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Reachable set bounding for homogeneous nonlinear systems with delay and disturbance is studied. By the usage of a new method
for stability analysis of positive systems, an explicit necessary and sufficient condition is first derived to guarantee that all the states
of positive homogeneous time-delay systems with degree p > 1 converge asymptotically within a specific ball. Furthermore, the
main result is extended to a class of nonlinear time variant systems. A numerical example is given to demonstrate the effectiveness

of the obtained results.

1. Introduction

Recent years have witnessed a rapid development of reachable
set bounding for linear systems in [1-11], to name a few.
In most of existing references, the traditional Lyapunov-
Krasovskii function method is most commonly used. How-
ever, such a method is usually difficult to derive explicit
conditions for reachable set estimation of nonlinear systems
with delay and disturbance.

Due to the ubiquitous existence of time delay in practical
engineering and its adverse effect on stability [12-15] and
oscillation [16-19], it has attracted wide attention in recent
years. So far, less attention has been paid to reachable set
bounding for nonlinear time-delay systems. Such a problem
was discussed in [20, 21] for certain nonlinear perturbed
systems with delay, where the involved nonlinear terms
satisfy a linear growth condition. Reachable set bounding for
continuous-time and discrete-time homogeneous time-delay
positive systems of degree one was studied in [22]. The decay
rates of homogeneous positive systems of any degree with
time-varying delays were given in [23]. Recently, the same
problem was considered in [24] for homogeneous positive
systems of degree p > 1, while time delay was not taken
into consideration. The problem of reachable set estimation of

switched positive systems with discrete and distributed delays
subject to bounded disturbances was investigated in [25].

Positive systems are dynamical systems whose states
remain nonnegative whenever the initial states are nonneg-
ative ([26, 27]). In view of the special structure of positive
systems, a special method was commonly used for stability
analysis of positive systems in [28-33], which is different from
the traditional Lyapunov-Krasovskii function method.

Motivated by the work in [23, 24], we study in this paper
reachable set bounding for homogeneous nonlinear time-
delay systems with bounded disturbance. By developing the
methods used in [23, 24], we first establish a necessary and
sufficient condition such that all the solutions of positive
homogeneous time-delay systems with degree p > 1 converge
asymptotically within a specific ball, which contains those
results in [23, 24] in special cases. The main result is also
applied to certain nonlinear time variant systems with delay
and disturbance.

Throughout this paper, R” is the set of n-dimensional
real vectors. Denote by x; the ith coordinate of x € R”" for
i€ (ny={1,2...,n.Givenx, y € R", sayx > y (or
y < x)ifx; > y,x =z y(ory < x)ifx; > y,i € (n).

- 1
Denote R} = {x € R" : x » 0}. Forx = (x;) € R",
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denote |x| = (Ix;]) € R} and [x|,, = = maX,|x;|. Let
Be)={x € R"|x]lo < s} where ¢ > 0 is a constant. For
given r > 0, denote BF,([0,00],R") = {w : [0,00] —
R"llo)ls < 7,¥t > 0}. An n x n-dimensional matrix A
is called Metzler if all its oft-diagonal entries are nonnegative.

2. Preliminaries

In this paper, nonlinear time-delay systems of the form

x@)=fx@®)+g((xt-7@®))+w(®), t20

=¢(t), te[-h0],

1
x (t)

are investigated, where x(t) € R” is the state vector, f,g :
R" — R" are continuous vector functions satisfying f(0) =
g(0) = 0, 7(¢) is a time delay satisfying 0 < 7(t) < h,h > 0
is a constant, w(t) € BF,([0, co], R") is the disturbance, and
the initial state ¢(t) : [-h,0] — R" is continuous. Note
that when 7(t) = 0, system (1) takes the form of the system
considered in [24].

The following definitions and lemma in [34] will be
required.

Definition 1. Assume that f : R" — R” is continuous
on R” and continuously differentiable on R" \ {0}. The
vector function f is called cooperative if the Jacobian matrix
(0f /0x)(x), x € R" \ {0}, is Metzler.

Definition 2. A vector function f : R" — R" is called
homogeneous of degree p > 0if f(Ax) = Af f(x), x € R",
A>0.

Definition 3. A vector function g : R" — R" is called order-
preserving on R provided that g(x) > g(y), where x, y €
R}, x > y.

Lemma 4. A cooperative vector function f satisfies f;(u) >
f;(v), where u,v € R"\ {0}, u = v, u; = v;, i € (n).

In this paper, we need the following assumptions:

(H1) f and g are continuously differentiable on R"\{0} and
homogeneous of degree p > 1;

(H2) f is cooperative and g is order-preserving on R’};

(H3) w(t) = 0fort > 0.

Following the proof given in [22], we can easily obtain the
following lemma.

Ral
>~

~

~
—r—

X; (t) (6p+KP)1/P

or + [Kl‘p+(p—1);1t]_p/(17_l)} ’
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Lemma 5. System (1) is positive under assumptions (H2) and
(H3).

3. Main Results

Theorem 6. Suppose that (H1)-(H3) are valid. Then, we have
the following equivalent statements:

(i) There is an n-dimensional vector v > 0 satisfying f(v)+

gv) <0.
(ii) The solution x(t) of system (1) satisfies

Ix Ol <+ (B+yt) /&P .

for any t > 0, any initial state ¢(t) € €([-h,0],R"), any
disturbance w(t) € BF.([0,00],R}), and any bounded delay
7(t), where o, 3, and y are appropriate nonnegative constants
dependent on r, h, and the initial state ¢, and o« = 0 ifr = 0.

In addition, if condition (i) holds, «, 5, and y can be chosen
as follows:

a = 0p,
B=(Kp) 7", (3)
y=(p-1)np'?,

where p = maX;c (v,

1/p
NP
—maX, [f; (V) + g; (V)]

4)
« r> lell, <.
[(lell, )" =0T llol, > 6.

loll, = maxicq, ei-no(lpi(Ol/v;), 7 satisfies 0 < 5 <
min,e 1, and n; satisfies the following equation:

) + 902 ) [ +(p-1) Kp_lﬂih]P/(P_l) +1;=0,
Vi Vi (5)
i€ (n).
Proof. (i)==(ii) Given the initial state ¢ € €([-h,0], R:‘_),

from Lemma 5 we have x(f) > 0, t > 0. Based on definitions
of K and [|¢|,,, we have

x; (t)

Vi

<07+ KPP, te[-ho0],ic(n)y. (6)

Set

1/p
t>0, i€ (n,

(7)
€ [-h,0], i€ (n).
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Then (6) and (7) yield z;(t) < 0,t € [-h,0],i € (n). Next,
we show that z;(t) < 0 fori € (n) and ¢t > 0. If it is not true,
there is a constant t, > 0 and an index k € (1) guaranteeing
z;(t) <0fori e (n),t € [0,t,],and z,(t,) = 0. Therefore,

z(t,) 20, (8)
%l {GP +[K'"P+ (p- l)nt]fp/(pfl)}w,
i 9)

telot,], ie(ny.

Xk (t*)
Vi

]—P/(p—l)}l/P. (10)

- {eP+ (K" + (p-1)nt,

Using Lemma 4 and the homogeneity of f, we get from (9)
and (10) that

fi(x(t.))

< fk ({GP + [KI—P + (p _ l)nt*]*p/(pfl)}l/p v>
(11)
= {GP + [Kl—P +(p-1) m*]*P/(p—l)} £

=0 f )+ [K7 + (p= 1), ]

fe ).
For the case when 7(t,) < t,, it holds that

xi (¢

(£, -7 (t))

Vi
< ‘{0*" +[K7P 4 (p-1)n(t, - T(t*))]_P/(P_U}UP’ "

ie(n).

Considering g is homogeneous and order-preserving, we
conclude

g (e - 0)) < g for

+[K"P+ (p-1)n(t, -7 (t*))]_P/(P_U}W V)

—{or+ K7 (p- (e - )] ) )

g () =0 g )+ [KP 4 (p-1)n(t,

-7 (t*))]_‘o/(?_l) g (V).

Note that

(K" + (p-1)p(t, - ()] "

_ [Kl—p n (p— l)qt*]_P/(P_l)

pl(p-1)

U(P—l)T(t*) +1 (14)

K"P+5(p-1)(t, - 7(t,))

< [Kl—p + (P_ 1) rlt*]’l’/(!”l)

x[1+(p-1) K" ]

We further get from (13) and (14) that

g (x (£, - 7(t.))) < 6”9, (v)

) t ]_P/(P_l)

+[KP+n(p-1 (15)

_ /(p-1)
i+ (=) R g ).

For the case when 7(t,) > t,, it holds that z;(t, — 7(t,)) < 0;
ie.,

5l 2T grkn)?, i gm. 0
V.

1

It thus follows that
g (x(t. = 7(t,))) < (67 + K) g (v) = 079, (v)
+[KP+ (p- 1)r]t*]7p/(p71)
K[+ (p- 1)t " g 1) <070, 0) @)
+ [KI_P +(p- 1)11t*]7p/(P71)

pl(p-1)

(1 (- DK g ).

Next, we can conclude from (1) and (7) that

_ fk (x (t*)) + 9k (X (t* _T(t*))) + Wi (t*)

Vi

i (t,)

—o/(p-1)) 1=D)/P
+77{9p+ [Kl_p+(p—1);7t*] pl(p 1)}

R (p ] ()

< fk (x (t*)) * 9k (x (t* - T(t*))) T Wi (t*)

s "

_ -p/(p-1)
+77[K1p+(p_1)’1t*] .



Consequently, (11), (15), (17), and (18) imply that

O [fi M+ g W] +7
Vk

+(p-Dne] " x {—f e (19)

Vk

(1) < F[KP

n ng(V) [1 +(p- I)K‘D_lnh]p/(pil) + 71} .
k

On the other hand, the definitions of 6 and # yield that

0F [ fi ) + g W] +7 < O0Pmax [f; (v) + g; (V)] + 1
ie(n)
(20)
= 0’

and

S ) + g V) [1 n (P _ 1)KP*1,7h]p/(p_l) +7<0. (21)
Vk Vk

Combining this with (19), we have 2.(t,) < 0, which
contradicts (8). Therefore, z;(t) < 0, > 0,7 € (n); i.e.,

X; (t) P 1-p _ -p/(p-1) 1/p
" 3{9 +[K +(p l)ryt] } , o

t>0, i€ (n).

From the well-known inequality (a+b)? < a?+b? fora,b > 0
and 0 < g < 1, we further get

x; () <0+ [Klfp + (P _ l)ﬂt]_l/(P_l) )
Vi (23)

t>0, i€ (n).

It implies (2).
(ii)==(i) For the particular case whenr = 0 and h = 0,
system (1) reduces to
@) =fx®)+gx(®), t=0. (24)

Given the initial condition x(0) > 0, each solution of system
(24) satisfies

Ix (Ol < (B+yt) E. (25)

That is, system (24) is asymptotically stable. Based on Propo-
sition 4.1in [35], there is a vector v > 0 such that f(v)+g(v) <

0. The proof is complete. O
|x; (1)]
V.
; () = '
G 1G]

B2 or e [+ (p - 1)rlt]_P/(P_l)}1 ,
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Remark 7. It can be seen from Theorem 6 that the bound of
the reachable set is determined by the bound of disturbances,
the choice of v, and the value of p. When the bound of
disturbances and the value of p are given, an appropriate
vector v can be chosen to guarantee a minimal bound of the
reachable set by solving the following nonlinear optimization
problem: min, 0 subject to f(v) + g(v) < 0, where 0 is
defined as in Theorem 6.

Remark 8. If w(t) = 0 for t > 0, then Theorem 6 reduces to
the main result given in [23]. If g(x) = 0 for x € R", then
Theorem 6 reduces to the main result given in [24].

Finally, consider the following nonlinear time-varying
system

x(t) = ftx @)+ gt (x(E-7()+w(t),

t>0 (26)

x(6) =¢(t), tel-h0],

where x(t), 7(t), w(t), and ¢(t) are the same as in (1), and f, g:
[0,00) x R" — R”" are vector functions satisfying f (t,0) =
3(t,0) = 0.

Suppose that f and 7 satisfy the following assumption:

(H4) f and g are continuous on [0, co) xR", continuously
differentiable with respect to x on R"\{0}, and there are vector
functions f and g satistying (H1) and (H2), and for x; # 0,

i (t,x)signx; < f; (Jx]),
|3: (t:%)| < g; (Ix]), (27)

t>0, i€ (n).

Without the restriction on the disturbance that w(t) > 0
for t > 0, we can get the following reachable set bounding
criterion for system (26).

Theorem 9. Suppose that (H4) is valid. If there is an n-
dimensional vector v > 0 such that f(v) + g(v) < 0, the

solution of system (26) satisfies (2), where constants «, 3, and
y are defined by (3).

Proof. Set

/p
t>0, i€ (n),

(28)
t € [-h,0], i€ (n).
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FIGURE 1: The states of system (1).

Based on definitions of K and ||¢||,, it holds that y;(¢) < 0,
t € [-h,0],i € (n). For the case when x;(t) # 0, ¢ > 0, notice
that

¥ (t) = D_|x; ()| = %; (t) sign x; (£)
< filx @) + g; (Ix (t = T (DD + [w; (1), (29)
i€(n).

Here D_ denotes the left derivative. Similar to the analysis in
Theorem 6, it is not difficult to conclude that y;(t) < 0,¢ > 0,
i € (n). Consequently, (2) holds. The proof is complete. [

4. Numerical Example

Consider system (1) with

Fom)= (3 5) ()R ()

0.2x3?
X1, %,) = ;
g(x1,x,) <0-4xi/2 (30)
0.05 |sin £
t) = 5
w(®) <0.04 |cos t|>

T(t)=5+sint, t=0.

It is easy to verify that assumptions (HI1)-(H2) hold. Let v =
(1,1)". Then f(v) + g(v) < 0. By a direct calculation, it yields
h=6,r=0.05«a=0.1345,and y = 0.11.

We conclude from Theorem 6 that there is a ball
9(0.1345) such that all the states of system (1) converge
asymptotically within it. Given the initial state ¢(t) = (1,1)",
t € [-6,0], noting that |¢|, = 1 and 3 = 1.0749, solution (1)
satisfies

lx (B)]lo <0.1345+ (1.0749 + 0.118) >, t>0.  (31)

Figure 1 presents the simulation.

5. Conclusion

This paper has been concerned with reachable set bounding
for homogeneous nonlinear time-delay systems with distur-
bance. We not only derive explicit reachable set bounding
criterion independent of delay, but also estimate the decay
rate. It will be interesting to extend our work to the case of
unbounded delays and discrete-time systems.
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