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General introduction

During recent years several state space models concerning discrete 2-D
systems (systems with two time parameters) have appeared in the litterature.
These are used for example in image processing. To these models are
attached the names of Attasi [1], Fornasini-Marchesini [2], Givone-

Roesser [3], the first two models being special cases of the third.

This is shown in [4].

In this paper it is shown that all these models are special cases of

a new model which is a straightforward genmeralization of the 1-D case.



1. Problem introduction

A 2-D I/0 (Input/Output) system is characterised by the following

convolution equation,

[e ]

(1.1) Vg = . Zco Fk._l’h*j U k=0,1,...
»J h=0,1,...
P m pxm
whereykhe]R ’uij€R ,FlneR

for pe N, m ¢ N fixed,
If P, = 0 when 1 < 0 or n < 0, the system is said to be causal.
Next we introduce some notation.

(1.2) Rls,z] denotes the set of polynomials in the variables s and z

with real coéfficients,
x * » * »
(1.3) RP"™(s,2] denotes the set of p*m matrices with entries in Ris,zl.
(1.4) R (s,z) denotes the set of rational functions in s and z.

{(1.5) B{pxm(s,z} denotes the set of p*m matrices with entries in R (s,z).
The elements of R[s,z] can also be considered as polynomials in 2z
with coefficients in R[s], thus R[s,z] = R[s][z].
Analogously, Rpxm[s,z] = R[s1P™[z],

A polynomial q ¢ R[s,z] seen as an element of R[s][z] will be

notated as a.

- - X
Analogously for P and P where P ¢ I(pxm[s,z] and P ¢ RP®[s1lz].

Let T ¢ I{pxm(s,z), T can be written in the form P/q = P/ where

P> P» 4, q are as above. q

Definition

S q
1° degree of q(z) is not less than the degree of P(z)

(1.6) T ¢ Bipxm(s,z) is called proper if for T = P/

2° degree of the coéfficient of the highest power in z in q(z) is
not less than the degree of all other coéfficients of q(z) and the

entries of §(z).

(1.7) T ¢ RPP(s,2) is strictly proper if '"not less" is replaced by

"greater" in the above definition.



(1.8)

(1.9)
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Let q(s,z) ¢ Rls,z], suppose the degree of q(s,z) in s is m and

the degree of q{s,z) %n z 18 n.

Then for q to be the denominator of a proper T it is necessary and

sufficient that the‘coékficient of the monomial z's" is not equal
i

to zero,.

This coefficient can w.l.o0.g. taken to be unity.

2
1 zs + 8
Examples P and ‘ are not proper.
z's + s
z + 3s

5 is proper.
z's + zs + 1

Consider the formal power series representation of T(s,z)

o

T(s,z) = z L z

~k_-h
G he0 O

Now define an I/0 system by taking Fip = L in (1.1) for all k,h.

kh

Then we have:
T(s,z) is proper iff the associated I/0 system is causal.

In the next we are going to construct a state space realization of
a proper T(s,z), which is an undefined object up to now.
For that purpose we need some theorems on linear systems over a

commutative ring, as can be found in [5], [61, [7], [8].



2. Linear systems over commutative rings

Let R be a commutative ring.
Definition
X X
(2.1) A system I is (A,B,C,D) where A « Rnﬁn’ B« Rnxm, C e RP ﬁ, D e RP'®
for some integers n,m,p. n is called the rank of the system.
If m= p =1 we call the system scalar,

We will use an interpretation in terms of discrete-time dynamics.
Tap T A% T By ¥ =0
Vi = ka + Duk k=20,1,2,...

Usually X € R™ will be called the state, u < R" is called the
input and Yy € RP is called the output.
The I/0 map fz: (uo,ul,..,) > (YO’yI"">

is completely determined by (FO,FI,FZ,...} where

it

(2.2) Fo =D, F, = CAl“lB i | 3 see alsoc (1.1)

In fact every I/0 map (linear, shift invariant and causal defined

in the usual way) is given by a sequence (FO’FI’F2"")

Now let there be given an I/0 map fZ characterised by (FO’FI’FZ"")'
We say that the system (A,B,C,D) realizes fz if (2.2) holds.

Because the Cayley-Hamilton theorem is valid over a commutative ring

we have:
Theorem [9] ch 10.11.

(2.3) An 1I/0 map fZ is realizable iff it is recurrent, Where recurrency

of (FO’FI’FZ"") is defined as:
n—-1
F ok = ig} a; Fy, for all k >0,

where a, € R i= 1l,...,0"1
and some integer n.

The formal power geries associated with (FO’FI"’) is defined by:

W(z) = Fizul

i=0

o~—18



Theorem [5]

(2.4) (FO’FI’F2"') is realizable iff the associated formal power series
W(z) is rational.

In the case R is field another necessary and sufficient condition is:

(FO’FI’F2'°') is reali;able 1iff the Hankel matrix

- -
F] F2 F3 ‘e
FZ F3 FQ ase

(205) F3 FZ‘. F5 LI
. . . L has finite rank

The smallest integer n such that all minors of order greater than n

are zero will be called the yvank of the Hankel matrix.

The definitions of reachability and observability are the same as in

the case where R is a field.

We have:
(2.6) A realization is reachable iff the columns of B, AB, ..., An‘lB
span Rn.
(2.7) A realization is observable iff CAix =03 1i=0,1,...,n~1 implies
Definition

(2.8) A realization is minimal if n is minimal.
Contrary to the case where R is field we have if R is a ring:
Minimality does not imply reachability and cbservability [5].

However if R is a principal ideal domain (P.I.D) we have:

Theorem (6]

(2.9) If the Hankel-matrix associated with an I/0 map characterised by
the sequence (FO’Fl’FZ"') has finite rank n then there exists a

reachable and observable realization which has itself rank n.

This theorem is proved by introducing the quotient field K of R
and then proving that there is a minimal realization over K which

is in fact a realization over the P.I.D. R.

The ring which will be of central impertance here is the ring

of proper rational functions in one variable s.

- a(s) )
(2.10) Rg {b(s) | degree b > degree a}

This ring is actually a P.I.D. as can easily be proved [5].

!



(3.1)

(3.2)

(3.3

The realization procedure

Let T(s,z) ¢ Bipxm(s,z) and T = %V_ where P ¢ I?xm[s][z] and a ¢ RI[sllz].
q

<o

Suppose T is proper and let W(z) = Z Fiz~l be its associated formal
i=0

power series where Fi are matrices whose entries are proper rational

functions in s.

To obtain a minimal realization of W(z) we apply theorem (2.9)
to the I/0 map fZ characterised by (FO’FI"°')’ the P.I.D. being Rg

which gives us matrices:
D(S): C(S)y A(S)s B(S)

all of whose entries are elements of Rg,with dimensions p % m,
pXn, 0 Xxn, 0 X m

We have:
T(s,z) = D(s) + C(s)[zI - A(s)1™" B(s)
The dynamical interpretation is given by the following equations:

M, (8) = AGs) X (s) + B(s) y (s) x,(s) =0
§k(s) = C(s) ik(s) + D(s) Gk(s) with appropriate dimensions.
where Ek(s) is a formal power series for each k = 0,1,...
;k(s) = E xkis-l analogously for ak(s) and §k(s).
i=0

This minimal realization is called the first level realization of T(s,z).

Observe that we do not require ;k(s)’ Gk(s}, ;k(s) to be rational.
The product A(s) gk(s) is well defined because rational functions

are also formal power series with the usual definition of product.

The matrices D(s),C(s), A(s), B(s) are uniquely determined up to

isomorphism [5].

The realization (5(5), E(s), E(s}, ﬁ(s)) is isomorphic to
(D(s),C(s),A(s),B(s8)) if there exists an invertible matrix S{(s),
$(s) and S-l(s) both having entries in the P.I.D. Rg, such that

D(s) = D(s), C(s) = C(s) S ' (s)

L]

A(s) = 5(s) A(s) S (s), B(s) = S(s)B(s).



(3.4)

The matrices D(s), C(s), A(s), B(s) can be seen as 1-D transfer

matrices themselves.

Realizing each of them we obtain realizations

DD DC DA DB for D(s)
COD CC CA CB for C(s)
AD AC AA AB for A(s)
BD BC BA BB for B(s)

(all of them are single matrices, not products)
who constitute minimal realizations such that:

A(s) = AD + AC[sI - AAT"} AB

and analogously for D(s), C(s) and B(s). The matrix S(s) (3.2)

can of course be given an analogous dynamical interpretation.

(3.4) will be called the second level realization of T(s,z).

The interpretation of the second level realization is the following:

O, net T BAPy, * BBU s dy g = DAL, + DBy, .

+ BDu

Xeol,n| (A AC| Xy | * BChyy kh

A ,ne1] (AR AR,

Cphtl - CA o t OBy

Yih = CDth + CCcpy, DCdkh + DDukh

where the vectors have suitable dimensions and all initial conditions

are equal to zero.
In (3.5) th, dkh, Ckh’ A pe bkh are local state variables

Furthermore we have:

x, (s)

1
5
w

i
=
w

u, (s)

see(3.2)



A flow diagram for (3.2) and (3.5) revealing the first and second

level realization is:

D

=

N

DE

Wnid

28

k4

DA}

X

b 4

A

28 b 3 P71 BepHD -~ - 88»{5 oc
BA CA
. Vv
AD
e
AC e F g ABK
AA
fig. 1.

We will show that the modelsof [1],[2],[3] are special cases of the
above constructed model.

To prove this it is enough to show that the model of [3] is a special
case of our model since the models in [}] and[2] are special cases

of the model of [3], compare [4].

With notation as in {3] the model considered there is:

Rk+1,h Ay A1 [Ren ;’Bl
= -!-I

S 5 | kb
kLh+l | 173 4] L kh]  UT2]



3.7).

We now have:

Theorem

Thé model in (3.6) can be written in the form (3.2) and (3.5).

The corresponding matrices are:

- -1 - - =1
D(s) = Cz[sI - A4] B, s C(s) C,lsT = A, J " 4y + C
= - -1 s et - -1
A(s) = A+ AZESI Aal Ay, B(s) A LsT A4] B, + B,
and
DD = 0 e = C, DA = A, DB = B,
b = C, cc =c, CA =4, CB = A,
AD = A, AC = A, AA = A, AB 5 A,
BD = B, BC = A, BA = A, BB = B,

proof: Introducing formal power series in two variables z and s

(Or Z-transform in two variables)

8

y{s,z) = 2 Yin z"ksﬁh and assuming zero initial conditions
Kk, h=0
we obtain:
21 - A a7l
‘ 1 2 B
y(s,z) = [C,,C,] u(s,z)
1772 B
_A3 sI—AQ. L2
Now: |z1-a, -A. | 1 [1 0 17! [21-a-arst-a, 17 'A, -ACs1-a,17"!
1 - 1ThRS AT Ay TALSETA
- - - - I
Ay sI-A, SN , 0

and then by calculating both inverses in the right-hand side we obtain:
y(s,z) = T(s,z) u(s,z) where

I -1

1 .
A3J

- —a 17} A 1 —A - -A 17
T(s,z) = 02[31 A4] B, + [C]+Cz[sl A4] A3][zI A, A2{s1 Aé}

, [BI+A2[SI~A4]_IBZJ,proving the theorem.

Starting with a transfer matrix our procedure will give dynamical equations
of relatively small order.

The procedure of [4] for scalar transfer functions to obtain a
Givone-Roesser model will usually result in large matrices.

Our second level realization gives more matrices but they are "smaller'.

=1
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This can be shown as follows:

Writing (3.5) in Givone-Roesser form the corresponding matrices and

vectors are:

(3.9) Ry, = X+ A = AD, A, = [AC,BC,0,01, B, = BD
. - - S 1
ay fAB AA O 0 0 0
b 0 0 BA 0 O BB
Sk kh’As"' » By = » By =
c CB 0 0 CA O 0
kh
_dkh | 0 0 0 0 DA DB

CI = CD » C2 = [0,0,CC,DC]

examgle

Consider a scalar proper transfer function

n '
Z a,(s) 2t
i=0
n .
} b.(z) 27
j=0 J

T(s,z) =

properness implies that bn(s) # 0 and that the degree of bn(s) is not

less than the degree of any other coefficient.

o i
z a.(s) z
i=0
T(s,2) = ~
1 B, (s) 2’
3=0
where
ai(s) b, (s)
ai(s) = E;?ET € Rg and Bj(s) = giTEY € Rg

To simplify the example we will assume an(s) = 0,

The first level realization gives:

D(s) = 0 because an(s) = 0, C(s) = [ao(s), vy gn_l(s)]



- 1] -

A(S) = . : B(S) = .

* .

. .

1
| -8y(s) LRION !

The second level realization gives
CD, CC, CA, CB, AD, AC, AA, AB, ED

BC = BA = BB = 0

The first level realization was very easy because of the standard

controllable form of A(s) and B(s).

The resulting state space equations are
1
*k+1,h I-AD AC th-I BD

= + Iukh
b+ L‘"B Al akhJ Lo

Chtl = CA Sy * CB Xy

Yh T P Hg + CC o

where AD is n by n, AA is m by my, CA is m by m and m is the degree of
bn(s).

Two kinds of system matrices have been obtained

AD AC
(n+m) by (n+m)
AB AA

-]

representing dynamics in two directions and [CAJ] m by m representing

dynamics in one direction.

In [4] a (p+2m) by (n+2m) system matrix is obtained for this transfer

function because the authors wanted system equations in Roessers form.

It is the authors opinion that the above equations with two kinds of
dynamics are more natural because they are a straightforward generalization

of the 1-D case.
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Stability
Let T(s,z) € ﬁipxm(s,z) be the transfer matrix of a causal I/0 system (1.1).

The system (1.1) is said to be BIBO (bounded input-bounded output)
stable if: VM > 0 3 N > 0 such that Vi,j Huin <M ='Hyth:£N, Vv k,h

where || || denotes the Euclidean norm.
Theorem
L0

t«1) The I/0 system is BIBO stable iff = HFth < » for a proof see [15].

s -

Theorem {Shanks)

.2) The 1/0O system is BIBO stable if q(s,z) # 0 for [zf 21, [sI z 1.
where q(s,z) is the least common multiple of all denominators of the entries
of T(s,z).

For a proof see [12], this proof is for the scalar case but the

matrix case is completely analogous.

Theorem (Huang)
4.3) qs,z) # 0 for |z| <1, |s| =1 iff

1° q(s,0) # 0 for |s|

iA

I

A

2° q(s,z) # 0 for lz] <1, |s] =1

for a proof see [11], [13]
By congidering qQé;%) wvhere q(s,z) = jzo bj(s) zj and multiplying
with appropriate powers of s and z and using Huangs theorem we have:
Theorem
4.4)  a(s,z) # 0 for |s| 2 1, |z] =21 iff
1° bn(s) # 0 for |s| 21
2° q(s,2z) # 0 for |z| = 1, |s| = 1
Therefor for BIBO stability it is necessary that bn(s) is stable

(b _(s) # 0, [s] = 1.

| This motivates us to introduce a subring RS of Rg

R, = {%%%% | b(s) # 0, |s| > 1}

RG is also a P.I.D, [5]

Before introducing stabilizability of 2-D systems we state the

following:



..-]3...

Theorem [ 5]

(4.5) Let R be a P.I.D., A ¢ Ran, Be RO™ and A,B reachable.
x
Then for every PyreeP € R there exists K ¢ R™ © such that

det[zI-A+BK] = (z—p])(z—pz)...(z~pn).
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Feedback, pole-placement and stabilization

. s X
Consider now a proper transfermatrix T(s,z) ¢ RP s, z).

n '
Let T(s,z) = P(z)/. and q(z) = ) b,(s) zJ.
q(z) j=0

We will assume bn(s) # 0 for |s| 2 1

Then deviding all coefficients of all powers of z by bn(s)
T(s,z) can be considered as a p x m matrix whose elements are
proper rational functions in z with coefficients in Rg.

Now let D(s) ¢ Rixm, C(s) ¢ Rgxn’ A(s) « Rgxn, B(s) ¢ Rgxm

be a first level minimal realization of T(s,z) with dynamics:
X1 (8) = As) x () + B(s) w(s) xy(s) =0
yk(s) = C(s) xk(s) + D{s) uk(s) with appropriate dimensions

- — . El
Choose PyreePp € Rc such that (z pl)...(z @n) is stable.
By theorem (4.5) there exists K(s) € R™ ™ such that:

det[ zI-A{s)+B(s)K(s)] = (z*pl)...(z~pn).

We can thus stabilize the 2-D system by a feedback law.
uk(s) = -K(s) xk(s)
We can even take PPy to be constants which is very remarkable.

K(s) can be given a dynamical interpretation by realizing the 1-D

transfer matrix K{(s) as follows:

ukh = -KDvxkh - KC lkh

= KA lkh + KB %

1Kh+1 kh

with appropriate dimensions and zero initial condition.

KA is stable because K{g) « R?Xn.

We will now consider more closely the reachability condition which
is restrictive for applying the above procedure.

First we have:
A(s), B(s) reachable

is equivalent to:
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" emx
There exists L{s) ¢ Rn T such that:

(5.1) [B(s),A(s)B(s),...,A" ' (s)B(s)]1 L(s) =

Theorem
(5.2) A(s), B(s) is reachable iff [B(s), A(s)B(s),...,A" ' (s)B(s)]
has rank n for all [s| 2 1 and for |s| > « or equivalently:

AR 1,1

(5.3) rank [Béé),..., ( ) B6~)] is n for all Ist < | after multiplying

with an appropriate power of s to obtain again reational functions in s

Proof: by (5.1) necessity is obvious.

The condition is also sufficient.

First replace s by % and multiply with an appropriate power of s.
Now suppose A(s), B{s) is not reachable.

Then we have [10] that:

The greatest common divisor of all n x n minors of (5.3) is not

invertible in the ring

a(s)

R, = 575 | b(s) # 0 |s] =11}
Therefor there exists Sqs 1801 < 1 such that all n x n minors
of (5.3) are zero for s = sy thus for s = s, (5.3) has not

full rank.
The case g = 0 corresponds to the case |s! > = in (5.2).

Not making the stability requirements, the ring of interest is there-

for Rg, we have the next:

Theorem
Baduidhdathitr

(5.4) A(s), B(s) is reachable iff AD, BD is reachable see (3.4) for
AD and BD.

This theorem can be proved in the same way as theorem (5.2)

by uéing the ring

~ _ (a(s) ;
R {b(s) I b(0) # 0}

instead of ig

There is still another characterization of the reachability
of A(s), B(s).

In [4] modal controllability is defimed as follows

[A A and YB{I are modaily controllable if:
(5.5)




(5.6)

(5.7)
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Z--AI —Az and B] are left coprime with respect to

(w.r.t.) € [s,z]

-33 s-—A4 BZ

where left coprimeness is defined by:

Every left common factor is necessarily unimodular,

Instead of Rls,z] we take here C[s,z], the ring of polynomials in
two variables with complex coefficients, because the field of

coefficients has to be algebraically closed. See also [4] part 1.

Suppose A(s,z) € ann[s,z], B(s,z) € anm[s,z].

In [4] the following is proved.

Theorem

A(s,z) and B(s,z) are left comprime w.r.t., C[s,z] iff:
1° A(s,z) and B(s,z) are 1efﬁ comprime w.r.t. €(s)[z]
2% A(s,z) and B{s,z) are left comprime w.r.t. €(z)[s]

where ¢(s) (C(z)) is the field of rational functioms in s (z)

with complex coefficients.

Next suppose (AD, AC, AA, AB) and (BD, BC, BA, BB) are realizations
of A(s) and B(s).

We then have:
Theorem

If [z-AD -AC -BC| and [BD] are
-AB S-AA 0 0
0 0 s-BA BB

-

left comprime w.r.t. €[s,z] then A(s), B(g) is reachable.

Proof Suppose that A(s), B(s) is rot reachable.
Then [2z~A(s)] and B(s) are not left comprime or equivalently:
Lz-A(s), B(s)] is not right invertible

Therefor there exists

L(s,z) € R(s)lz] s.t. z ~ A(s) = L(s,z) A
B(s) = L(s,z) B

and L(s,z) is not unimodular.



(5.8)

(5.9)

..]'7._

We now have:

\‘z-AD -AC -BC T -AC  -BG][z-AD-Acls-aAT'a8 0 0
|-AB s-AA O | = |0 s-AA 0 || -Ts-AAT" 'AB I
0 0 s-BA 0 0 s-BA | 0 0 I
and thus
z-AD  -AC  -BC L(s,z) -AC -BC A 0
A= -AB  s-AA 0| = 0 s—AA 0 ||4s-2a1""aB
0 0 s—~BA 0 0 s-BA/ 0 0
BD L(s,z) -AC  -BC B
B=| 0| = 0 s—AA 0 0
BB 0 0 s-BA| |[s-BAT BB

Hence A and B are not left coprime w.r.t. R (s)[z] and therefor not

left coprime w.r.t. C[s,z].

So we have that the modal controllability of

[ap  Ac  BC BD
AA AA 0 | and |0 | implies the reachability of:
0 0 BA BB

TAD + Ac[s—AAJ"IAB] and [BD + BCEs-BAf}-l

BB]
We can prove a'partial inverse of theorem (5.7)

Theorem

If A(s), B(s) is reachable then

s=AD ~AC -BC BD
-AB  s-AA 0| and {0 | are left coprime w.r.t. € (s)[z]
0 0  s-BA |BB

Proof Suppose A(s) and B(s) are reachable and thus [z-A(s)] and B(s)
are left coprime. Therefor there exists L(s,z) and Q(s,z) with

entries from R (s)lz] s.t.

[2-A(s)] L(s,z) + B(s) Q(s,z) = 1

Now we have:

z=AD -AC -BC_} L L A, L B

-AB  s-AA 0 llaL [s-an] “lea 1A AL B +

1 1742 - )2
Lo 0 s-BA_I -B,Q  -B,0A, [s-BA] ° -B,QB,
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P~
<O
(=]

[BD
Lo [Q, Qa,, QB,J =|0 I

BB 0 0 I
where AI = [s-A&]~1AB A2 = AC[s-Aﬁ]-l
-1 -
B, = [s=BA] BB B, = BC[ s-BA] :
L = L{s,z) Q = Q(s,z) from (5.9)

which proves the theorem.

The complete inversion of theorem (5.7) is still under investigation

in particular the role minimal realizations of A(s) and B(s) play.



Conclusions

In this paper a realization procedure has been described as an application
of the theory of linear systems over commutative rings. In [14] Sontag
makes a remark about this.

Under certain conditions the existence of a stabilizing feedback regulator
has been proved and connections with [4] have been made.

It is the authors opinion ;hat the algebraic methods used here will prove
to be very fertile in 2-D systems theory.

In 5. the reachability condition is rather severe but in the case of

a scalar transfer function which can be first level realized in standard
controllable form this condition is always satisfied. Compare the

example in 3.
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