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Abstract. In this paper we classify real hypersurfaces all of whose geodesics orthogo-
nal to the characteristic vector field are plane curves in complex projective or complex hyper-
bolic spaces.

1. Introduction. Recent program of our study on submanifolds is based on the ex-
trinsic shape of geodesics on submanifolds. From this point of view, a totally umbilic subman-
ifold is considered to be the simplest one. It is well-known that a hypersurfaceMn in a real
space formM̃n+1(c) of curvaturec, which is one of a standard sphereSn+1(c), a Euclidean
spaceRn+1 and a hyperbolic spaceHn+1(c), is totally umbilic if and only if every geodesic
on this hypersurfaceMn is a plane curve in the ambient spaceM̃n+1(c). Here, a smooth curve
on a Riemannian manifoldM is said to be aplane curve if it is locally contained on some real
2-dimensional totally geodesic submanifold ofM. On the other hand, in ann-dimensional
nonflat complex space form̃Mn(c) of constant holomorphic sectional curvaturec, which is
either a complex projective spaceCPn(c) or a complex hyperbolic spaceCHn(c), there does
not exist a real hypersurfaceM2n−1 all of whose geodesics are plane curves in the ambient
spaceM̃n(c). This comes from the fact that a nonflat complex space form does not admit a
totally umbilic real hypersurface. However, there exist real hypersurfacesM2n−1 all of whose
geodesicsorthogonal to the characteristic vector field ξ of M are plane curves in a nonflat
complex space form. For example, every totallyη-umbilic hypersurface has this property (see
Section 2 for the definition of totallyη-umbilic hypersurfaces).

Motivated by this geometric property of totallyη-umbilic hypersurfaces, we are inter-
ested in classifying real hypersurfacesM2n−1 in a nonflat complex space form̃Mn(c) all
of whose geodesics orthogonal to the characteristic vector fieldξ of M are plane curves in
M̃n(c). The aim of this paper is to solve this problem:
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MAIN THEOREM. Let M2n−1 be a real hypersurface of a nonflat complex space form
M̃n(c) (n � 2). Then M is locally congruent to a totally η-umbilic hypersurface or a ruled
real hypersurface if and only if every geodesic γ on M whose initial vector γ̇ (0) is orthogonal
to the characteristic vector ξγ (0) of M is a plane curve in the ambient space M̃n(c).

We recall in Section 3 fundamental properties of curves of order 2 which are generaliza-
tions of plane curves. Also we review in Section 2 basic results on real hypersurfaces.

2. Basic results on real hypersurfaces. We shall start by summarizing some basic
results on real hypersurfaces that will be useful in the following sections. LetM̃n(c) denote
either a complexn-dimensional complex projective spaceCPn(c) of constant holomorphic
sectional curvaturec or a complexn-dimensional complex hyperbolic spaceCHn(c) of con-
stant holomorphic sectional curvaturec. Let M2n−1 be an orientable real hypersurface of
M̃n(c) andN a unit normal vector field onM in M̃n(c). The Riemannian connections∇̃ of
M̃n(c) and∇ of M are related by

∇̃XY = ∇XY + 〈AX,Y 〉N and ∇̃XN = −AX ,(2.1)

for vector fieldsX andY tangent toM, where〈 , 〉 denotes the Riemannian metric onM

induced from the standard metric oñMn(c), andA is the shape operator ofM in M̃n(c). It
is known thatM admits an almost contact metric structure(φ, ξ, η, 〈 , 〉) induced from the
Kähler structureJ of M̃n(c). The characteristic vector fieldξ of M is defined asξ = −JN
and this structure satisfies

φ2 = −I + η ⊗ ξ, η(ξ) = 1 , and 〈φX, φY 〉 = 〈X,Y 〉 − η(X)η(Y ) ,

whereI denotes the identity map of the tangent bundleT M of M. It follows from the equali-
ties (2.1) that

(∇Xφ)Y = η(Y )AX − 〈AX,Y 〉ξ(2.2)

and

∇Xξ = φAX .(2.3)

The eigenvalues and eigenvectors of the shape operatorA are calledprincipal curvatures
andprincipal curvature vectors, respectively. The condition that the characteristic vectorξ =
−JN is principal is quite natural. As was shown in [NR], for a real hypersurfaceM2n−1 in
M̃n(c) (n � 2), if Aξ = δξ holds with some functionδ on M thenδ is locally constant. In
CPn, each real hypersurfaceM lying on a tube of constant radiusr(> 0) around a complex
submanifold ofCPn satisfies this condition onξ . In CHn, each real hypersurfaceM lying on
a tube around a complex submanifold or around a totally real submanifold ofCHn satisfies
that condition. We usually callM a Hopf hypersurface, when the characteristic vectorξ is
principal.

A real hypersurfaceM of M̃n(c) (n � 2) is called atotally η-umbilic, if its shape operator
A is of the formA = αI + βη ⊗ ξ for some functionsα andβ onM. It is known that every
totally η-umbilic hypersurface is a typical example of a Hopf hypersurface. The following
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classification theorem of totallyη-umbilic hypersurfacesM shows that these two functionsα

andβ are automatically constant onM (see [NR]):

THEOREM A. A totally η-umbilic hypersurface M2n−1 of a nonflat complex space form
M̃n(c) (n � 2) is locally congruent to one of the following:

(P) geodesic spheres of radius r (0 < r < π/
√

c) in CPn(c),
(H) i) horospheres in CHn(c),

ii) geodesic spheres of radius r (0 < r < ∞) in CHn(c),
iii) tubes of radius r (0 < r < ∞) around totally geodesic complex hyperplane

CHn−1(c) in CHn(c).

It is known that every totallyη-umbilic hypersurfaceM has two distinct constant princi-
pal curvatures and satisfies the condition that the structure tensorφ and the shape operatorA

of M in M̃n(c) are commutative:φA = Aφ.
Next we recall ruled real hypersurfaces in a nonflat complex space form, which are typ-

ical examples of non-Hopf hypersurfaces. A real hypersurfaceM is called aruled real hy-
persurface of a nonflat complex space form̃Mn(c) (n � 2) if the holomorphic distribution
T 0 defined byT 0(x) = {X ∈ TxM | X⊥ξ} for x ∈ M is integrable and each of its integral
manifolds is a totally geodesic complex hypersurfaceMn−1(c) of M̃n(c). A ruled real hyper-
surface is constructed in the following manner. Given an arbitrary regular curveγ defined
on an intervalI in M̃n(c) we have at each pointγ (t) (t ∈ I) a totally geodesic complex
hypersurfaceM(t)

n−1(c) that is orthogonal to the plane spanned by{γ̇ (t), J γ̇ (t)}. Then we

see thatM = ⋃
t∈I M

(t)
n−1(c) is a ruled real hypersurface iñMn(c). The following gives a

characterization of ruled real hypersurfaces in terms of the shape operatorA.

PROPOSITION B (see [NR]). Let M be a real hypersurface in a nonflat complex space
form M̃n(c) (n � 2). Then the following conditions are equivalent:

(1) M is a ruled real hypersurface.
(2) The shape operator A of M satisfies the following equalities with a unit vector U

orthogonal to ξ :

Aξ = µξ + νU, AU = νξ, AX = 0,

where µ, ν are differentiable functions on M with ν 	= 0, and X is an arbitrary tangent vector
orthogonal to ξ and U .

(3) The shape operator A of M satisfies 〈AX,Y 〉 = 0 for any tangent vectors X,Y ∈
TxM orthogonal to ξ at each point x ∈ M .

3. Curves of order 2. A smooth curveγ on a complete Riemannian manifoldM
parametrized by its arclength is called acurve of order 2 if it satisfies the following nonlinear
differential equation:

‖∇γ̇ γ̇ ‖2{∇γ̇ ∇γ̇ γ̇ + ‖∇γ̇ γ̇ ‖2γ̇ } = 〈∇γ̇ γ̇ ,∇γ̇ ∇γ̇ γ̇ 〉∇γ̇ γ̇ ,(3.1)

where∇γ̇ denotes the covariant differentiation alongγ with respect to the Riemannian con-
nection∇ on M. This is a generalization of the notion of circles. We call a smooth curveγ
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parametrized by its arclength acircle if it satisfies∇γ̇ ∇γ̇ γ̇ = −k2γ̇ with some nonnegative
constantk. This condition is equivalent to the condition that there exist a nonnegative constant
k and a field of unit vectorsY along this curve that satisfy∇γ̇ γ̇ = kY and∇γ̇ Y = −kγ̇ . Since
k = ‖∇γ̇ γ̇ ‖, we see that circles are curves of order 2. We call this constantk thecurvature of
γ . We note that geodesics are treated as circles of null curvature. On a real space formMn(c)

circles are plane curves, but it is not true in general. For a circleγ on a complex projective
space we have an important invariantτ = 〈γ̇ , J∇γ̇ γ̇ 〉/‖∇γ̇ γ̇ ‖, which is called thecomplex
torsion. Whenτ = ±1 it lies on a totally geodesic complex projective line, and whenτ = 0 it
lies on a totally geodesic real projective plane. However in the caseτ 	= 0,±1 it does not lie
on any totally geodesic real 2-dimensional submanifold (see [AMU]). The same result holds
for a circle on a complex hyperbolic space (see [AM1]).

A smooth curveγ = γ (s) parametrized by its arclengths is called aFrenet curve of
proper order 2 if there exist a smooth unit vector fieldY alongγ orthogonal toγ̇ and a
smooth positive functionκ satisfying

∇γ̇ γ̇ (s) = κ(s)Y (s) and ∇γ̇ Y (s) = −κ(s)γ̇ (s) .(3.2)

The functionκ and the orthonormal frame{γ̇ , Y } are called itscurvature andFrenet frame,
respectively. Trivially a circle of positive curvature is a Frenet curve of proper order 2. We
call a curve aFrenet curve of order 2 if it is either a geodesic or a Frenet curve of proper order
2. These two notions are related as follows.

LEMMA 1. (1) Every Frenet curve of order 2 is a curve of order 2.
(2) If a curve γ of order 2 satisfies ‖∇γ̇ γ̇ (s)‖ > 0 for all s, then it is a Frenet curve

of proper order 2, whose curvature and Frenet frame are κ(s) = ‖∇γ̇ γ̇ (s)‖ and {γ̇ , Y =
∇γ̇ γ̇ /‖∇γ̇ γ̇ ‖}, respectively.

PROOF. We can get the first assertion by direct computation. To show the second we
putκ(s) = ‖∇γ̇ γ̇ (s)‖. As we haveκκ ′ = 〈∇γ̇ γ̇ ,∇γ̇ ∇γ̇ γ̇ 〉, the equation (3.1) guarantees that
the vector fieldY = (1/κ)∇γ̇ γ̇ satisfies

∇γ̇ Y = 1

κ3
(κ2∇γ̇ ∇γ̇ γ̇ − κκ ′∇γ̇ γ̇ ) = −κγ̇ ,

which leads us to the conclusion. �

It should be noted that we allow a curveγ of order 2 to have points where∇γ̇ γ̇ vanishes.
For a curve of order 2 we call such a point aninflection point. One can easily find that a cubic
curvey = x3 on a Euclideanxy-plane has an inflection point at the origin. We have to take
care of inflection points. The following lemma tells us that the notion of curves of order 2 is
also an extension of the notion of plane curves.

LEMMA 2. Every smooth plane curve parametrized by its arclength is also a curve of
order 2.

PROOF. Let γ be a smooth plane curve parametrized by its arclength. For eachs0 we
have a real 2-dimensional totally geodesic submanifoldS and positive numberδ such that
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the restrictionγ |(s0−δ,s0+δ) lies onS. We then have a local smooth unit vector fieldV along
γ |(s0−δ,s0+δ) that is orthogonal tȯγ and is tangent toS. Since‖γ̇ ‖ = ‖V ‖ = 1, we see
〈γ̇ , V 〉 = 〈V,∇γ̇ V 〉 = 0. SinceS is 2-dimensional and totally geodesic, we see that∇γ̇ γ̇

is proportional toV and∇γ̇ V is proportional toγ̇ . By differentiating〈γ̇ , V 〉 = 0, we get
∇γ̇ γ̇ = νV and∇γ̇ V = −νγ̇ with a functionν. �

However, in general, a curve of order 2 is not necessarily a plane curve (see [SMA] for
example).

4. Proof of the main theorem. We are now in a position to prove our main theorem.
We here show a bit more detailed result.

THEOREM. Let M2n−1 be a real hypersurface of a nonflat complex space form
M̃n(c) (n � 2). Then the following conditions are equivalent:

(1) M is locally congruent to either a totally η-umbilic hypersurface or a ruled real
hypersurface.

(2) Every geodesic γ on M whose initial vector γ̇ (0) is orthogonal to the characteristic
vector ξγ (0) is a plane curve in the ambient space M̃n(c).

(3) Every geodesic γ on M whose initial vector γ̇ (0) is orthogonal to the characteristic
vector ξγ (0) is a circle in the ambient space M̃n(c).

(4) Every geodesic γ on M whose initial vector γ̇ (0) is orthogonal to the characteristic
vector ξγ (0) is a curve of order 2 in the ambient space M̃n(c).

PROOF. It is trivial that the second condition implies the fourth condition and the third
condition also implies the fourth.

We first show that the first condition yields the second and the third. LetM be a totally
η-umbilic hypersurface inM̃n(c). Then all tangent vectors orthogonal toξ are principal cur-
vature vectors with a single principal curvature; that is, there is a constantλ with Au = λu

for each tangent vectoru ∈ T M orthogonal toξ . The principal curvature is

λ =




(
√

c/2) cot
√

cr/2 , a geodesic sphereM of radiusr in CPn(c) ,

(
√|c|/2) coth

√|c|r/2 , a geodesic sphereM of radiusr in CHn(c) ,

(
√|c|/2) tanh

√|c|r/2 , a tubeM of radiusr around totally

geodesicCHn−1(c) in CHn(c) ,

(
√|c|/2) , a horosphereM in CHn(c) .

Let γ = γ (s) be a geodesic onM with initial vector γ̇ (0) orthogonal toξγ (0). By (2.3) and
the equalityφA = Aφ, we see that

γ̇ 〈γ̇ , ξ〉 = 〈∇γ̇ γ̇ , ξ〉 + 〈γ̇ ,∇γ̇ ξ〉 = 〈γ̇ , φAγ̇ 〉 = 〈γ̇ , Aφγ̇ 〉 = −〈φAγ̇ , γ̇ 〉 = 0 .

Therefore the tangential vectorγ̇ (s) is perpendicular to the characteristic vectorξ at eachs.
This, together with the equalities (2.1), implies∇̃γ̇ γ̇ = λN and∇̃γ̇N = −λγ̇ . Hence the
curveγ is a circle of positive curvatureλ in the ambient spacẽMn(c) with complex torsion
τ = 〈γ̇ , JN 〉 = 0. So, whenc > 0, this curveγ lies on a 2-dimensional real projective
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spaceRP 2(c/4) of curvaturec/4 which is totally real totally geodesic inCPn(c), and when
c < 0, this curveγ lies on a 2-dimensional hyperbolic spaceH 2(c/4) of curvaturec/4 that
is totally real totally geodesic inCHn(c). Thus we could check the assertion in the case of
totally η-umbilic hypersurfaces.

Next, we shall check the assertion in the case of ruled real hypersurfacesM. Let γ be
a geodesic onM with initial vector γ̇ (0) orthogonal toξγ (0). Let Mn−1(c) be the integral
manifold through the pointx = γ (0) for the holomorphic distributionT 0. Sinceγ̇ (0) ∈
TxMn−1(c) andMn−1(c) is a totally geodesic complex hypersurface of the ambient space
M̃n(c), we see thatγ locally lies onMn−1(c) by the uniqueness theorem on geodesics. Hence
the geodesicγ is a geodesic inM̃n(c). In particular, since the ambient spaceM̃n(c) is a rank
one symmetric space,γ is a plane curve inM̃n(c).

It remains to verify that the fourth condition implies the first. LetM be a real hypersur-
face inM̃n(c) satisfying the fourth condition. We take an orthonormal pair of tangent vectors
u, v at an arbitrary pointx ∈ M that are perpendicular toξ . We first show

〈Au, u〉〈Au, v〉 = 0 .(4.1)

We here suppose that〈Au, u〉 	= 0. Letγ = γ (s) be a geodesic onM with the initial condition
thatγ (0) = x and γ̇ (0) = u. There exists someε > 0 satisfying that〈Aγ̇ (s), γ̇ (s)〉 	= 0
for eachs (−ε < s < ε). By the first equality in (2.1), this shows that‖∇̃γ̇ γ̇ (s)‖ > 0 for
eachs (−ε < s < ε). Hence Lemma 1 tells us that the curveγ in M̃n(c) restricted to the
interval−ε < s < ε is a Frenet curve of proper order 2. Without loss of generality we may
consider the case〈Aγ̇ (s), γ̇ (s)〉 > 0 for eachs (−ε < s < ε). Then the curvature and Frenet
frame ofγ in M̃n(c) areκ(s) = 〈Aγ̇ (s), γ̇ (s)〉 and{γ̇ ,N }, respectively, so that it satisfies
∇̃γ̇ γ̇ = κ(s)N and∇̃γ̇N = −κ(s)γ̇ . This, combined with the second equality in (2.1), shows
thatAγ̇ (s) = κ(s)γ̇ (s) for eachs (−ε < s < ε), and in particular shows thatAu = ku with
a positivek = 〈Au, u〉. Thus we have〈Au, v〉 = 0, and get (4.1) for each orthonormal pair of
vectorsu, v orthogonal toξ .

Now let f : S2n−3(1) (⊂ R2n−2) → R be the differentiable function on a subset
S2n−3(1) ∼= {u ∈ UxM | u ⊥ ξx} of the unit tangent spaceUxM defined byf (u) = 〈Au, u〉2,
whereA is the shape operator ofM at the pointx. If v is a vector tangent toS2n−3(1) at u
(henceu⊥v), we findv(f ) = 4〈Au, u〉〈Au, v〉 = 0 by (4.1). Thusf is a constant function,
that is,

|〈Au, u〉| = k for each unit vectoru orthogonal toξx ,(4.2)

with some nonnegative constantk = k(x).
Whenk(x) 	= 0, by virtue of the above discussion we see thatAu = ku or Au = −ku

for eachu. Then we easily find out that eitherAu = ku for all u ∈ TxM orthogonal toξx

or Au = −ku for all u ∈ TxM orthogonal toξx . This tells us thatx is anη-umbilic point
of our real hypersurfaceM of M̃n(c) and the functionk = k(x) is locally constant on some
sufficiently small neighborhoodU of the pointx, so thatM is congruent to one of the totally
η-umbilic hypersurfaces in the neighborhoodU .
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Whenk(x) = 0 it follows from the continuity of the functionk = k(x) and the above
argument that there exists some neighborhoodV of x satisfyingk ≡ 0 onV . Thus we find
that〈Au, u〉 = 0 for all u ∈ UyM orthogonal toξy at an arbitrary pointy onV . This, together
with the fact thatA is symmetric and from Proposition B, implies that the real hypersurface
M is congruent to a ruled real hypersurface onV . �

REMARK. By the proof of Theorem we see that each geodesic orthogonal toξ on a
ruled real hypersurfaceM in M̃n(c) (n � 2) is a geodesic onM̃n(c). WhenM is a totally
η-umbilic hypersurface inM̃n(c), each geodesic orthogonal toξ is a circle on the ambient
spaceM̃n(c) with the following curvature:




(
√

c/2) cot
√

cr/2 , M is a geodesic sphere of radiusr in CPn(c) ,

(
√|c|/2) coth

√|c|r/2 , M is a geodesic sphere of radiusr in CHn(c) ,

(
√|c|/2) tanh

√|c|r/2 , M is a tube of radiusr around totally

geodesicCHn−1(c) in CHn(c) ,

(
√|c|/2) , M is a horosphere inCHn(c) .

Finally we should remark that the following theorem is closely related to our result.

THEOREM C (see [AMY]). A real hypersurface M2n−1 in a nonflat complex space
form M̃n(c) (n � 2) is locally congruent to one of the totally η-umbilic hypersurfaces if and
only if at each point x ∈ M there exist orthonormal tangent vectors v1, v2, . . . , v2n−2 ∈ TxM

orthogonal to the characteristic vector ξ such that all geodesics on M through x in the direc-
tion vi + vj (1 � i � j � 2n − 2) are circles of positive curvatures in the ambient space
M̃n(c).

In the statement of Theorem C, if we replace “circles of positive curvatures” by “circles”,
then this theorem is no longer true. For examplelet us recall ruled real hypersurfaces. Here is
anther example worth mentioning:

EXAMPLE. LetM be a tube of radiusπ/4 over totally geodesicCPk(4) (1 � k � n−2)

in CPn(4). It is known thatT 0M = V−1 ⊕ V1, whereV−1 = {X ∈ T M | AX = −X} and
V1 = {X ∈ T M | AX = X}, with dimV−1 = 2k and dimV1 = 2n − 2 − 2k, respectively.
Take orthonormal vectorsv1, v2, . . . , v2n−2 orthogonal toξ at an arbitrary pointx of M in
such a way thatvj ∈ V−1 for 1 � j � 2k andvj ∈ V1 for 2k + 1 � j � 2n − 2. Then
all geodesics ofM throughx in the directionvi + vj (1 � i � j � 2n − 2) are circles
in CPn(4). However, it is needless to say that this real hypersurfaceM is neither a totally
η-umbilic hypersurface nor a ruled real hypersurface inCPn(4). We particularly note that all
geodesics ofM throughx in the directionvi + vj (1 � i � 2k, 2k + 1 � j � 2n − 2) are
also geodesics in the ambient spaceCPn(4).
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