KYUNGPOOK Math. J. 51(2011), 395-410
http://dx.doi.org/10.5666/KMJ.2011.51.4.395

Real Hypersurfaces in Complex Two-plane Grassmannians
with §-parallel Normal Jacobi Operator

IMSOON JEONG AND YOUNG JIN Sun*

Kyungpook National University, Department of Mathematics, Daegu 702-701, Ko-
rea

e-mail : imsoon. jeong@gmail.com and yjsuh@knu.ac.kr

ABSTRACT. In this paper we give a non-existence theorem for Hopf hypersurfaces M in
complex two-plane Grassmannians G2(C™"?) whose normal Jacobi operator Ry is parallel
on the distribution § defined by § = [(]U®™, where [¢] = Span{¢}, ® = Span{&:, &, &}
and T,M =D& D", 2 € M.

1. Introduction

The geometry of real hypersurfaces in complex space forms or in quaternionic
space forms is one of interesting parts in the field of differential geometry. Until
now there have been many characterizations for homogeneous hypersurfaces of type
(A1), (Ag), (B), (C), (D) and (E) in complex projective space CP™, of type (A1),
(A3) and (B) in quaternionic projective space HP™, or of type (A) and (B) in com-
plex two-plane Grassmannians Go(C™*2). Each corresponding geometric features
are classified and investigated by Berndt [2], Pérez, Santos and Suh [13], Ki and
Suh [9], Kimura [10], Berndt and Suh [3] and [4], respectively.

Let (M,g) be a Riemannian manifold. A vector field U along a geodesic v in
a Riemannian manifold M is said to be a Jacobi field if it satisfies a differential
equation

VU + R(U(t),4(1))3(t) = 0,

where v;yU and R respectively denotes the covariant derivative of the vector field
U along the curve v in M and the curvature tensor of the Riemannian manifold
(M, g). Then this equation is called the Jacobi equation.
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The Jacobi operator Ry for any tangent vector field X at 2 € M, is defined by
(RxY)(z) = (R(Y, X)X)(x)

for any Y € T, M, becomes a self adjoint endomorphism of the tangent bundle TM
of M. That is, the Jacobi operator satisfies Rx € End(7,,M) and is symmetric in
the sense of g(RxY,Z) = g(RxZ,Y) for any vector fields Y and Z on M.

The almost contact structure vector fields {1, &2, &3} are defined by §; = —J; N,
i=1,2,3, where {Jy, Jo, J3} denote a canonical local basis of a quaternionic K&hler
structure J of HHP™ and N a unit normal field of M in HP™. In a quaternionic
projective space HP™, Pérez and Suh [11] have classified real hypersurfaces in
HP™ with ®'-parallel curvature tensor, that is, VeR = 0,1 = 1,2,3, where
R denotes the curvature tensor of M in HP™ and ©+ a distribution defined by
D+ = Span{¢y, &2, &3} In such a case they are congruent to a tube of radius 7 over
a totally geodesic HPF in HP™, 0<k<m-—1.

Kimura [10] proved that any tube M around a complex submanifold in complex
projective space CP™ are characterized by the invariant of A§ = «&, where the
Reeb vector £ is defined by & = —JN for a Kéhler structure J and a unit normal
N to hypersurfaces M in CP™. Moreover, the corresponding geometrical feature
for hypersurfaces in HP™ is the invariant of the distribution D+ = Span{&;, &, &3}
by the shape operator, where & = —J;N, J; € J. In fact, every tube around
a quaternionic submanifold HP™ satisfies such kind of geometrical feature (See
Alekseevskii [1]).

The complex two-plane Grassmannians Go(C™*2) which consists of all complex
two dimensional linear subspaces in C™*2 has a remarkable geometric structure.
It is known to be the unique compact irreducible Riemannian symmetric space
equipped with both a Kéhler structure J and a quaternionic Kéhler structure J (See
Berndt and Suh [3]). From such a view point, Berndt and Suh [3] considered two
natural geometric conditions for real hypersurfaces in Go(C™%2) that [¢] = Span{¢}
and D1 = Span{&;, &, &3} are invariant under the shape operator. By using such
conditions and the result in Alekseevskii [1], Berndt and Suh [3] proved the following

Theorem A. Let M be a connected real hypersurface in Go(C™*2), m > 3. Then
both [£] and DL are invariant under the shape operator of M if and only if

(A) M is an open part of a tube around a totally geodesic Go(C™ ") in
G2(C™*2), or

(B) m is even, say m = 2n, and M is an open part of a tube around a totally
geodesic HP™ in Go(C™12).

The structure vector field £ of a real hypersurface M in Go(C™%2) is said to be
a Reeb vector field. If the Reeb vector field £ of a real hypersurface M in Go(C™+?)
is invariant by the shape operator, M is said to be a Hopf hypersurface. In such
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a case the integral curves of the Reeb vector field £ are geodesics (See Berndt and
Suh [4]). Moreover, the flow generated by the integral curves of the structure vector
field ¢ for Hopf hypersurfaces in Go(C™%2) is said to be a geodesic Reeb flow. And
the corresponding principal curvature « is non-vanishing we say that M is with
non-vanishing geodesic Reeb flow.

Now by putting a unit normal vector N into the curvature tensor R of the
ambient space G(C™*2), we calculate the normal Jacobi operator Ry in such a
way that

RyX = R(X,N)N

3
= X +39(X)§+3) n.(X)E,
v=1

3
S (€)(60dX — (X&) — 1 (6X)E )}

for any tangent vector field X on M in G5(C™*2) (See [5]).

In papers [5] and [6] due to Jeong, Pérez and Suh we have introduced a notion
of normal Jacobi operator Ry for hypersurfaces in Go(C™%2) in such a way that

Ry = R(X,N)N € End(T, M), z€ M,

where R denotes the curvature tensor of Go(C™*+2). They [5] have also classified
real hypersurfaces in Go(C™*?) with commuting normal Jacobi operator, that is,
Ry o¢ = ¢o Ry or otherwise Ry o A = Ao Ry and proved that the commuting
normal Jacobi operator Ry with the shape operator A is equivalent to the fact
that the distributions ® and D+ are invariant by the shape operator A for Hopf
hypersurfaces M in G(C™*2), where T, M = ® $D*, x € M. Moreover, a normal
Jacobi operator for hypersurface M in Go ((Cm+2) is said to be parallel if Vx Ry = 0
for any X in T,M, x € M (See [7]). And in paper [7], the present authors and
Kim proved a non-existence theorem for Hopf hypersurfaces in complex two-plane
Grassmannians Ga(C™%2), m > 3, with parallel normal Jacobi operator as follows:

Theorem B. There do not exist any connected Hopf hypersurfaces in Go(C™T2),
m > 3, with parallel normal Jacobi operator.

On the other hand, Suh [15] obtained a non-existence theorem for Hopf hyper-
surfaces in G2(C™*+?2) with parallel shape operator on the distribution § defined by
T = [l UDL, where [¢] = Span{¢}, D+ = Span{¢1,&,&) and T, M = D @ DL,
reM.

As a generalization of parallel normal Jacobi operator, let us introduce the

notion of parallel normal Jacobi operator along the distribution §, that is, Vx Ry =
0 for any X in §, defined by § = []UDL on M in Go(C™*+2).
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A F-parallel normal Jacobi operator means that the normal Jacobi operator
Ry is parallel along the distribution § of M in G(C™*2), that is, the eigenspaces
of the normal Jacobi operator Ry is parallel along the distribution § of M. Here
the eigenspaces of the normal Jacobi operator Ry are said to be parallel along the
distribution § if they are invariant with respect to any parallel displacement along
the distribution §.

As a generalization of Theorem B, we prove a non-existence theorem for Hopf
hypersurfaces in Go(C™%2), m>3, with §-parallel normal Jacobi operator as fol-
lows:

Main Theorem. There do not exist any connected Hopf hypersurfaces in
G2(C™+2), m > 3, with §-parallel normal Jacobi operator, where § = [¢] U DL,

2. Riemannian geometry of Riemannian geometry of Go(C™*2)

In this section we summarize basic material about G5(C™%2), for details we
refer to [3], [4], [16] and [17].

By G2(C™*2) we denote the set of all complex two-dimensional linear subspaces
in C™*2. The special unitary group G = SU(m + 2) acts transitively on Go(C™*2)
with stabilizer isomorphic to K = S(U(2) x U(m)) € G. Then G2(C™*2) can
be identified with the homogeneous space G/K, which we equip with the unique
analytic structure for which the natural action of G on Ga(C™*?2) becomes analytic.
Denote by g and £ the Lie algebra of G and K, respectively, and by m the orthogonal
complement of £ in g with respect to the Cartan-Killing form B of g. Then g = ¢tdm
is an Ad(K)-invariant reductive decomposition of g.

We put 0 = eK and identify T,G2(C™%2) with m in the usual manner. Since B
is negative definite on g, its negative restricted to m x m yields a positive definite
inner product on m. By Ad(K)-invariance of B this inner product can be extended
to a G-invariant Riemannian metric g on Go(C™"2).

In this way Go(C™%2) becomes a Riemannian homogeneous space, even a Rie-
mannian symmetric space. For computational reasons we normalize g such that the
maximal sectional curvature of (Go(C™%2),g) is eight.

When m = 1, Go(C?) is isometric to the two-dimensional complex projective
space CP? with constant holomorphic sectional curvature eight.

When m = 2, we note that the isomorphism Spin(6) ~ SU(4) yields an isom-
etry between Go(C*) and the real Grassmann manifold G5 (R®) of oriented two-
dimensional linear subspaces of RS.

In this paper, we will assume m > 3.

The Lie algebra £ has the direct sum decomposition ¢ = su(m) @ su(2) ® R,
where R is the center of £. Viewing £ as the holonomy algebra of G5(C™*2), the
center R induces a Kéhler structure J and the su(2)-part a quaternionic Kéhler
structure J on Go(C™*2).
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Let J,, v =1,2,3, be a canonical local basis, which becomes an almost Hermi-
tian structure in J. Then JJ, = J,J and JJ, is a symmetric endomorphism with
(JJ,)?=1T1and Tr(JJ,) =0, v =1,2,3.

A canonical local basis Jq, Jo, J3 of J consists of three local almost Hermitian
structures J, in J such that J,J,11 = Jy42 = —J,41J,, where the index is taken
modulo three. Since J is parallel with respect to the Riemannian connection V of
(G2(C™*2), g), there exist for any canonical local basis Ji, J2, J3 of J three local
one-forms q1, g2, g3 such that

(2.1) Vxdy = ura(X) i1 — quii(X) oo
for all vector fields X on Go(C™*2).

The Riemannian curvature tensor R of Go(C™%2) is locally given by

(22) R(X,Y)Z=g(Y,2)X — (X, 2)Y +g(JY, Z)JX
- g(JX 2)JY —25(JX,Y)JZ

+Z{ (LY, 2) 1, X — §(J, X, Z) 1Y —25(J,X,Y)J], Z}

+Z{ (J,JY, Z)J,JX — §(J,JX, Z)J,JY},

where Jy, Jo, J3 is any canonical local basis of J (See [3]).

3. Some fundamental formulas

In this section we derive some basic formulae from the Codazzi equation for a
real hypersurface in Go(C™*2) (See [3], [4], [14], [15], [16] and [17]).

Let M be a real hypersurface of Go(C™*2), that is, a hypersurface of Go(C™*2)
with real codimension one. The induced Riemannian metric on M will be de-
noted by g, and V denotes the Riemannian connection of (M, g). Let N be a local
unit normal field of M and A the shape operator of M with respect to N. The
Kihler structure J of Go(C™%2) induces on M an almost contact metric structure
(6,€,1,g). Furthermore, let Ji, Ja, J3 be a canonical local basis of §. Then each J,
induces an almost contact metric structure (¢,,&,,m,,9) on M. Using the above
expression (2.2) for the curvature tensor R, the Gauss and Codazzi equations are
respectively given by

R(X,Y)Z =g(Y,2)X —g(X, 2)Y
+9(0Y, 2)0X — g(¢X, Z)9Y —29(¢X,Y)pZ

3
+ Y {9(6Y, Z2)6u X — g(6,X, 2)p,Y — 29(6,X,Y )6, Z}

v=1
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3
+ Z{g(qwx Z)pu X — g(600X, Z) 6 $Y }

- Z{n Z)pu X — (X ), (2)du oY }

- Z{n 9(dudY, Z) —n(YV)g(00 X, Z)}&,

+ (AY, Z)AX — g(AX, Z)AY

and

(VxA)Y = (Vy A)X = n(X )¢Y —n(Y)pX —29(¢X,Y)¢

+ Z {m(X)6,Y =0, (Y)d X — 29(6, X, Y)E, }
+ Z (m(6X)$,8Y — 1, (6Y ), 6X }

+Z{n Y (0Y) — (Y )0, (6X) Vo,

where R denotes the curvature tensor of a real hypersurface M in Go(C™*2).

The following identities can be proved in a straightforward method and will be
used frequently in subsequent calculations:

(3.1) G118 = —Eur2,  Ouut1 = g,
6, = o€, Mm(9X) = (g X),
Gv b1 X = dp2 X + 1 11(X)E,,
Pu1100 X = =42 X + 1 (X)E 41

Now let us put
(3.2) JX = X +n(X)N, J,X =6, X +n,(X)N

for any tangent vector X of M in Go(C™%2), where N denotes a normal vector of
M in Go(C™*%2). Then from this and the formulas (2.1) and (3.1) we have that

(3.3) (Vx@)Y =n(Y)AX — g(AX,Y)E, Vx&=¢AX,
(3.4) Vxé& = qui2(X)ét1 — @1(X)&po + 0L AX,
(3.5) (Vx3,)Y = —qui1(X)dp2Y + qui2(X)pp1Y + 10, (Y)AX

- g(AX, Y)él/
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Moreover, from JJ, = J,J, v =1, 2,3, it follows that

4. Key lemmas

Now let us consider a real hypersurface M in Go(C™%2) with parallel normal
Jacobi operator Ry, that is, Vx Ry = 0 for any vector field X on M. Then first
of all, we want to derive the normal Jacobi operator from the curvature tensor
R(X,Y)Z of complex two-plane Grassmannian G2(C™%2) given in (2.2). So the
normal Jacobi operator Ry is given by

Ry(X) = R(X,N)N

3
= X +39(X)+3) n(X)E,
3
= Y {1 (X +nON) = 0, (6X)(008 + () }
3
=X +3n(X)§+3Y n.(X)&,

3
=Y {n(©6eX —n08) —m(eX)out |,

where we have used the following

g(JyJN,N) = —g(JN,J,N) = —g(§, &) = —nu(§),
g(JLJX,N)=g(X,JJ,N) =—g(X,JE)
= —g(X, ¢&y + ﬁ(fu)N) = _g(X7 (bgu)
and
JVJN = _Jl/§ = _(buf - ﬁu(ﬁ)N
Of course, by (3.6) the normal Jacobi operator Ry could be symmetric endomor-
phism of T, M, x € M (See [5]). B
Now let us consider a covariant derivative of the normal Jacobi operator Ry
along any direction X of T, M, x € M (See [6], [7]). Then it is given by
(VxRN)Y = Vx(RNY) — Rn(VxY)
3
= 3(Vxn)(Y)E+3n(Y)Vx€+3Y (Vxn)(Y)E

3 3 -
+3Y n(Y)Vx6 = D [ X0 (€)(@s0Y —n(Y)E)

v=1

+m (){(Vxdo)Y — (Vxn)(Y)E& —n(Y)Vx&}
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= (Vam) (Y606 = m((Tx0)Y )€ = m (Y )V (606) |,

where the formula X (1, (£)) in the right side is given by

X (€)) = 9(Vx&,6) + g(&, VxE)
= qu2(X)M+1(8) = Qo1 (X)Mw42(8) +29(¢ AX, §).

From this, together with the formulas given in section 3, a real hypersurface M in
G (C™*+2) with parallel normal Jacobi operator, that is, Vx Ry = 0 for any vector
field X on M, satisfies the following

(4.1) 0 = 3g(AX, Y)E + 39(Y)pAX
3
+ SZ{qV+2(X)77V+1(Y) = Gu+1(X)M12(Y)
+ 9(6,AX,Y) 6,

3
£33 {2 (061 — sr (X)6yea + 6, 4X |
v=1

3
-> HQV+2(X)77V+1(§) = o1 (X)Nu42(§)
v=1

+20,(64X) b(6,0Y — n(Y)&)

+ 771/(5){ - qV+1(X)¢V+2¢Y + qv+-2 (X>¢u+1¢y
+n(Y)ppAX — g(AX,Y)d,§ — g(pAX,Y)E,

= () (@2 (X601 — Gt (X)ra + 6,AX) |
— {20041 (8Y) = g1 (X 12(6Y)

+ 9(6,AX, V) } €

— {1V )0, (AX) = g(AX Y )0 (€) } 616

= (Y ){@r+2(X) D16 = Qi1 (X426

+ 6,0AX — g(AX, )6, + (&) AX } .
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On the other hand, we know that the following formulas vanish.

—

Qui2( X)) (Y )41 — qu+1(X)nl/+2(Y)£l/} =0,

Qi2(X)11(§) v dY — @it (X)nu (§)Pui20Y ¢ =

{

{

{ (x) !
S {02 (MG 1168 — auia (Xmis2(€),0Y | =

{

{

{

Q1 (XN (842 = 20NV N1 ()6, | =0,

and

3
>~ {01 (M (8Y )0 12€ = 241 (67 )66 | = 0.

v=1

From these, the derivative of the normal Jacobi operator (4.1) becomes

(4.2) 0= (VxRyN)Y
=39(pAX,Y){ + 3n(Y)pAX

+3Z{ (6, AX,Y)g, + (V)6 AX |

3
Z[m GAX) (6,0 = n(Y)E)) = 9(#,AX, 6Y )9,
—n(Y

IAAX)8E = 1, (8Y) (900 AX — g(AX, )8,

for any tangent vector fields X and Y on M in Go(C™*2).
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By putting X = ¢, and replacing Y by X in (4.2) we have

(4.3) 0= (Ve,Rn)X
= 39(PAE, X)& + 3n(X)PAE,

+3Z{ (D0 A& X6, + 1 (X) 8y A, |

Z[Qn,, A& (60X — (X)) = 9(6, AL, 6X)1

- U(X)UV(A@)%f - 77v(¢X)(¢u¢Afu - g(Af,ua f)fu) .
From this, by putting X = £ in (4.3), it follows that

(4.4) 0= (Ve, Rn)E

= 30A& +5Y M (PAE)E +3D nu(E)bu AL + > i (AL) b€

v=1 v=1 v=1

for any p=1,2,3.

We consider the notion of parallel normal Jacobi operator along the direction
of the Reeb vector &, that is, V¢Ry = 0 for a hypersurface M in Go(C™2). We
assert the following

Lemma 4.1. Let M be a Hopf hypersurface in Go(C™?), m > 3. If the normal
Jacobi operator Ry is parallel in the direction of the structure vector &, then the
Reeb vector & belongs to either the distribution ® or the distribution D*.

Proof. Putting X =Y = ¢ in (4.2), we have

3
(4.5) 0=4a) n(&)dué,

v=1

where we have used A¢ = af. From this, we have a = 0 or 25:1 7, (&), € = 0.

In the case where M is with vanishing geodesic Reeb flow, it can be verified
directly by Pérez and Suh [12].

Now let us consider the other case that M is with non-vanishing geodesic Reeb
flow, that is, & # 0. Then we assume that £ = n(X()Xo + n(£1)& for some unit
Xo € D and the non-zero functions 1(Xg) and 7(&1). From this, together with (4.5),
it follows that

m(§)e1€
= m(§)e1(n(Xo)Xo +n(&1)é1)
= n1(§)n(Xo)p1Xo-
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Then two non-zero functions 7 (£) and n(Xy) give
$1Xo =0,

which makes a contradiction. This means 7(Xo) = 0 or 7(&;) = 0, that is, the Reeb
vector ¢ belongs to either the distribution © or the distribution ®-+. O

Next, we consider the notion of parallel normal Jacobi operator along the dis-
tribution ©+, that is, Ve, By =0, p=1,2,3, for a hypersurface M in Go(C™T2),
Then we obtain the following

Lemma 4.2. Let M be a Hopf real hypersurface in G2(C™*2), m > 3, with D+-
parallel normal Jacobi operator and ¢ € D+. Then g(AD,D+) = 0.

Proof. Assume that ¢ is tangent to ©®+. Then the unit normal N is a singular
tangent vector of G2(C™%?) of type JN € JN. So there exists an almost Hermitian
structure J; € J such that JN = J;N. Then we have

§=6&, 9=, ¢&=E§, ¢DCD.
Putting £ = &; into (4.4), we have

3 3
0=30A% +5Y m(dAL)E + 30148, + > 1 (AL) €.
v=1 v=1

From this, taking an inner product with any X € ® and using g(¢,§, X) = 0, we
have

(4.6) 0 = 39(pAL,, X) + 39(d1 ALy, X).
On the other hand, by using (3.4) we know that
PAE, = Vé,f
= V€H§1

= q3(§u)62 — q2(€u)Es + d1 A
From this, taking an inner product with any X € ®, we have
9(PAE, X) = g(P1 A8y, X).
Substituting this formula into (4.6) gives
(4.7) 0= g(pAE,, X).
From this, let us replace X by ¢X in (4.8). Then it follows that
0= g(pALy, 9X)

= —g(A&,, 6°X)
= g(AX, gu)
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for any X € ©, u=1,2,3. This gives a complete proof of our Lemma. O
Moreover, in order to prove our theorem, we need the following

Lemma 4.3. Let M be a Hopf hypersurface in Go(C™2), m > 3, with - -parallel

normal Jacobi operator and £ € . Then g(AD,D+) = 0.

Proof. Put the subset Dg of © as Dg ={X € D| X L&, 1€, 92, ¢3&}. Then the
tangent vector space T, M for any point x € M is denoted by

T,M =9 ®D"
= [£] @ [p1&, B2€, 93] ® Do ® DT,

where [¢1€, $2&, ¢3€] denotes a subspace of the distribution ® spanned by the

vectors {¢1€, ¢2€, P3¢}
In order to show that g(AX,¢,) = 0 for any X € ® and p = 1,2, 3, first we

consider for X = £. Then we have g(A&,€,) = ag(§,€,) =0 for any p=1,2,3.

Next, we consider the case that any X € [p1&, d2&, ¢3€]. Put X = @&, v =
1,2,3. Since n(§,) = 0 for any v = 1,2, 3, we see that g(V¢,£,&,) = —g(§, Ve, &)
for any p =1,2,3. Thus we have

g(Ad)ufagu) = g(¢§V7A£M)

—9(&, PAE,)

—9(&, Ve, §)

=9(Ve, &0, )

= Q(QV+2(§;4)€V+1 - QV+1(€M)§V+2 + ¢VA§M7 f)
= 9(¢p A&y €)

= —g(A9u&, &)

Consequently we have
g(A(bevfu) =0
for any u, v =1,2,3.
Finally, we consider the case that any X € ©y. By putting X = &; in (4.3), we
have

3
(4.8) 0 = 39(AL, £)E + 3D _g(dy ALy, £1)6, + 301 AL,

v=1
3
- Z{2UV(¢A@)¢>V¢& — g(Pu A&y, 9E1)DuE .
v=1

To avoid confusion, we put X = Xy € D¢, where the distribution g is defined
by
90 = {X € :D| XJ_f, ¢1£a ¢2§7 ¢3§}
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Now let us take an inner product (4.8) with any X, € ©g, we have

3
(4.9) 0 = 3g(1A4, Xo) — 2D _nu($AE)9(hudé1, Xo)-

v=1

On the other hand, by using (3.6) we know that

g(¢u¢£1aX0) = g(¢¢u§1 - "71/(51)5 + 77(51)§V7X0)
= g(¢du€1, Xo)
=0

for any Xy € ®¢ and any v = 1,2,3. Substituting this formula into (4.9), we have
(4.10) 0 = g(¢1 A&, Xo)
for any X, € . Here let us replace Xy by ¢1Xg in (4.10). Then we have

0 = g(¢1AE,, p1X0)
= _g(A£u7¢12XO)

= g(AX07 g,u)
for any Xo € ¢ and p = 1,2,3. From these facts we assert that g(AX,{,) = 0 for
any X € ® and any p = 1,2,3. This gives a complete proof of our Lemma. a

5. §-parallel normal Jacobi operator

Now in this section we consider the weaker condition than having parallel nor-
mal Jacobi operator. So as a generalization of the notion of parallel normal Jacobi
operator, we consider a notion of parallel normal Jacobi operator along the distri-
bution § defined by § = [(] UDL on M in G2(C™*2), where [¢] = Span{¢} and
D+ = Span{¢y, &, €3}, Then, on such a distribution § we can use Lemmas 4.1, 4.2
and 4.3. Then we assert the following

Proposition 5.1. Let M be a Hopf hypersurface in Go(C™+2), m > 3, with §-
parallel normal Jacobi operator. Then g(AD,D1) = 0.

By Proposition 5.1 and Theorem A in the introduction, we have

Proposition 5.2. Let M be a Hopf hypersurface in Go(C™%2), m > 3, with §-
parallel normal Jacobi operator. Then M 1is congruent to an open part of one of the
following real hypersurfaces in Ga(C™+2):

(A) M is an open part of a tube around a totally geodesic Go(C™*1) in
G2 (C™+2).

(B) m is even, say m = 2n, and M is an open part of a tube around a totally
geodesic HP™ in Go(C™*2).
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Before giving the proof of our main theorem, we will check whether any kind of
hypersurfaces in Theorem A satisfy §-parallel normal Jacobi operator.

By Lemma 4.2 and Theorem A we know that M is locally congruent to a tube
over a totally geodesic Go(C™*1) in Go(C™*+2).

Then it naturally rises to a problem that the normal Jacobi operator Ry of
hypersurfaces of type A in Theorem A satisfies §-parallel or not? Corresponding to
such a problem, we introduce the following due to Berndt and Suh [3]

Proposition A. Let M be a connected real hypersurface of Go(C™2). Suppose
that AD C ©, AE = o, and € is tangent to D+. Let J, € J be the almost
Hermitian structure such that JN = JyN. Then M has three (if r = ©/2+/8) or
four (otherwise) distinct constant principal curvatures

o = V8cot(V8r), B=v2cot(v2r), A= —v2tan(v2r), p =0

with some r € (0, W/\/g) The corresponding multiplicities are

and the corresponding eigenspaces we have

T, =R¢{=RJN =REq,

Ty = C ¢ =C"N =R & Res,
Tn={X| X1HE, JX = J; X},
T,={X| X1H, JX = —J1 X},

where RE, CE and HE respectively denotes real, complex and quaternionic span of
the structure vector & and C+¢ denotes the orthogonal complement of C¢ in HE.

Let us consider for 4 =2 in (4.4). Then we have

(5.1) 0= (Ve Rn)E

3 3 3
=30A&% +5) n(¢AL)E + 3D n (Al + Y nu(AL)e,E.

v=1 v=1 v=1

Now let us suppose that M is of type (A) with §-parallel normal Jacobi operator
and its Reeb vector & € ®1. Then, by using Proposition A and ¢& = —&s, ¢éz = &3,
the equation (5.1) can be written

3 3 3
(5.2) 0=3B0&% + 58 m ()& + 38D nu()dvéa + BY nu(&)dné

v=1 v=1 v=1

= =388 — 5P83 + 389182 + Bha€
= —60¢3.
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Thus, we have 8 = 0 and this case also can not occur for some 7 € (0, 7/+/8). This
makes a contradiction.

On the other hand, by Lemma 4.3 and Theorem A we know that M is locally
congruent to a tube over a totally geodesic HP" in Go(C™*2), m = 2n. Now
it remains only to check that whether real hypersurfaces of type (B) in Theorem
A satisfy §-parallel normal Jacobi operator or not? Then in order to do this we
introduce the following due to Berndt and Suh [3]

Proposition B. Let M be a connected real hypersurface of Go(C™2). Suppose
that AD C D, A = of, and & is tangent to ©. Then the quaternionic dimension
m of Go(C™*2) is even, say m = 2n, and M has five distinct constant principal
curvatures

a = —2tan(2r), 8 =2cot(2r), y=0, A =cot(r), u = —tan(r)
with some r € (0,7/4). The corresponding multiplicities are
mia) =1, m(8) =3 = m(y), m(}) = 4n — 4 = m(u)
and the corresponding eigenspaces are
To =RE, T =3JE, Ty =38, T, T,

where
heTl,= (H(Cg)l, I =Ty, JT, =T, JTn=1T,.

Let us consider for ¢ =2 in (4.4) and £ € ©. Then, by using Proposition B and
(3.1), (4.4) can be written

3 3 3
0=38¢% + 58 m(6&)6 + 38D n(&)dvéa+ B mu(&)dné
v=1 v=1 v=1

= 3B¢2 + Bpa§
= 48¢2€.

Thus, we have 8 = 0 and this case also can not occur for some r € (0,7/4). This
also makes a contradiction. Accordingly, we know that the normal Jacobi operator
Ry for hypersurfaces of type (A) or of type (B) in Theorem A can not be §-parallel,
respectively.

From this, we complete the proof of our main Theorem in the introduction.
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