S

#(mar)

0 A 0
Hp(M/Cy(M))  ——— gr Hp(A(M)).

Since 757 is an isomorphism by Theorem I (ii), it follows that gru,, is surjective
as required.
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Next, let M be an arbitrary object of KL;. There exists a sequence of finitely
generated objects My C My C My C ... in KL such that M = J; M;. Since
(co)homology functor commutes with injective limits, A(M) = lim A(M;), H}(M) =

lim HY(M,), ACHY(M)) = lim A(HY(My)), and HY(A(M)) = lim HY(A(M,)). This

proves the assertion.
(ii) By Lemma B3 (i) H})(ﬂ'M) is an isomorphism. Hence the commutativity of
(E3) implies that THO (M) and grmnps are isomorphisms, and hence, so is 1. ([l

Proof of Theorem BEX. As in the proof of Proposition E4 it is sufficient to show the
case that M is finitely generated. Then there exists an exact sequence

(34) 0->N—-V->M-=0

in the category KLy with V' € KLkA. By the right exactness of the functor A(?) this
yields an exact sequence

A(N) - A(V)— AM) —0

in the category HC. Applying the exact functor HJQ(?) : HC — U(g, f)-biMod
(Theorem B™) to the above sequence we obtain an exact sequence

H})(A(N)) N HJQ(A(V)) = HJQ(A(M)) — 0.

On the other hand by applying the exact functor HJQ(?) : KL, — W¥(g, f)-Mod
(Theorem [) to (BA) we obtain the exact sequence

0— H}(N)— HY)(V) — H}(M) — 0.
This yields an exact sequence
(35) A(HP(N)) — A(H(V)) — A(H}(M)) — 0.
Now we have the following commutative diagram:
A(HP(N)) —— A(HF(V)) —— A(HF(M)) —— 0
w v o]
HY(A(N)) —— HP(A(V)) —— HP(AM)) —— 0.

By Proposition BEA iy and 7y, are surjective and 7y is an isomorphism. As the
horizontal sequences are exact it follows that n,; is an isomorphism. This completes
the proof. O

For an ideal N of V*(g), let Jy denote the image of A(N) in A(V*(g)) = U(g),
so that

(37) A(V*(g)/N) = Ul(g)/ .

Note that H?(Vk(g)/N) is a quotient vertex algebra of W¥(g, f) provided it is
nonzero (see (BO)).

Theorem 8.5. For any ideal N of V*(g), we have the isomorphism of algebras
AHY(V*(@)/N)) = Ulg, f)/H}(JIn).
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Proof. Set L = V*(g)/N. By Theorem ET,
A(HJ(L)) = HY(A(L)),

and by Theorem B3 the exact sequence 0 — Jy — U(g) — A(L) — 0 induces the
exact sequence

0— H}(Jn) — Ulg, f) — HY(A(L)) — 0.
This completes the proof. ([
The following assertion follows immediately from Theorems B and E3.

Theorem 8.6. For any ideal N of V*(g) we have the equivalence of categories
C/N = A(HY(VF(g)/N))-Mod, M — Wh™(M).

A quasi-inverse functor is given by E— Y ®u g nE.

9. VARIETIES ASSOCIATED WITH ZHU’S ALGEBRAS OF ADMISSIBLE AFFINE
VERTEX ALGEBRAS

Let g =n_@®hDdn be a triangular decomposition of g with Cartan subalgebra
b, A the set of roots of g, A, the set of positive roots of g, W the Weyl group of g,
@V C b the coroot lattice of g, PV C b the coweight lattice of g, p the half sum of
positive roots of g, p¥ the half sum of positive coroots of g. For A € h*, let My(\)
be the Verma module of g with highest weight A € b*, Lg()) the unique simple
quotient of Mg(\).

Let H = h @ CK be the Cartan subalgebra of g, E* = h* @ CAg the dual of 6,
where Ag(K) =1, Ag(h) = 0. Let A" be the set of real roots in the dual b* of the
extended Cartan subalgebra h of g, Are the set of positive real roots, W =W QY

the Weyl group of g, W =W x PV the extended Weyl group of §, p = p + h¥Ao.
For A € b*, let A( ) = {a € Am|(A + p,aV) € Z}, the set of integral roots of A,
W()\) (Sala € A( )) C W the integral Weyl group of A, where s is the reflection

with respect to o. Denote by X the restriction of \ € E* to b.

Set

br. = {A € b7A(K) = K},

the set of weights of g of level k. For A € EZ, let L(A) be the irreducible represen-
tation of g with highest weight A. Clearly, L()) is irreducible as a V*(g)-module.

A weight A\ € E* is called admissible if (1 ) A is regular dominant, that is,
A+ paY) & {0,-1,-2,-3,...} for all a € A’¢, and (2) QA(\) = QA™. The
admissible weights of g were c1a551ﬁed in [E3ACT). The module L(A) is called admis-
sible if A is admissible. Admissible representations are (conjecturally all) modular
invariant representations of g ([EXA)).

A number k is called admissible for g if kAo is an admissible weight. By [EX32,

Proposition 1.2], k is an admissible number for g if and only if
P Y if (rV,q) =1,

38 k+h'=%= pqgeN, (pg)=1, p>3 ¢

( ) q P (p Q) p= {hg lf (Tv7q):’r‘v.

A number k of the form (BR) is called an admissible number with denominator q.
For an admissiEle numker k of g, let Pr¥ be the set of admissible weights A of
level k such that A(X\) = A(kAg) as root systems.
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Theorem 9.1 ([EH]). Let k be an admissible number for g, \ € E}‘; Then L(\) is
a module over the vertex algebra L(kXo) if and only if X € Pr¥. In particular the
vertex operator algebra L(kAg) is rational in the category O of § as conjectured in
[Ex].

By Zhu’s theorem, the first statement of Theorem T is equivalent to that Ly ()
with A € h* is a module over A(L(kAy)) if and only if A+ kAg € Pr*. On the other
hand by Duflo’s theorem [[Om] any primitive ideal of U(g) is the annihilating ideal
of some irreducible highest weight module Lg(A). Hence Theorem B implies the
following.

Corollary 9.2. Let k be an admissible number for g. A simple U(g)-module M is
an A(L(kAo))-module if and only if Anny gy M = Anng(g) Lg(A) for some X € Pr*.

Let k be an admissible number for g. We shall determine
VarA(L(kAo)) = Specm(grp A(L(kAo)))(= Specm (grc A(L(kAo)))),
which is a G-invariant, conic, Poisson subvariety of g*.
Recall [B9] that the associated variety Xy of a finitely strongly generated vertex
algebra V is defined as
Xy = Specm(Rv).

Note that V is Cs-cofinite if and only if Xy, is zero-dimensional.
By (¥), VarA(L(kAo)) is a subvariety of Xy (xa,), which is also a G-invariant,
conic, Poisson subvariety of g*.
Let us identify g* with g through v, and let N' C g* = g be the nilpotent cone.
By a conjecture of Feigin and Frenkel proved in [BEH] we have
Xikno) CN  for an admissible number k for g.

In fact the following holds:

Theorem 9.3 ([E3)). Let k be an admissible number for g. Then Xpgn,) is an
irreducible subvariety of N which depends only on the denominator q of k, that is,
there exist a nilpotent element fq, of g such that

Xr(kao) = AdG.f,.
More explicitly, we have
o [red@nr=0r i)
PO e € glmo, ()27 = 0} if (q,1)

where O is the highest short root of g and mp, : g — Endc(Lg(0s)) is the finite
dimensional irreducible representation of g with highest weight 0.

1

b
rY,

Theorem B3 has the following important consequence [EH]: By Theorems I3
and [ we have

(39) XHJ?(L(kAo)) = XL(kno) NSy
Hence the transversality of Sy with G-orbits (see [GQ]) implies the following:

Theorem 9.4 ([ET]). Let k be an admissible number with denominator q. Then
the vertex algebra H]?q (L(kAo)) is a non-zero Co-cofinite quotient of W¥ (g, f).

Now we are in a position to state the main result of this section.
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Theorem 9.5. Let k be an admissible number for g with denominator ¢ . We have
an isomorphism of affine varieties

VG/I"A(L(/CA())) = XL(kA0)~
Proof. By Theorem 3, it is sufficient to show the following assertion.

Proposition 9.6. Let f be any nilpotent element of g, and let k be any complex
number. The following conditions are equivalent:

(i) XL(kAo) D AdG.f.

(ii) Var(A(L(kAo))) D AdG.f.

Proof. Clearly (ii) implies (i) as VarA(L(kAo))) C Xrka,). Conversely, suppose
that Xpa,) O AdG.f. Since VarA(L(kAo)) is G-invariant and closed it is suf-
ficient to show that the point f € g = g* is contained in VarA(L(kAo)). By
(B9), Xao(r(kap)) contains f, and hence, HY(L(kAg)) is nonzero. It follows that
A(H})(L(EAO))) = H})(A(L(kAO))) is nonzero as well. Since VaTH})(A(L(kAO))) =
VarA(L(kAo)) NSy by Theorem B (i), VarA(L(kAy)) intersects Sy non-trivially.
As VarHJOc(A(L(kAO))) is invariant under the natural C*-action on Sy which is con-
tracting to f (see [GH|), VarA(L(kAg)) must contain the point f as required. O

O

Conjecture 1. For a finitely strongly generated simple vertex operator algebra V' of
CFT type we have VarA(V)(:= Specmgrp(A(V))) = Xy.

Note that Conjecture 1 in particular implies the widely believed fact that a
finitely strongly generated rational vertex operator algebra of CFT type must be
C5-cofinite.

10. PROOF OF MAIN THEOREM
In this section we let f = f,,in, a principal nilpotent element of g,
W*(g) = WH(g, forin) = Hy, . (V*(9)),
and Wy, (g) = the unique simple quotient of W*(g)

as in Introduction. The vertex algebra W¥(g) is Z>o-graded by Lg, where
Y(ww,z) = Z Lz "2,
neZ

The central charge c(k) of W¥(g) is given in Introduction. We have the isomor-
phisms

Clg"]9 = C[S¢] = H(C(Cg™)),ad d) = Ryr(g), p > p®1,
Z(g) = Ul(g, forin) = H(C(U(g)),ad d) = A(W*(g)), 2z~ 201

(9], see also [BEH]), where Z(g) denotes the center of U(g). We will identity
A(WF(g)) with Z(g) through the above isomorphism.

For a central character v : Z(g) — C, let C,, be the one-dimensional representa-
tion of Z(g) defined by ~. Put

Myw(y) = MW’“(Q)((C’Y)v Lw(y) = ka(g)((cv)
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(see section O). We have
Irr(W*(g)) = {Lw ()| € b*/W — p},
where vy : Z(g) — C is the evaluation at Mgy()). Note that
Wi(9) = Lw (V= (k+hy)pv )5
see [E3, 5.4].
Theorem 10.1. Let N be an ideal of V*(g) and suppose that H?prm(Vk(g)/N) #0,
so that H?prm(Vk(g)/N) is a quotient vertex algebra of W*(g) (see (EO)). We have

Ie(HY, (V¥(9)/N)) = {Lao(3)|U(g) ker 7 > I}
(Here Jy is defined in Section B, see (B1)).
Proof. Recall Skryabin’s equivalence for f = f,i, in Section B:
Z(g)-Mod = C, Ew—Y®zq)kE,

which goes back to Kostant [Eod|. In particular, {Y,|y € h*/W — p} gives the
complete set of isomorphism classes of simple object of C, where Y, = Y®z4C,.
We have [[Ed]

Anng ) Y, = U(g) ker .

Therefore Y, is annihilated by Jy if and only if Jy C U(g)ker~y. In other words
{Y,|U(g)kery D Jn} gives the complete set of isomorphism classes of simple ob-
jects of C/~. By Theorem E@ this is equivalent to that

Lir(A(H}(V*(g)/N))) = {C,|U(g) kery > Jn}.
This completes the proof. (I

Recall that Xpa,) C N for an admissible number & for g (Theorem E3). An
admissible number k is called non-degenerate if

Xigag =N = AdG i,
From Theorem O3 and the fact that
(40) (O1pY) =hg =1, (0s]p¥) =hY 1,

where 6 is the highest root of g, it follows that an admissible number k is non-
degenerate if and only if &k satisfies

h if (q,7V) =1,
q= 3 Voo ( v) v
r'hi, if (q,rV) =1V,
where ¢ is the denominator of k, that is, k is of the form ().

Theorem 10.2. Let k be an admissible number for g. Then H?prm (L(kAo)) #0
if and only if k is non-degenerate. If this is the case then

Hy . (L(kAo)) = Wi(g)-
Moreover, Wi(g) is Co-cofinite.

Proof. The fact that H](?W,n (L(kAo)) = Wi(g) for a non-degenerate admissible num-

ber k was proved in [BEJ, Theorem 9.1.4]. The rest of the assertion is the special
case of Theorem . (]
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Let
k k v
Prion—dgeg = AN € Pr¥[(\,a”) € Z for all a € A},

the set of non- degenemte admissible weights [EE3M, Lemma 1.5] of level k. Tt is
known [EEW| that Pr® is non-empty if and only if k& is non-degenerate. Put

non—deg

PTW {’7)\|>\ € Prnon deg}

Then §Prk, = gPrk deg/ W since W acts on prk deg freely (by the dot action).

The irreducible representations {Ly(y)|y € Prf,} are called minimal series
representations of W¥(g). In [E3] we have verified the conjectural character formula
of minimal series representations of Wy (g) given by Frenkel-Kac-Wakimoto [EEM|.
(In fact the main result of [E3] gives the character of all Ly (), see Theorem X
and Corollary [T below.)

Remark 10.3. The module Ly (y) with v € Pr¥, admits a two-sided resolution in
terms of free field realizations [B4]. However we do not need this result.

Theorem 10.4. Let k be a non-degenerate admissible number for g, v a central
character of Z(g). Then Lw(y) is a module over Wi(g) if and only if it is a
minimal series representation of W¥(g), that is,

Lr(Wi(g)) = {Lw()ly € Priy}.
Proof. Set Ji = Jn, (), so that
A(L(kAo)) = U(9)/ T

By Theorem M3, we have Wy(g) = H?

Forin (V. *(g)/Ny(g)). Hence Theorem [T
gives that

B (Wi (8)) = {Law ()|U(8) ker 7 > Ji ).

Now recall that A € b* is called anti-dominant if (A4 p, o) € N for all o« € A
Clearly, for any central character v : Z(g) — C there exists an anti-dominant \ € h*
such that v = 5. It is well-known that Lg(X) = My(\) for an anti-dominant A and
that

Anngg) Mg(X) = U(g) ker x5.
‘We have
{Lw(()|U(g) kery D Ji}

={Lw(yx)IA € b*, X is anti-dominant, Anny(g) Lg(A) D Ji}  (by the above)
={Lw(vx)|A € b*, X is anti-dominant, Ly(}) is an A(L(kA))-module}
={Lw(75)|A € b*, X is anti-dominant, L()) is an L(kAg)-module}
={Lw(73)|A € Pr¥, Xis anti-dominant} (by Theorem [T)

:{LW(’}/X”/\ € Prﬁonfdeg} = {LW(’Y)h/ € P”s\?}
This completes the proof. ([l

Theorem 10.5. For a non-degenerate admissible number k for g, Zhu’s algebra
A(Wyg(g)) is semisimple.

RBAFEFHERY LS b

Kyoto University Research Information Rep

i1



K 5

KYOTO UNIVERSITY

A Self-archived copy in
Kyoto University Research Information Repository
https://repository.kulib.kyoto-u.ac.jp

28 TOMOYUKI ARAKAWA

In order to prove Theorem I, we consider the Lie algebra homology functor
g-Mod — Z(g)-Mod, M — Hy(n_, M).
Since My(A) is free over U(n_),

C'Y)\
0 for i > 0.

for i =0,
(41) Hi(n_, My(})) = {
Lemma 10.6. Let A € h* be regular, that is, (A + p,a¥) #0 for all « € A. Then

for an exact sequence 0 — C,, Np” C,, — 0 of Z(g)-modules, there exists an
ezact sequence 0 — Mg(A) — N — My(A) — 0 of g-modules such E = Ho(n_, N)
as Z(g)-modules.

Proof. Choose homogeneous generators p1, ..., prg of of Z(g). Let
T:2(g) > SmH)"

be the Harish-Chandra isomorphism, so that zvy = YT(z)(A + p)vy for z € Z(g),
where vy is the highest weight vector of Mg(\). Set v = ¢1(1) and fix v' € E such
that ¢o(v') = 1. Then there exists dy,...,d g € C such that

piv’ = TP A+ o' + div.
Let us identify S(h) with Clay,...,ay ] Tt is well-known that
9T (pi)
(42) det(W)léiJgrkg =C H Oév7
J aEA4

where C' is some nonzero constant. The hypothesis on A\ implies that the value of
() at A+ p is non-zero. It follows that there exists some p € h* such that

(43) T(pi)(A + i+ p) = T(pi) (A + p) + td; + O(t?)

foralli=1,...,rkg.

Let A = CJ[t], ha = h®cA. Denote by Axi¢, the ha-module that is a rank one
free A-module on which h € b acts as multiplication by the scalar A(h) +tu(h). Set
M = Axi1,/t?Axity, and view M as an h-module. Observe that tM = C, and we
have the exact sequence

(44) 0—tM—-M—C\,—0
of h-modules. Set
N =U(g)®uw)M,

where b = h @ n and M is regarded as a b-module via the natural surjection b — b.
Applying the induction functor U(g)®y (s)? to (E2) we obtain the exact sequence

(45) 0— Mg(A) = N — Mg(A) =0

of g-modules. Next applying the functor Hy(n,?) we get the exact sequence
0—C,, - Hy(n_,N)—C,, =0

of Z(g)-modules by (I@). By construction, Ho(n_, N) = E as required. O

Proposition 10.7. For A € Pr¥ we have L(X) = My n,)(Lg(N)) (see (ED)).

RBAFEFHERY LS b

Kyoto University Research Information Ref

il



A Self-archived copy in

=3 S . . RBAFEFHERY LS b
I #B j( ? Kyoto University Research Information Repository Kp RENA'RI{‘[
Yoto Universty Research nformaion Reposiory

KYOTO UNIVERSITY https://repository.kulib.kyoto-u.ac.jp

RATIONALITY OF W-ALGEBRAS: PRINCIPAL NILPOTENT CASES 29

Proof. We have a surjective map

MV’“(g)(Lg(S‘)) = U(§)®U(g[t] @CK)LQO‘) - ML(kAU)(Lg(/_\))
of g-modules. It follows that M a,)(Lg(A)) is an object of O of §. Being a

L(kAo)-module, My (a,)(Lg())) decomposes into a direct sum of admissible rep-
resentations by Theorem Il Since it is generated by the highest weight vector of

Lg(X\), Mpaq)(Lg(X)) must be isomorphic to L(A). O

Proof of Theorem IIA. Since Wy (g) = H})prm (L(kAg)) is Ca-cofinite by Theo-
rem 03, Zhu's algebra A(Wy(g)) is finite-dimensional. Also, we have shown that
Irr(A(Wk(g))) = {C,|y € Prk,} in Theorem .

Let \ € Prfwn_deg, and let
(46) 0-Cy, -E—Cy —0
be an exact sequence of A(Wy(g))-modules. We need to show that this sequence
bplﬁz.cadl that Lg(\) = My(\) for X € Prﬁonfdeg. By Lemma [T there exists an
exact sequence
(47) 0— Lg(A) = N — Lg(A) =0

of g-modules that gives the exact sequence (I0) by applying the functor Ho(n_,?).
Since Anng(g) Lg(A) = U(g) ker yx we have

(48) AnnU(g) N = U(g) Annz(g) E.

On the other hand, by applying the exact functor Y®z(4)? to (0) we obtain the
exact sequence of A(L(kAg))-modules

0=Y, = Y®z@pE =Y, —0
by Theorem E@. It follows similarly that
(49) AnnU(g)(Y®Z(g)E> = U(g) Annz(g) E.

From (I3) and (I9), it follows that N is a module over A(L(kAy)) as well, and (£2)
is an exact sequence of A(L(kAg))-modules. Therefore by applying the functor
U(L(kA0))®u(L(kAg)) <, ! to (E0) we obtain an exact sequence

(50) 0— L(\) — ML(kAO)(N) — L(\)—0

of L(kAg)-modules by Proposition . Here the map L(\) — Mpaq) (V) is
injective since L() is simple. Now, thanks to Gorelik and Kac [[ZH], an admissible
g-module does not admit a non-trivial self-extension. Therefore (EO) must split.
Restricting (E0) we see that (I@) splits, and therefore, (EO) splits as well. This
completes the proof. O

Let Oy, be the full subcategory of category O of g consisting of modules of level
k, which can be regarded as a full subcategory of V*(g)-Mod. Let H°(?) : O} —
W¥(g)-Mod be the quantized Drinfeld-Sokolov “~”-reduction functor [EEA].
Recall the following result.

Theorem 10.8 ([BEJ]). Let k be any complex number.
(i) The functor H® (?) : Ox — WE(g)-Mod is ezact.
(i) For X € by, HO(M(A)) = My ().
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Lw(ys) if A is anti-dominant,

0 otherwise.

(iii) For A € b}, H° (L(\)) = {

Let [M(X) : L(p)] (resp. [Mw(y) : Lw(v")]) be the multiplicity of L(u) (resp.
Lw(v")) in the local composition factor of M(\) (resp. in the local composition
factor of My (7y)).

Corollary 10.9. Let \, i € HZ and suppose that i1 is anti-dominant. Then
My (75) : Tw (va)] = [M(A) : L(p)].

Proof. Since ch M(A) = > [M(A) : L(p)] ch L(p) we have

chMw(73) = S [M(N) : L(w)] ch Ly (va).
HEW (A)oA
[ is anti-dominant
It remains to observe that if p,u’ € ﬁ/\()\) oA, vz = Y@, and i and fi’ are both
anti-dominant then p = p/'. O

Theorem 10.10. Let k be a non-degenerate admissible number for g. The simple
vertex operator algebra Wy.(g) is rational.

Proof. By Theorem M3, it is sufficient to show that
Extyg, (g) -Mod (L (7), Lw(7')) = 0 for Lyw(7), Lw (') € Irr(Wy(g)).

By Theorem A we can write v = 75, v = vy with A\, X € Prfwnfdeg. Let
(51) 0—Lw(y) = N —Lw(y) =0

be an exact sequence of Wy (g)-modules.

Let A, be the Lo-eigenvalue of the lowest weight vector v, of Lyy(y), which is
a rational number. Suppose that A, < A/, and choose a vector v € Na_ such
that the image of v in Ly/(7) is v,. Then there is a W¥(g)-module homomorphism
My (v) — N that sends the highest weight vector of M () to v. If () is non-
splitting, N must coincide with the image of My (v). In particular, [Myy(y) :
Lw(')] # 0. By Corollary I, this is equivalent to [M(A\) : L(X)] # 0. This
forces that A = )\’ since both A and )\ are dominant weighs of g. This contradicts
the assumption that A, < A,/

By applying the duality functor D(?) to (E0), we see that the same argument
applies to show that EXt%/\?k(g)—Mod (Lw(7),Lw(®’)) =0 in the case A, > A

Finally, suppose that A, = A, =: A. Then we have the exact sequence

0— LW(’YI)A — Na — LW(’y)A — 0.

The semisimplicity of A(Wy(g)) (Theorem M) implies that the above sequence
splits. Therefore (E0) splits as well. This completes the proof. [l

Main Theorem follows immediately from Theorems A, M3 and IO, (I

REFERENCES

[ABD] Toshiyuki Abe, Geoffrey Buhl, and Chongying Dong. Rationality, regularity, and Cs-
cofiniteness. Trans. Amer. Math. Soc., 356(8):3391-3402 (electronic), 2004.

[AKM] Tomoyuki Arakawa, Toshiro Kuwabara, and Fyodor Malikov. Localization of affine W-
algebras. arXiv:1112.0089[math.AG], to appear in Comm. Math. Phys.

RBAFEFHERY LS b

Kyoto University Research Information Ref

il



KYOTO UNIVERSITY

[ALY]
[AM]
[A1]
[A2]

[A3]

[A4]
[A5]
[A6]
[A7]
[A8]
[BFM]

[BPZ]

[CE]
[D3HK]

[DLTY]

[DSK]
[Duf]
[FF]

[FKW]

(FL]

[Fz]
s
[Gin]
[GK]
[Kos|

[KRW]

A Self-archived copy in
Kyoto University Research Information Repository
https://repository.kulib.kyoto-u.ac.jp

RATIONALITY OF W-ALGEBRAS: PRINCIPAL NILPOTENT CASES 31

Tomoyuki Arakawa, Ching Hung Lam, and Hirhomichi Yamada. Zhu’s algebra and Ca-
algebra of parafermion vertex operator algebras. Adv. Math., vol.264 (2014), 261-295.
Drazen Adamovi¢ and Antun Milas. Vertex operator algebras associated to modular

invariant representations for Agl). Math. Res. Lett., 2(5):563-575, 1995.

Tomoyuki Arakawa. Representation theory of superconformal algebras and the Kac-Roan-
Wakimoto conjecture. Duke Math. J., 130(3):435-478, 2005.

Tomoyuki Arakawa. Representation theory of W-algebras. Invent. Math., 169(2):219-320,
2007.

Tomoyuki Arakawa. Representation theory of W-algebras, II. In Ezploring new structures
and natural constructions in mathematical physics, volume 61 of Adv. Stud. Pure Math.,
pages 51-90. Math. Soc. Japan, Tokyo, 2011.

Tomoyuki Arakawa. A remark on the Ca cofiniteness condition on vertex algebras. Math.
Z., 270(1-2):559-575, 2012.

Tomoyuki Arakawa. Associated varieties of modules over Kac-Moody algebras and Ca-
cofiniteness of W-algebras. arXiv:1004.1554[math.QA], to appear in Int. Math. Res. Not.
Tomoyuki Arakawa. Rationality of Bershadsky-Polyakov vertex algebras. Comm. Math.
Phys., Volume 323, Issue 2, 627-633, 2013.

Tomoyuki Arakawa. Two-sided BGG resolution of admissible representations. Represent.
Theory 18 (2014), 183-222.

Tomoyuki Arakawa. Rationality of admissible affine vertex algebras in the category O.
arXiv:1207.4857[math.QA], to appear in Duke Math. J.

Alexander Beilinson, Boris Feigin, and Barry Mazur. Introduction to algebraic field theory
on curves. preprint.

Aleksander A. Belavin, Aleksandr M. Polyakov, and Aleksandr B. Zamolodchikov. In-
finite conformal symmetry in two-dimensional quantum field theory. Nuclear Phys. B,
241(2):333-380, 1984.

Henri Cartan and Samuel Eilenberg. Homological algebra. Princeton University Press,
Princeton, N. J., 1956.

Alessandro Andrea, Corrado De Concini, Alberto De Sole, Reimundo Heluani, and Vic-
tor G. Kac. Three equivalent definitions of finite W-algebras. appendiz to [OSH)|, 2006.
Chongying Dong, Ching Hung Lam, Kenichiro Tanabe, Hiromichi Yamada, and Kazuhiro
Yokoyama. Z3 symmetry and W3 algebra in lattice vertex operator algebras. Pacific J.
Math., 215(2):245-296, 2004.

Alberto De Sole and Victor G. Kac. Finite vs affine W-algebras. Japan. J. Math.,
1(1):137-261, 2006.

Michel Duflo. Sur la classification des idéaux primitifs dans ’algébre enveloppante d’une
algebre de Lie semi-simple. Ann. of Math. (2), 105(1):107-120, 1977.

Boris Feigin and Edward Frenkel. Quantization of the Drinfel’d-Sokolov reduction. Phys.
Lett. B, 246(1-2):75-81, 1990.

Edward Frenkel, Victor Kac, and Minoru Wakimoto. Characters and fusion rules for W-
algebras via quantized Drinfel’d-Sokolov reduction. Comm. Math. Phys., 147(2):295-328,
1992.

Vladimir A. Fateev and Sergei L. Luk’yanov. The models of two-dimensional conformal
quantum field theory with Z, symmetry. Internat. J. Modern Phys. A, 3(2):507-520,
1988.

Igor B. Frenkel and Yongchang Zhu. Vertex operator algebras associated to representa-
tions of affine and Virasoro algebras. Duke Math. J., 66(1):123-168, 1992.

Wee Liang Gan and Victor Ginzburg. Quantization of Slodowy slices. Int. Math. Res.
Not., (5):243-255, 2002.

Victor Ginzburg. Harish-Chandra bimodules for quantized Slodowy slices. Represent.
Theory, 13:236-271, 2009.

Maria Gorelik and Victor Kac. On complete reducibility for infinite-dimensional Lie al-
gebras. Adv. Math., 226(2):1911-1972, 2011.

Bertram Kostant. On Whittaker vectors and representation theory. Invent. Math.,
48(2):101-184, 1978.

Victor Kac, Shi-Shyr Roan, and Minoru Wakimoto. Quantum reduction for affine super-
algebras. Comm. Math. Phys., 241(2-3):307-342, 2003.

RBAFEFHERY LS b %I
|

KURENAI

Kyoto University Research Information Repository



A Self-archived copy in RBAFEHRE) KD LY
i1

) ,f?: #B j( % Kyoto University Research Information Repository KU RENAI

KYOTO UNIVERSITY https://repository.kulib.kyoto-u.ac.jp Kyoto Unersty Research Information Reposiory

32 TOMOYUKI ARAKAWA

[KS87] Bertram Kostant and Shlomo Sternberg. Symplectic reduction, BRS cohomology, and
infinite-dimensional Clifford algebras. Ann. Physics, 176(1):49-113, 1987.

[KW1] Victor G. Kac and Minoru Wakimoto. Classification of modular invariant representations
of affine algebras. In Infinite-dimensional Lie algebras and groups (Luminy-Marseille,
1988), volume 7 of Adv. Ser. Math. Phys., pages 138-177. World Sci. Publ., Teaneck,
NJ, 1989.

[KW2] Victor G. Kac and Minoru Wakimoto. On rationality of W-algebras. Transform. Groups,
13(3-4):671-713, 2008.

[LF] Sergei L. Luk’yanov and Vladimir A. Fateev. Exactly soluble models of conformal quan-
tum field theory associated with the simple Lie algebra D,,. Yadernaya Fiz., 49(5):1491—
1504, 1989.

[Li] Haisheng Li. The physics superselection principle in vertex operator algebra theory. J.

Algebra, 196(2):436-457, 1997.

[Los] Ivan Losev. Finite-dimensional representations of W-algebras. Duke Math. J., 159(1):99—
143, 2011.

[MNT] Atsushi Matsuo, Kiyokazu Nagatomo, and Akihiro Tsuchiya. Quasi-finite algebras graded
by Hamiltonian and vertex operator algebras. In Moonshine: the first quarter century and
beyond, volume 372 of London Math. Soc. Lecture Note Ser., pages 282-329. Cambridge
Univ. Press, Cambridge, 2010.

[NT] Kiyokazu Nagatomo and Akihiro Tsuchiya. Conformal field theories associated to regu-
lar chiral vertex operator algebras. I. Theories over the projective line. Duke Math. J.,
128(3):393-471, 2005.

[Pre] Alexander Premet. Special transverse slices and their enveloping algebras. Adv. Math.,
170(1):1-55, 2002. With an appendix by Serge Skryabin.

[Skr] Serge Skryabin. A category equivalence. appendiz to [Exd], 2002.

[Wan] Weigiang Wang. Rationality of Virasoro vertex operator algebras. Internat. Math. Res.
Notices, (7):197-211, 1993.

[Zhu] Yongchang Zhu. Modular invariance of characters of vertex operator algebras. J. Amer.
Math. Soc., 9(1):237-302, 1996.

RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES, KyoTO UNIVERSITY, KYOTO 606-8502
JAPAN
E-mail address: arakawa@kurims.kyoto-u.ac.jp



