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Abstract. We give a complete classification of ®*-invariant real hypersur-
faces in complex two-plane Grassmannians G2(C™"?) with commuting normal
Jacobi operator Ry.

0. Introduction

In the geometry of real hypersurfaces in complex space forms M, (c)
Kimura [7] has proved that Hopf real hypersurfaces M in a complex projec-
tive space P, (C) with commuting Ricci tensor are locally congruent to a tube
over a totally geodesic P,(C) (type A), a tube over a complex quadric Q,,—1,
cot?2r = n — 2 (type B), a tube over Pi(C) X P(,_1)/2(C), cot?2r = —L5 and
n is odd (type C), a tube over a complex two-plane Grassmannian Ga(C?),
cot? 2r = g and n =9 (type D), a tube over a Hermitian symmetric space
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S0O(10)/U(5), cot?2r = 2 and n =15 (type E). (See also Cecil and Ryan
[6].)
The notion of Hopf real hypersurfaces means that the structure vectoré

defined by £ = —JN satisfies A = o, where J denotes a Kaehler structure
of P,(C), N and A a unit normal and the shape operator of M in P,(C).

In a quaternionic projective space QP™, Pérez 8] classified real hyper-
surfaces in QP™ with commuting Ricci tensor S¢; = ¢;S, i = 1,2,3, where S
(resp. ¢;) denotes the Ricci tensor (resp. the structure tensor) of M in QP™.
They are locally congruent to of Ay, As-type, that is, a tube over QP* with
radius 0 <r < 5, k€ {0,...,m —1}.

The almost contact structure vector fields {£1,&2,&3} are defined by
& =—-JiN, i=1,2,3, where J;, i =1,2,3, denote a quaternionic Kéhler
structure of QP™ and N a unit normal field of M in QP™. Moreover,
the first and third authors [9] considered the notion of V¢, R =0, i = 1,2, 3,
where R denotes the curvature tensor of a real hypersurface M in QP™, and
proved that M is locally congruent to a tube of radius 7 over QP*.

For a commuting problem in quaternionic space forms Berndt [2] intro-
duced the notion of normal Jacobi operator R(X, N)N € EndT, M, z € M for
real hypersurfaces M in quaternionic projective space QP™ or in quaternionic
hyperbolic space QH™, where R denotes the curvature tensor of a quater-
nionic projective space QP™ and a quaternionic hyperbolic space QH™.
Berndt [2] also has shown that the curvature adaptedness, that is, the normal
Jacobi operator commutes with the shape operator A, and this is equivalent
to the fact that the distributions ® and D+ = Span {1, &, &3} are invariant
by the shape operator A of M, where T,M =® @D+, x € M.

Now let us consider complex two-plane Grassmannians Go(C™*2) which
consist of all complex 2-dimensional linear subspaces in C™*2. Then the
situation for real hypersurfaces in Go(C™*!) with commuting normal Jacobi
operator is not so simple and will be quite different from the cases mentioned
above.

So in this paper we consider a real hypersurface M in complex two-plane
Grassmannians G2 (C™*2) with commuting normal Jacobi operator, Ry o A
= Ao Ry, where R and A denote the curvature tensor of the ambient space
G2(C™*2) and the shape operator of M in G5(C™*2), respectively.

The curvature tensor R(X,Y)Z of G2(C™"?) is explicitly defined in Sec-

tion 2 and the normal Jacobi operator Ry can be derived from the curva-
ture tensor R(X,Y)Z by putting Y = Z = N and the geometric structure
JJ; = J;J, 1 =1,2,3 between the Kaehler structure J and the quaternionic
Kaehler structure J;, ¢ = 1,2, 3 (see Section 3), where N denotes a unit nor-
mal vector on M in Go(C™*2).
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The ambient space G2(C™%2) is known to be the unique compact irre-
ducible Riemannian symmetric space equipped with both a Kahler structure
J and a quaternionic Kéahler structure J not containing J (see Berndt [3]).
So, in G2(C™*2) we have the two natural geometrical conditions for real hy-
persurfaces that [¢] = Span {¢} or ®+ = Span {1, &, €3} is invariant under
the shape operator. By using such kind of geometric conditions Berndt and
the third author [4] have proved the following:

THEOREM A. Let M be a connected real hypersurface in Go(C™12),
m 2> 3. Then both [£] and D+ are invariant under the shape operator of
M if and only if

(A) M is an open part of a tube around a totally geodesic Go(C™*1) in
G2(C™2), or

(B) m is even, say m = 2n, and M is an open part of a tube around a
totally geodesic QP™ in Go(C™12).

In Theorem A the vector £ contained in the one-dimensional distribution
[€] is said to be a Hopf vector when it becomes a principal vector for the shape
operator A of M in G2(C™*%2). Moreover in such a situation M is said to
be a Hopf hypersurface. Besides, a real hypersurface M in Go(C™%2) admits
the 3-dimensional distribution ®+, which is spanned by almost contact 3-
structure vector fields {&1, &, &3}, such that T,M = © © D+,

On the other hand, Berndt and the third author |5| considered the geomet-
ric condition that the shape operator A of real hypersurfaces M in Go(C™12)
commutes with the structure tensor, that is, A¢p = ¢A. This condition also
has the geometric meaning that the flow of the Reeb vector field is isometric.
Moreover, Berndt and the third author [3] proved that a real hypersurface in

G2(C™*+2) with isometric flow is a tube over a totally geodesic Go(C™*1) in
G2(0m+2>_
By putting a unit normal vector N to M in G2(C™*2) into the curvature

tensor R of the ambient space G2(C™*%2), we introduce the so called normal
Jacobi operator Ry defined by

3
(+) Ry(X) = R(X,N)N = X +3n(X)é + 3 _m(X)&,
v=1
3
= AT (dX +n(X)N) = (6 X){ b€+ (§)N } }
v=1

3
= X +3n(X)6+3) m(X)E,
v=1
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3
= {m(©)(dvdX —n(X)&) — m(dX)pu}
v=1

for any tangent vector fields X on M in Go(C™*2).

Now in this paper we want to give a complete classification of real hy-
persurfaces M in Ga(C™%2) concerned with the commuting normal Jacobi
operator as follows:

THEOREM 1. Let M be a D1 -invariant real hypersurface in Go(C™+2).
Then M s Hopf if and only if the normal Jacobi operator Ry commutes with
the shape operator A provided with € € ® or £ € DT,

By virtue of Theorem 1 and Theorem A, we assert our main theorem as
follows:

THEOREM 2. Let M be a ®*-invariant real hypersurface in Go(C™12).

If the normal Jacobi operator Ry commutes with the structure tensor and the
shape operator, then M 1is locally congruent to an open part of a tube around
a totally geodesic Go(C™1) in Go(C™*2).

1. Riemannian geometry of Go(C™"2)

In this section we summarize the basic material about Go(C™*2), for
details we refer to [4] and [5]. By G2(C™"2) we denote the set of all com-
plex two-dimensional linear subspaces in C™*2. The special unitary group
G = SU(m + 2) acts transitively on Go(C™*2) with stabilizer isomorphic to
K =5(U(2) x U(m)) C G. Then G2(C™*?) can be identified with the ho-
mogeneous space G/K, which we equip with the unique analytic structure
for which the natural action of G on Go(C™*%2) becomes analytic. Denote
by g and £ the Lie algebra of G and K, respectively, and by m the orthog-
onal complement of £ in g with respect to the Cartan—Killing form B of g.
Then g =¢@® m is an Ad (K)-invariant reductive decomposition of g. We
put o = eK and identify T,G2(C™*?) with m in the usual manner. Since
B is negative definite on g, its negative restricted to m x m yields a positive
definite inner product on m. By Ad (K)-invariance of B this inner prod-
uct can be extended to a G-invariant Riemannian metric g on Go(C™"2).
In this way G2(C™*?) becomes a Riemannian homogeneous space, even a
Riemannian symmetric space. For computational reasons we normalize g
such that the maximal sectional curvature of (G2(C™*2),g) is eight. Since
G2(C?) is isometric to the three-dimensional complex projective space CP3
with constant holomorphic sectional curvature eight, we will assumem = 2
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from now on. Note that the isomorphism Spin (6) ~ SU(4) yields an isom-
etry between G2(C*) and the real Grassmann manifold G5 (R) of oriented
two-dimensional linear subspaces of RS.

The Lie algebra £ has the direct sum decomposition ¢ = su(m) & su(2)
@R, where R is the center of £. Viewing ¢ as the holonomy algebra of
G2(C™*2), the center MR induces a Kihler structure J and the su(2)-part a

quaternionic Kahler structureJ on Go(C™*2). If .J; is any almost Hermitian
structure in J, then JJ; = J1J, and JJ; is a symmetric endomorphism with
(JJ1)? =TI and tr (JJ;) = 0.

A canonical local basis Jp, J2, J3 of J consists of three local almost Hermi-
tian structures J, in J such that J,J,41 = Jy42 = —Jy4+1J,, where the index
is taken modulo three. Since J is parallel with respect to the Riemannian
connection V of (GQ(Cm+2), g) , for any canonical local basis Ji, Jo, J3 of J
there exist three local one-forms q1, g2, ¢3 such that

(1'1) vXJV = ql/+2(X)Jl/+l - ql/+1(X)Jl/+2

for all vector fields X on Ga(C™*2).
Let p € G2(C™"2) and W a subspace of T,G2(C™2). We say that W
is a quaternionic subspace of T,Go(C™2) if JW C W for all J € J,. And

we say that W is a totally complex subspace of T,Go(C™"?) if there exists
a one-dimensional subspace U of J, such that JW C W for all J € ¥ and

JW LW for all J € U+ Jp- Here, the orthogonal complement of U in J,
is taken with respect to the bundle metric and orientation onJ for which
any local oriented orthonormal frame field ofJ is a canonical local basis of J.
A quaternionic (resp. totally complex) submanifold of Go(C™*?) is a sub-
manifold all of whose tangent spaces are quaternionic (resp. totally complex)
subspaces of the corresponding tangent spaces of Go(C™*2).

The Riemannian curvature tensor R of Go(C™*%?) is locally given by

(12) RX,Y)Z=g(Y,2)X — g(X,2)Y + g(JY,2Z)JX — g(JX,Z)JY

3
—20(JX,YV)IZ+> {g(LY, 2)],X — g(J,X,Z)],Y —29(J,X,Y) ], Z}

v=1

3
+> {9 IY, 2)1,IX — g(J, X, 2Z) ], JY },
v=1

where Ji, Ja, Js is any canonical local basis of J.
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2. Some fundamental formulas for real hypersurfaces inGy(C™*2)

In this section we want to derive the normal Jacobi operator from the
curvature tensor of the complex two-plane GrassmannianGa(C™2) given in
(1.2) and the equation of Gauss. Moreover, we derive some basic formulae
from the Codazzi equation for a real hypersurface in G2(C™*2) (see [4], [5],
[10], [11], [14] and [15]).

Let M be a real hypersurface of Go(C™*%2), that is, a hypersurface of
G2(C™*2) with real codimension one. The induced Riemannian metric on
M will also be denoted by g, and V denotes the Riemannian connection of
(M, g). Let N be a local unit normal field of M and A the shape operator
of M with respect to N. The Kihler structure J of Go(C™*?) induces an
almost contact metric structure (¢,£,7n,9) on M. Furthermore, let Jy, Jo,
J3 be a canonical local basis of §J. Then each J, induces an almost contact
metric structure (¢,,&,,7,,9) on M. Using the above expression for R, the
Codazzi equation becomes

(VxA)Y — (Vy A)X = n(X)oY —n(Y)oX —29(6X,Y)¢

3
+ Z {UV(X)¢VY - UV(Y)¢VX - 29(¢VX7 Y){,,}
v=1
3
+ {m(@X)pudY — nu(6Y)dyd X }
v=1

3
+ 3 (X (6Y) — (Y )nu(6X) } €.
v=1

The following identities can be proved in a straightforward method and
will be used frequently in subsequent calculations:

(2.1)
{QSVJrlgV = _£V+27 ¢V£V+l = ‘51/+2, ?b‘fu = ¢l/£7 771/(¢X) = U(¢VX),
¢V¢V+1X = ¢1/+2X + 771/+1(X)§1/7 ¢1/+1¢11X = _¢V+2X + UV(X>511+1~

Now let us put
(2.2) JX =¢X +n(X)N, J,X =¢,X +n,(X)N

for any tangent vector X of a real hypersurface M in Go(C™*?), where N
denotes a normal vector of M in Go(C™%2). Then from this and the formulas
(1.1) and (2.1) we have

(2.3) (Vxo)Y =n(Y)AX —g(AX,Y){, Vx&=0AX,
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(2'4) ngll = QV+2(X)£V+1 - ql/+1(X)£I/+2 + ¢VAX7
(2'5) (VX¢V)Y = _QV+1(X)¢V+2Y + qu+2 (X)¢V+1Y + UV(Y)AX
- g(AXa Y)gu

Summing up these formulas, we find
(2.6) Vx(9v€) = Vx(0&) = (Vx9)& + d(Vx&y)
= QV+2(X)¢V+1€ - QV+1(X)¢1/+2£ + ¢V¢AX - g(AX, 5)51/ + n(‘gu)AX

Moreover, from JJ, = J,J, v = 1,2, 3, it follows that

(2'7) PO X = ¢ X + TIV(X)f - U(X)fu-

3. The normal Jacobi operator and the shape operator

Now by putting Y = Z = N in (1.2) for a unit normal vector N to M in

G2(C™*+2) and using (2.2), we define a normal Jacobi operator Ry by (*) for
any vector field X on M, where we have used the following

9(JuJN,N) = —g(JN,J,N) = —g(£,&) = —m(§),

g(J,JX,N)=g(X,JJ,N) = —g(X,JE)
=—g(X,0& +n(&)N) = —g(X, ¢&,),

and
JyJN = —=J,§ = =& — Uu(f)N

Then by (2.7) we know that the normal Jacobi operator Ry could be a sym-
metric endomorphism of T, M, z € M.

Now consider the cases £ € D or ¢ € D, On such distributions, first of
all, we calculate the normal Jacobi operator given in (%) as follows:

Case I: £ €®. For any X € ©+ from the definition of normal Jacobi
operator (x) we know that

3
RyX = R(X,N)N =X +3> n,(X),.

v=1
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Hence the structure vector fields {£1,&2,&3} are eigenvectors of the normal
Jacobi opeartor Ry as follows:

(3.1) R(&,N)N = 4&, R(&,N)N =4&, R(&3,N)N = 4&3.
Moreover, for any X € ® we have

3

(3.2) R(X,N)N = X +3n(X)+ > nu(¢X)dué.
v=1

Thus together with the fact that &, & € ©, i = 1,2,3 we have
(3.3) R(&,N)N =4¢, R(¢ié,N)N =0, i=1,23.

Then (3.1), (3.2) and (3.3) give that there exists an orthogonal matrix P
such that

P = [51) &2, &3, 57 Cblf, ¢2£7 ¢3£a €1y, e4(m—2)]
and for any vectore; € ©,i=1,...,4(m—2)in T, M, z € M, the normal Ja-
cobi operator Ry of a real hypersurface M in Go(C™"2) can be diagonalized
as follows:
B
tp P C Y
PRNP - ’

0 1

where I denotes the 4(m — 2) x 4(m — 2) identity matrix and the matrices B
and C are

B=10 4 0 and C =
00 4 00 0O
00 0O

Case II: ¢ € ®+. Without loss of generality we can put { = &;. For any
X € © the normal Jacobi operator Ry is given by

Ry(X) = R(X,N)N = X — ¢19X
and for any X € ©+ the nomal Jacobi operator is
- 3 3
(34)  Rn(X) =X +4n(X)E+3> n(X)& — 010X + > n(¢X)ouE.
v=1

v=1
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Then the normal Jacobi operator for D+ = span {£1,&2,&3} can be calcu-
lated as

Ry(61) =861, Rn(&) =26, Ry(&)=26.
On the other hand, we calculate the normal Jacobi operator Ry for ® =
{XeT,M|XL1&,i=1,2,3}. Then for any X € © such that ¢X = ¢1 X or
$»X = —¢1 X, the normal Jacobi operator Ry is given by

(3.5) Ry(X)=2X or Ry(X)=0,

respectively. Here the dimension of the eigenspace corresponding to an eigen-
value 2 (resp. 0) is equal to 2(m — 1) (resp. 2(m — 1)) (see Berndt [3]). Then

the normal Jacobi operator Ry for the orthogonal matrix P can be given by

8
tPRyP = 2 ,
B

0 c

where (3.5) gives that the matrices B and C are 2(m — 1) x 2(m — 1)-matrices
respectively given by

0 0

2 0 0 0
B=|o 0 and C= |0 0
0 2 0 0

0 0

Now recall a proposition from [2| concerned with a tube of type (A) as
follows:

PROPOSITION A. Let M be a connected real hypersurface in Go(C™12).

Suppose that AD C D, Af =af, and € is tangent to D+. Let J €3 be
the almost Hermitian structure such that JN = JyN. Then M has three (if
r=m/2) or four (otherwise) distinct constant principal curvatures

(3.6)
oz:\/gcot(\/gr), ﬂ:\/icot(\/ﬁr), )\:—\/itan(\/ﬁr), w=20

with some r € (0,7/4). The corresponding multiplicities are
m(a) =1, m(B) =2, m(\) =2m—2=m(p),
and for the corresponding eigenspaces we have

T, =R{=RJN, T3=Cr{=CN={&,8&),
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Th={X|XL1H{ JX =1 X}, T,={X|X1HE, JX = -J;X}.

Now let us check for a tube over a totally geodesicGa(C™ 1) in Go(C™*2)
whether it satisfies the commuting normal Jacobi operator, that is Ry o A

= Ao Ry or not as follows:
Case I: £ = & € T,. Then by (3.4) we have

(Ry o A)& = aRy& = 8ak;.

On the other hand, the left side becomes A o (Ry&1) = 8A¢; = 8a&;. So in
this case Ry o A = A o Ry holds. ~ B

Case II: &3,&3 € Tg. Also by (3.4) we have (Ry o A)é = SRy = 206&.
Moreover, the left side becomes A o (Ry&s) = 2A& = 26&5.

Case III: X; € Ty,i=1,...,2(m —1). Then by (3.5) we assert
(RN e} A)Xl = RN(AXZ) = )\RNXZ = 2)\XZ

and

fori=1,...,2(m—1).

Case IV: Y; €Ty, i=1,...,2(m —1). Then also by (3.5) we have
(Ry o A)Y; = RyY; = 0 and ARNY; = 0.

Summarizing these cases, we know that a real hypersurface of type (A)

in Theorem A satisfies Ry o A = Ao Ry.
Next we consider M congruent to a tube of type (B) mentioned in The-

orem A, that is, a tube of radius 7 over HP™, m = 2n in Go(C™"2). That
is, for a tube of type B in Theorem A we introduce the following

PROPOSITION B. Let M be a connected real hypersurface of Go(C™+2).
Suppose that AD C D, A = o, and £ is tangent to ©. Then the quater-

nionic dimension m of Go(C™*2) is even, say m = 2n, and M has five dis-
tinct constant principal curvatures
a=—2tan(2r), [G=2cot(2r), v=0, A=cot(r), p=—tan(r)
with some r € (0,7/4). The corresponding multiplicities are
m(@) =1, m(B)=3=m(y), mX)=dn—4=m)
and the corresponding eigenspaces are
T, =R, Te=3JE, T, =3¢ Ty, T,

)
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where
1 o~ ~
eT,=MHCE) ", JIrh=T\ JT,=T, JIr=T,

Now let us check for a real hypersurface of type (B) whether it satisfies
the property of commuting normal Jacobi operator as follows:
Case I: £ € T,,. Then by (3.3) we know

Ao Ryé = 4A¢ =4aé  and RyAE = aRyE = 4ak.
Case II: &1,&2,&3 € Tg. Then also by (3.2) we have

Ao RNn& =4AE =4B&  and  RyAE = BRy& = 468

for i =1,2,3.
Case I1I: ¢;§ € Ty, i = 1,2,3. Then by (3.3) we have

AoRno& =0 and  RyA¢E = 0.
Case IV: X; € Ty, i=1,...,2(m — 2). Then by (3.2) we have
AoRyX; = AX;=XX; and RyAX;=A\RyX;=)X;
Case V:Y; €T,,i=1,...,2(m —2). Then also by (3.2) we have
Ao RyY; = AX; = puX; and RnAX; = pRnX; = pX;.

Summarizing the cases mentioned above, we know that real hypersurfaces
of type (B) satisfy the property of commuting normal Jacobi operator, that

is, Ry o A= Ao Ry.

4. Commuting normal Jacobi operator
In this section we consider a®*-invariant real hypersurface in Go(C™*?2)

with commuting normal Jacobi operator.
Consider a normal Jacobi operator

RN(X)=R(X,N)Ne€T,M, z€M

defined in (*). Then the commuting Jacobi operator Ao Ry = Ry o A gives
that

(4.1) 32% )AL, — Zny §)Ad, X +Z77 £)AL,
v=1 v=1
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3
+ > (X)) A€ + 3n(X)A¢
v=1

= BZnu (AX)¢ Zny )y AX + Znu &

3
+ ) M (pAX)pu€ + 3n(AX)E.

v=1

Now we consider the following two cases.
Case I: £ € ©. Then (4.1) gives that

3277,, )AL, + Znu $X)Ag,€ + 3n(X) A¢

v=1

3 3
=3) m(AX)E, +3n(AX)E+ ) m(pA L.
v=1 v=1

Putting X = ¢ into this equation,

3 3
(4.2) BAL =3 m (A&, + 3n(AOE + > nu(GAL)duE.
v=1

v=1

On the other hand, from the assumption we know that the shape operator
A is invariant, that is g(A®D,®1) = 0. This means 71,(A¢) =0 for £ € D.
Moreover, differentiating g(&,&,) = 0 along the direction £ gives

9(Ve&, &) +9(8 V&) = 0.
Hence, together with the formulas in Section 2 it follows that
M (PAE) = —g(&, qu+2(§)Eu+1 — qu1(§)Su+2 + B AS)
= —9(& ¢ AE) = —mu(PAS).

Then n,(pAE) = 0, and together with (4.2), we assert that M is Hopf, that
is, the structure vector £ is principal.

Case II: ¢ € ©L. Without loss of generality we may put & = £&. Now
putting X = ¢; in (4.1), we have

3
(4.3) TAE =2) n(A&)E, — dr1AEL + Bn(ALE.

v=1
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Hence, by applying ¢ to both sides and using the formulas in Section 2 we
have

3 3
TOAE = 2> 0, (A&1)E, — 1o AL =2 1, (A&)dE, + d1 AL

v=1 v=1

Substituting this into (4.3), we have
3 3
49AE = 14) 1, (A&)E, — ¢1{2Zm<A§1)¢1¢§V + @A&} + 351 (A&)E.
v=1 v=1
This implies

3
49AL = 14) ", (A&)& — 2{m(A&1)éa + n3(A&1)és} + AL + 3dn(AL)E,

v=1

which yields

3
(4.4) 48AE =12, (A&)E, + 36n(AL)E.

v=1
Hence, taking an inner product with & and &3 respectively, we have
n2(A&) =0 and n3(AE) = 0.

Substituting this into (4.4) finally gives A = n(A£)E. This means that a real
hypersurface M satisfying the commuting normal Jacobi operator is also a
Hopf hypersurface in this case.

Summarizing the above cases, we assert the following

THEOREM 4.1. Let M be a D+ -invariant real hypersurface in Go(C™2)
with commuting Jacobi operator. Then M 4is Hopf provided with £ € ® or
EeDt,

Hence, together with a theorem due to Berndt and Suh [4], we have the
following

THEOREM 4.2. Let M be a ®1-invariant real hypersurface in Go(C™12),
m 2 3, with commuting normal Jacobi operator. ThenM is congruent to one
of the following provided ¢ €D or £ € D+:

(A) an open part of a tube around a totally geodesic Go(C™H1) in
G2(C™2), or

(B) an open part of a tube around a totally geodesic and totally realQP",
m = 2n, in Go(C™*?).
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Now recall a lemma due to Suh [12] as follows:

LEMMA 4.3. Let M be a real hypersurface in Go(C™+2), m > 3. If the
shape operator is parallel along the distribution§ = [£]JUDL, then £ € D.

By Lemma 4.3 and Theorem 4.2 we assert the following

THEOREM 4.4. Let M be a real hypersurface in Go(C™+2), m > 3. If
the shape operator is parallel along the distribution§ = [€]UDL, then M is
locally congruent to a tube over a totally geodesic, totally real QP™, m = 2n,
in Go(C™12),

Next we consider M congruent to a tube of type (B) mentioned in The-

orem 4.4, that is, a tube of radius r over QP™, m = 2n in Go(C™*2). Then
for any Y € T)\ due to Proposition B in Section 3 we put

AY =cotrY, A¢Y = —tanrgY, @AY = cotrey,
APAY = cotrAgY = —¢Y.
So by the equation of Codazzi we have for any Y € T)
0= (VeA)Y = (VyA)§ +n(§)oY = (al — A)pAY + ¢Y
= apAY — APAY + ¢Y = {—2tan2r - cotr + 2}¢Y,

where in the second equality we have used 31\ = T\, J1), = 1;,. This gives

tan?r + 1 = 0, which is a contradiction. Then by Theorem 4.4 and Proposi-
tion B in Section 3 we assert the following

THEOREM 4.5. There do not exist any real hypersurfaces M in Go(C™2)
with parallel second fundamental tensor on § when M has a commuting
Jacobi operator.

5. Proof of the main theorem

In this section we consider a real hypersurface M in Go(C™*?) whose
normal Jacobi operator Ry commutes with the structure tensor ¢. Then the
commuting condition Ry o ¢ = ¢ o Ry gives

3 3
(5.1) 3D m(X)et, — Y {m (&) (oo X — n(X)$¢,) — nu(¢X)pdé }
v=1 v=1

—BZm $X)¢ Z{ny (6v*X — (¢ X)) — m($*X) €}
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This can be written as follows:

3
(52) 42% )L, — Zm G X)E =4 n(pX)E
v=1

Hence, taking an inner product with &, we have

3
> (©n(¢nX) =0.
v=1

Then (5.2) becomes

(53) 27711 {1/ = an/ ¢X

Putting X = ¢ in (5.3), we have

3
(5.4) > (&), =0.
v=1

Now we put £ = X; + X5 for some X; € ®+ and Xo € D. Then (5.4) gives

3 3 3
0= m()du& =D mE)d X1+ D> n(&)uXo.
v=1 v=1 v=1

From this it follows that

3 3
(55) Znu(€)¢uX1 =0 and Znu(§)¢VX2 =0

v=1 v=1

because ¢, X; € D+ and ¢, X € D for any v = 1,2,3. The term in the sec-
ond formula of (5.5) is included in a distribution ®. If X5 vanishes, then

€ € DL, If not, then {¢1 X2, p2X2, p3X3} € D are linearly independent. So
naturally we have 7,(§) = 0 for any v = 1,2,3. This means that £ € D.

Summarizing, we assert the following

LEMMA 5.1. If M is a real hypersurface in Go(C™12), m=3, satisfying
Ryoop=0¢oRy, thené€® or & € D,

Hence, together with Theorem 3.1, we have the following
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THEOREM 5.2. Let M be a ®*-invariant real hypersurface in Go(C™+2).
Then M is Hopf if the Jacobi operator Ry commutes both with the shape
operator A and the structure tensor ¢.

Hence, together with Theorem A due to Berndt and Suh [4]|, we know
that M is congruent to an open part of a tube around a totally geodesic
G2(C™*1) or a tube around a totally geodesic quaternionic projective space
QP", m = 2n, in Go(C™*?).

Related to our assumption of commuting normal Jacobi operator with
the structure tensor we give the following two remarks:

REMARK 5.1. By Proposition A let us check whether real hypersurfaces
of type (A) satisfy Ry o ¢ = ¢ o Ry or not as follows:

Case I: £ =& € T,. Then by (3.4) we know that Ry o ¢¢; =0 and
¢ o Rné& = 8¢& = 0. B B

Case II: §3,&3 € Tg. Then also by (3.4) we have Ry o ¢&a = —Rn&3 =
—2&3 and ¢ o Ry A& = 298 = —2¢3.

Case III: X; € T\, i =1,...,2(m —1). Then by Proposition A, the eigen
space T has the property that ¢.X = ¢1 X for any X € T). Moreover, it is
invariant by the structure tensor ¢, that is ¢T\CT), because for any X; € ©
such that ¢XZ = ¢1X¢ we have QZSQZ)Xz = —Xi and ¢1¢Xz = gb%XZ = _Xi~ Thus
PpX; = p19X;. So it follows that ¢X; € Ty. Hence, together with (3.5), we
have (Ry 0 ¢)X; = 2¢X; and (¢ o Ry)X; = 2¢0.X;.

Case IV:Y; €Ty, i =1,...,2(m — 1). The eigen space T}, has the prop-
erty that ¢Y = —¢1Y for any Y € T),. Moreover, such an eigen space T},
is ¢-invariant, that is, ¢7,,CT),. In fact, suppose Y; € ©® such that ¢Y;
= —¢1Y;. Then ¢Y; € D, ¢p¢Y; = —Y; and ¢10Y; = —¢2Y; = Y;. So it fol-
lows that ¢Y; € ©. By using (3.5), Ry 0 ¢Y; = 0 and ¢ o RyY; = 0. Then by
Cases I, II, III and IV the normal Jacobi operator Ry commutes with the
structure tensor ¢ for real hypersurfaces of type (A) in Theorem A.

REMARK 5.2. By Proposition B we want to check whether real hypersur-
faces of type (B) in Theorem A satisfy Ry o ¢ = ¢ o Ry or not as follows.

In fact, from (3.3) for & € D it follows that Ry o ¢&2 = 0, but from (3.1)
we know that ¢ o Ry& = 4¢¢&. So naturally the normal Jacobi operator Ry
does not commute with the structure tensor ¢ for {» € T3 in Proposition B.

By Theorem 5.2 and Theorem A, together with Remarks 5.1 and 5.2
mentioned above we complete the proof of our Theorem 2.
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