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1 Introduction

An n-dimensional Kaehler manifold of constant holomorphic sectional curvature c is called complex
space form and is denoted by M, (c). Additionally, a complete and simply connected complex space

form is complex analytically isometric to
e a complex projective space CP", if ¢ > 0,
e a complex Euclidean space C", if ¢ = 0,
e or a complex hyperbolic space CH", if ¢ < 0.

Let M be a real hypersurface in a non-flat complex space form M, (c), ¢ # 0. Then an almost
contact metric structure (p,&,7,¢g) can be defined on M induced from the Kaehler metric G and the
complex structure J on M, (c). The structure vector field & is called principal if A = o, where A is
the shape operator of M and @ = n( A€) is a smooth function. A real hypersurface is said to be a Hopf
hypersurface, if £ is principal.

The problem of classifying real hypersurfaces in M, (c), ¢ # 0, is a classical one in the area of
Differential Geometry. It was initiated by Takagi, who classified homogeneous real hypersurfaces in
CP™. It was shown that they could be divided into six types, namely (A1), (As), (B), (C), (D) and
(E) ([12], [13]). In case of CH™, the study of real hypersurfaces with constant principal curvatures, was
started by Montiel [6] and completed by Berndt in [1] for the Hopf case. They are divided into two types,
namely (A) and (B), depending on the number of constant principal curvatures. The real hypersurfaces
found by them are homogeneous. More information on the problem of classification of real hypersur-

faces with constant principal curvatures in complex space forms can be found in [3] by Diaz-Ramos
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and Dominguez-Vazquez. Recently, Berndt and Tamaru in [2] have given a complete classification of

homogeneous real hypersurfaces in CH", n > 2.

Many researchers have been studying real hypersurfaces in non-flat complex space forms, when
they satisfy certain geometric conditions such as parallelism, Lie paralellism etc. The structure Jacobi
operator plays an important role in this direction. Generally, on a manifold M the Jacobi operator with
respect to a vector field X is defined by R(-, X)X, where R is the Riemmanian curvature of M. In case

of real hypersurfaces, for X = £ the Jacobi operator is called structure Jacobi operator and is denoted
by L = R(-, ).

The Lie derivative of the structure Jacobi operator is an issue, which has been extensively studied.
More precisely, in [8] Perez and Santos proved the non-existence of real hypersurfaces in CP™, n > 3,
whose structure Jacobi operator is Lie parallel , i.e. Lxl = 0, for any X € T M. Another type of
parallelness of structure Jacobi operator, that has been studied is that of Lie {-parallel, i.e. £¢l = 0.
More precisely, in [9] real hypersurfaces in CP", n > 3, equipped with Lie &-parallel structure Jacobi
operator are classified. In [4] Ivey and Ryan extend some of the above results in CP? and CH?. More
analytically, it is proved that in CP? and C H? there exist no real hypersurfaces, whose structure Jacobi
operator is Lie parallel, but real hypersurfaces in CP? and CH?, whose structure Jacobi operator is Lie
&-parallel exist and a classification of them is given. Furthermore, they proved that no real hypersurfaces
in CP"™ and CH™, n > 3, equipped with Lie parallel structure Jacobi operator exist. Recently, in [11]
the third author and Suh studied the condition of Lie D-parallel structure Jacobi operator, i.e. £LxI = 0,
where X is orthogonal to £&. They proved that no Hopf real hypersurfaces in CP™, n > 3, satisfying
the previous condition exist. In [7] the previous work is extended for the case of three dimensional real
hypersurfaces in non-flat complex space forms. More precisely, it is proved the non-existence of real
hypersurfaces in CP? and CH? equipped with D-parallel structure Jacobi operator.

Generally, a tensor field 1" of type (1,1) on M is of Codazzi type, when the following relation is
satisfied
(VxT)Y = (VyT)X, where X,Y € TM.

In case of real hypersurfaces in [10] is proved that in complex projective space there exist no real hy-
persurfaces equipped with structure Jacobi operator of Codazzi type, i.e. (VxI1)Y = (Vyl)X. In [14]
and [15] Theofanidis and Xenos extended the previous result also for the case of three dimensional real
hypersurfaces in non-flat complex space forms and in the case of the ambient space being the complex

hyperbolic space.
Motivated by the work that is done so far the following question raises naturally

Question: Do real hypersurfaces in non-flat complex space forms, whose Lie derivative is of Codazzi

type, exist?

First of all, a tensor field 7" of type (1,1) defined on a real hypersurface, will be called of Lie-Codazzi

type, when the following relation is satisfied

(LxT)Y = (LyT)X X,Y € TM.
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In the present paper, real hypersurfaces in non-flat complex space forms equipped with structure Jacobi

operator of Lie-Codazzi type are studied, i.e.
(Lx)Y = (LyD)X XY € TM. (1.1)
The following Theorem is proved

Theorem 1.1 There exist no real hypersurfaces in M,(c), n > 2 and ¢ # 0, whose structure Jacobi

operator is of Lie-Codazzi type.

It would be interesting to study the condition of Lie-Codazzi type also for other tensor fields of type
(1,1), which are defined on real hypersurfaces such as the shape operator A, the Ricci operator S and the
structure tensor . Furthermore, the above condition can be studied also for tensor fields of type (1,1) of
real hypersurfaces in complex two-plane Grassmannians.

This paper is organized as follows: In Section 2 basic relations and definitions for real hypersurfaces
in non-flat complex space forms are given. In Section 3 we present some basic Lemmas and the proof of
1.1.

2 Preliminaries

Throughout this paper all manifolds, vector fields etc are assumed to be of class C* and all manifolds are
assumed to be connected. Furthermore, the real hypersurfaces are supposed to be oriented and without
boundary. Let M be a real hypersurface immersed in a non-flat complex space form (M, (c), G) with
almost complex structure J of constant holomorphic sectional curvature c. Let N be a unit normal vector
field on M and £ = —JN. For a vector field X tangent to M we can write JX = ¢X +n(X)N, where
©X and n(X)N are the tangential and the normal component of JX respectively. The Riemannian
connections V in M, (c) and V in M are related for any vector fields X, Y on M

VyX = VyX +g(AY, X)N,

VxN = —AX,

where ¢ is the Riemannian metric induced from the metric G and A is the shape operator of M in M, (c)
with respect to N. M has an almost contact metric structure (¢, £, 7, g) induced from J on M, (c), where

pisa(1,1) tensor field and n a 1-form on M such that
9(pX,Y) =G(JX,Y), n(X)=g(X,§)=G(JX,N).
Then we have

P’X =X +n(X)§, nop=0, @&=0, n(¢) =1,

9(pX,9Y) = g(X,Y) —n(X)n(Y), 9(X,¢Y)=—g(pX,Y),
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Since the ambient space is of constant holomorphic sectional curvature ¢, the Gauss and Codazzi equa-

tions are respectively given by
c
R(X,Y)Z = 1[g(Y, 2)X — g(X, 2)Y + g(¢Y, Z)pX 2.2)

—9(0X, Z)pY —29(pX,Y)pZ] + g(AY, Z)AX — g(AX, Z)AY,

(VxA)Y — (Vy )X = S(X)eY —n(¥ )X - 29(oX,Y)e], 23)

where R denotes the Riemannian curvature tensor on M and X, Y, Z are any vector fields on M.

Relation (2.2) implies that the structure Jacobi operator [ is given by
IX = ZIX —n(X)¢] + aAX —n(AX)Ag, 2.4)

where oo = n(A¢) and for any X tangent vector to M.

For every point P € M, the tangent space T'p M can be decomposed as
TpM = span{¢} @& D,

where D = {X € TpM : n(X) = 0}. Due to the above decomposition, the vector field A¢ can be

written:
A& = aé + BU, (2.5

where 3 = |pV¢£|and U = —(1/8)¢Ve& € ker(n), provided that 3 # 0.

3 Proof of Theorem 1.1

In this section the symbol M,,(c) is used to denote CP™ and CH", n > 2. Let M be a real hypersurface

in M,,(c), whose structure Jacobi operator satisfies (1.1), which analytically is written
Vx(Y)+ VixY = Viy X — Vy(IX) =2IVxY - 2IVy X, (3.1)

where X, Y € TM.
We consider the open subset N of M such that

N={P € M: #0 inaneighborhood of P}.
Furthermore, we consider V, €2 open subsets of N such that

V={P € N: a=0 inaneighborhood of P},
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Q={P € N: a#0 inaneighborhood of P},

where V U (2 is open and dense in the closure of N.

Lemma 3.1 Let M be a real hypersurface in M, (c), whose structure Jacobi operator is of Lie-Codazzi
type. Then 'V is empty.

Proof: In V relation (2.5) becomes A{ = SU. From (2.4) for X = U and X = £ we obtain [pU =
(¢/4)eU and I§ = 0. Furthermore, the first of (2.1) implies V& = BpU.
Relation (3.1) for X = ¢ and Y = U, due to the first (2.1) yields

%vng - §¢A¢U = 2V U — 2pApU.

The inner product of the above relation with £, due to 1§ = 0, V¢§ = BoU and 3 # 0, results in ¢ = 0,

which is a contradiction and this completes the proof the present Lemma. U

Lemma 3.2 Let M be a real hypersurface in My (c), whose structure Jacobi operator is of Lie-Codazzi

type. Then on () the following relations hold

2
AU = (- ugpe, ApU = —igoU. 32)

« 4o

Proof: In (2 relation (2.5) holds and the first of (2.1), because of the latter, implies V¢ = B¢U. The
inner product of relation (3.1) with &, due to the first of (2.1) and [£ = 0 implies

JlpAX + pAIX +1ApX + Apl XY ) + 1Y [g(X,€)] — [ X][g(Y,&)] =0, where X,Y € T'M.(3.3)

Relation (3.3) for X = &, because of (2.5) and 5 # 0, yields g(lpU,Y) = 0, for any Y € T'M, which
leads to iU = 0. Therefore, relation (2.4) for X = U, owing to the latter results in

ApU = — S oU. (3.4)
4o

Relation (3.3) for X = U, taking into account [pU = 0 and (3.4) yields g((c/4a)lU — AU, Y) =0,
for any Y € T'M and this leads to

1AU = -Su. (3.5)
4o

The inner product of relation (3.1) for Y = & with U, due to the first of (2.1) and lpU = £ = 0 yields
g(lAU + IV ¢pU, X) = 0, for any X € T'M, which results in

AU = ~IVepU. (3.6)

Furthermore, relation (3.1) for X = £ and Y = U, because of the first of (2.1), loU = £ = 0 and
(3.4) implies

C
U =1 . 3.7
10 =1VeeU 3.7)
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The combination of relations (3.6) and (3.7), taking into consideration (3.5) implies (U = 0. Then
relation (2.4) for X = U implies AU = (%/a — ¢/4a)U + B¢ and this completes the proof of the
present Lemma. ]

Lemma 3.3 Let M be a real hypersurface in M, (c), whose structure Jacobi operator is of Lie-Codazzi

type. Then () is empty.

Proof: If n = 2 suppose that V.U = k3pU. If n > 3 then let VU = k3pU + A\ Z1, for a unit vector
7 taken in the orthogonal complement of the distribution spanned by {U, U, ¢}. Then from (3.1) for
X =Uand Y = ¢, due to the latter and (2.4) for X = Z; and [U = lpU = [£ = 0 we obtain

)\1(221 +aAZ)) =0.

Suppose that A\; # 0, then due to the latter we have AZ; = —(c¢/4«)Z;. The inner product of the
Codazzi equation, because of V U = k3pU + A1 Z; and (3.2) implies

Zia= B, for X = Z;andY = £ with £

SRS

9(VyU,Z1) = —, for X =U and Y = £ with Z;
a

Z1B = P

, for X = Z; and Y = U with £ owing to the previous one.

Moreover, the inner product of the Codazzi equation for X = Z; and Y = U with U, due to (3.2) and
all the above relations results in ¢ = 0, which is a contradiction.

Therefore, in 2 Ay = 0 and V¢ U = k3¢U. In the following the method is the same when n = 2 or
n > 3. The inner product of Codazzi equation , because of (3.2) yields

2 2
B rs :ﬂm—i—i(ﬂ——i), for X = U and Y = € with oU, (3.8)
4o « 4o
2
(pU)B = B2 + Bry + i(fi — %), for X = U and Y = € with U due to (3.8) (3.9)
200" « 4oy
(@U)azﬂ(a+m3+ji), for X = pU and Y = £ with &, (3.10)
104
4 2
fa = O‘f’”, for X = U and Y = € with U (3.11)
2 2
(@U)(B— - i) = ﬁ(ﬁf + Pra _ E), for X =U and Y = U with U, (3.12)
« 4o o « 4o
4 2
Ua = 299752 o X — Uand Y = ol with oU (3.13)
4 2
Ua—¢p — 299F2 (0 X — U and Y = € with € due to (3.13) (3.14)
432 .
UB = Pra(— +1), for X = U and Y = £ with U due to (3.11) and (3.14), (3.15)
C

wherex) = g(VyU, oU), ko = g(V,uU, @U) and k3 = g(VeU, 9U).
Relation (3.12), because of (3.8), (3.9) and (3.10), yields

k3 = —4a, (3.16)
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and so relation (3.8) becomes

Br1 = (- — =) — 48> (3.17)
6

The Riemannian curvature on M satisfies relation (2.2) and on the other hand is given by the relation
R(X,Y)Z =VxVyZ —VyVxZ — V[ X’Y]Z . The combination and the inner product of these two
relations for X = Z = U, Y = £ with U and X = &, Y = U, Z = U with U, owing to
Ve(@U) = (Vep)U + VU and the second of (2.1) implies respectively:

2
Uks —Ek1 = K2(%—£—K3)’ (3.18)
(PU)ks &z = mi(ms+ 3) +B(ka = 5.-). (3.19)

Differentiating the relations (3.16) and (3.17) with respect to U and & respectively and substituting
in (3.18) and taking into account (3.11), (3.14) and (3.15) we obtain

ro(c —2B8% — 4a?) = 0.

Suppose that x5 # 0, then because of the above relation we obtain 232 + 4a? = ¢ holds. Differen-
tiation of the last relation with respect to &, because of (3.11), (3.14) and 2% + 4a? = cyields ko = 0,

which is a contradiction.

Therefore, in €2, ko = 0 and relations (3.11), (3.14) and (3.15) become
Ua=Up=Ea=£8=0.
Using the above relations and (3.16) we obtain
[U,&la=U(§a) = ¢(Ua) =0,

U, €la = (Viré — Vell)a = 41

—O[(élﬁ2 +16a* — ¢)(oU)a.

Combining the last two relations we have
(462 + 1602 — ¢) (U)o = 0.

Suppose that (oU)a # 0 then due to the above relation we have 16a? + 432 = c. Differentiating the
last relation with respect to U and taking into account (3.9), (3.10), (3.16), (3.17) and ¢ = 1602 + 4532,
implies o> = 0, which is impossible.

Hence, on 2 relation (U )a = 0 holds and relations (3.10) and (3.16) imply ¢ = 402 and (3.17), due
to the latter, yields Sx; = a? — 532. On the other hand relation (3.19), because of (3.16) and ¢ = 40?2,

leads to k1 = —23. Substitution of 1 in k1 = a® — 532 yields 332 = . The covariant derivative of
362 = a? with respect to U, because of (3.9), k1 = =28, ¢ = 402 and 352 = o2, results in § = 0,
which is a contradiction and this completes the proof of the present Lemma. ([l

From Lemmas 3.1 and 3.3, the following proposition holds
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Proposition 3.4 Every real hypersurface in M,(c), n > 2, whose structure Jacobi operator is of Lie-
Codazzi type, is a Hopf hypersurface.

Since M is a Hopf hypersurface, A = a& and due Theorem 2.1 [5] « is constant. We consider a
unit vector W € D, such that AW = AW, then (A — a/2)ApW = (Aa/2 + ¢/4)W at some point P
€ M, (Corollary 2.3 [5]). We have the following cases

e Casel: 0?2 + ¢ # 0.

In this case we have that A # «/2, so ApW = vpW. On M the following relation holds ,(Corollary
2.3 [5)]):

A = %()\ tu)+ 2. (3.20)

The first of relation (2.1) and relation (2.4), for X = W and X = oW, due to AW = AW and
ApW = vpW, imply respectively

Viwé =AW and Vowé = —vW, (3.21)
W = (2 +aM)W and oW = (2 + av)eW. (3.22)

The inner product of relation (3.1) for X = W and Y = oW with &, taking into account (3.21) and
(3.22) implies

A+ 2)[(5 +a(r+v)] =0.

Let M; be the open subset of M such that
M, ={P € M : \# —v, inaneighborhood of P}.

Then on M relation (A4 1) = —c/2 holds. Relation (3.20), due to the latter, implies A\v = 0. Suppose
that v # 0. So A = 0 and relation a(\ + v) = —¢/2 implies aw = —c/2.

The inner product of relation (3.1) for X = W and Y = & with oW, due to the first of (3.21) and
(3.22), A = 0 and aw = —c¢/2, yields g(V¢W, W) = 0. On the other hand, the inner product of (3.1)
for X = oW and Y = ¢ with W, taking into account the second of (3.21) and (3.22), av = —¢/2 and
g(VeW, W) = 0 implies cv = 0, which is a contradiction, since ¢ # 0 and v # 0. Therefore, on M;
relation ¥ = 0 holds. Following similar steps as in the previous case, we lead to the conclusion that M;
is empty.

Therefore on M relation A\ = —v holds. Substitution of the last relation in (3.20) implies ¢ = —4\2.
So we conclude that ¢ < 0 and that A, v are constant. The Hopf real hypersurface, which satisfies the
previous conditions is that of type (B) in CH™, since the distribution I is not @-invariant. Substituting

the eigenvalues of it in relation A = —uv leads to a contradiction (for the eigenvalues see [1]).

e CaseIl: o2 4+ ¢ = 0.
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In this case « # 0, because if & = 0, then ¢ = 0, which is impossible. Suppose that A # «//2. Relation
(3.20), owing to a? + ¢ = 0, results in v = «/2, where v is defined to be ApW = voW. Also in this
case relations (3.21) and (3.22) hold. The inner product of relation (3.1) for X = W and Y = oW with
¢, taking into account (3.21), (3.22) and o 4 ¢ = 0 implies
AA+ ) =0.
2

Suppose that A # 0, then we have that A = —«/2. So we conclude that A, v are constant and the real
hypersurface has three distinct eigenvalues. This implies that we have one of type (B). Substituting the
eigenvalues of type (B) in the previous relation leads to a contradiction (for the eigenvalues see [1]).

Therefore, we have A = 0. The inner product of relation (3.1) for X = W and Y = £ with oW, due
to the first of (3.21) and (3.22) yields g(V¢W, W) = 0. On the other hand, the inner product of (3.1) for
X = oW and Y = £ with W, taking into account the second of (3.21) and (3.22) and g(V¢W, W) = 0
results in @ = 0, which is a contradiction.

So the remaining case is that of A = «/2, which will be the only eigenvalue for all vectors in D.
In this case the real hypersurface is a horosphere. The inner product of relation (3.1) for X = W and
Y = oW with &, taking into account (3.21) and (3.22) and that the only eigenvalue is «/2 implies o = 0,
which is impossible.

Therefore, we have proved that there exist no real hypersurfaces in non-flat complex space forms
M, (c), n > 2, whose structure Jacobi operator is of Lie-Codazzi type and this completes the proof of

Theorem 1.1.
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